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ABSTRACT 

Exact results for the mass gap, specific heat and susceptibility 

of the one-dimensional transverse Ising model on a finite lattice are 

generated by constructing a finite matrix representation of the Hamiltonian 

using strong-coupling eigenstates. The critical behaviour of the limiting 

infinite chain is analysed using finite-size scaling theory. In this way, 

excellent estimates (to within %% accuracy) are found for the critical 

coupling and the exponents a, v and y. 
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I. INTRODUCTION' 

The Hamiltonian field theory analogue of the two-dimensional 

Ising model was presented recently by Fradkin and Susskind [1], This 

theory corresponds to an infinite one-dimensional Ising chain in a transverse 

field and exhibits a phase transition, the exact nature of which is known 

from the analytic solution of Pfeuty [2], Thus this model provides a nice 

testing ground for approximate methods of investigating critical behaviour 

before they are applied to other, more interesting models. Strong coupling 

perturbation expansions have been calculated by Hamer, Kogut and Susskind 

for the mass gap [3], the specific heat and susceptibility [A], From these 

expansions, critical parameters were estimated by conventional r&tio and 

Pad£ approxiinant methods [5]. 

In thin paper, we exhibit exact results for these quantities on 

finite lattices, and study how they vary with the size of the lattice. 

Our object is to investigate alternative ways of estimating critical points 

and critical exponents for Hamiltonian field theories. To do so, we employ 

"finite-size scaling" developed originally in statistical mechanics by 

Fisher and Barber [6,7] to describe the effects of finite sample size on 

thermodynamic singularities occurring at critical points. The detailed 

predictions of this theory have been confirmed, often analytically, for 

many of the conventional models of statistical mechanics [8], 

Domany et al [9] discussed and illustrated its use in extracting critical 

exponents from Monte Carlo data on finite systems. However, this present 

paper is the first attempt to extend the theory to a phase transition 

in Hamiltonian field theory. 

Cur method [10] of calculation is based on the same approach 

as used in the strong coupling expansions [3,A]. A set of unperturbed 

strong coupling eigenstates is generated by successive perturbaiions of 
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the ground state, followed by Gram-Schmidt orthogonallzation. Using this 

basis, a finite matrix representation of the Hamiltonian is calculated. 

The eigenvalues of this matrix then follow by standard methods for any 

values of the coupling constants. Since for the Ising model on a finite 

lattice the complete set of states is finite, this process actually terminates 

at sufficiently high order of perturbation yielding the exact eigenenergifs. 

The mass gap (or inverse correlation length), specific heat and 

susceptibility follow from the lowest eigenvalues of the Hamiltonian matrix 

[1, 3, 11]. From the way in which these quantities scale with the sizt. of 

the lattice in the vicinity of the critical point, one can infer the critical 

behaviour of the infinite system. 

Our results indicate that this method yields estimates of the 

critical point and critical exponents with an accuracy comparable to series 

analysis. Furthermore, the method provides a "picture" of the quantities 

involved over a range of couplings, up to at least critical. These should, 

therefore, be particularly useful in cases where the critical behaviour is 

unusual, or where there is no critical point at all. These pictures are 

expected [10] to be more accurate than those obtained by the series related 

method of Fade approximants [5] because they employ the maximum information 

contained in the Hamiltonian matrix at any given order. Hence we expect the 

method to be an important adjunct to that of series analysis. 

The paper is arranged as follows. In the next section, we describe 

in more detail our method of evaluating the low-lying energy eigenvalues of 

a lattice Hamiltonian. Finite-size scaling is briefly reviewed and extended 

to Hamiltonian field theory in Section II?. Its application to the mass gap, 

specific heat and susceptibility is contained in Sections IV-VI. Section VII 

closes the paper with an overall summary and discussion, in which we compare 



the accuracy of this approach to other recently proposed approximation 

methods of investigating Hamiltonian field theories. 

