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ABSTRACT 

Some analytical as well as numerical aspects relevant to the creep 

behaviour of cavity-like structures in salt domes are presented. Two 

finite element models are presented for the modelling of the bore hole 

configuration, both dealing with the problem of a correct choice of t". c 

amount of salts which must be taken into acocunt. A numerical procedure 

is suggested to derive a material creep law from measured bore hole 

convergence. This procedure is applied on convergence measurements in 

the ASSE mine (Germany) leading to a secondary creep law e' «8.8 10 T 

.c -1 
(a in MPa, e* in days ) which describes the transient convergence 

behaviour correctly. Some questions concerning the uniqueness of the 

derived creep law are discussed. 
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1. INTRODUCTION. 

A sale dome can be considered is a structure in which a repository 

could possibly be located for all radio-active wastes to be produced 

within the scope of a national nuclear power program ['.]- An important 

design and safety factor for the lay-out of such a waste repository 

is the mechanical stability of underground cavities in rock salt. It 

is generally thought that creep of salt is the dominating mechanism 

in the deformation behaviour of the cavities and their surfaces [2]-[4]. 

A crucial problem is the derivation of a creep lav which can be used 

for the multidimensional stress state in the salt around the cavities. 

As in other areas of mechanical engineering well defined constant stress 

creep experiments on small samples are performed in laboratories and 

results can be found in the literature [2]-[7], An alternative approach 

might be the derivation of a creep law from in situ deformation 

measurements [4]. In this report the alternative approach will be con

sidered using convergence measurement data of a bore hole as a reference. 

The procedure which will be followed consists of the execution of a 

calculation of the convergence using a creep law a priori. After com

paring the calculated with the measured convergence Lnt creep l*v will 

be adapted and the process will be repeated untill the measured and 

calculated convergences are close enough for practical purposes. This 

process is highly dependent upon the understanding of the possibilities 

of adapting the creep law in such a way that the calculated convergence 

corresponds better with the measured one than the convergence of the 

a priori accepted creep law. 

Some analytical aspects of the creep behaviour which are necessary in 

this understanding are dealt with in chapter 2 of this report. In chap

ter 3 some numerical aspects are described while in chapter 4 an 

evaluation is made and a numerical solution is presented for a specific 

problem. 
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2. ANALYTICAL ASPECTS OF iHE CREEP BEHAVIOUR. 

2.I. General. 

The general theory of the creep phenomenon is well described in a 

number of textbooks, e.g. [9]-[ll]. Although most of the literature 

and theoretical works on creep deals with creep of aetals it aught be 

expected ([A],[7]) that the creep phenomenon of rock salt can be 

handled with the same analytical and numerical concepts. 

In the analysis of creep a clear distinction must be made between 

the material response and the structural response. 

The Material response can be Measured with test saaples in which a 

h> mogeneous one dimensional stress state exists. This material response 

typically consists of three stages: 

- primary creep, where the creep strain rate decreases, 

- secondary creep, where the creep strain rate is constant, 

- tertiary creep, where the creep strain rate increases; it must 

be noted however that certainly a part of the measured tertiary 

creep is caused by plastic instability which violates the 

homogeneous stress state. 

Fig. 2.1, Typical creep curve. 

A typical creep curve is given in fig. 2.1. 

The material response usually will be described with a so called 

"creep law", where the creep strain rate is given as a function of 

state variables e.g. 

iC » f(o,e°,t,T) (I) 



c 
The stress T and strain e arc homogeneous within eh* material under 

consideration. A typical isothermal creep law is the so «.ailed Morton 

law which describes a purely secondary creep. 

cC « A 0° (2) 

The structural response is the response of a structure, in which in 

general a non-homogeneous three-dimensional stress state exists, due 

to a complex loading history. This structural response of course is 

caused by the material response. A typical structural response consists 

of two stages: 

-transient creep, where in general the deformation rate decreases, 

-stationary creep, where the deformation rate is constant. 

A third stage can be identified if the failure process is taken into 

account; far design purposes however this stage must not be reached 

and therefore has not been taken into account further in this report. 

The transient creep is caused by the primary creep of the material but 

also by a redistribution of the stresses in the structure. In those 

particular cases where the material creep can be described with secondary 

creep only, the structural response even has a transient stage due to 

the stress redistribution. The timescales for this stress redistribution 

depends upon the creep law [12] bur even upon the structure under con

sideration. 

The stationary creep stage will be reached if the material creeps 

secondarily and the stress distribution is stationary. 

Most of the literature on creep analysis deals with the estimation of 

the structural response on basis of a known material response. Two 

types of theoretical difficulties must be dealt with: 

i - the stress state in the structure is three-dimensional whilst 

the creep law is based on a uniaxial stress state; 

ii - the stresses in the structure are varying in time whilst the 

creep law is based on a constant stress. 

Ad i . In the literature on metal creep this problem is solved by intro

ducing stress and strain measures which are independent of the stress 

state with respect to the material behaviour. 



A widely used stress measure is the so called Von Mises equivalent 

stress J defined *% 
«9. 

(3) 

The distribution of the creep strain coaponents is mostly based on the 

postulate of Drucker, or on Material stability resulting in the 

"normality-principle". Using the a as defined in (3) and an analogously 
r '* 

defined c this principle leads to the flow rule: 
««. 

.c 
1 c 

it. * 4 -^S.. (A) 

where S.. is the deviacoric stress conponent defined as: 

sij •*ij-i'ij(w°j) (5) 

Ad ii. In the literature two types of approach are known, viz. 

strain- and tine hardening. Using strain hardening the creep strain 

rate at cine t is given by the state variables o and e whilst in 

tine hardening the creep strain rate depends upon the state variable 

a and time t. In fig. 2.2 both node Is are elucidated for the simple 

stress history given. It can be seen that from a numerical point of 

view the strain hardening is more complicated due to the fact that t* 

must be calculated which in general is an iterative procedure. 

