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ABSTRACT 

The generation of a steady current in a resistive plasma 

cylinder by means of a travelling wave magnetic field has been 

studied using the resistive MHD equations. The nonlinear 

initial-boundary value problem has been solved using a semi-

Lagrangian two dimensional algorithm. The numerical code has 

been used to simulate the Synchromak experiment of Nagoya 

University. Hollow d.c. current profiles, similar to the experi

mental data, have been obtained. A simple analytical argument, 

of a more general nature, shows that classical resistive diffusion 

cannot lead to a more uniform current distribution. 

On leave from Cairo University, Egypt. 
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1. INTRODUCTION 

The plasma currents required by most of the closed magnetic con

figurations are produced by magnetic induction. This simple technique 

cannot be used to sustain DC currents in a steady state reactor and more 

elaborate methods have to be developed. The possibility of using RF 

travelling wave fields has been considered by many workers [1-17], 

In order to sustain a steady current flow, there should be a con

tinuous transfer of momentum to the current carriers (electrons in most 

cases) at a rate equal to the loss rate. Klima [13] has shown that the 

rate of transfer of linear momentum from a travelling wave field of the 

form: e *• " , tr a plasma is related to the energy dissipated in 

the plasma by the equation: 

< rate of momentum transfer> = — <dissipated power> , (1) 

where the angle brackets denote time averaging. In the case of a 

toroidal current [14], the rate of transfer of anjular momentum from a 

wave of the form: e " , to the plasma is given by: 

<rate of transfer of angular momentum >= — <dissipated power> . (2) 

Equations (1) and (2) do not depend at all on the dissipation mechanism 

or the details of the wave structure. 

The travelling wave field can be generated by means of an P.F current 

in a periodic induction coil. Thonemann, Cowhig and Davenport [15] used 

this technique to generate a steady toroidal current in a xenon plasma. 

In a more recent experiment [3-5], this method has been used to drive a 

steady toroidal current in an argon plasma in the presence of a steady 

toroidal magnetic field. In this paper we present numerical solutions 

of the resistive MHD equations describing the operation of this class of 

experiments. Hollow profiles of the steady current, similar to the 



experimental data are obtained. A simple analytical argument shows that 

an m = 0 travelling wave cannot be used to produce a more uniform current 

distribution in a resistive plasma. 

2. THE PHYSICAL MODEL 

We consider an infinitely long plasma cylinder of radius R (Fig. 1) 

which is surrounded by a vacuum region. The applied magnetic field 

consists of a constant and uniform component, B , which can be generated 

using a long uniform solenoid (not shown in the figure) carrying a steady 

current, and a travelling wave component which is generated by means of 

a periodic induction coil situated at r = R . The RF current in this 

coil is (ideally) given by: 

J e = (1 ) I Q o 6(r - R g) cos (wt + kz) , (3) 

where r, 6, z are the usual cylindrical coordinates, T is the e folding 

rise time of the RF current, Ifi is the current per unit length, <S is 

the Dirac delta function, w is the angular frequency and k is the wave 

vector. 

There is also a coaxial current return shell at r = R which is 
c 

infinitely conducting in the z direction only. Physically this shell 

can be made using a large number of insulated wires. Obviously such a 

shell does not affect the travelling wave field. It is included in the 

model so that the inductance per unit length of the plasma column is 

finite. In principle the ratio (R /R ) can be chosen such that the 
c p 

inductance is roughly equal to that of a toroidal plasma of a certain 

aspect ratio. 

Apart from toroidal effects, this model closely simulates the 

Synchromak experiment r3-5] as well as earlier work reported by 

Thonemann et al. [IS]. 



5- BASIC EQUATIONS AND ASSUMPTIONS 

The following assumptions arc made: 
1) Both the phase velocity of the traveling wave and the Alfven 

speed are assumed to be much smaller than the speed of light 
in free space, accordingly the displacement current is 
neglected. 

2) The electron-ion momentum transfer collision frequency, v ., 
is greater than the RF field frequency, i.e. the electron 
inertia term in Ohm's law is neglected. 

3) The plasma temperature, T, is uniform in space and constant 
in time. 

4) The plasma resistivity, n, is a sca?ar constant. 
5) The plasma is fully ionized with all the ions in the first 

ionization state: 

n e - IK = n 

where n is the number density and the subscripts e and i refer 
to the electrons and ions respectively. 

6) All quantities are independent of 6. 
7) All quantities are periodic functions of z; 

f(z * A) = f(z) , 
where A = -r- is the wavelength of the imposed RF travelling 
wave. 