II. THE METHOD 

The field theory version of the Ising model [1], in one space and one 

time dimension has the simple Hamiltonian (omitting, for the moment, the 

interaction with the external magnetic field) 
M 

H - ̂  I {(1 - o3(«) - x o1(m)o1(m + 1)}. (1) 

Heru the index m labels sites on a spatial lattice, while the time variable 

is taken to b» continuous. The o, are Pauli matrices acting on a two-state 

spin variable at each site; g is a dimensionless coupling constant, a is the 
2 lattice spacing, M is the total number of sites, and x = — j . This, model has 
o 

been solved exactly by Pfeuty [2] in the thermodynamic limit M -*• ". A duality 

transformation of (1) exists [1] mapping weak and strong coupling regimes 

into each other. On the assumption of only one transition, this identifies 

x «* 1 as the critical coupling, which is confirmed by Pfeuty's solution. 

In the strong coupling perturbation approach [3], this Hamiltonian 

is brcken into two pieces by defining 

W = ̂  H - W Q - xV, (2) 

where the unperturbed Hamiltonian is taken as 

m 
and the perturbation operator V is 

V - I 0^)0x(m + 1) (A) 
m 

The unperturbed strong coupling eigerstates are therefore eigenstates of a-

at each site; we shall only be interested in translationally invariant 

(zero-momentum) superpositions of these eigenstates. We apply periodic 

boundary conditions throughout, so that 
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o3(m) = o3(m + M), all (5) 

The unperturbed ground state has all spins "up": 

a3(m) |0> = + |0>, all m, (6) 

which we represent diagramatically by an empty lattice (Fig. la)). Excited 

state configurations will have one or more spins "flipped" into the "down" 

position, which we shall represent by vertical strokes at the appropriate 

sites (Figs, lb), c)). Excited states with an even number of flipped 

spins may be generated by applying the perturbation operator V to the ground 

state several times in succession (i.e. forming the set of states 

{V |0), n = 0,1...N}), and then orthogonalizing. Matrix elements of V 

between these states may be calculated simultaneously. 

For the case M = 3, for example, there are only two even states, 

illustrated in Figs, la) and b). The Hamiltonian matrix connecting them is 

0 - /3x 

V3x 4 -T- 2x 

and the exact ground state energy per site is 

x - 2/1 - x + x 2L 

(7) 

M 3 \ ^j. (3) 
The first excited state of this system in the strong coupling limit is that 

with a single flipped spin, as illustrated in Fig. lc). This is the lowest 

of the sector of states containing an odd number of flipped spins, which 

is disjoint from the sector of even states. The. energy to of the first 

excited state is calculated in a similar way to uu. 

In general, for a lattice of M sites, one must consider perturbations 

up to order N - (M + l)/2 (M odd) in order to generate a complete set of 

states, .ind the llamiltonir.n matrix elements between them. From this, ir. 

is possible to derive [3] perturbation expansions for the quantities wQ/M 



and (u»1 - wft) which agree with those for the infinite system up to 
2N—2 0(x ). The results obtained in this manner for various quantities of 

physical interest will be discussed in Sections IV-VI. Before doing so we 

briefly outline the essential features of finite-size scaling. 

III. FINITE-SIZE SCALING 

As mentioned in the Introduction, finite-size scaling originated 

[6] in statistical mechanics. Its aim, there, was to describe the effect 

of finite sample size on the singularities (usually divergences) of 

thermodynamic quantities at a critical point. 

Let T(g) be some quantity (e.g. specific heat) which in an 

infinite system diverges at a critical value (g ) of the coupling parameter 

g as 

•(g) s A |Ag|~* as Ag - g - g c •* 0. (9) 

Finite-size scaling [6,7] then asserts that in a finite system of linear 

dimensions L = naQ, where a- is the lattice spacing, the behaviour of 

Y(g;n) is described by 

f(g;n) » n* / v Q^n/C(g)3. (10) 

Here €(g) is the correlation length of the infinite system which diverges as 

C(g) ~ S 0 |Ag|~V, A g - 0 . (11) 

The ansatz (10) is expected to be valid uniformly in the limits n •*• °°, 

g -*• g ; sn expectation borna out by several calculations in model systems 

C8l. To recover the behaviour (9) in the limit n -»• • at fixed (small) Ag 

we require 

Qy(z) * A C~* / v Z"* / V as z •»> «. (12) 

In the event of a logarithmic singularity (4< = 0) as occurs, for 

example, in the specific heat of the two-dimensional Ising model, (10) must 

be modified to [6,7] 