It will be assumed furtheron that the structural response of the salt 

can be described with Che following concepts: 

-equivalent stress according to Von Nises (eq. 3), 

-normality principle (eq. 4) 

-time hardening. 

In tiiis chapter a number of analytical solutions relevant to the bore 

hole convergence will be presented. As these analytical solutions are 

only derived for the cases of simple geometries and simple material 

responses, in chapter 3 attention is given to a numerical method 

based on the finite clement method [13] which can be used for complicated 

geometries and complicated creep laws. 



stress history 

o = B 

o = A 

-^ t 

creep curve for o=B 

Fig. 2.2. Two hardening models. 

strain hardening 

time hardening 

2.2. Geometrical considerations. 

The geometry under consideration (see fig. 2.3) consists of a salt bank with 

typical dimensions: length ~ 2000 m; width ~ 1000 m; height ~ 1000 m. The 

diameter of the bore hole is .3m. The depth of the hole is 300 m and 

the drilling is started at a depth of 750 m below the surface. Before 

drilling the salt dome is considered to be in a steady state; at the 

locations where the bore hole will come, a hydrostatic pressure p 

exists which is caused by the weight of the overhead salt and sediments. 

Taking into account the dimensions of the hole and those of the salt it 

is reasonable to model the bore hole in the salt as a very thick 

cylinder. The variation in pressure p within distances (along the axis) 

of the order of magnitude of the hole radius a, is so small that it 

is justified to consider the thick cylinder to be in a state of plane 

strain. The problem to be solved therefore consists of the calculation 

of the deformation due to creep and elasticity of a slice of unit thick

ness of a thickwalled cylinder with axial pressure p and an external 
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radial pressure p while the internal pressure is zero. 

It must be mentioned here that this thickwalled cylinder approximation 

also applies to the creep analyses of mine-galtries and shafts as 

long as the cross section is circular or almost circular and the radius 

is extremely small compared to all other dimensions. 

Considering the problem further and taken into account that the hydro

static component of the stress does not have a contribution in the 

creep process because of the adaption of the o the problem can be 

reduced to a plane strain thickwalled cylinder of unit thickness with 

internal pressure -p. This reduction is elucidated in fig. 2.4. 

I „1 1 I 1 1 I M II 

'U -J -L - t -L - l t » 1 
p 

' • 4 - - P 6 . . •» S . . = 0 
i j i j i j 

• ê C - 0 • * £ ? . - 0 eq i j 

» e5. - 0 
e » - 2 v , , v 

£,- r~ P <6> 

4-

Fig. 2.4. A principle of superposition in a 

creep problem. 
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2.3. Elastic solution. 

As the elastic solution forms the initial condition for the creep 

process it will be relevant for our purposes to examine this. 

Using a cylindrical coordinate system and symbols as defined in fig. 

2.5 the elastic solution according to [11] and [14] is given by the 

following stress distribution. 

a 
* • 

! p 

r = pa 

b • = Aa 

Fig. 2.5. Definition of coordinate system and 

geometrical identifications. 

o • p 
. - A ' 2 

a » -p 
p + A 

1 - A 

-2 

-2 
(7) 

o » -p 
2v A 

1 - A -2 

o -p/3 
eq 

-2 

1 - A 

An interesting phenomenon can be observed viz. the external radius being 

much larger than 1 does not influence the solution at all and the 

elastic stress distribution equals to the stress distribution in an 

infinite medium with a hole. This distribution is given by the limit 

expressions of eq. 7 for A -*• <*> or: 



• u -

a = 
r 

0 = 

a = 
z 

c eq = 

P P 

-2 
-P P 

0 

p/3 p - 2 

(8) 

-2 
It can be s*»en that the stresses are proportional tc p and therefore 

decrease rapidly with radial distance. This 'tress distribution is pre

sented in fig. 2.6. The strains are calculated using Hookes Law which 

gives for the infinite medium: 

e = 
r 

E<P = 

z 

£ 0 + v ) . - 2 = 

E p 

-p ( l+v) - 2 
E P 

0 

-P_ 
2G 

- 2 
P 

2 Ê P " 
-2 

(9) 

The radial displacement of the inner surface u can be determined using 

the definition of e „ » — , thus 

2.4. Stationary creep solution. 

In the literature ([9]-[ll]) a closed form solution is known for the 

stationary stress distribution in a thickwalled cylinder obeying a 

secondary creep law as eq. 2, Von Mises a , a flow rule based on the 

Druckers postulate and obeying time hardening. This solution modified 

for our 

a 
r 

% 

problem i s : 
-2 -2 
n , n 

_ _ P - A 
p - 2 

l A 2 2 

, . 2S n , n 
( 1 - Ï Ï ) P - A 

P .1 
• , n 

(11) 

I - A 
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o = p 

_2 _2_ 
. 1 n . n 
(1 ) p - X 

n 'z r 2 
n 1 - X 

(II) 
2 

1 " n 

j = p/3 — 

(12) 

eq 2_ 

These equations reduce to eq. 7 for n»l and incompressible media or 

The stress distribution for the limiting case of an infinite medium 

is given by: 

_2_ 
n 

a * p p 
_2_ 

° ' P P (I " -) <p n 
_^ 

n /t 's 

o = p p (I - - ) 
Z II 

o * p / 3 p — eq r K n 

As can be seen, the stress exponent n of the creep law dominantly 

influences the radial distribution of the stresses. For high stress 

exponents, the stresses vary slowly in radial direction whilst a low 

n value, n ~ 1 a 2, give way to rapidly decreasing stresses. The higher 

the stress exponent, the larger the difference between the initial 

elastic stress distribution and the ultimate stationary stress 

distribution. The higher the stress exponent, the larger the volume of 

salt in which the stresses are significantly influenced by the drilling 

process. For very high stress exponents the approximation with the 

thickwalied cylinder happens to meet some difficulties. As an elucidation 

of the elastic and stationary stress solution in fig. 2.6 these 

distributions are presented for the infinite medium and stress exponent 

n*',5. Observing eq. II one can see that the stress distribution can 

be split up into two parts, viz. 
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2 
n p A 

°r = _ 2 " _ 2 

i - x n i - r n 

2 -1 
— - , n 

p n.. 2. p A 

ip _ £ n _ _£ 

1 - A " 1 - A_ n 
(13) 

2 - — 

1 - A n 1 - A n 

p/3 " n 1 n 

°eq " ~ 2 P n " ° 
1 - A ,! 

