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Abstract 

We analyse the free-space propagation of matter waves with a view to 
placing an upper limit on the strength of possible nonlinear terms in 
the Schrodinger equation. Such additional terms of the form tI»F(|i|)|2) 
were introduced by Bialynicki-Birula and Mycielski in order to counter
act the spreading of wave packets, thereby allowing solutions which 
behave macroscopically like classical particles. For the particularly 
interesting case of a logarithmic nonlinearity, of the form F = -b In |ifi|2 

we find that the free-space propagation of slow neutrons places a very 
stringent upper limit on the magnitude of b_. Precise measurements of 
Vresnel diffraction with slow neutrons do not give any evidence for non
linear effects and allow us to deduce an upper limit for b< 3.3x 10 eV 
about 3 orders of magnitude smaller than the lower bound proposed by the 
above authors, making such nonlinearities extremely unlikely in the real 
world. 
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Introduction 

The epistemological complexity of quantur mechanics has repeatedly led to 

proposals of nonlinear variants of the Schrodinger equation with the aim 

that such equations m / admit solutions with properties closer to classical 

mechanics. In particular, more localised solutions are desired, resembling 

classical particles, instead of the wive packets of standard quantum mechanics 

which, in principle, spread out without limit. 

A general class of nonlinear variants of the Schrodinger equation is obtained 

by adding to the Hamiltorian an extra term which is a function of the probability 

density : 

The properties of this equation and of its solutions have been studied extensively 

by Bialynicki-Birula and Mycielski (BBM) in ref. 2, in which a careful analysis 

shows that solutions of eq (1) retain many of the known features of the solution! 

of the standard Schrodinger equation. A particularly interesting form of the 
2 nonlinear term is the so-called logarithmic nonlinearity , where one chooses 

F(lK)--fe*n(a nW t). <2> 

Here, b is an universal constant, a is an arbitrary, real, positive constant 

without immediate physical significance, and n in the dimensionality of the 

configuration cpace. It was shown by BBM that only a term of this form satisfies 

the condition of the separability of non-interacting subsystems. In all other 

forms, the very existence of even an isolated subsystem would influence the 

physics of all other subsystems of the universe. 



3 

The universa l constant b , which has the dimensions of energy, determines 

2 

the strength of the non-linear term and, from general physical arguments , 

has to be non-negative. It is immediately clear that one of the effects of the 

nonlinear term would be to give rise to small changes in the energy eigenvalues 

of stationary solutions of the Schrodinger equation. However, the impressive 

agreement of calculated and observed energy eigenvalues in the case of the Lamb 

shift obliges BB1I to set an upper limit to the strength of the nonlinear term : 

b < A x 10~ 1 0 eV. 

Since, as we mentioned earlier, the desired effect of the nonlinear term 

is to counteract the spreading of the wa<'epacket, it is phsyically reasonable 

to also expect changes in the wave vector during the fne-space propagation 

of matter waves. It turns out that, as far as experimental tests are concerned, 

such changes in the wave vector place far more stringent limits on the 
3 

magnitude of any possible nonlinearity. Thus,in a recent paper Shimony 

proposed the investigation of changes in the longitudinal component of the 

wave vector of a freely propagating particle, using the double crystal neutron 

interferometer developed by Zeilinger et al . In that experiment a phase shift 

of the neutron wave (due to the change in the wave vector) would be the 

detectable effect of the nonlinearity, and it is expected by Shimony that a null 
-12 11 result would push down the upper limit of b_ to about 10 eV. 

In our investigation we. concentrate on the lateral spreading of wave packets: 

Extra phase shifts (due to changes in the lateral components of the wave vector 

which follow from the non-linear term) can, in appropriate circumstances, give 

rise to measurable lateral deflections. We find that such effects can 

lead to significantly lower experimental limits to the strength of any 

nonlinearity. Specifically, we show that experiments on the diffraction of 
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slow neutrons from macroscopic obstacles (i.e. free-space propagation of 

neutrons after interaction with absorbers in simple geometrical configurations) 

are inconsistent with any nonlinear term of magnitude larger than that 

corresponding to b ^ 3.3x10 eV. 

In section 2 wt analyse the consequences of nonlinearity in the free-space 

propagation of matter waves and in section 3 we present the evidence based on 

Fresnel diffraction experiments. Section 4 concludes with some general comments. 
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2. Modifications of Wave Propagation 

In this section we discuss the effects of a nonlinear term in the Schrodineer 

equation upon the propagation of matter waves in free space. As will be shown* 

these effects arise because the extra phase shifts created by the nonlinear 

term are functions of the local probability density e ^ j ^ C ^ t M 

We begin our analysis of free-space propagation with the time independent 

form of eq—(!): 

[- £ V1 + VCr) • FflK*>ft]tC?) -E+ff) o) 

and analyse its stationary solutions within the eikonal approximation, i.e. 

in a semi-classical approach equivalent to geometrical optics. We therefore 

make the ansatz: 

which leads to 

(vsy- .«( E -v-F)- ir^ • (5) 

We introduce the approximation whereby we neglect the right-hand side of eq (5); 

this is equivalent to assuming that the variations of the probability density 

of the matter waves are very small over distances comparable with a wavelength, 

i.e. 