T(g;n) - T( g l;n) = Q f[i/C(g)] - QjCn/U^)], (13) 

where g, i s some fixed non-critical reference coupling. The Uniting 

behaviour (12) of the scaling function Q_(z) is similarly replaced by 

Qf U) = -(A/v)£n z, z •*• - . (14) 

At g , (10) immediately predicts that 

*(gc;n) = QT(0)n*/V, n - -. (15) 

The analogous result for a logarithmic divergence 

*(gc;n) = +(A/v)ln n + 0(1), n -• -, (16) 

follows from (13). Note that in this case, the amplitude is given in 

terms of "bulk" parameters. If g is known, these results allow the 

exponents of the transition in the infinite system (or at least the 

ratio 4>/v) to be estimated from data on finite systems. If g is not known, 

as would be more typical, (15) and (16) remain valid if ¥(g;n) is evaluated 

at some "pseudo-critical coupling" g (n) (e.g. the value of g for which 
-1/v ¥(g;n) is maximum), which approaches g no slower than n as n + ». 

The utility of these results in the analysis cf Mcnte Carlo data has been 

illustrated by Domany et al [9]. 

It is fairly straightforward to extend these concepts and results 

to Hamiltonian field theory. The essential correspondence [1, 11] is 

between the mass gap A , or the energy difference between the first 
m 

excited state and ground state of the Hamiltonian theory, and the reciprocal 

of the correlation length £(g). Thus for an infinite system A (g) vanishes 
A m ~ |g - gJ V, g •" g c, (17) 

while its behaviour in a finite system is described by the ansatz 

AB(g;n) * n" QA[n V(g - g £)], n -• •, g + g£, (18) 

which follows by .jpplyin? finite-size scaling to 1/A . Note 
m 

that, for future convenience, we have modified the argument of the scaling 

funct ion. 
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Eqn. (18) implies immediately that 

A„(g c;n) n"1 Q A (0), n •+ • , (19) 

a result that we shall see is valid even for relatively small values of n. 
Equ.(18) also suggests that g could be estimated from the sequence of 
values of g for which successive ratios of A (g;n) and A (g;n+l) exactly 
scale, i.e. the value of g for which 

nAB(g;n) = (n * l)AB(g; n+1). (20) 

This result,is actually equivalent to the criterion for determining g 
that follows by extending [12] "phenomenological renormalization theory" 
to Hamiltonian field theory. As originally formulated [133, phenomenolcgical 
renormalization attempts to use finite-size results to derive an approximate 
recursion relation for the infinite system. Specifically, the correlation 
lengths C(g;n) and £(g;n') in two finite systems of "sires" n and n* are 
assumed to be related by 

€(g;n) = b Ug';n') (21) 
with b = n/n'. In the limit that n and n* both become infinite with b 
fixed at some specific value, (21) represents the renormalization of the 
correlation length under a renormalization group transformation 
g •* g' = R(g)• For finite n and n', (21) is only approximate, but can 
be interpreted as defining an approximate mapping of the coupling constants 
from g to g'. The critical parameters now follow from the mapping in the 
standard way. This approach appears quite successful [12 - 153. 

One problem remains. The asymptotic result (15) yields the 
ratio v/u. One would like to be able to determine $ alone. Two 
possibilities exist to do this. Firstly, if we invoke hyperscaling v is 
related to the specific heat index a by 

dv = 2 - o. (22) 

Thus the specific heat at g scales as 

C(gc;n) - n
d«/< 2-°). (23) 

It should be noted that in applying (22) to a Hamiltonian theory, the 
dimensionality d must be taken to include the time dimension. 
Alternatively, v can be estimated directly from the observation that 

t3Am(g;n)/5g]g=g - n' 1 + 1 / vQ'(0) (24) 

which follows by differentiating (18); or equivalently, 
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where 6(g;n) is the Callan-Syaanzik B-f unction of the finite lattice 
system [3]. Eqn.(24) is also related to phenomenological 
renormalization. According to the general renormalization group theory 
[16], exponents follow from the recursion relations linearized about a 
particular fixed point. For a one-parameter recursion g •+ g* = R(g), 
v is given by 

b ^ = <^>& * 8* (26) 

where b is the spatial rescaling factor of the transformation and g* the 
relevant fixed point. The derivative dg'/dg can be estimated from (21), 
which gives 

ldg Jg=g* ln > £'(g*;n')' u - } 

where £' = H/3g- This result is thus simply an assertion that the 
finite scaling prediction (24) is an exact scaling at g*. 