It can be seen that the second part of these two composite stress 

distributions~represents a hydrostatic stress state with hydrostatic 

pressure p A /(l - A ) therefore resulting in zero cre-jp strains. 

The first part represents a stress distribution which corresponds 

with the stress distribution in an infinite medium and pressure 
_ 2 

•ST 

p/(I - A ) as can be concluded after comparing eq. 12 and eq. 13. 

Due to the fact that the hydrostatic part does not contribute to the 

creep process, the thickwalled cylinder (external radius Aa, internal 

pressure -p) has the same stationary deviatoric stress solution as an 
_ 2 

infinite thick cylinder with internal pressure -p/(l - A ). On the 

other hand, if n is not too large, say n < 10, the infinite thick 

cylinder will be a good moc'el of the hole in the salt. In that case 

it can be of practical advantage to observe that the stationary 

deviatoric stress distribution in this infinite thick cylinder with 

internal pressure -p is the same as the stationary deviatoric stress 

distribution in a thickwalled cylinder with external radius Aa and 
_ 2 

internal pressure —p (I — X ). Unfortunately the elastic stress 

distribution does not coincide. To proceed further for incompressible 
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media (v=j) we denote that the deviatoric stresses in a thick wall 

cylinder in plane strain with an internal pressure -p(I - A ) are 

exactly equal as in the same thick cylinder with an internal pressure 

-p and an external pressure p A . This last step is elucidated in fig. 

2 . 7 . x a 

p d - A n ) 

pA 

+ 
pA 

a = -pA 

v(o +o ) 
r ip 

i f v™| «• a = -pA 

and S. .=0 •» t C =0 
l j eq 

• É?.=0 •* E T . = 0 

^ • • ^ • ^ ^ ^ ^ — — • • • ' • • — » ^ — ^ — g - ^ 

• -^ 
^ • • — i , , — i . m . . , - , . - - • • i l . u i m 

p 

n 

Fig. 2.7. Superposition of two loading systems. 

Summarizing the last observations it can be concluded that the 

stationary deviatoric stress distribution and therefore the stationary 

creep behaviour of an infinite medium in plane strain of incompressible 

material and a hole of radius a and internal pressure -p is exactly the 

same as the stationary creep solution of a thickwalled plane strain 

cylinder with internal radius a and external radius Aa loaded by internal 
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2 

pressure -p and external pressure X np. In other words, with respect 

to the stationary creep solution, one can model the infinite medium 

_2 
with a finite one using the correction pressure X "p at the external 

radius Xa. 

A pictorial representation of this statement combined with the conclusion 

of chapter 2.2.1 is given in fig. 2.8. 

— I i Jl i J 

Infinite medium . 

I 

with a cylindrical L> 

hole u=| L n 

a 

i 

A a 

v-J 

pX 

rrn—t—r 
Fig. 2.8. Two loading systems having the same 

stationary creep solution. 

The stationary creep strain distribution can simply be calculated using 

the flow rule eq. 4. For the infinite medium with stresses according to 

eq. 12 this lead* to: 

2 2 
.c 3 
e * " 2 

A a 
2 i ( P P n ( i - è - p p n ( . - i ) ^ A ( £ ^ ) n

 P-
2 

eq 

er * '% > ez " ° (15) 
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The radial deformation rate of the inner-surface, the bore hole con

vergence rate, can be expressed as: 

-r- A a (•£—) (16) 

It can be observed that this stationary convergence rate coincides 

with the elastic convergence (eq. 10) substituting n=l, v=i and E»r-, 

Referring to fig. 2.8 it is shown that the infinite solid with a hole 

can be modelled with a finite thick cylinder as far as the stationary 

stresses are concerned. At the outside of the cylinder a correction 

pressure must be applied to make the stress distributions coincide. 
-2 

It must be noted that the magnitude of this correction pressure is p A 
_2 

for the elastic solution and p A for the stationary stress distribution. 

It may be expected that a correction pressure which smoothly varies 

from p A to p A gives a reasonable de 

behaviour, discussed in the next chapter. 

from p A to p A gives a reasonable description of the transient 

2.5. Transient creep solution. 

In the preceeding chapters both the initial elastic solution and the 

final stationary creep solution are presented. In this chapter the 

transient behaviour will be considered. 

In [IIJ Besseling derives the governing integro-differential equation 

for a thickwalled cylinder with internal pressure p under the plane 

strain assumption and incompressibility, 

S 
<P 

-2 
£ T - 2 G i° + 4 G 

-2 (p 

-2 

1 - A 

f -c "I A 
•j e p dp 

2 J (p 
I 

Ü7) 

where G is the shear modulus. 

Introducing the creep law eq. 2, the flow rule eq. 4 where a • /3 3 

and presuming p constant eq. 17 reduces to: 

dS 

n+1 - - S' 
<P 

GA 3 dt 

2p 
-2 

-2 ! °;'" d P (18) 
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Using Che dimensionless quantities s and T defined as: 

p <p 

T = 3 G A ^ 7 / c 

V 1 - A ' 

the integro-differential eq. 18 becomes: 

(19) 

(20) 

d£ 
dT 

n 2p 
-s + — -

-2 
\ » -I 

I — A I 

with the initial condition: 

s p dp (21) 

x=0; s=p (22) 

This equation 21 must be solved numerically as no analytical solution 

is known. It can be done using a standi.d mathematical routine on a 

digital computer but it is also possible to solve this equation on 

a pocket calculator. (See appendix). 