The plasma motion satisfies the continuity equation, 

|£ * V. Vp = - p V. V , (4) 

the momentum equation, 

. 3V 
at • p V. V V = - Vp • J x B (5) 



and the equation of state, 

p = nK T (6) 

where p = ni. is the plasm; density, V = (m V • m. Vj)/mj is the plasma 

fluid velocity and p is the plasma kinetic pressure. The convective 

term in the momentum equation is not in general correct. The error in 
-+ -*• •+ 

this term is small if either V ~ V. or V.v" ~ 0. The first condition 
e 1 

is satisfied in the r direction and the second is satisfied in both the 

e and z directions. 

The fields and currents satisfy Maxwell's equations: 

Vxf . - H . (7) 

V x B = \iQ J (8) 

and the general ized Ohm's law, 

n.J = E + V x B - — I x B - - V p . (9) 

1 ne ne »e 

The magnetic field B can be derived from a vector potential A: 

B = V x A . (10) 

It follows from (7) and (10) that 
-*• ayf 
E = - ~ - V<t> (11) 

where $ is a scalar function. We note that all the components of J and 
•+ 3 

B can be expressed in terms of Bft and Afi since ~r = 0. 

Ke now write equations (4) - (11) in a semi-Lagrangian formulation 

where we follow the motion of the fluid elements in the r and z di rect ions , 

& • h * v , h • \ h • »2' 
The differential equations for the dependent variables: R, Z, V , Vfi, 

V , p, AQ and B Q are: 



:>. 

and 

dR 
dt 

dZ 
dt 

dV 
r 

dt 

= V 

= V 

3p P V 

dV e dt 

dV z 
dt 

z r r z 
V r V 8 

_iE at * J r B e " J e B r • 
dp 
dt SF = " P V. V , 

dt 

dt 

= - n J, 
V A 
r A6 
R ~ " nT < Jz Br - Jr B

Z> 

(a J r 3 J Z 1 
3z 3r 6 " ne 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

* Br A' r or V - — 6 ne * B 

- B, 
a v 3 v 
3r 3z 

z 3z 

2 J r 
ne R 

V - — 6 ne 

J i-Jz 3z ,ne, j i- -L 
r 3r nei 

(20) 

where R and Z are the r and z components of a certain fluid element. 

4. THE BOUNDARY CONDITIONS 

Boundary conditions are required for Afl, Bft and p at the plasma-

vacuum interface. We assume that the current density in the vacuum 

region outside the plasma is negligible, 

J (r,0,z) = o . (21) 



6. 

Hence, 
V x B = 0 (22) 

and 
V x V « A = 0 , (23) 

in the vacuum region. Using equation (23) we obtain the differential 
equation for A„ in the vacuum region, 

o 
r2 £ 

3r2 
• r 

3_A_£ 3r 
3 2 Afl 

Afi * r T" 
6 3z 2 

= 0 . (24) 

Expanding the solution of (24) into a sum of space harmonics, 

*e A „ • I A™ e 

o *» n 
imkz (25) 

and assuming that the current density at the boundary is f ini te , we 

obtain: 

and 

3 A 

at the boundary 

m a - r K- (m kr) 
3 A m 

m 3r 

m kr K (in kr) • K. (m kr) 

at the boundary 
1 

(26) 

(27) 

where K and K. arc the modified Bessel functions of second kind and of o 1 
order 0 and 1 respectively. The values of the coefficients, a , depend 
on the RF current in the induction coil. For a travelling wave source 
of the form (3), 

1 Bj e " i w t / k , (28) 

o_ m m * 1 (29) 

where B., the magnitude of the RF field generated at r s 0 in the absence 
of a plasma, is given by: 
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-t 
U 0 (1 - e /T ) I Q o k R s K, (k R s) (30) 

The boundary condition for Bg is obtained by matching the solution 

of equation (22) in the vacuum region, namely: 

B Q (r.e.z.t) = C (t)/r , (31) 

to the solution of (20) inside the plasma region assuming that the 

current density at the interface is finite (and therefore B_ is con-
v 

tinuous). The value of the constant C(t) in equation (31) is calculated 

using Faraday's law: 

d 2 d* 
dt (32) 

where the line integral is evaluated along the closed path shown in 

Fig. 2. Note that E = 0 along the segment 3 - 4 since we assume that 

the current return shell is perfectly conducting. The contributions 

of the segments 2 - 3 and 4 - 1 cancel out since they are one wavelength 

apart. Using Ohm's law (eq. 9) we obtain, 

J(n3 - tf*! + J _ J x | + J_v P).dl .' ne ne *V 

dr dz d C(t) 
r dt (33) 