*& « 1 . (6) 
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We restrict our considerations to experimental situations in which this 

condition is satisfied. 

Furthermore, ve notn that the direction of propagation of the particles is 

then parallel to VS. This property holds also for the BBM-type nonlinear 

wave mechanics because, as in conventional quantum mechanics, the current 

is again defined as 

It is, in fact, the proportionality of the current to VS that allows the 

application of the procedures of standard geometrical optics: the particle 

propagation direction is always normal to surfaces of constant phase S. 

In ordinary quantum mechanics (F=0), the surfaces of constant phase in free 

space (V=0) follow from (5), subject to the approximation (6): 

( V S , ) l * i w E . (8) 

In the case of the modified Schr'odinger equation, (F^O), if we denote the 

surfaces of constant phase by S j we may write (again for V=0): 

(vs,) l = 2~(£-< :Wvs.j( 1-- |-) (9) 

and, since we anticipate that F<<E, we may further approximate 

|vs,l=\vs.\(i-£V ( , 0 ) 

For a wavefront propagating from z to z + dz there will arise an extra phase 
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shift given by 

a<j> = ( \vs , \ -ws. iV*= - l^M- f r • do 

(This equation is the one exploited in a neuLron interferometer experiment 
3 "' 

of the type proposed by Shimony ). 

To continue our analysis of free-space propagation, we remark that F is a function 

of the local density p and hence, if the wavefunction is not constant in space, 

F will also be a function of position. In particular, we focus our attention 

on the case where a gradient of the density (and hence of F) exists in the 

y-direction normal to the direction of propagation z. This variation of F gives 

rise to a variation of phase $ which, in turn, is equivalent to a bending of the 

wavefront, (i.e. a change in the direction of propagation). x n travelling-from 

z to z + dz the change in direction of propagation is given by : 

or 

dz1 2E <*Y 

-r- = 0) the accumulated deflection Y is obtaiied by solving the d. e. (13) 
dz 

For a particle travelling from z=0 to 7.=Z, (with initial conditions y-0, 

ited 

An explicit solution5 i s given by : 

o 

The dependence of this deflection on the density gradient may be studied 

(14) 
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by writing 

<JE = CJF a? ( , 5 ) 

dy = dq Jy 
Thus, the integrand is proportinal to the product of the density gradient 

with the derivative of F with respect to density. It is this latter quantity 

which vanishes in standard quantum mechanics where we have 

57 =° CI6) 

i.e. in that case F is an arbitrary constant, not dependant on the density 

at all. In general, however, the experimentally obtainable knowledge of dp/dy 

would, in the case of finite deflection Y, allow us to determine dF/dp and hence 

F(p) from eq-(14). In order to study further the defloction arising from a 

non-trivial, truly nonlinear term, we will have to make some assumptions on the 

functional form of F. 

Henceforth we shall restrict our attention to the logarithmic nonlinearity 

proposed by BBM, viz eq—(2). This, together with eq,—(4) and (14) lead to 

e 

Before confronting this predicted deflection with actual experimental tests, 

the following remarks may be in order : 

a) Since the effect upon the wave function of any nonlir.earity is already 

known to be very small, we have used ij>0, the unperturbed wavefunction, in 

eq— (17). In the absence of any evidence for a finite size for the hypothetical 

constant 1>, we set out primarily to obtain an uoper limit for the nonlinearity, 

to be inferred from any departure of Y from the zero value predicted by 

ordinary quantum mechanics. 
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b) We note that eq—( , 7) implies that any effect would be directly proportional 

to the ratio of the strength of the nonlinear tern, as neasured by b, to the 

kinetic energy of the particle, E. Hence the use of very slow neutrons has 

decided advantages in experimental tests. 

c) It is iwnediately apparent from e q E K U ) , (15) and (17) that an experiment 

would be more sensitive the steeper the density gradient used. It vas for this 

reason that we decided to investigate the Fresnel diffraction of slow neutrons 

by strongly absorbing obstacles. 
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3. Fresoel. diffraction of Neutrons 
Fig. 1 shows the classical set-uo for observing Fresnel diffraction 

by an absorbing straight-edge, together with the 

typical diffraction pattern |#Q| in the plane of observation z-Z. Froai eq— ( ) 

we learn that any deviation caused by nonlinearities is expected to be propor

tional to the gradient of the probability density. Hence we conclude that 

the maxima and minima of the Fresnel diffraction pattern are expected to stay 

in the same positions, unaffected by nonlinearities. On the other hand, the 

slopes would be noved by the action of these nonlinearities, towards the position:' 

of the maxima. This feature might already be expected conceptually Dn the 

basis of the property of the BBM terra that tends to counteract the disoersion 
I 

of wave packets. 