A characteristic result of the numerical solution is presented in 

fig. 2.9. 

fig. 29 Trashiest creep in tube under constant internal preeeure 
(X - Z , n - 5) 
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Using the radial equilibrium equation 

da 
r 

dr 

o -a 
r ip 

(23) 

a differential equation can be derived for the calculation of the 

hydrostatic stress component ou viz. 

do 
h 

dr 

dS S - S dS S 
r _ _r I? = i? + 2 Jp 

dr r dr r 
(24) 

The solution of eq. 21 together with eq. 24 gives the complete stress 

history in the thickwalled cylinder. 
ds 

The stationary creep solution can be found from eq. 21 by setting — = 0; 

then L11J: s = Cp " where C 1 1 - A 
-2 

1 - A 

(25) 

After having introduced the dimensionless constants the creep deforma

tion can be rewritten, for the circumferential creep strain rate leading 

to: 

dE 
_JP= -E-
dt 2G 

1 - A 
-2 

(26) 

For very thickwalled cylinders this equation can be written as: 

de" 
W „e n 

-r-- = E s dt ip 

(27) 

.*e . 
where e is the initial elastic hoop strain at the inner surface. 

The radial displacement of the inner surface or the bore hole convergence 

can be written as: 

du 
a e n 

—\— = u . s 
di a a 

(28) 

Using the initial condition eq. 22 this leads to the intiai convergence-

rate: 



r 
d i 

T - l 
(29) 

The ..rationary convergence rate can be derived combining eqs 25 and 28 

du 
a 

dx 

/ I » A-2 V 
1) 

(30) 

I - X r n 

For the case of an infinite thickwalled cylinder the stationary conver

gence rate can be written as: 

du' | dua I e / l f 
(31) 

The ratio between the initial and stationary convergence rate being n 

only depends upon n. 



3. NUMERICAL ASPECTS OF THE CREEP BEHAVIOUR. 

3.1. Finite element model. 

In order to calculate the transient creep response one has to use 

numerical techniques, even for rather a simple structure as the 

thickwalled cylinder. If the geometry is complex and the material 

response also includes primary creep we must use more rigorous 

analytical tools. A suitable tool is the finite element method f.e.m. 

which is well documented in [13]. Using the f.e.m. it is necessary to 

make a finite element model from the calculational model which on its 

turn models the physical reality. In one finite element a shape function 

for the displacement field is, assumed and therefore one must use as 

much finite elements as is necessary to allow the shape functions to 

describe the displacement field correctly. 

The program used for the creep analyses in this report, GOLIA [16], is 

based on simple linear displacement or constant stress triangular 

elements. For the problem under consideration, which will be used as a 

demonstration problem, it can be concluded from the preceeding chapters 

that the stresses have steep gardients at the inner radii's, tending to 

be more constant at large radii. This behaviour is observed for the 

elastic as well as the stationary creep solution. A reasonable finite 

element model therefore has small elements at the inner radius and 

larger elements at the outside. A typical element break down is given 

in fig. 3.1. 

Fig. 3.1. Typical element lay out of bore hole 
configuration. 
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Table 3.1 Comparison between G0LIA results and the 
theoretical elastic solution (A=I0, v».3) 
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In table 3.1 the numerical results for the elasti" solution are 

presented showing an excellent correspondence h the exact solution. 

From the preceeding it is known that the str s gradients in radial 

direction are the steepest for the elastic solution. Therefore it can 

be concluded that this element lay out is fine enough for the complete 

stress history. 

From the table it can be seen that the stress results for the inner 

and outer radius are relatively inaccurate. The explanation is given 

by the fact that the presented nodal stresses are calculated as an 

average from the stresses in the surrounding elements. For the inner 

and outer nodal points this procedure does not give the stresses at 

the nodal point but gives stresses which are the best approximation 

of the stresses in the centroid of the first respectively last 

element. 

3.2. Creep in the finite element program. 

As explained in the preceeding chapter within the finite element method 

the space continuum must be subdivided in a number of elements. In order 

to be able to take into account the creep deformation the time domain 

must be considered tco. A widely used approach is the approximation 

from eq. 2 by finite differences, viz. 

éC = f(0,e,t) -* AeC » f(o,e,t) At (32) 

In the program GOLIA this incremental creep strainfield is considered 

as a prescribed strainfield. This method will be explained shortly, 

starting from a solution at time t and ending up with the solution at 

time t + At. 

Step 1: The calculation in each finite element of the creep strain 

increment. The discretized creep rate equation (32) is used 

to calculate the Ac and a flow rule must be used to calculate 
eq 

the incremental creep strain components. Using eq. 4 this leads 

to: 

. S..(t) 

AEij " 1 A£eq(t) F ^ ö <33> 
eq 



Step 2: The calculation of the nodal forces AP(t) due to the prescribed 

incremental strainfield using the elastic material behaviour. 

Step 3: The solution of the equilibrium equation. In the finite element 

process equilibrium is satisfied if the nodal displacement 

vector û  and the nodal force vector P are connected with the 

elastic stiffness matrix K according to: 

K.u = P (34) 

Equilibrium must hold at any time and therefore u en £ must be 

evaluated at time t + At whilst the values at time t are known. 

The exact equilibrium equation at time t + At is 

K.u(t + At) = P(t) + AP(t + ©At); 0 < 0 < 1 (35) 

or 

ü(t + At) = K~'(P(t) + AP(t + 0At)) (36) 

In GOLIA this equation is solved using a Runge Kutta technique. 

