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ABSTRACT 

We investigate a class of solutions of the classical SU(2) 

Yang-Hills equations. The symmetry of this class prescribes a 

natural set of gauge invariant degrees of freedom. Using these 

degrees of freedom we obtain a simple set of equations which 

enables us to find all the solutions belonging to the class 

under discussion. 
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I. INTRODUCTION 

The realization that gau^e theories play such an important role in 

particle physics gave new impetus to the study jf gauge theories treated 

as classical field theories [1]. It is hoped that the solutions obtained 

will increase our understanding of gauge theories, and serve in practical 

non-perturbative quantum calculations. 

In this study of classical solutions we adopt a strategy which has 

proven itself in the study of the nonlinear equations in general relativ

ity. One element of the strategy is the classification of fields by 

means of their symmetry at a point. This was achieved in relativity 

by the Petrov [2] classification and utilized in the Newman-Penrose [3] 

formalism. We use an a-ialogous classification {4] for the Yang-Mills 

field and study here only one class of solutions in Minkowsky metric 

(class G of reference 4). Our treatment is similar to Yang's "pointwise 

symmetry" discussion [S]. We deal with the SU(2) gauge group. Within 

class G, the symmetry of the fields dictates a natural choice of gauge 

invariant degrees of freedom. The Yang Mills equations can be rewritten 

in terms of these gauge invariants. Once this is done a remarkable 

simplification occurs. The non-linear partial differential equations 

yield ordinary differential equations, and linear partial differential 

equations. This simplification enables us to obtain all the solutions 

of class G. We obtain many types of solutions and they differ only in 

the values of the integration constants. 

Some of the solutions obtained here are new, others have been 

obtained before by various approaches. Some were obtained by ingeneous 

guesses, others were obtained by symmetry considerations akin in spirit 

to our approach but using mainly conformal invarlance such as in the 
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works of Luscher [6] and Schechter [7], or the works of Hamad et al. 

[8]. Our method which uses only Lorentz invariance, gives a wider set of 

solutions and enables us to obtain all of them in a uniform manner. 

In two previous papers[9] we were able to obtain solutions of class 

G by demanding certain geometric configurations such as spherical sym

metry. We also noted th;.t other configurations, such as those having 

cylindrical symmetry, do not lead to solutions other than the vacuum 

In the present paper we work in terms of moving coordinated frames anc 

let the equations determine the allowed configurations. It turns out 

that the more complicated geometric configurations were not included in 

previous treatments and yield new solutions. 

In Section II we discuss class G fields and set up the formalism. 

We express the Yang Mills equations in terms of the gauge invariant 

degrees of freedom appropriate to class G. In Section III we show how 

to solve the equations. In Section IV we enumerate all the solutions of 

class G and in Section V we discuss them and emphasize how they are re

lated to each other. 

II. FORMALISM 

Our task is to solve the Yang Mills equations for the SU(2) gauge 

group, in Minkowsky metric. The field P can be obtained from the 

potential A by: 

Fa = Aa - A a + e a b c Ab AC (2 11 

*Vv *v;u u;v e Au \ *•'•-

At certain stages of the derivation we will use a moving coordinate 

basis. We are using the standard notation where ;|i stands for covariant 

differentiation with respect to x . The dual of F is given by: 



*Fa « -e K^Fa (2 21 
uv 2 uv h K A l'-Z> 

The equations of notion for F are: 

Fa» „ -fea b C Ab FC,J =0 (2.3) 
V ; u JI v "• ' 

*Fa obeys the Bianchi identities: 

^ ' ^ ^ V 0 C2.4) 

We found it convenient to define a conmlex self dual field Ga by: 
uv 

Ga = Fa + i *Fa (2.5) 
UV uv UV L * •* 

The field G is not derivable from a potential. It obeys: 

v;u 
+ e 

abc .b 
\ . ^v* ° C2.6) 

Equation (2.6) is equivalent to eqs.(2.3) and (2.4) provided A is real. 

The field G is related in a simple fashion to the electric and magnetic 

field components E. and B. of F . Here a stands for an isospin 

index and i for a space index 1=1,2,3. Ne define the Minkowsky metric 

analog of the 't Hooft [10] T] symbols (see Appendix) : 

_a ^ o a o a . oa f, T\ 

QJ is the metric tensor) and the matrix: 

(2.8) 

Then we obtain 

Ga = M8 n 1 (2 .9 ) 
UV 1 | j V 

Isospin rotations multiply the matrix M by a real orthogonal matrix on 

the left and Lorentz transformations multiply it by a complex orthogonal 

matrix on the right. 