The number density at the boundary is assumed to be constant and 

equal to the initial number density, n . While we recognize that the 

corresponding pressure discontinuity at the boundary is not consistent 

with the assumption that the current density at the boundary is finite, 

the development of a boundary condition which correctly accounts for the 

various physical effects that can occur at the plasma edge is outside the 

scope of the present work. As a partial justification for the adoption 

of the above boundary condition we note that the experimentally observed 
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density profile I see reference S] is characterized by a very large 

density gradient near the boundary and the plasma appears to persist 

for a time much longer (two orders of magnitude) than the resistive 

diffusion time. 

No physical boundary conditions are required at r = 0, and all 

quantities have periodic boundary conditions at the end surfaces since 

they are cr.e wavelength apart. 

5. THE NUMERICAL METHOD 

Equations (13 - 20) were solved numerically as an initial value 

problem subject to the boundary conditions (26), (27), (31) and (33) 

on a 16 x 16 mesh using an implicit, time-centred finite difference 

algorithm. Space-centred finite difference approximations were used 

to calculate the space derivatives at interior points. The derivatives 

with rcpsect to r were calculated at the boundary using backward 

difference approximations. The boundary conditions were calculated 

using a two dimensional extrapolation subroutine and a Fast Fourier 

Transform algorithm. 

In order to accurately evaluate the effects of resistive diffusion, 

the spatial increment, Ar, should be smaller than the classical skin 

depth, 6 = -—M , and the time step, At, should be smaller than the 
^ u Q (Ar) 2 

diffusion time, T. " . This set practical limits on the values 
a n 

of the plasma resistivity n which could be simulated using this code. 

It was not possible to use the program to simulate experiments with high 

values of B because some weak numerical instabilities developed before 

a steady state was established. 
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6. RESULTS OF THE NUMERICAL CALCULATIONS 

The following parameters were chosen so as to simulate the 

Synchromak experiment [5]: 

Initial radius of the plasma cylinder 0.04 m 

Initial argon number density 4.S x 1 0 1 8 m~ 3 

RF field amplitude, B. (in the steady state) 20 Gauss 

Frequency of the RF field 3.6 MHz 

Wavelength 0.5 m 

The radius of the current return shell was 0.1 m and the RF field e 

folding time, x was 0.4 usee. We present here the results of three 

numerical calculations with the following parameters: 

a) B = 150 Gauss , n - 5 x lO^fl.m , T = 6 eV . 
1 zo 

b) B z o = 100 Gauss , n = 5 x lO^n.m , T = 6 eV . 

c) B z o = 100 Gauss , 1 » 8 x lO'^.m , T = 4 eV . 

The axial current for the above three cases is shown in Fig. 3. 

It is seen that, in each case, the current rises to a steady value the 

amplitude of which depends mainly on the resistivity of the plasma. The 

axial current density at each position J (r,z,t) consists of a small 

steady (DC) component and a considerably larger oscillatory (RF) 

component. Figs. 4 a, b and c show the radial distribution of the DC 

component of J at different times. The most important feature of 

these DC current profiles is that the current is mainly confined to a 

skin layer at the surface of the plasma cylinder. As pointed out in 

reference [5] this cannot be explained in terms of the classical skin 

effect since the hollow current profiles persist for periods of time 
u r 2 

much longer than the diffusion time (T. - —i 1 usee). 

Details of the DC axial current profile depend on the distribution 

of the RF field. Figures 5 and 6 show the distribution of the B and 
z 
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ami F components of the RF Magnetic field. Ke note that there is a 

minimum in the B„ profile and a local maxiMUM in the B profile. These 

features are particularly obvious for B = ISO Gauss (Figures Sa, 6a). 

n'c also note that the local Maxima in the profile of the DC axial 

current (Fig. 4a) occurs roughly at the same radial position as both 

the maximum in B and the minimum in B . r z 
An example of the steady state number density distribution is 

shown in Fig. 7. The distribution is remarkably similar to the 

experimentally observed [5] electron density distribution (apart from 

toroidal effects). 

According to the simple model described in the paper it is 

expected that the Momentum transferred from the RF field to the plasma 

is eventually shared between the electrons and the ions, and the plasma 

as a whole would be entrained by the wave. Fig. 8 shows that the plasma 

velocity did indeed increase almost linearly with time during the 

period of simulation. This phenomenon has not been observed experimentally. 