Step 4: The calculation of the element strain at time t + At. The total 

strainfield e.. is calculated with the standard differential 

relations between the strain and displacement field within the 

elements. 

The elastic strains are calculated using the relation: 

e t c 
e.. - t . . - e. . 
ij iJ ij 

(37) 

In this equation z.. must be evaluated as 

e?.(t + At) = e?.(t) + Ae?. 0 
ij IJ 1J 

(38) 

where A c . and 0 correspond to eqs. 33 and 36. 

Step 5; The calculation of the element stresses a., with Hookes Law 
e 1J 

and the elastic strains e... 
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Step 6: The calculation of a new time step At and if the final time 

has not been reached returning to step 1. 

The accuracy of this numerical scheme can be controlled with two types 

of constants. The first group of constants controls the magnitude of 

the stress variation per increment. The problems reported here are 

executed allowing a maximum stress change of 15%. The second group 

of constants are used to calculate the new time step. From a numerical 

stability point of view the time step must be so small that the incremental 

creep strain is smaller than the elastic strain; on the other hand, the 

economic side of the problem asks for a time step as large as possible. 

The problems reported here are solved with the following criteria in 

the time step calculation: 

c e 
i At such that Ae.. < I.e.. 

ii At(t + At) < 1.5 At(t) 

3.3. P'inite element models of the bore hole configuration. 

In applying the finite element method one has to model the problem un

der consideration with a number of finite elements. In the preceeding 

chapters it is shown that in case of the bore hole configuration the 

relevant geometry can be modelled as a thickwalled cylinder in plane 

strain. It is not made clear, hovever, how to choose the external radius 

of the "cylinder". In this chapter two possibilities will be presented. 

In the first one the external radius is chosen as a physical relevant 

external boundary of the real salt mine. A technique is presented to 

model, this almost "infinite" distance. In the second one an arbitrary 

value A is chosen for the external radius. As indicated in chapter 2, 

the influence of the "infinite" amount cf salt can be taken into account 

with a correction pressure p at this radiusAa. A number of results will 

be presented where p varies according to: 

_2_ t 
^ n /i TAIL ,.„. 

pe = p A (1 - e ) (39) 

For the time parameter TAU the values 100, 200, 400, 800 and 1600 are 

taken successively. 



Model 1. 

The infinite thickwalled cylinder is modelled with 168 ring elements 

and 170 nodal points. The radial coordinates p are chosen according 

to the relation 

i-' 
Pk = (1.1) k = 2,4,6 etc. (40) 

In this relation k is the node number and 1.1 the factor of radial growth. 

This '"growing element" approach leads to very large elements at large 

radii without violating the accuracy, thus comprising a practical 

possibility for the modelling of an infinite medium. This accuracy 

can be derived from the numerical results shown in Table 3.2. 

The remarks with respect to the first and last stress value are the 

same as for the previous numerical results. The creep calculation is 

performed using a purely secondary creep law with constants A = 7.5 10 

and n = 5.5. 

Some typical stress results are shown in the figs. 3.2 and 3.3. 

The radial displacement u of the inner surface is given in fig. 3.4 

as a function of time. It can be seen clearly that the structural 

response is still transient although the n.aterial response is purely 

secondary. 

The stress history for nodal point 50 (p = 9.85) are given in fig. 3.5. 

Model 2. 

The element lay out for model 2 is the same as shown in fig. 3.1, the 

accuracy of this mesh has been shown already in Table 3.1 The deforma

tion history of the inner radius is given in fig. 3.6, the role of the 

time parameter TAU is clearly shown in this figure. Qualitatively this 

role is quite clear. A low TAU in a short time gives a high pressure p 

and therefore a small displacement. Furthermore, a result of a low 

TAU value is that at relatively short times the pressure p will be 

almost constant being a necessary condition for the structural response 

to behave stationarily. 



k 

1 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

no 
120 

130 

140 

150 

160 

170 

rk 
T = pk 

ï . 

1.464 

2.358 

3.798 

6.116 

9.850 

15.86 

25.55 

41.14 

66.27 

106.7 

171.9 

276.8 

445.8 

718.0 

1156. 

1862. 

2999. 

GOLIA 

.908 

.465 

.180 

.069 

.026 

.010 

.0040 

.0015 

5.8910"4 

2.27IO"4 

8.7510"5 

3.3710 - 5 

1.2910"5 

4.9110"6 

1.821ö~6 

6.3610"7 

1.76IO-7 

I.3710"8 

Theory 

1. 

.466 

.180 

.069 

.027 

.010 

.0040 

.0015 

5.9010"4 

2.2810"4 

8.7810"5 

3.3810"5 

1.30IO"5 

4.9210"6 

1.83I0"6 

6 . 3 7 I 0 - 7 

1.7710"7 

i . i n o - 7 

Table 3.2. Comparison of the theoretical and 
a 

numerical values for — ; thick-
P 

walled plane strain cylinder 

(A = 2999, v = .3) 
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Fig. 3.6. Displacement history of the inner radius 
of Model 2 (A=10) 

The stress history calculated within model 2 is qualitatively the same 

as shown from model 1. In fig. 3.7 the time history of the external 

pressure p for several TAU values is shown. In this figure the radial 

stress at p=10 from model 1 is also shown. It can be seen that the p 

curves do not correspond very well with the radial stress from model 1 

at the corresponding radial position. A better a priori fit of the 

radial stress could have been made if the elastic stress was taken into 

account. Nevertheless, this result offers the possibility of supporting 

numerically the theoretical result from chapter 2. In fig. 3.8 the 

displacement of the inner radius is shown for both th~ models. A com

parison of the figs. 3.7 and 3.8 shows the theoretically predicted 

feature that the displacements of both the models correspond as good as 

the radial stress from model 1 at p=IO and the external pressure in 

model 2 with A-10. 

