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ABSTRACT 

This report describes a numerical technique of determining the 
geometric efficiency of circular detector and various surface source arrangements. 
Circular sources are primarily discussed, but most other surface shapes can be 
accommodated by the technique. 
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1« INTRODUCTION 

Measurement of source activities essentially require that the 
detection efficiency of the source and detector arrangement be accurately known. 
In most cases analytical formulae for determining the efficiency are not available, 
so various numerical solutions (4,5) have been devised, Monte Carlo techniques 
(1,2,6), although relatively slow appear to be a popular solution to the problem. 

Calibration sources may be used to determine experimentally the 
detection efficiency of the source and detector arrangement. Provided that 
the calibration source has the same diameter as the source required for 
measurement, this method of calibration is quite satisfactory. If they are 
not of similar diameter, significant error in the measurement may be expected 
if there is no correction for the altered geometry. 

A typical application for the proposed technique of calculating geometric 
efficiencies, occurs with a surface barrier detector used to count alpha particles 
emitted from the surface of a circular filter paper. For this case, provided 
that the space between them is evacuated to eliminate air attenuation, the geometric 
efficiency can account for the total detection efficiency of the arrangement. 

When a circular detector is observed from a point which is off the axis 
of symmetry, it appears as an ellipse. The further the point is off axis, the 
narrower the ellipse becomes. This property can be used to calculate in a straight 
forward way, the efficiency of the detector for an off axis point source or for 
almost any extended surface source. The observed ellipse may be divided into 
angular sectors about its centre axis. These approximate closely to equivalent 
sectors of circles with radii equal to the elliptical sector radii. The analytical 
expression for the solid angle substanded by a circle at a point on its centre axis 
can be used to determine the contribution of each sector. For equal angular 
increments, the total solid angle subtended at the point of observation, is very 
nearly equal to the mean of the solid angles of the circles with radii equal to 
the elliptical radii. From the solid angle subtended at points off axis of a 
circular detector, it is a simple matter to represent an extended source as an 
array of small areas approximating point sources. The (weighted) sum of the solid 
angle for each point gives the total solid angle for the arrangement. 

The geometric efficiency for the particular source-detector configuration 
is then simply the solid angle divided by 4 TT . 

2. CALCULATION OF THE OFF-AXIS ELLIPSE DIMENSIONS 
The geometry °f the ellipse used to fit the observed shape of a 

circle at a point off axis, can be treated as follows! (See Figure 2.1). 
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Observed 
Ellipse 

Point 
Source 

Circular 
Detector 

• - Z 

R = Detector radius 
1 * s Off axis distance to the point source 

S m Source to detector separation along the z axis 
a » Intersection location of ellipse and detector 
fl1 s artan ((R + r)/s) 2.1 
82 = artan ((R - r)/s) 2.2 
^ = (8 1 +e 2)/2 2.3 



4 = (0 3 - 8 2) = (8 1 - 92)/2 
8 5 = artan 7 R 2 - a 2 

AS 2 f (r-a) 2 

Where a = r-s tan (8.) 

2.4 
2.5 

2.6 

B~ is the angle subtended at r by the minor radius of the ellipse and 
8 5 is the angle for major radius. To calculate the solid angle for the ellipse, 
only the angles subtended at r by the radius of the ellipse are required. A 
unit separation can be assumed between the source and ellipse to simplify the 
calculation of the subtended angles. 

The expression for the unit separated ellipse can be written: 
,2 ,„. ̂ v2 Cos 

A • (agjj- = 1 2.7 
Re 

2.8 
A = Major radius of the unit separated ellipse 

= tan (Q_) = In2 - a 2 \2' 
(s 2

 + (r- a) 2j 
B = Minor radius of the unit separated ellipse 

= tan (0 3) 
Re = Radius of the unit separated ellipse for angle $ 
tf = Angle subtended between A and Re 
8. = Angle subtended at the source location by Re (See Figure 2.2). 

2.9 

Point 

W W f f P ^ f ^ 
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3. CALCULATION OF THE GEOMETRIC EFFICIENCY FOR A POINT SOURCE OFF AXIS 
An analytical solution for the solid angle subtended by the off axis 

ellipse, observed at the point source location, has not been found. However, 
the solution for a circle can be used to determine numerically the elliptical 
solid angle and hence the geometric efficiency for a point source off axis. 

Solid Angle (point source = 2 /7 (1-CosO) 3.1 
on axis) 

liihere S is the anple subtended at the point source location, on the centre axis 
of the circle, by the radius of the circle. 