IV. MASS GAP 
Since the mass gap of a Hamiltonian theory corresponds to the 

reciprocal of the correlation length, a second order phase transition is 
signalled by the vanishing of the mass gap. For the model (1) of interes 
here, Pfeuty [2] has shown that in the limit M •* » the mass gap is given 
by 

V*> = l r ( w i - V h h f M = ! a - ( 1 * x ) - ( 2 8 ) 

This implies a transition at x - 1, which is the self-dual point [1], 
with the exponent v= 1, as expected for the 2-dimensional Ising model. 
Since the perturbation series in x truncates at the first term, a series 
analysis gives the critical point and critical exponent exactly for this 
special case [3]. 

Now let us consider the finite lattice results. Fig. 2 shows 
the exact mass gaps as functions of x for various lattice sizes M. In 
the region x < 1, these curves evidently provide successively closer 
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approximations to the mass gap for the infinite system as M increases. 

In the neighbourhood of the critical point, however, the finite lattice 

results swing away and tend asymptotically to the real axis from above. 

Thus the mass gap never vanishes on a finite lattice, in accord with the 

absence of any transition in an Ising model inifinitc in less than two 

dimensions. 

It is interesting a l s o t o l°°k a t t n e estimates obtain at 

one less order N = (M - l)/2, which corresponds to the maximum order 

at any given M for which the perturbation series for w_, w. agree with 

those of the infinite lattice. We shall refer to these as "open" 

lattice estimates as opposed to the "closed" (exact) finite lattice 

estimates discussed above. 
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The mass gaps calculated to this order are shown in Fig.3. It can be seen 

that these curves lie extremely close to the exact asymptotic curve. The 

fact that they cross the axis is not at variance with the absence of a 

phase transition in a finite lattice since these open estimates do not include 

all finite-size effects and thus are not exact for the indicated lattice size. 

To test the applicability of finite-size scalingfFig.4 exhibits 

a log-log plot of the "closed" Bass gaps evaluated at x * 1 against H. 

The points lie neatly in a straight line with slope -1.02, which is within 

21 of the expected value (recall Eqn.(19)). By use of (20), i.e. by 

searching for the point at which successive aass gaps decrease like 1/M, 

one can estimate the critical coupling x_ to within about %Z. Thus finite-

size scaling appears to work rathe:- well even at such low values of M. 

The "open" lattice estimates drop more rapidly at low H than 

predicted by scaling; but do seem to tend towards a behaviour like M 

as H increases (Fig.A). The deviation of the axis crossing points from 

the critical point behaves in a similar way. This 1 ck of scaling behaviour 

at low M means that, while the "open" estimates li<> close to the limiting 

mass gap, they cannot be used to predict the critical point within any better 

accuracy than the "closed" ones. 

The absence of a phase transition for finite H implies that 

the P-function: 
B(g) F(x) ' 

g F(x) - 2xF'(x)' W 

should be positive for 0 s x < •, This is confirmed by the numerical 

results, which are depicted in Figure 5. We can now estimate the 
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exponent v by plotting the value of 0(g)/g *t x « x » 1 against X on 

a log-log plot Ccf Eq.(25)l. The result is shown In Figure 6, fron 

which the estiaate v * 1.02 follows, in good agreement with the exact 

value of unity. 

V. THE SPECIFIC HEAT 

In statistical mechanics, the specific heat is the second 

derivative of the free energy with respect to teaperature: 

C - -T jg (30) 

Row the field theory analogue [1, 111 of the free energy is the ground-state 

energy •»«, and the analogue of tenperature is the coupling g; heace we can 

easily show that the strict analogue of the specific heat is 

c * ~ f { " o ( x ) + 2 x * o ( x ) } * ( i i ) 

where x » 2/g2 as before. Now the divergence (if any) at the critical 

point will occur in *»!!: and since we are not concerned here with any 

physical neaning, we shall define the "specific heat" for the purposes of 

this paper to be 

C * -x 2 «3(x). <3&> 

Fron Pfeuty's solution [2], the ground-state energy per site for 

the infinite lattice is 

^ ~ l - f (l + x)E(f;.), .--(T^T. <*> 
where sfx; m) is the complete elliptic integral of the second kind. 