As a check on the accuracy of the computerprogram G0LIA this model 2 

calculation is also performed with the well known general purpose 
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program MARC [18]. 

The model 2 is modelled with 15 second order quadrilateral ring elements. 

The creep analysis is performed using a TAU value of 3780. The calculated 

convergence is shown in fig. 3.9. As can be seen from this figure a 

fair correlation exists between both programs. It can oe noted here 

that the computer costs of the more specialised program GOLIA are 5 a 6 

times lower than of the general purpose program MA2C. 

D = M A R C 

o = GOLIA 

Fig. 3.9 Comparison between the 
calculation results from 
the computer programs 
MARC and GOLIA 
(model 2) 

t[d] 
i ' i • > — r ~ 

50 
i l i i i i 

150 200 100 

-j 
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4. EVALUATION. 

4.1. Derivation of the creep law. 

In order to be able to derive a creep law from the measured convergence 

we shall concentrate firstly on the role of the constant in the creep 

laws. As indicated in chapter 2, for the case of secondary creep the 

constant A is simply a time scaling parameter. If the creep law is more 

complex one must consider it once more. As a reference the "time 

hardening" creep law will be used. 

• c n m 
E = A a t 

(41) 

In fig. 4.1 creep responses are presented for two creep laws with 

different values of A. 
n m 

A o t 

n ra 
A2a t 

At a certain strain lt/el e the following equality holds: 

E* • | A |a
nt m dt « ee • | A 2 o V dt 

0 0 
C. C2 
f , n m . f 

or A a t dt * 

0 0 

A a t dt (42) 

For those situations where fig. 4.1 represents the structural response 

one must be aware of the fact that o is not a constant but varies in 

time as a function of E . 

In the elaboration of eq. 42 this will be taken into account. In both 

integrals a new time variable T - — (i • 1,2) will be introduced leading to: 
i 
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1 1 
f . n m m + 1 , f . n m m + 1 , 

A o T j dx = A a T t „ dt 
O O 

„ m + l . m+l 
" V l = V 2 , 

' 2 - ^ ) ( 4 3 ) 

Using this kind of transformation the complete material as well as 

structural response for the second creep law can be derived from 

the response belonging to the first creep law. The role of the 

stress exponent n in the secondary creep law is rather complex and 

could not be given explicitly. Therefore a couple of creep responses 

is calculated each belonging to different n values. In fig. 4.2 the 

calculated convergence is shown for n= 3,5,6. The value of A is 

adjusted in such a way that the convergence at t = 50 days is the same 

in all the cases. 

It can be observed that for higher exponents the creep response curve 

has a higher curvature, this is explained in chapter 2.5 where it is 

shown that the difference in initial and stationary convergence rate is 

n while the initial convergence rate is the same independent of the 

stress exponent, see eqs.29 and 31. As a result of this kind of behaviour 

two creep responses belonging to different stress exponents can only have 

one or two points of intersection. 

From the numerical results it seems to be a fact that the creep response 

belonging to n. (n. < n« < n-) can be linearly interpolated between the 

responses belonging to n and n. according to the relation: 

n -n 
t, - t + (t9-t.) -^~-i (44) 
3 1 I \ n_-n 

where t. is the time to reach a creep strain e as a response on the creep 

law with stress exponent n.. 

From this equation the inverse relation can be derived, viz. 

t ~t 
n3 - n, + (n2-n]) ^ (45) 

This equation can be used to determine the stress exponent n. if t. is 

known from measurements and a number of creep responses is calculated 
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I Fig. 42  ~he'ro le  of the creep exponent n 
onver nence 
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each belonging to secondary creep lavs having different n values. 

If one has the situation that the unknown material creep law is a 

secondary creep lav «m*0 in q.41), the.i the following approach will 

produce that creep lav: 

-Step I: The execution of a number of secondary creep analysis, each 

having different stress exponent. 

-Step 2: The scaling of the calculated convergences by adjusting the 

constant A such that the calculated and measured convergences 

intersect at one point in tine according to eqs 20 and 44. 

-Step 3: The estimation of n by means of a linear interpolation according 

to eq. 45. 

-Step 4: The execution of a secondary creep analysis vith a creep law 

having the stress exponent obtained in step 3. If the unknown 

material creep is secondary then A can be obtained simply as 

in step 2, having in mind that now A does not depend upon the 

choice of the point of intersection. 

On the other hand, if this procedure does not give a unique A value, 

the material reponse is not secondary and the next step must be the 

estimation of a primary creep law. This can be executed using the same 

procedure taking rn^O. 

This procedure is applied upon the convergence measurements of the 

Asse mine shown in fig. 4.3. The calculations are performed using the 

program GOLIA and the geometry is modelled with model 1 of chapter 3.3. 

The elastic properties of the salt are derived using the relations 

given in [17], [2] leading to: 

E - 7600 MPa 

v - .3 

p - 22 MPa 

The suggested procedure resulted in a secondary creap law: 

eC - 8.8 1 0 _ n o5'5 (46) 
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The correlation between the calculated and measured convergence is 

given in fig. 4.4 showing a good correspondence. 

In fig. 4.5 the calculated convergence is shown for a period of 1000 

days showing clearly the transient structural response due to this 

secondary creep law. 

4.2. Uniqueness and relevance. 

As shown theoretically in chapter 2.5 and elucidated numerically in 

chapter 4.1 the transient behaviour of the stresses, strains and dis

placements due to secondary material creep is uniquely determined by 

the stross exponent n. Fig. 4.2 clearly shows the impossibility of 

having two different secondary creep laws producing the same displacement 

history. 

On the other hand, it has been shown numerically that a secondary creep 

law can produce a decreasing convergence rate. The reason for this 

"hardening" phenomenon is the geometry of the salt dome and especially 

the almost infinite amount of salt compared with the dimension of the 

bore hole. As shown in fig. 3.3 the radial stresses at large radial 

distances are increasing in time causing a decreasing effective pressure 

on the inner ring resulting in a lower creep rate. 