Our procedure for solving the equations involves four steps: 



1. Express G in terms of the gauge invariant degrees of freedom 

appropriate to class G. 

b a 

2. Solve eq. C2.6) and obtain A as a function of G . For class G 

fields the solution is unique. 

3. Impose the reality of A . This will constrain the possible varia-

tion of G*v-

4. Substitute the A obtained above into eq.(2.1). This will lead to 

differential equations for the gauge invariant functions that des

cribe class G fields. 

The method of solving eq.(2.6) is known [11], it has been used in 

similar context by Corrigan, Fairlie and Yates [12] and by Halpern [13]. 

The vector potential A , is given by: 

*A " 2DSTW G a W ° X ('•«» 

Where DetCM) is the determinant of M. The simplicity of the inversion 

depends entirely on G being self dual, this is indeed the reason for 

using G*v rather than F*v> 

Next we briefly review the nature of class G fields. The classes 

of reference [4] are distinguished fcy the little group. This is a sub

group of the Lorentz and gauge group which leaves the field F (x), at a 

given point x, invariant. 

The little group for class G fields is S0(3), and its generators 

can be Lorentz transformed to {J.+I.}. Where J. are space rotation 

generators and I. generate isospin rotation. At each point x in space-

time a class G field can be Lorentz boosted to a local "canonical frame" 

where it has the canonical form: 

M? = e* 6a C2.ll) 

http://C2.ll
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with <f a complex scalar field: 

* = p + i6 (2.12) 

where p(x) and 8(x) real. It is obvious from eq.(2.11) that simultaneous 

rotations in space and in isospin by equal amounts leave M7 invariant 

and the little group has {j.-n.} as generators. The canonical frame at 

one point need not coincide with the canonical frame at another point, 

they differ by a Lorentz boost. 

To make full use of the simplicity of the canonical form (2.11) we 

formulate our equations in a moving frame of reference defined by a 

tetrad basis which coincides with the canonical frame at each point. 

In this canonical moving frame the G takes on everywhere the simple 

form 

Ga = e*na (2.13) 
UV U\J 

The canonical frame is not uniquely defined. An arbitrary space 

rotation of the basic tetrad at each point can be compensated by a 

gauge rotation of the same amount, leaving the form of G unchanged. 

Such rotation of the basis will of course affect the form of the poten

tials A which have a different little group. Hence only the time axis 

of the local tetrad is needed to characterize the field G . Let u^(x) 

be the unit vector along this local time axis so that ^=(1,0,0,0) in 

the moving canonical frame. The little group of G leaves uu unchanged. 

The field G is then specified uniquely by the two real scalar fields 

P(x), 9(x) together with the unit vector field uu(x), and it is in terms 

of these variables we shall find solutions to the equations. 

We can now write the equation (2.10) for A^ for class G fields in 

the canonical moving frame. The derivation together with useful 
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identities for n „are provided in the appendix. From (A.12) Aa becomes: 

^ ^ V r 4 * ; a
 + 0 (2-14) 

g 

where r a„ are the connection coefficient [14] needed to define a co-

variant derivative. For instance: 
aa _ „aa raa _a _aa „a f2 15-> 

We now demand that ImA = 0. This gives: 

*oap;b " W ; o + Fob« " rboa * eoba° 9;o " ° (2"16) 

o 
Since we are working in the canonical tetrad frame where u =(1,0,0,0) 

we may use [14J 

u = -uer„ = -r = r (2.17) 
U;v Bvv opv yov 

and 

to obtain: 

p = p u" ; E u
a = u , e\ ° (2.18) ;o ;a oba X ba 

u = ifp u -2 fp ua) + u,E C 6 1 (2.19) 

This equation relating Lorentz tensors is true in any frame and shows 

that the geometric properties of our solution are not arbitrary. Indeed 

the derivatives of p and 8 determine the space time variations of the 

canonical frame as expressed by u . The potential A remains a 

function of those connection coefficients r a with ci^O^B, which cannot 

be determined in terms of p,8 by eq.(2.16). 

Next we substitute Aufrom eq.(2.14) into eq.(2.1) to obtain Fuv. 

We have a choice of using either the full expression (2.14) or its real 

part. It turns out to be much easier to use the full expression for 



several reasons. It provides a more elegant derivation and simpler 

formulae because we can use the powerful identities in Appendix A. But 

it also produces more formulae coming from the imaginary parts. These 

as we shall see later, would otherwise have to be derived separately 

from the integrability condition on the reality constraints (2.19). 