The geometric efficiency for the point source on axis is: 
G.E. (point source = l (1-CosO) 3.2 

on axis) 

The off axis ellipse as shown in figure 2.2 may no* be divided into 
angular sectors by incrementing flS in steps of A jf» Only the quadrant 0 < ^ ^ n 

T~ need to be considered due to symmetry of the ellipse. Provided a constant 
incremental step is used, relative weighting for each sector is not required. 
(The program shown in Appendix 1 uses an increment of A ^ = 5 deg). Therefore 
the geometric efficiency for the point source off axis is very closely the mean 
value of the efficiencies for the circles of radius Re at each incremental step. 

2 -J-Where CosO. = (1 + Re. ) 2 , , l x l 3.3 
= /1 + 1 

ffi + (P) 
Therefore G.E. (point source off axis) 

" T> j£— - \ (1 - Cos8.) 3.4 
N i = 1 z x l 

3.5 

3.6 

4. CALCULATION OF THE GEOMETRIC EFFICIENCY FOR A CIRCULAR SOURCE THAT 
SHARES A COINCIDENT NORMAL AXIS U1TH THE DETECTOR. 

Using the result from the previous section, for the geometric efficiency 
for an off axis point source, a further numerical solution can be derived for a 
circular source. 

inhere N = n 
2 Aja 

A l = ji increment 

K =AJ* ( i - i ) 
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H circular source may be considered as a number of concentric 
annular rings of equal uidth. Provided the source and detector are in parallel 
planes and their centre axis are coincident, the contribution to the geometric 
efficiency at any point around an annular ring is (approximately) constant. Each 
ring can therefore be represented by a point source. The narrower the ring, the 
more accurate the approximation becomes. Therefore, a circular source can be 
represented by off axis point sources arranged along the radius of the source. The 
contribution from each point must be • sighted by the ratio of the area of the ring 
that the point represents, to the total area of the source. The weighting factor 
for an annular ring of outer radius r , width A r, in a source of radius r :-

2 
ur . = 2r. A r - A r J 2 4.1 

r 
The total geometric efficiency is given by the weighted sum of the 

efficiencies for the radial points. 
r 

G.E. Total = £. Wr. G.E.: 4.2 
r = o j J 

(Circular source) 
r. = Radial distance to the jth point representing an annular 

ring in the source. 

5. CALCULATION OF THE GEOMETRIC EFFICIENCY FOR OTHER SOURCES 

Provided a circular detector and a surface source are used, the 
geometric efficiency, for almost any shape and orientation of the source, can be 
calculated with this technique. 

5.1 Square and Rectangular Sources 

A square or rectangular source can be subdivided into an array 
of smaller squares or rectangles of sufficiently small size that the solid 
angle substanded by the detector at any point within a subdivision is very 
nearly a constant. Each subdivision can therefore be represented by an off axis 
point source. The geometric efficiency for each representative point source is 
given by equation 3.4.The sum of the product of each point source efficiency and a 
weighting factor, that is equal to the ratio of the subdivision area divided by 
the total area of the source, for all subdivisions of the source, is very nearly 
the geometric sfficiency of the arrangement. If the area of each subdivision is a 
constant, the weighting factor reduces to ̂  where PI is the number of subdivisions 
within the source. Expression 5.1 can be used to determine the geometric efficiency 
for this case. 
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For the most common arrangement, where the source and detector 
share a coincident normal centre axis, a note on the symmetry of the problem 
should be made. A square has eight symmetrically similar sectors end a rectangle 
has four symmetrically similar quadrants, as does the square. These are shown in 
Figure 3.1. 

array subdivisions 

^4 
sector quadrant 

Figure 3.1 

For the square it can be shoun that the contribution from each sector or 
quadrant are identical to that from other sectors or quadrants respectively. 
Similarly, the same can be shown for the quadrants of the rectangle. If the entire 
source activity was concentrated on a single sector or quadrant, the result would 
be identical to that of the original source. Therefore, only the geometric 
efficiency of the sector or quadrant need be considered. 

The obvious benefit of considering the symmetry of the problem is the 
significant reduction in calculation time. 

5.2 Arbitrary Source 

Ingeneral, most area source shapes can be subdivided into small squares 
of equal area. The weighting factor for each square is the ratio of the area of the 
square ti the total area covered by squares. Obviously, for equal area squares, 
the weighting factor is J[, where M is the number of squares representing the source 

PI area. The total geometric efficiency is again the weighted sum of the off axis 
point efficiencies representing each square. 
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x y 

G.E. Total = 1 "\~ V ~ G.E. 5.1 
H z _ <^_ x* 

(Arbitrary source shape; x=o y=o 

n = Number of equal minor areas representing the total source area. 
x and y represent the cartesian location of each minor area. 