Hence it follows that the specific heat oer site is 
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From the properties of the elliptic integral [if] one may show that C/M 

has a logarithmic singularity at the critical point x = 1, as one expects 

for the Ising model: 

COO _ i .„ 1 in M T I 1-x x - 1. <#) 

The finite lattice resalts for the ground state energy w Q are 

shown in Fig.7. It can be seen that the "open" lattice estimates provide 

upper bounds to the ground state energy, while the "closed" estimates 

form lower bounds which converge very rapidly towards the exact result for 

the infinita lattice. The correspondins estimates for the specific heat 

are shown in Figs.7 and 8. As expected these curves are similar to those 

computed for finite two-dimensional Ising models [8a, 8g], 

Now finite size scaling predicts, recall (16), that the finite 

lattice estimates of the specific heat at x = 1 will increase logarithmically 

with M; and similarly for the peak values at each M. These hypotheses 

are tested in Figs.10 and 11, where it can be seen that this logarithmic 

behaviour is established immediately, both for the "open" and "closed" 

lattice estimates. Thus the scaling pattern again provides a good 

Indication of the critical behaviour of the model. In the "closed" case, the 

slope of the curve is 0.320, which agrees rather well with the theoretical 

prediction of A/v, with v - 1 and A • i/n as given by (3<£). 

Th.2 variation of the peak positions as a function of M is 

Illustrated in Figure 12. The behaviour is rather more rapid than 

that found (~ M ) by Au-Yang and Fisher [8g] for two-dimensional Ising 

model stiips of width M. The closed-lattice estimates may be tending towards 

a 1/M behaviour, but it is certainly not yet established. However, the 

variation of such a pseudo-critical coupling is not prescribed by finite-size 
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scaling and certainly is strongly affected by boundary conditions [6, 8], 

VI. THE SUSCEPTIBILITY 

The Icing model Hamiltonian in the presence of an external magnetic 

field is 

" - A l l (1 - o_(m)) - x Oj^nOoj^m + 1) + h o.(m)f, (36) 
m 

where h is :he magnetic field. In statistical mechanics, the magnetic 

susceptibility is defined by 

(57) 32G^ 
3h2 h=0 

The analogous quantity in the field theory i s therefore 
f3 2 w 

X f d ( U o l (58) 
h=0 

An exact expression for this quantity has not been derived, to our knowledge; 

but an analysis of the strong coupling series for X has been carried out [4] 

giving a critical exponent y = 1.76 ± 0.01, which is equal within errors 

to the expected value of 7/4. 

The exact finite lattice results for x are shown in Fig. 13 . These 

curves show no peak as a function of x, so the only available scaling test 

concerns the values at the critical point, x = 1. Finite size scaling 

[tqn. (15)] predicts that 

XM(x«l) ~ M Y / V , M + - . fe) 

Fig.14 shows a log-log plot of these values versus M: it can be seen that 

the points are well fitted by a straight line, with a slope of 1.76, which 

' Note: in order to get exact ("closed") results for the susceptibility, 
it is necessary to perturb to one further order in h and x together, 
i.e. to N » (Mf3)/2. 
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is again very close to the expected value. A more precise series of estimates 

is obtained by computing the ratio Clog(xM/xM_2>/log(M/M-2)] for successive 

values of M: the results are shown in Table 1. It can be seen that these 

numbers appear to be converging smoothly, and give an estimate 

Y/v - 1.750 ± 0.005. 

Thus the scaling of the finite lattice results at the critical 

point can be used to estimate the critical index with an accuracy comparable 

to, or even slightly better than, the perturbation series analysis method 

t4]. An advantage of this method appears to be the smooth convergence of 

the successive estimates, as compared to the series ratios which very often 

show oscillatory behaviour [4], 

We have not shown any "open" (lower order) finite lattice estimates 

for the susceptibility. The same pattern applies here as before: scaling 

behaviour is slower to set in for these estimates, and so they provide a 

less accurate prediction of the critical parameters. 