The differentiation in (2.1) leads to derivatives of the Ya^v which can 

be eliminated by using the fact that we are working in flat space so that 

the curvature tensor R =0. We also use identity (A.3) of the 

appendix and obtain: 

F ^ - f " " % u K c W - « B v
, W ^ 

where K „ is given by: N 0 X. 

1 A A j. i. « f* A»° 

^r^-to^W > C2-21) 
It is worth noting that F in eq. (2.20) does not depend explicitly 

on the connection coefficient.-, r. We can solve for K, in terms of F-

with the help of eq.(A.5) by multiplying (2.20) by n*.^and contracting 

on repeated indices to get 

» . c j p j 1 aafj ..a , , , - , . 

hv = " l [ n A F u v - 6 g A v n F 6«] t 2 - 2 Z ) 

This is a Lorentz tensor equation with no gauge dependence, it "ill 

therefore remain true in a fixed frame provided the right hand side is 

expressed entirely in terms of Lorentz tensors. 

Mow we use eqs.(2.13),(2.12),(2.5)and (2.18) to express Fa in 

the canonical frame in terms of p and 6 and u . 

Fpv " 2 [ e P c o s 8 ( u / v - V V + V ° a
U v

 ePsinfll (2-23) 

All that remains is to substitute the right hand side of eqs. (2.23) intv, 
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(2.22) to give. 

"•jaB " 1 *;a *;g + \ ga6(*;o ^ ' 
(2.24) 

= g g e p sine - 2u uge
p(sin8+icos9) 

In writing eqs.(2.19) and (2.24) we have succeeded in rewriting the 

Yang-Mills equations for class G in terms of the gauge invariant degrees 

of freedom p, 6 and u . Rather than dealing with 12 gauge dependent 

components of A and 18 components of F our equations involve only 5 

independent functions; 8,p and the three independent functions which 

define the unit vector u . The equations (2.19) and (2.24) are Lorentz 

tensor equations which remain valid in any frame. 
4 

Equation (2.24) is related to a ^ equation which can be seen by 

defining £=exp(*s<]>). The function £ satisfies: 

Z ' a . = -i I3 C2.25) 
* < * 

While this is an interesting connection we have not made use of it. 

All our solutions to eq.(2.24) will, of course, yield solutions of 

(2.25). 

III. SOLUTION OF THE EQUATIONS 

In chapter II we have derived a set of partial differential 

equations (2.19), (2.24), for p,6 and u . The equations were derived 

in a canonical frame using a moving tetrad but remain true in all frames. 

This method considerably simplified the derivation. In solving the 

equations it is no longer necessary to use a moving tetrad and the 

solutions can more easily be obtained in a fixed frame. For this reason 

all of section III will be presented in a fixed frame. Covariant 
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derivatives such as u can now be replaced by ordinary derivatives 

Vv 
When treating a system of partial differential equations one must 

first make sure that all integrability conditions are satisfied. 

According to Riquier's Theorem [1SJ we should join to our set of 

equations all the independent integrability conditions which can be 

derived by differentiation of these equations. Starting with a set of 

unknown function lfi that satisfy 

*?a = #**• **> (3-" 
since we work in flat spacetime we require 

which is either trivially satisfied by virtue of the original equations, 

leads to a contradiction, or produces a new equation. The new equations 

are added to the original set and the procedure should then be repeated 

till we reach the point where no new equations emerge. If no contra

dictions appear the final set of equations is integrable. 

We thus obtain new equations derived from the right hand sides of 

eqs. (2-19) and (2.24). When substituted into: 

and 

V v x ' Vxv • ° t3-3> 

• o. - * o = 0 (3-4) 
,otgy ,av3 

respectively. Equation (3.3) produces a s't of second order equations 

for p and 8 but these are already contained in the set (2.24). This 

is not surprising since the antisymmetric derivatives of u are part of 
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the imaginary part of A - A which appeared in F* and were thus 

included in equations (2.20) to (2.24). When we reexpress eq.(3.4) in 

terms of eqs.(2.19) and (2.24), three new equations emerge. 

UV 6,V " Uv 9,u * ° ^3-5' 

and 

V B e,63 = ° (3-6:) 

e ° B Ay ua V " ° (*•') 

The three new equations have one solution, namely 0 and u are 

parallel. 