6. DISCUSSION 

The program shown in Appendix 1 uas written in Basic for an IBfl 370 
computer. A similar program can run satisfactorily on progranable desk top 
calculators like the Hewlett Packard 9830. 

Geometric efficiencies calculated for various source and detector 
dimensions have been plotted and tabulated in Appendix 2. 

An estimate of the accuracy of the technique relies on two factors, the 
accuracy of fitting an ellipse to the observed shape of the detector for an 
off axis point and the accuracy of the numerical summation. It can be shown, 
see Appendix 3, that the observed shape of the detector is an exact ellipse. 
Therefore, the accuracy of the technique depends on that of the numerical 
summation alone. The summation error can be reduced to an acceptable level, 
at the expense of computing time, by increasing the number of incremental steps. 
A significant increase in accuracy uas obtained with linear interpolation 
to give the best value to represent each annular ring in the circular source. 
As each ring has a finite width, the solid angle varies slightly at each point 
across it. The point within the inner and outer radii of each ring, where the 
best value occurs, is where the area between the inner radius and the point 
is equal to the area between the point and the outer radius. The value at this 
mid-area point is interpolated from the values calculated at the boundaries of 
the ring. A further increase in accuracy was obtained from the application of 
the law of reciprocity. The geometric efficiency of an arrangement is equal to 
that of a complementary arrangement weighted by the ratio of the area of the 
detector to the area of the source. The complementary arrangement has source 
and detector radii equal to the detector and source radii of the arrangement of 
interest. This allows an arrangement with large source and small detector radii, 
to be replaced by one with small source and large detector radii, for which the 
geometric efficiency can be calculated more accurately. 

Geometric efficiencies calculated with the program in Appendix 1, were 
evaluated experimentally and compared the results from flonte Carlo programs and 
published results. The experimental measurements were made within the range 
.3<R/S<10 and 0,1<r/S<3, using a surface barrier detector and known alpha 
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sources. Results obtained, coapared very favourably with tha calculated 
values and the deviations ware found to be typically less than 2%. 

A aodified version of * Ronte Carlo prograa (by I.R. Uilliaas')* *»* 
written and tha results wjere coapared with those of this report. Tha published 

2 
results froa a siadlar Ronta Carlo prograa (by Bonnet, Hillion and Kurdin ) 
were also coapared. Both sets of nonte Carlo results were within a few percent 
of those given in Appendix 2. 

A table of solid angles was published (by R.P. Gardner and K Verghese ) , 
for the range 0.1<R/S<3 and 0.1<r/^(3, with a claiaad accuracy of O.ljS. Over this 
range, the valuaa froa the present work coapare to within 0.2£ of the Gardner and 
Verghese values. 
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APPENDIX I 

OOOIO REH THIS PROGRAM 6IVES THE GEOMETRIC EFFICIENCY FOR 
00020 REH DISC SOURCE AND DISC DETECTOR GEOMETRY. 
00030 PRINT 
00040 PRINT 
00050 : I.MM!II! 
00060 : KM.Ml 
00070 PRINT' DETECTOR DIAMETER ' 
00080 INPUT DO 
00090 R-DO/2 
00100 PRINT 
00110 PRINT' SOURCE DIAMETER ' 
00120 INPUT D1 
00130 PRINT 
00140 R1-D1/2 
00150 PRINT' SOURCE TO DETECTOR DISTANCE ' 
00160 INPUT S 
00170 PRINT 
00180 PRINT' GEOMETRIC EFFICIENCY^)' 
00190 PRINT 
00200 K=1/<R1*R1) 
00210 IF R>R1 THEN 240 
00220 R*R1 
00230 R1*D0/2 
00240 A0=0 
00250 60*0.5*<1-C0S<ATN<R/S>>) 
00260 R3-R1/10 
00270 FOR R0-R3 TO R1 STEP R3 
00280 01=ATN<(R*R0)/S) 
00290 02=ATN((R-R0)/S) 
00300 O3=(0H02)/2 
00310 04=(01-02)/2 
00320 AsSQR<R**2-<RO-S*TAN<04>)**2) 
00330 VO*S/COS<04) 
00340 B=yO«7AN<03) 
00350 C»0 
00360 T*0 
00370 FOR C=2.5 TO 87.5 STEP 5 
00380 D1«RAD<D> 
00390 C»C+1 
00400 T1=B/V0/SQR<1-<CQS<D1))«*2*(1-<B/A)«*2>) 
00410 T«T*0.5*(1-1/S0R(1*T1**2)) 
00420 NEXT D 
00430 R2»RO-SQR<RO»*2-RO»R3*0.5*R3*R3) 
00440 61-T/C 
00450 G=(G0-G1)*R2/R3+G1 
00460 A0»A0-M}=»<2*R0-R3)*R3 
00470 60-61 
00480 NEXT RO 
00490 A1»100*K«A0 
00500 IF AK1 THEN 530 
00510 PRINT USING 60,A1 
00520 GOTO 540 
00530 PRINT USING 50,A1 
00540 PRINT 
00530 PRINT'ANOTHER VALUE <YE8»1,N0»O>' 
00560 INPUT A 
0O570 IF A>0 THEN 30 
00580 END 