For example, the measurements made by Borzunov et al. f163 showed that the 

plasma velocity was less than 1% of the phase velocity of the wave 

for an RF pulse length of 600 usee. This may be due to relaxation of 

momentum from the plasma to the discharge vessel walls. 

Finally we wish to emphasize the fact that the travelling wave 

induces RF currents in the plasma which are considerably larger than 

the desired steady current. Fig. 9 shows the computed 6 component of 

the magnetic field at r * 3.0 cm. It consists of a DC component 

generated by the DC current, superimposed on a much larger RF component 

generated by the RF current. 



11. 

DISCUSSION 

7.a The hollow DC current profiles 

Both the computed (Fig. 4) and the experimentally observed [S] 

profiles of the DC axial current are characterized by a remarkably 

hollow structure. It has been pointed out in [5] that this cannot 

be due to the classical skin effect since the hollow distributions 

of the DC axial current were maintained for periods of time much 

longer than the resistive diffusion tine. It was suggested in 

reference [5] that this phenomenon can be explained using the 

relation between the rate of momentum transfer from the wave to the 

plasma and the RF power dissipated in the plasma (equation 1). We 

note, however, that equation 1 is valid only for the plasma as a 

whole i.e. it cannot be applied for each individual element of 

volume (see reference [13]). Moreover, a thorough examination 

of the experimental data reported in [5] reveals that the RF power 

dissipated (per unit volume) at r = 0 was not considerably less 

than the power dissipated near the boundary. (This can be shown 

using equation 2 in [5] together with the approximate formulae for 

the electric field intensity given in the same reference. The 

same conclusion is reached if one estimates the RF current density 

from the RF field profiles shown in figure 4 of reference [5]). 

In what follows we present a simple theoretical argument which 

shows that the distribution of the DC axial current generated in 

a resistive plasma by means of an m = 0 travelling wave should be 

hollow. 

For the purpose of this discussion, Ohm's law (equation 9) 

can be written in the form: 

E • ? = H J (34) 
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where I is an equivalent electromotive force vector. It can be 
eq ' 

easily verified t h a t , 

-» -1 >?e /* 
L = 7 
eq ne dz 

(35) 

at r 

The current density, J, consists of a DC part and an RF part which 

varies periodically at the RF wave frequency and its harmonics. 

The DC part is independent of z to a very good approximation whereas 

the RF part is a periodic function of z of wavelength X. The 

average value (over z) of the RF part is zero. Applying Faraday's 

laws over the closed path shown in Fig. 10a we obtain, using 

equations 34 and 35, 

2 f M ' h ^ 1 * • -& • <»> 
1 

Hence, the DC axial current at r = 0 is g. en by: 
Jdc nA dt ( 3 7 ) 

It follows from equation 37 that the DC current density on the axis 

is opposite to the DC current in the outer layers during the rise 

time. In the steady state the DC current density on the axis tends 

to zero. 

If a similar RF travelling wave field is used to sustain a 

steady current in a toroidal plasma, there must exibt an RF magnetic 

axis where the RF fields are purely in the toroidal direction. 

Along this RF magnetic axis, which does not in general coincide 

with the geometric axis nor the DC magnetic axis, Ohm's law has a 

form similar to equation (34) with E ) given by (35). Applying 

Faraday's law (see Fig. 10b) we conclude that the DC current 
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distribution is hollow and, in the steady state, it must be zero 

at at least one point. 

The current profiles reported in [53 are remarkably hollow, 

yet the current density does not vanish at any region in the cross 

section (except for high values of the toroidal f i e l d ) . This 

does not contradict the above argument since the induction coil 

in the experiments reported in [5] did not cover the torus 

completely and the reported DC current profiles were measured 

at a plane outside the region covered by the coil. Fig. 11 shows 

a sketch of the stream lines of the DC current expected in this 

situation as well as the steady state distribution of the 

toroidal current at a plane in the region covered by the coil and 

at a plane outside this region. 