8 = c u (3.8) 

It is now convenient to define a new vector V 

Vy - Z» uv (3.9) 

By virtue of eq.O-S) and (2.19) V obeys: 

V = 4 [P V + p V - o ,,(Vap )1 (3.10) 

Since this equation is symmetric in u,v we can express V as the i 

gradient of a scalar V. 

Vu - V>p (3.11) 

We have now reduced the solution of all class G Yang Mills equations to 

a coupled system of equations for three real scalars: p,6 and V. The 

equations are: 

V = i[p V + p V - g. (p V'*)] (3.12) ,uv 2 ,u ,v ,v ,u \iv .a 

V V'a = ep (3.13) 
,a 

8 = i(P 6 +p 8 ) - i g (8 p'a) - 2V V cos8 (3.14) 
,uv 2 ,u ,v ,v ,u 2 Buv ,a ' ,u ,v 
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P = i(p P -e e ) - i g (p p,a-e e,a) 

,uv 2 ,u ,v ,u >v 4 Buv ,a ,a ' 

+g (V V,a)sin8 - 2V V s.; i8 

(3.IS) 

Equation (3.12) is just a revriting of (3.10). Equation (3.13) follows 

from (3.9) and the fact that u is a unit vector. Equations (3.14) and 

(3.15) are the imaginary and real parts of eq.(2.24). Equation (3.8) 

can now be taken into account by making 6 a function of a single 

variable: 

6 = 6(V) (3.16) 

when this form of 6 is substituted into eq.(3.14) we obtain: 

6" = -2 cos6 (3.17) 

where the primes denote derivatives with respect to V. This is the 

equation of motion of a pendulum. It can be solved in terms of ellip

tic functions. This equation can be integrated once to give: 

6'2 + 4sin8 = X2 (3.18) 

2 
X is a real integration constant denoting the "energy" of the 8 pendu-

2 
lum, it obeys X >-4, X is either real or imaginary. Substituting (3,16) 

into (3.15) the 8 dependence appears only in the form of the left hand 

s i d e of (3.18) so we g e t : 

P,UV " I ^ V - 7 V tP.BP'0) " *2lKuV,V - K v V " ) t3-195 

It is convenient to define: 

ip± = p ±iXV (3,20) 

For Xi*0 eqs.(3.19) and (3.12) can now be combined as 

\li = 4 < J / <// - - r £ (ll> i l l* 0 ) (3.21) 
r ,u \ ) 2 ,|J ,v 4 s u v v ,ct ' l J 
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This holds for both I|J and <\i_. When X i s r e a l , <|i and i|i_ are related 

by complex conjugation. When X=0 equation (3.21) g ives jus t equation 

(3.19) and we w i l l have to treat eq . (3 .12 ) separate ly . 

Equation (3.21) can be integrated. F irs t we multiply both s ides 

by 2ty and sum over V. This g ive s : 

4> viKV = 16Qe "S* (3.23) 

Q being an integrat ion constant. Now def ine: 

X+ - a " * * (3.24) 

Equation (3.21) can then be rewritten as: 

which gives 

X,uy •
 2 % , l3"25> 

X = Q *v*
v * Lux

y + c 

This solution is valid for both x,. and x_- But eq.(3.23) still has to 

be satisfied and this constrains x t o o n e °f three forms. A quadratic 

solution with Qj<0 

X = QCxvl-bvi)(x
)J-bv') (3.27) 

a linear solution with Q=0 

X = LyCx
y-bv) ; LyL

w = 0 (3.28) 

and a constant solution with 0=0, L =0 

(3.29) 

These solutions are valid for both x. and x_ the constants of integration 

Q, L , C, b b'lir..? real or complex according to whether the corresponding 

if) is real or complex. To get the final form of the solution we now only 
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need to choose the combinations of constants in v and x to satisfy 

eq.(3.13). When Y and x are both quadratic as in (3.27) this constraint 

takes the form 

-•Q^Q-C^-b.^^-b.^ = -\2 (3.30) 

The ensuing set of solutions and the other cases will be listed in 

section IV. 
2 

For A =0, iji=p and (3.21) is an equation for p only, whose solutions 

are provided by eqs.(3.27),(3.28) or (3.29). To determine V there are 

two options. Either to solve eqs.(3.12) and (3.13) separately or to 
2 

consider the limits of our previous solutions as A -K). Both methods 

work. The second procedure suggests convenient variables in which to 

solve (3.12). Define 

W = e'^V (3.31) 
2 

After some algebra and using eq.(3.19) with X =0 we obtain: 

W = i g (W tf'a-l)/W (3.32) 
,UU 2 suv L ,a ' *• ' 

Multiplying botu sides with W' and summing gives: 

CK »'v) = W (W Wv-1)/W (3.33) 

(W V«T* -1) = 4qW (3.34) 

where q is an integration constant. Next, substitute this into eq. 