It has not been shown, however, that a "time hardening" creep law as 

eq. 41 with nq*0 cannot produce the same convergence as the secondary 

law. Therefore, up till new calculations are performed showing the 

contrary it still is possible that a primary creep law exists fitting 

the measured convergence as well as eq. 46. It must be mentioned that a 

large number of calculations will be necessary and it therefore seems to be 

preferable to use an analytical approach as in [19]. 

Although the question of the uniqueness has not been solved the creep 

law eq. 46 has practical relevance. 

This creep law obviuously produces the correct structural response of 

the bore hole geometry and consequently can be used for convergence 

calculations of bore holes in this salt mine. As far as creep deformation 

studies are concerned of mine galleries and other cylindrical cavities 

it might be expected that the creep behaviour is not essentially 

different from the bore hole convergences as in both cases the geometry 



is a small hole in an almost infinite medium. 

4.3. Sensitivity. 

The influence of a number of parameters on the derived creep law will be 

discussed now, firstly the elastic parameters E and u and secondly the 

loading parameters p and T. The role of the elastic constants in the 

creep process is determined by eqs. 20 and 26. From these equations it 

can be concluded that the time scale of the creep process is proportional 

to the shear modulus G = . . . This time scaling effect of G only 

has influence on the magnitude of the constant A. An error in G gives the 

same error in A. As explained by Besseling in [II] the creep behaviour 

of compressible and incompressible material is the same, therefore it 

might be expected that the role of the Poisson constant v is not a large 

one. The influence of the hydrostatic pressure p can be elucidated with 

eqs. 20 and 26. Furthermore, it can be seen from chapter 2.2 that all 

elastic as well as stationary stress solutions are proportional with p. 

The deformation rate therefore is proportional with p for a secondary creep 

law. In the case of the Asse mine the exponent n is rather high resulting 

in a strong influence of this pressure. A 10% error in p results in 70Z 

error in A. As a result of this observation it must be concluded that 

an accurate creep law can only be derived from one measurement, if the 

pressure p is known precisely. It will be worthwile to investigate the 

possibilities of measuring this pressure in situ. This measurement, 

however, has to deal with the problem that the time scale of the creep 

deformation and stress redistribution in an almost infinite medium is 

extremely long. The role of the temperature must be investigated 

separately by means of a non-isothermal convergence measurement. 
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5. SUMMARY ASP CONCLUSIONS. 

In this report analytical as well as numerical aspects relevant to the 

creep behaviour of cavity-like structures in salt domes are presented. 

It has been shown that the physical behaviour of the bore hole configu

ration can be modelled with a thickwalled cylinder in a plane strain 

state. Two finite element models are presented for the modelling of 

this thickwalled cylinder, both dealing with the problem of a correct 

choice of the external radius of the thickwalled cylinder. A numerical 

procedure is suggested which can be used to derive a material creep 

law from measured bore hole convergence. This procedure is applied on 

convergence measurements in the Asse mine leading to a secondary creep 

law c = 8.8 10 o which described the transient convergence 

behaviour correctly. Some questions concerning the uniqueness of the 

derived creep law are discussed resulting in the conclusion that, 

although the uniqueness has not been proved completely, the creep law 

has practical relevance for the calculation of bore hole convergence 

and creep deformation of mine galleries. The influence of a number of 

parameters is discussed resulting in a recommendation to measure the 

hydrostatic pressure in situ. 
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7. LIST OF SYMBOLS. 

The following nomenclature is used in this report: 

0 

e 

t 

At 

T 

A 

n 

m 

S 

P 

a 

b 

r 

? 

X 

E 

V 

G 

u 

6.. 
ij 

s 

i 

AP 

K 

ii 

Stress 

Strain 

Tine 

Tine step 

Temperature 

Constant in creep law; dimensi 

Stress exponent in creep law 

Tine exponent in creep law 

Deviatoric stress 

Hydrostatic pressure 

Radius of the bore hole 

ions 

External radius of thick cylinder 

Radius 

Dimensionless radius p - — 
a 

Dimensionless external radius 

Youngs modulus 

Poisson's constant 

Shear modulus 

Radial displacement 

Kronecker delta 6..=l if i=j, 
ij 

Dimensionless deviatoric hoop 

Dimensionless time; eq. 20 

Nodal force vector due to the 

Stiffness matrix 

Displacement vector 

TAU Time constant, eq. 39 

X = 

[NPa] 

[-] 

[days] 

[days] 

[K] 

are dependent on the 

[-] 

[-1 
[MPa] 

[M?a] 

[mn] 

[mm] 

[ma] 

b 
a 

[MPa] 

[-] 

[MPa] 

[mm] 

otherwise ó..=0 
ij 

stress; eq. 19 

incremental creep strain 

[days] 

Superscripts 

c Creep 

e Elastic 

t Total 

Time derivative 

See eq. 27 

-I Inverse 
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Subscripts 

eq. Equivalent 

i or ii Normal component in i-th direction 

ij Shear component in i-th direction in a j-place 

r,x Radial 

(p Hoop, circumferential 

z,y Axial 

a Inner surface 

e External 

h Hydrostatic 

k Nodal point k 

- Vector, matrix 
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APPENDIX. THE SOLUTION OF EQUATION 21 WITH A POCKET CALCULATOR. 

In this appendix a numerical solution scheme of eq. 21 is given which 

is programmed on the HP 41C. The integro-differential eq. 21 can be 

written as: 

ds(t.p) 
dt F(t,p) (Al) 

where: 

- 2 
F ( t , p ) = - s n ( t , p ) + •^~-

l-X 

- 2 
s(o,p) = p 

f sn(t ,r) 

1 

dr (A2) 

The time domain is discretized and the function s(t + At,p) is estimated 

as: 

s(t + At,p) * s(t,p) + F(t,p) At (A3) 

The radial domain is discretized in order to evaluate the integral of 

eq. A2. A Simpson rule with 8 steps is used resulting in: 

-2 8 s"(t,p ) 
F(t,p) « -sn(t,p) + - s ^ j Z w . f-±- Ap. 