VI. SUMMARY AND CONCLUSIONS 

In this paper we have shown how to obtain exact results for the 

mass gap, the specific heat and the susceptibility in a two-dimensional 

Hamiltonian field theory version of the Ising model. All these quantities 

are related to the lowest-lying eigenvalues of the Hamiltonian. The method 

involves forming a matrix representation of the Hamiltonian using a basis 

consisting of the unperturbed strong coupling eigenstates. For a (spatial) 

let;£ice of M sites, there is only a limited number of translationally 

Invariant eigenstates: they may be found by Gram-Schmidt orthogonalization 

of the set (V |0>, n - 0,1...N), where |o) represents the ground state 

(or the first excited state, in the odd sector); V is the perturbation 
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operator; and N ~ M/2. Once the Hamiltonian matrix has been calculated, 

its eigenvalues can be found exactly by standard methods, for any value 

of the coupling constants. 

The theory of finite size scaling [6-93 can be used to extract 

estimates for the critical parameters. The mass gap, for example, is expected 

to vary inversely as the size of the lattice at the critical point: by 

searching for this behaviour, one can locate the critical point with quite 

satisfactory accuracy. The specific heat and susceptibility at the critical 
a/v' v/v point are expected to scale with the size of the lattice like M and M , 

respectively: by testing for this behaviour, one can estimate the critical 
-1/v exponents n/v and Y/ V. Similarly the 3-function should behave as H 

which allows an independent determination of v. It was discovered that 

this scaling behaviour was established very early (at low values of M) for 

this simple model, provided that the exact ("closed") finite-lattice results 

were used. "Open" lattice estimates (i.e. those obtained at lower orders 

N for given M) also gave useful approximations to the functions of interest, 

but were slower to develop scaling behaviour. 

We have found that these tests give results for the critical 

parameters which are comparable in accuracy to those obtained by standard 

perturbation series analysis methods [3,4], and in some cases slightly 

better. Furthermore, the finite-lattice estimates provide a picture of the 

quantities involved over the whole range of couplings, which should be 

extremely useful in cases where the critical behaviour is unusual, or where 

t This is the general result. In the special case of the 2D Ising model, 

we have o • 0, and logarithmic behaviour occurs instead. 
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there is no critical point at all. It has been argued elsewhere [10] that 

these approximations should be more accurate and reliable than those obtained 

by joining Pade approximants to the perturbation power series. Hence we 

expect the method to be an important adjunct and alternative to that of 

series analysis. 

It is also useful to compare the accuracy of our determination 

of the critical properties of the one-dimensional transverse Ising model 

tilth that of recent renormalization group calculations [15, IS, Id]. 

These calculations all involve splitting the lattice into blocks which are 

diagonalized exactly. They differ in how the iteration is implemented. The 

simplest scheme [18] is to completely neglect all block states except a 

few of the lowest energy. The most accurate calculation of this form [18b'] 

using a block of 7 sites gave (in our notation)x = 1.053, v = 1.16 and 

Y • 2.02. Somewhat better accuracy for x and v but not for the 

exponents 3 or Y is obtained if all states of a block are retained and 

effective Fauli spin operators introduced at each iteration [191. The 

recursion relation, however, can now only be realized perturbatively in 

the coupling constants. To first order this yields [19b] x •1.01, 

v « 1.13. 

Like our approach, such renormalization group calculations can 

also produce "pictures" of physical quantities for all couplings. Unlike 

our pictures, these approximations are non-analytic. On the other hand, 

our results have the advantage cf approaching the limiting infinite-system 

curves rather rapidly except in the immediate vicinitj of the critical point. 

t Jullien et al ['lVb̂  actually estimated the exponent 8; we have used 
the scaling law Y - 2(B - v) to estimate Y. 
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This is certainly not the case for a renormalization group calculation 

as can be seen by comparing our Fig.7 of the specific heat with Fig.2 

of Jullien et al [18b] for the same quantity. 