(3.31) and obtain: 

%v " 2 <» «uv C 3' 3^ 

which leads to: 
2 

qx + H'X + C (3.36) 

where x =x x , Jt»x=*, x". Extra constraints emerge from eq.(3.34) anU 
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only two solutions are possible. The quadratic solution: 

W = q(x-b)2 - -i- (3.37) 

4q 

and the linear solution: 

W = «. • x + C ; £ • £ = 1 (3.38) 

The integration constants are all real and there is no constant solution. 

The final expressions for p and V will again only appear when we have 

consistently chosen the integzvition constants for x an^ W so that 

equation (.5.13) is satisfied. 

This essentially completes the solution of class G Yang Mills 

fields. The variety of solutions depend on the values of A and of the 

other integration constants appearing in x > X or W. Ths solutions are 

characterised by whether A is real, imaginary or zero and by whether 

the solutions of x.» X or W are quadratic, linear or constant functions 

of x. Section IV contains a list of all possibilities followed in 

section V by a discussion of their relationships. 

IV. A CATALOGUE OF SOLUTIONS 

In this section we list and discuss all the solutions of class G 

fields. The various solutions will depend on the value- of the integra-

2 2 
tion constants X and Q, L, C and corresponding quantities for A =0. 

2 
We will label the solutions P (positive) for A >0, N (negative) for 

2 2 

A <0 and Z (zero) for A =0, and by the leading powers of x in x or W: 

Q or q for quadratic (3.27) or (3.37), L or I for linear (3.28) or 

(3.38), and C for constant (3.29). 

The above solutions must also be made consistent with equation 
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(3.13) which imposes constraints on the parameters. In some cases this 

cannot be done unless F =0 and the solution is trivial. 

Before listing the solutions it is worth reminding the reader of 

the significance of the various variables: The overall strength of the 

fields F in the canonical frame is given by e , the relative strengths 

of the electric and magnetic fields in that frame are proportional to 

cos 8 and sin 6, respectively, and 6 varies like the angle of a pen-

2 

dulum oscillating in "time" V with energy X +4. The only further infor

mation needed to determine the fields F is the direction u of the 

time axis of the canonical frame at each point, and this is parallel to 

V the gradient of V. Below are listed simple combinations of the 

above variables for each of the solutions. The solutions exist only in 

those regions of spacetime in which exp(p) is positive since p is by 

definition a real variable. This region is specified for each solution. 

Solutions trivially related, such as by time reflection, are not listed 

or discussed separately, furthermore, the origin in space time has been 

chosen, as has an arbitrary additive constant in V, to simplify the 

expressions in each case. A further possible change in the scale of 

length has not been made, instead an arbitrary length parameter a has 

been introduced where necessary and the constant vectors b and L are 

all defined with the same dimension as x . 

2 
P-type solution: X >0. 

These solutions are constrained by the reality condition: 

*. = *J C4.1) 

The integration constants defining the solution are therefore connected. 
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PQQ 

2 
e"P = -— (x+ib)2(x-ib)2 , b 2 > 0 (4.2) 

16b 

eiAV . Ix+ib^ (4_5} 

(x-ibr 

2 
e"PV .=-K [(x2-b2)b, - 2(b-x)x, 1 (4.4) 

This solution is valid for all space time. 

PIL and PCC 

No nontrivial solutions exist. 

2 
N-type solutions: -4<\ <0 

I|I and 41 are unrelated. 

2 
e"P = -=K (x-b)2(x*b)2 , b 2 t 0 (4.5) 

16b 

iAV . (x-b)2 ,. ,, 
e = ± - *-z (4.6) 

(x+b) 

e_Pv „ * "T- f2Cx'b>x„ " (*2+<>2)bu] C4-7) 
>u 4b u u 

2 
If b >0 the solution is valid within both light cones or outside both 

2 2 
light cones (x±b) =0. If b <0 the solution is valid within one light 

cone and o-itside the other. 

NQL 

e"p = -l7x
2(L'x-\2a2) , L-L=0 (4.8) 
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eiAV _ L-x-X
2a2 ( 4 g ) 

x 

e"Pv = — L _ [X
zr -2(W-X2a2)x] (4.10) 

'l1 4iXa w y 

2 2 2 
The solution is valid inside the light cone x =0 when L>x-X a >0 and 

2 2 
outside the light cone when L-x-X a <0. The first condition always 

applies near the vertex of the light cone. 