In our experimental analysis we choose to investigate the position of point P 

(Fig 1) of the Fresnel diffraction pattern with respect of the position of 

the first maxinum. The point P corresponds to Che edge of the geometrical shadow 

of the diffracting straight-edge, i.e. its projection upon the; plane 0f 

observation. The deflection of this point by an amount Y, due to the hypothetical 

non-linearities, may be derived by introducing into eq-<I 7) the results of 

standard Frcsnel diffraction theory, which follow from the linear, time-' 
7 8 independent Schr'odinger equation. We have : ' 

and the Frcsnel integral functions ̂ (u) andj (u) are defined hy : 



t! 

We also have (by differentiating (20) v.r.t. u) 

and (by differentiating (n> v.r.t.y) 

(21) 

d Y V0C^>*/ ( 2 2 ) 

From (21) and (21> we obtain: 

JT = 7^' 77 " l i f e ) e"f (*/lU^ • ( 2 3 ) 

For the point ?, at y * 0 (i.e. u = 0) we evaluate the following quantities: 

l<M->l«fc|(fc* %.>)[= Vt <""> 
and 

\ifcl , f - £ _ t (23a) 

By explicitly substituing these qunntities into edjl ('?)we deduce that the 

point P will be deflected by an amount given by: 

^VHi^T* 7«0 ^ 

Evaluation of the definite integral in closed f"rm, gives 

v - 2k. c,Z% 

file:///ifcl
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where c l* a geometrical constant (of orUer unit~> vhieh *e*>ends on the 

ratio R*r,/Z. 

The deflection Y is ,*«[ conveniently expressed as a fraction of the width 
Y G of a Frcsnel zone in the plane of observation, in the form 

Y= «X (26) 

The value of Y 0 fol lows f r o * the d e f i n i t i o n of the sca led var iab le a 

in eq (19 ) i . e . 

whi le £ i s the par ante t er t o be determined exricrimentally. 

In the absence of p o s i t i v e evidence for a f i n i t e d e f l e c t i o n , as was the case 

in our experiments, s e t t i n g e equal to the experimental r e s o l u t i o n a v a i l a b l e 

leads to an upper l imi t for b_. Thus, combining the l a s t thre« equations and 

making the appropriate s u b s t i t u t i o n s for kinematical q u a n t i t i e s we obta in 

b <. Ctt\\f (28) 

where c~ in another {".centrical constant (of order uni ty) which depends on 

r/7 and T i s the transit, time of the p a r t i c l e s hptween the sCr."iip,ht-cd<*.e 

and the plane of observat ion. 

Wc note the s t r i k i n g resemblance of t h i s resu l t t o the one obtained by 

3 
Sr.imony . for his proposed interferometer experiment. Our constants c t 
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correspond to the observable fraction of a fringe shift, A, 

in Shimony's exr>eriir.?nL, consistent with the observation that (not 

surprisingly) our measurement of path deflection 

corresponds to just another form of phase shift measurement. It is obvious, 

however, that by using a longer flight path (hence longer transit time, T) 

we can expect a smaller limit on b from Fresnel diffraction experiments 

as compared v:ith neutron interferometer experiments using neutrons of comparable 

wavelength. It is interesting to point out, in fact, that existing results on 
9 

Tresnel diffract ion of neutrons, based on the experiments of Klein e t a l ,already 

suffice to place an upper l imit on any nonlinearity which i s lower than tha t 

expected from Shimony's proposed interferometer experiment, and therefore 

almost three orders of magnitude lower than the one derived by BBM from Lamb 

shif t measurements. (Specif ical ly, if w e c o n s i d e r that the d i f f rac t ion pa t t e rn 

of a s t ra ight edge i.dasured by Klein et a l^ with 4.3A neutrons over a f l ight -pa th 

of 1.8 m agrees with the predictions of standard quantum mechanics to wi thin 

0.5 of a Fresnel Zone, i . e . e=0.5, we are led to the conservative conclusion 

that_b < 7 x ! 0 ~ 1 3 eV). 