7.b Relative magnitudes of the DC and RF currents 

We note that, in addition to generating a DC current, the 

RF field excites a wave motion in the plasma. In the simple case 

of a small RF field independent of z, the standing wave which is 

excited by the RF field is a compressional Alfven wave with a 

wave vector in the r direction. The RF quantities associated 

with this field are J f i, B and V . For this case, the equivalent 

electromotive force (as defined by equation 34) is: 

feq = Tif J6 Bzo ? . <"> 

where B is the steady magnetic field. This electromotive force 

does not drive a significant current since it is curl-free; it 

is counterbalanced by a space charge field. The situation is 

different for the case of a z dependent RF field. For a travelling 

wave field similar to that studied in this paper, the 6 component 
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of the RF current changes its direction at */j intervals (sec 

Figure 12), and hence the oscillatory emf generates a circulating 

RF current in the plasma cylinder (obviously the current lines can 

be much more complicated than the figure if the phase of Jfi varies 

along the radius). In most cases, the RF electromotive force, 
Jp B J 6 B 

/•._ j s much larger than the DC electromotive force, < — — — > 
ne *• ' ne ' 

and, for a resistive plasma, a large RF current is generated in 

addition to the desired DC current. One may, however, expect that 

the DC current is dominant for a hot plasma since it is determined 

by the plasma resistivity whereas the RF current is limited by 

the "inductance" of its path. This conclusion can be verified 

by an approximate calculation. Using equation (1) and the 

relations: 

<momentum transfer per unit volume> = ne TI J . , (39) 

<power per unit volume> = Tl(J.2 + J i) (40) 

and 
J d c - - ne ^ (41) 

it follows that 

rf ~ ph e 
Jdc V e 

(42) 

U) where V . = r- is the phase velocity of the wave. It is seen from 

equation 42 that the RF current can be much smaller than the DC 

current if the electron fluid is "trapped" by the travelling wave 

field. This occurs if the condition [16, 18, 19], 

e B 
mTV- > > 1 . («) 
e ei 
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is satisfied, i.e. for a hot plasma with very small v .. In the 

above analysis we implicitly assumed that the contribution of the 

resonant electrons is small compared to the "bulk" thermal electrons. 

8. CONCLUSION 

The generation of a steady current in a confined plasma is of great 

importance in the development of fusion reactors. Whatever method is 

ultimately used should have the following properties: 

a) It should require a small power input. Obviously the absolute 

minimum is 1,2 R where R is the resistance of the current path. (The 

value of R can be smaller than that obtained using the classical 

resistivity if the current is carried mainly by fast electrons [6].) 

b) There should be a reasonable degree of control over the distribution 

of the induced DC current so that a stable configuration can be set 

up. 

c) It should cause as little perturbation to the plasma as possible so 

that the confinement is not impaired (by the presence of a large RF 

current, for example). 

In this paper it has been shown that the results of the Synchromak f5] 

and similar experiments can be explained using the resistive MUD equations. 

In general, an "m = 0" travelling wave field generates a DC current with 

a hollow profile. For a resistive (low temperature) plasma, the 

generated DC current is accompanied by a much larger RF current which 

may impair confinement. It is predicted (qualitatively) that the DC current 

can be much larger than the RF current for a hot plasma. 
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IK. 

FIGURE, CAmONS 

The physical model. 

Closed path for the l ine integral of cq. (32) . 

The DC axial current generated by the trave l l ing wave f i e ld 

for 

a) B 150 Gauss, n = 5 x lO"** fi.m 
zo 

b) B 100 Gauss, r, = 5 x 10"4* fi.m 
zo 

c) B = 100 Gauss, n = 8 x 10"1* fi.m 

Distribution of the DC current, for 

a) B 150 Gauss, n = 5 x 10-" fi.m 
' i n ' ZO 

b) B = 100 Gauss, n = 5 x 10-' t fi. zo m 

c) B z o = 100 Gauss, n = 8 x l O ^ fi.ro 

Distribution of the RF magnetic f i e l d , B , at t = 8 usee 

for 

a) B 2 £ ) = 150 Gauss, r, = 5 x 1 0 ^ fi.m 

b) B z o = 100 Gauss, n = 5 x lO"" fi.m 

c) B z Q = 100 Gauss, n = 8 x lO"" fi.m 

Distribution of the RF magnetic f i e l d , B at t = 8 usee 
r 

for 

a) B = 150 Gauss, n = 5 x lO'* fi, 
zo m 

b) B z Q = 100 Gauss, n = 5 x lO"" fi.m 

c) B z o - 100 Gauss, n = 8 x lO"4* fi.m 

Number density d is tr ibut ion at t = 8 sec for 

B 2 o = 100 Gauss, n = 8 x lO"4* fi.m 

The axial component of the plasma ve loc i ty at r = 3 cm for 

B zo = 1 5 ° G a u s s , n * 5 x \0'k fi.m 
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