NQC 

e"p - - fx2 C4.ll) 

eiXV = 4 C4.12) 
x 

e"Pv,y=;fXu <-4A3) 

2 
The solution is valid within the light cone x =0. The constant a 

defines the scale of x. 

NLL 

e"p = -i tL/xHL.-x) , L2=0=L2 , L+-L_ = | a2 C4.14) 

iAV = ^ x 
L+-x

 v ' 

e"PV - - ~ [<Vx)L - CL -x)L ] C4.16) 
.u ^ n fu 

The solution is valid in the spacelike region bounded by the light planes 

L+-x=0. 

NLC and NCC 

No nontrivial solutions exist. 

http://C4.ll
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2 
Z-type solutions: A =0. 

ZQq and ZQJl 

The 

ZLg 

e"p = 

V = -

e-pV 
.P 

so lut ion 

e"p = 

v = * 2 

, 2 ,2 (x ) 

b 2 ' 

Cb-x) 
2 

X 

= 4 f2(b 

bz 

i s va l id 

1 ,i -.2 
~2 CI"X) 
a 

2 
-a 

•x )x u 

in a l l 

* 

2 
b >0 

- * \ l 

spacetime 

L-L = 0 

(4.17) 

(4.18) 

(4.19) 

2(L-x) 

(4.20) 

(4.21) 

e"PV = -i=- [2(L-x)x - <x2-a2)L ] (4.22) 
.V 2a

 M y 

The solution is valid in all spacetine. The constant a defines the 

scale of x. 

ZU 

ZCq 

No nontr iv ia l 

and 

e" 

V 

e" 

za 

P I ,2 
= b , 

= 4 tb'x> 
b 

PV - b 

so lut ion 

b2 

e x i s t s 

>0 (4.23) 

(4.24) 

(4.25) 

The solution is valid in all spacetime. 
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V. DISCUSSION 

The relationships between the above solutions can best be under

stood in terms of the geometry of their singular surfaces. Consider 

firstly the solutions PQQ and NQQ. The singular surfaces are light 

cones with their vertices separated by distances *.'b and 2b respective

ly. In the case of PQQ these surfaces lie on complex values of x and 

there are no singularities for real x, that is in physical space time. 

The solutions are well-behaved everywhere. For NQQ the surfaces of 

singularity are two real light cones. Near these light cones the 

magnitude exp(p) of the fields tends to infinity as does the "time" V 

for pendulum oscillations. So the oscillations between electric and 

magnetic fields occur infinitely frequently as these surfaces are 

approached. The field F thus has an essential singularity on the 

singular surfaces. Analytic continuation across these surfaces is 

impossible and they form natural boundaries for the domain of the solu-

2 
tion. The one exception to this is when A =-4 when there is no oscilla
tion between electric and magnetic fields, as only magnetic fields exist 

2 
in the canonical frame. For X <0 the peak magnetic fields are always 

stronger than peak electric fields (the pendulum never reaches the 
2 

horizontal) in contrast to X >0 when the peak magnitudes are the same. 

Near the singular light cones the vector e -v, which is parallel to uM 

and always timelike, tends to a null vector parallel to the light cone 

generator at that point. This means that near the light cone an infi-
2 

nite boost would be required to go to the canonical frame. For X <0 

the displacement between the vertices of the two light cones can be 

2 2 
either timelike, b >0, or spacelike b <0. If b is timelike, solutions 
exist only inside both or outside both light cones, if spacelike they 
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exist only in the region inside one light cone and outside the other. 

The solutions NQL, NQC and NLL may be thought of as limiting cases 

of solution NQQ. To get NQL the vertex of one of the singular light 

cones of NQQ is moved to infinity in the direction of the null vector 

2 2 L . Its singular surface thus becomes a plane L-x=X a which intersects 

2 
the other light cone x =0 at a finite distance from the origin. Near 

the singular plane or light cone exp(p) and V aTC both singular. Near 

the cone the vector e"pV lines up along the null tangents of the cone, 

and near the plane it lines up parallel to its null tangent L . The 

domain of the solution is what would be expected from the above limiting 

procedure, that is inside the light cone near its vertex and outside 

the light cone on the other side of the singular plane. 

NQC is the further limit when the plane of NQL is an infinite dis

tance from the origin. This can be obtained directly from NQQ by moving 

2 
one of the cones to infinity in a timelike (for b >0) or spacelike (_ior 

2 
b <0) directionr The only remaining singular surface in either case 

is the single light cone and the domain of validity of the solution is 

inside this cone. 