A renormalization group calculation which is rather closer 

in spirit to our approach is that of Sneddon [12] using phenomenological 

renormalization £15, 15J. As discussed in Section III, phenomenological 

renormalization is related to finite-size scaling; the key equation 

being equivalent to Eqn.(20). The significant differences between 

Sneddon's work and that reported here are the use i) of strong-coupling 

eigenstates to construct the finite matrix representation and ii) of 

finite-size scaling to extract othe.* exponents. 

It must be noted, however, that exact finite-lattice results 

can only be obtained by this method for those simple models, like the 

Ising model, which allow only a finite number of eigenstates at each 

site. For more complicated models, e.g. those with higher symmetry, 

the complete set of eigenstates will be infinite, however small the 

lattice. One may still use the method given here, using a truncated 

matrix Hamiltonian obtained by perturbing the ground state to order 

N = M/2, etc. But the resulting estimates will no longer be exact, 

and one can no longer expect the scaling hypothesis to work very well 

at low M, so that it will be harder to estimate the critical parameters. 

It remains to be seen how useful the method will prove for such models. 
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FIGURE CAPTIONS 

Fig.li Diagrammatic representation of unperturbed strong coupling 

eigenstates on a lattice of three sites. A site with spin up is 

represented (•)» spin down as (|). Fig. la): the ground state; 

b); an excited state with two flipped spins; c): the first 

excited state. 

Fig.2; The mass gap F(x) s u - u»0 plotted versus x. The dashed lines 

are the exact ("closed") results for successively increasing lattice 

sizes, and are labelled by (N,M), where M is the lattice size, and 

N the corresponding order of perturbation (see Sec, II). 

The solid line is the exact result for the infinite system. 

Fig.3: "Open" lattice estimates for the mass gap (dashed lines) versus x. 

They are labelled (N,M), as in Fig.2. The solid line is the 

exact result for the infinite system. 
/ 

Fig.A: Log-log plot of the mass gap estimates at x • 1 versus lattice 

size M. Shown are both the "closed" estimates (circles), and 

the "open" estimates (squares), for each M. 

Fig.5: "Clcsed" lattice estimates for the (5-function versus x. They are 

labelled (N,M) as in Fig.2. 

Fig.6: Log-log plot of the P-function estimates at x • 1 versus lattice 

size M. Only the "closed" estimates are shown. 

Fig.7; Estimates of the ground-state energy per site, <*>Q/M, as a 

function of x. The solid line is the exact infinite lattice 

results; the dashed lines are the "closed" (exact) finite 

lattice estimates; the dotted lines are the "open" lattice 

estimates. The finite lattice results are labelled (N,M) as 

in Fig.2. 
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"Closed" (exact) finite lattice results for the specific heat 

as. functions of x. The curves are labelled (N,M) as previously. 

The solid line is the result for an infinite lattice. 

"Open" lattice estimates for the specific heat as functions of x. 

The curves are labelled (N,M). The solid line is the infinite 

lattice result. 

A semi-log plot of the specific heat estimates at x - 1 versus M. 

"Closed" lattice estimates are denoted by circles; "open" estimates 

by squares. Straight lines have been drawn through each set cf 

results. 

A semi-log plot of the peak values of specific heat versus M. 

"Closed" lattice estimates are denoted by circles; "open" 

estimates by squares. Straight lines have been drawn through 

each set of results. 

A log-log plot of the deviations from 1 of the specific heat 

maxima, versus M. "Closed" lattice results are denoted by 

circles; "open" lattice results by squares. A straight line 

drawn through the "open" results has slope - 1.48. 

A semi-log plot of finite-lattice susceptibilities versus x. 

Each curve is labelled (N,M) as before. 

A log-log plot of finite-lattice busceptibilities at the critical 

point versus M. A straight line with slope 1.76 has been drawn 

through the points. 
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TABLE I; Successive estimates of the susceptibility critical index 

Y versus M. 

M «M»> log Cx M (D/X M _ 2 ( l ) ] / log CM/M-2] 

3 4.33 

5 10.78 1.786 

7 19.51 1.763 

9 
• 

30.35 1.758 

• 
OB 1.750 + 0.005(extrapolated 

estimate) 
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