In order to reduce even further the upper limit of the s t rength of any 

nonl inear i ty , _b, we performed more precise Fresnel d i f f rac t ion experiments 

using much slower neutrons over a much longer f l ight -path . The apparatus tha t 

we used was a 10-metre long neutron optical bench assembly designed by Gahler 

et a l . for an experiment aimed at lov/ering the experimental l imit of the neutron 

charge. Our set-up (Fig. 2) was as follows: 

A beam of very slow neutrons, originating in the cold source of the High Flux 

Reactor at the I n s t i t u t Laue-Langevin, was incident upon the entrance 

6 l i t s S. and S~ of a quartz prism monochromator. The 15 pm-wide ex i t s l i t 

S3 selected a beam of wavelength 20A with a spread of + 0.5A and formed the 

entrance s l i t , or effectvie source, of the Fresnel d i f f ract ion sect ion. The 

d i f f rac t ing obstacle , a highly absorbing s t ra ight edge, was placed 5 metres 



downstream, and a further 5 metres away the diffraction pattern was scanned 

with " BF, proportional counter placed behind a 30 um-wide scanning slit S,. 

In this configuration, the scale of the diffraction pattern, Y„, is 100 um 

(from eq~ (27)) while the long-term stability of the apparatus is known 

to be better than 10 um. The results of the measurements are shown in Fig. 3, 

together with the theoretical curve calculated or the basis of Standard Fresnel 

diffraction theory. The calculations take into account the finite resolution 
of the apparatus, the finite wavelength spread as well as the amplitude 

distributionand divergence of the illuminating radiation originating 

in the entrance slit. The vertical scale is 

normalized to theexoerimental results, and the origin is arbitrary located 

to be in line with the theoretically expected position of the point P, i.e. 

at I = 0.25Io. As explained earlier, the test for the presence of any non

linear effects consists of measuring the distance between the abscissa of 

point P and that o£ the first maximum of the diffraction pattern. 

We find this distance to be 118 +_ 5 ptn i.e. (1.18 +_ 0.05)Yo. 

The theoretically expected distance, on the basis of linear thory, is equal 

to 1.22Ye. We may therefore conclude, conservatively, that the deflection Y 

of point P is less than i> 0.1 Y 0, i.e; that E < 0.1. From the dimensions of the 

apparatus, the geometrical constants which appear in eq— (25) and (28) work 

out to be : c4 •» 1.23 and c- = 1.28. Substituting these values into eq—(28) 

yields the following new upper limit to the strength r ue BBM-type nonlinearity: 

b < 3.3 x 10" 1 5 eV. 

Another consequence of a nonlinear term in the Schrodinger equation is that 

Babinet's principle, which follows from linear superposition, would not be valid 

in wave mechanics. Thus, the diffraction pattern of a single slit would not be 

complementary to that of an absorbing strip : The two pieces into which ah 

absorbing strip cuts a wave-packet would, so to speak, shrihk away from each 

other under the action of the nonlinear term. We have demonstrated experimentally 

that this is not the case, at least to the same order of accuracy as our 
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previous result. Fig. '• shows the Fresnel diffraction pattern of a 100 urn 

Boron v/ire, measured with the same set-up as described above. Once again, 

the curve is the theoretically predicted result, (based on ordinary, linear 

quantum mechanics^ 
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4. Concluding Comments 

We find it interesting to note that the upper limit of b, < 3.3 xlO eV for 

the strength of the nonlinearities found by our experiment turns out to be 

already significantly lower than a certain estimated lower limit proposed 
-12 by BBM (b > 2.5 x 10 eV). This estimate was based by BBM on the assumtpion 

that, while the phsyics of elementary particles ("microphysics") is still 

governed by standard quantum mechanics, and"macrophysics" by classical mechanics, 

there exists an intermediate region where the nonlinear term would be significant 

This region is assumed by BBM to be that of large organic molecules. Our findings 

indicate that such is not the case. 

In order to highlight the implications of our result for the BBM approach to 

quantum mechanics we point out, once again, that one of the main objectives 

of introducing a nonlinear term into the Schrodinger equation was to obtain 

non-spreading free-space solutions with more localised properties. But if we 

were to apply our result to calculate the limiting size to which a free-space 

electron would spread, (the so-called electron "gausson" defined on p.84 
1/9 

of Ref. 2 a s l = fc/^mb)1' ) we would get something of the order of *• > 3 mm. 

This leaves no room for a "mesoworld" between macro and micro-physics. 
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Figure captions 

Fig. 1: Schematic of Fresnel diffraction set-up 

Fig. 2: Lay-out of the experiment (not to scale) 

Fig. 3: Measured diffraction pattern of an absorbing straight-edge 
fitted to the curve obtained from standard theory 
Z = Z, = 5 m; X = 20 X; AX = ±0.5 X 

Fig. 4: Measured diffraction pattern of a 100 urn Boron wire fitted to 
the curve obtained from standard theory 
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