The solution NLL can similarly be viewed as the limit where the 

two vertices of the light cones in NQQ are sent off to infinity in the 

null directions L and L respectively so that all that remain in the 

finite region of space time are two intersecting null planes with 

the solution defined in the spacelike region between them. The vector 

u" lines up with L̂ | and L" near the respective planes. 

2 
The A =0 solutions can also be viewed as limits of PQQ or NQQ. 

2 
To get ZQq (or ZQjl) we bring together as A +0 the origins of the two 

2 2 2 
singular light cones in PQQ or NQQ (b >0), keeping the ratio b /A 
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finite. The single remaining light cone is still a surface of singu

larity and a boundary of the domain of the solution and on it an infinite 

boost is required to get to the canonical frame. This limit for NQQ does 

2 
not of course exist for b <0 since the region in which the solution ia 

defined shrinks to nothing. 

2 2 

The solution 2Lq corresponds to a A -K) limit of NQQ (b <0) in 

which the two vertices of the light cones are sent off in opposite 

directions to distances i<l/|X[ along a null direction L which is itself 

orthogonal to the original spacelike separation b of the vertices. The 

light cones become planes which coalesce because L-b=0 and the region 

inside one light cone and outside the other now becomes the whole of 

spacetime. The only singularities are on the single null plane. 
2 

Finally ZC£ is the limit of NQQ Cb >0) in which the two light cone 
2 2 

vertices are separated as X-K» in such a way that Xb and A b are kept 

finite as A-K). No singular surfaces remain. 

Many of the solutions listed above have been found before but some 

are new. Previous searches for solutions have depended on an ansatz 

for the potential exploiting some spacetime symmetry to reduce the 

number of variables. For instance, in ref.[9] spherical or planar space 

symmetry was chosen in a particular Lorentz frame. This produced 

2 
solutions PQQ, NQQCb >0), NQC, NLL, ZQq and ZC£ above. It is easy to 

see that these have spherical or planar symmetry in the Lorentz frame 

where the vector b has the form 0),0,0,0) or where I/j! are -=- £±1,1,0,0). 

These then become the solutions found in ref.I9] when u is identified 

with (coshv, vsinhv) in the notation of that paper. But the solutions 

2 
NQQ Cb <0), NQL and ZLq are new. These either involve both singular 

light cones and planes, or two cones displaced by a spacelike vector b , 
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which has no constant time section with spherical symmetry. The solu

tion PQQ is the one found earlier by Luscher [6] and Schechter [7] by 

use of conformal invariance and compactified spacetime, and its A = 4 

limit coincides with the solution of De Alfaro, Fubini and Furlan [16]. 

The planar solution NLL and ZCq had also previously been found by T.T. 

Wu, C.N. Yang and Shou-Fong Chen 117], and ZCq which depends only on 

time was derived by Casalbuoni, Domokos and Kovesi-Domokos 118]. 

The solutions presented in Chapter IV contain only the gauge-

Lorentz scalars p, V and by implication 6(V) from (3.17) and [3.18), 

together with the derived gauge independent Lorentz vector u which is 

parallel to V . All gauge independent quantities of interest can be 

obtained directly in terms of these. For instance the Lagrangian 

density is given by: 

F*v F^ = 3e2-°cos2e (5.1) 

and pseudoscalar density by: 

*Fpv paVV = 3e2P sin29 CS.2) 

These quantities being scalars under Lorentz transformations are best 

calculated in the canonical frame where equations (5.1) and (5.2) are 

derived using eqs. (2.5) and (2.13). 

To obtain the field F one must Lorentz transform the field from 

the canonical frame to a fixed frame. The Lorentz transformation needed 

is a transformation which turns the vector (1,0,0,0) into the vector 

u . This transformation is not unique, any Lorent2 transformation which 

belongs to the little group of u can be added. But any such transfor

mation can be compensated by a gauge transformation on F (see the 

discussion in Chapter II). The ambiguity in choosing the Lorentz 
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transformation, therefore, simply reflects the freedom of choosing a 

gauge. 

VI. CONCLUSION 

In this paper we presented all the solutions of the Yang Mills 

equations belonging to class G. 

The classification s.heme of ref.{4] was an essential ingredient 

in obtaining the solutions. The classification prescribed the natural 

degrees of freedom which made the solution possible. We used two 

functions p and 0 which determined the field F in the canonical frame, 

and a unit tiraelike four vector u which determined the canonical frame. 