1-X i-1 

where: 

w. - Simpson weight factor. 

(A4) 

It has been shown that 8 Simpson steps are sufficiently accurate for 

A<4. 

The time step At will be enlarged automatically with a factor if the 

absolute value of the stress change at p-1 is smaller than 1%. From the 

numerical results it appeared that At>J leads to numerical instabilities. 

The calculation process is stopped if the stress change at p»l becomes 

positive being physically unreasonable. 

The listing of the program is given below. In fig. Al t..e time history 

of s is presented as it is calculated with this numerical scheme for 
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A-4 and n«5. The initial tine step At was .01. The accuracy of this 

solution scheme can be derived from the accuracy of the stationary 

distribution. 

According to eq. 11 this distribution is: 
2 

S(P) 

n(l-X ") 

For A=4 and n=5 this leads to: 

(A5) 

s(p) * .470p -.4 (A6) 

Fig. Al Transient creep in tube under constant internal pressure 
(X - 4 , n = 5) 
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STO 88 
STO 38 

"'-: 'l-rj' 
RDH STO $8 
1 

STO 82 
''t «2 
RCL 82 
PCL 92 
RCL 82 
RCL 82 
RCI. 82 

+ 
+ 
• 

• 
4 

+ 

STO 14 
P̂H 

- 8 
1 • STO 16 
STO 18 
STO 28 
STO 22 
STO 24 
STO 26 
STO 28 

8.88981 STO 85 CF 88 
8 STO 81 STO 8? 12 
STO 82 i STO dé 13 
STO 83 

I n i t i a t i o n program 
ana c a l c u l a t i o n 9 
rad i i p̂ . 

46*LBL 11 
ISG 85 GTO 3; GTO 86 

58*LBL 12 
2 ST+ 32 ST+ 83 
HL 'M 12 RCL 1NP 82 
**2 S X STO 1NB 83 
GTO 11 

Counter for 9 elastic 
stresses s. 

Calculation elastic 
stress s. 

68*L8L 86 
V «3 FS? 88 XEQ 88 
CF 8* 12 STO 82 13 
?T0 91 ST* e-7 XEQ 81 
?TO g 4 PCL 88 ST+ 8! 
-:E$ 9? 8,88981 STO 85 

I n i t i a t i o n c a l c u l a t i o n 
of 9 creep s t r e s s e s s . 

7?»LBL 93 
:SG 85 GTO 84 GTO 86 

Counter fo r 9 c reep 
s t r e s s e s s . 

8 J «LSI 8<i 
i ST+ 82 ST+ 83 
PCL INE 83 RCL 88 YtX 
CHS RCL 84 2 * 1 
* a 39 Xt2 l 'X - / 
*CL IHB 82 X!2 / + 
RCL 88 * ST+ INI* 83 
RCL 85 1KT 1 XtV 
GTO 89 RCL IHB 83 
RCL 8b XOY STO 86 -
*<8? XEQ 18 «BS ,81 
/^v - 5? gp 

C a l c u l a t i o n c reep s t r e s s 
a t p . . For i=l checks for 

1 time s t e p i n c r e a s e and 
i n s t a b i l i t y a r e performed 

" • L B L 8S Switch for if] 

124*LBL 85 
RCL 87 5 / ENTERf 
INT X=Y? XEO 8 7 RTN 

S t r e s s e s a r e output every 
10th time s t ep 

133«LBL 87 
RCL 1MB 83 FS?C 83 
PCL 81 

139*LBL 
RCL 15 
RCL 14 
RCL 88 
4 * + 
Ytx Rn 
RCL 21 
RCL 28 
RCL 23 
PCL 22 
RCL 25 
RCL 24 
RCL 27 
RCL 26 
RCL 29 
RCL 28 
RCL 31 
RCL 38 
RCL 14 

STOP PTH 

81 
PCL 88 YtX 
/ RCL 17 
YtX RCL 16 / 
RCL 19 RCL 88 

L 18 / 2 * + 
RCL 68 YtX 
/ 4 * * 
RCL 88 YtX 
/ 2 * • 
RCL 83 YtX 
/ 4 * + 
PCL 88 YtX 
/ 2 * + 
PCL 88 YtX 
,- 4 * + 
RCL 88 YtX 
/ • RCL 16 
- 3 / * RTH 

Output s t r e s s e s ŝ . 

C a l c u l a t i o n of i n t e g r a l 
us ing Simpson's r u l e 

i 

o 
I 

214*LBL 88 
1,2 ST* 88 RCL 88 1 r> 
X<=Y? STO 88 RTN j 

222*LBL 18 
"DElTfl > 8" PROMPT RTN > 
.END. 

Increase time step 

Termination program 

E C H 



The required input data are: A' n+ At . 

The registers contain: 

00: 

01: 

02: 

03: 

04: 

05: 

06: 

07: 

08: 

09-13: 

14: 

15: 

16: 

17: 

18: 

19: 

20: 

21: 

22: 

23: 

24: 

25: 

26: 

27: 

28: 

29: 

30: 

31 : 

At 

t 

index i of p. (during initiation: -

index i of s. 
l 

integral 

counter for 9 stresses s. 
l 

s at t 

counter for output every 10th step 

n 

not used 

P, (=D 

sl 
p2 
s2 
p3 
s3 
p4 
s4 
p5 
S5 
p6 
S6 
p7 
s7 
p8 
s8 

P9 (=*) 

sQ 

A-l, 

Flag 00 is used for increasing the time step At, 

Flag 03 is used for displaying the time t. 