This small nunber of degrees of freedom suffices to determine the fields 

of class G because these fields are invariant under a large little 

group 0(3). Our process of obtaining solutions was to work entirely in 

terms of p, 6 and u . The fact that A could be obtained from the 
u u 

equations of motion and the Bianchi identity by solving an algebraic 

equation was very helpful. 

Once the Yang-Mills equations were rewritten in terms of u , 6 and 

p a further simplification became apparent: 6 had to be parallel to 

u and u could then be expressed as the gradient of a scalar V. The 

Yang Mills equations were reduced from a set of equations for the 12 

components of A which are gauge dependent Lorentz vectors to a set of 

equations for three gauge invariant Lorentz scalars p, 6 and V. Moreover, 

6 had to be a function of V only and it therefore obeyed a simple ordinary 

differential equation. The last step involved solving the coupled 

differential equations for p and V. 

The solutions we obtained differ only by the values of the various 
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integration constants. The method used in this paper which is com

pletely invariant and uses a four vector u is obviously superior to 

our previous preliminary approach in ref. [9]. There we could only make 

progress by assuming special geometric configurations. In the present 

approach the equations t. emselves determine the allowed configurations. 

The generalization of our approach to other classes of Yang Mills 

fields is possible. There is, however, no guarantee that the present 

simplicity will be repeated. Other classes are characterized by a more 

complicated set of degrees of freedom. The most general SU(2) field 

in the canonical frame is described by nine functions rather than two. 

The canonical frame is determined by six parameters rather than by 

three. 

Moreover there are cases when the equations of motion and the 

Bianchi identities do not determine A uniquely. This happens for 

instance for all radiation fields in classes D, E and F of ref.£4]. 

In these cases extra degrees of freedom will be needed. In spite of 

the above difficulties, one can rewrite the Yang-Mills equations in 

terms of the new degrees of freedom. Once this is done we have, however, 

no guarantee that the emerging equations will be simple enough to be 

manageable. Conceivably, only some classes .4.11 show the required 

simplicity. We hope that further pursuit of the subject will prove 

rewarding. 

The approach we have used is parallel in spirit though not in 

detail to the approach used in general relativity. The use ofaclassi-

fication scheme and setting up equations in terms of the appropriate 

degrees of freedom we have used is certainly analogous to the one used 

in relativity [2], 13]. Our obtaining a complete set of solutions to 
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class G is analogous to the complete set of solutions of Einstein's 

equation obtained for class D by Kinnersley 119]. 
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APPENDIX 

Formulae involving if 
uv 

We define 
a _ o a o a . oa 
% \ i " ^ ^ v " ^ v ^ p - 1 uv lA.l} 

Greek indices run from 0 to 3 and are raised and lowered with metric 

gyv: S00=-gll=-g22=-g33=1' and E0123 = + 1- Latin indices run from * t0 

3. Then 

ay bv . abc cu ̂  ,ab y ,, ,. 
" v n o B 1E n a* 6 g a CA-2) 

l^v ^ o n C°X " i e a b C g W X " ̂ ^ A + ^^X * &bCn*\ CA-3} 

£ a b c n b ^ n c ^ = -iCn^gp^^^-n^^-n'^g^] CA.4) 

n uv n Xa = -kuA^-WvA^W3 CA-5:) 

These are direct generalizations of results in refs.[10 and 12]. 

Derivation of formula for A 

satisfies 

therefore 

G a = e*na , * = P + iB (A.6) 
UV yv ' 

C^u^^V0 <*•" 

e*{* n a u * n a e ry
a - n

a u ra *E
abc Ab T/* } = o CA.S) 

,y v ' v By a vy y v 

We have r . = -r,. and n a = -na so the V terms can be combined 

* n a u • %ra
K [ n a B

 g
u

 + n a y g $ - n a gB y -n a B l Jg ] • Ab e a b c n c l J
M = o 

Y , y ' v By1 vS a or v av 6 BavJ y v 
CA.9D 



28 

Now use identity (A.4) and notice that the T and A terras can be 

combined: 

Invert this equation by multiplying by n n , and use identity (A.3) 

for both terms to get: 

l*\ • | nb
a

6 i f l
f t l]eabcCUcdVx

) " *,y A - ° (A"11} 

which reduces to : 

d i d 6 a i . dp , . . . . 
A \* 2 n a r B X

= 'I * , p n X CA '12 ; | 

This is the result required. 
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