APPENDIX 2 

Table A2.1 ; Geometric Efficiencies for Various Rs and Rd 

The source and detector radii, Rs and Rd, are normalized to a unit 
separation. 

(i.e. Rs = R/S and Rd = r/5) 

GEOMETRIC EFFICIENCY 
S R S Po in t 0.1 0.3 1 3 10 
R c j \ 

.01 2 .50x10" 5 2.48x10" 5 2.34x10" 5 1.46x10" 5 3.80x10" 6 4 .50x10 " 7 

.03 2.25x10"* 2.23x10"* 2.11x10"* 1.32x10"* 3 . 4 2 x 1 0 - 5 4 .05x10" 6 

.1 2 .48x10" 3 2.46x10" 3 2 .33x10" 3 1.46x10~ 3 3.80x10"* 4 .50x10 " 5 

.3 2 .11x10" 2 2 .11x10 - 2 1.99x10" 2 1.29x10" 2 3.41x10" 3 4.05x10"* 

1 .146 .146 .143 .116 3 .74x10" 2 4 .50x10" 3 

3 .342 .342 .341 .336 .266 4 .04x10" 2 

10 | .450 

I 
.450 .450 .450 .448 .390 



GEOMETRIC EFFICIENCY VERSUS Rs 

10 
Rti=1Q 

Rd = 3 
Rd = l 

10 cl 

RH=0.3 

10 c2 

>-u 
z 
UJ 
^ -3 
Li. 
UJ 
O 
E 
i -
UJ 

Rd=0-1 

Rd=QQ3 

Rd=oci 

10 r 5 -

1 1 
10 r3 71 101 10 * 10' 10' 

SOURCE RADIUS Rs 



APPENDIX 3 

Consider an elliptical cone uith the apex at the origin. The cross-section 
of the cone at Z is an ellipse, uith major radius of Aa and minor radius of Ba, as 
shown below. Where A and B are the same as for expressions 2.8 and 2.9. 

ELLIPTICAL CONE(Y,Z PLANE) SECTION (Z = L) 
Y 

The expression for the e l l i p t i c a l cone i s : -

2 2 2 
XT + Y_ = i 

2 2 
A B 

A3.1 

By'transposing into a new frame of reference at 2 = L, by rotating Y and 
» , » 

i to Y and I respectively, it should be possible to show that the cross-
section is a circle in the detector plane. 

Where Y = Y' COS84 + I Sin84 
i = i Cos04 + L - Y'sinOA 

A3.2 

A3.3 

Substitut ing for Y and 2 in A3.1 

7 + (^ CosB4 + I Sinfl4\ 
B / r Cos84 + L-Y'sin84\ 2 

As the shape at 4 • 0 i s the one of interest A3.4 becomes 

i d + /Y 'COSB4\ 2 = (L-Y'sin84) 2 „ 
2 I B / 2 ' ' 

A \ ' = L -2LY Sin84 + Y £ 

2 
in84 

A3.4 

A3.5 



Rearranging A3.5 

X 2 + /Y' + LSinQ4 \ 2 /cosffl4 - Sin204 
A 2 I Cos 204 - Sin 2Q4 J I B 2 

B 2 

= /1 + Sin204 \ L 2 A3.6 
Cos204 - Sin284 
B^ 

Expression A3.6 is a general form for an ellipse. If it can be shown that, 
± 2 2 
A 2 = Cos 04 - Sin 04 A3.7 

B 2 

expression A3.6 would be that of a circle and the proof complete. 

Using similar triangles it can be shown that: 

(R-a)Cos04 = B = (R+a) CosB4 A3.8 
L-(R-a)Sin04 L+(R+a)Sin04 

Rearranging A3.8 

L(R-a) + (R 2-a 2) Sin04 

L(R+a) - (R 2-a 2) Sin04 

Therefore 

Sin04 = La A3.9a 
(R2-a2) 

2 2 2 2 2 But A = R -a s R -a (see expression 2.8) 
,2 „2 , .2 L S +(r-a) 

2 Substituting A into A3.9a 
SinB4 a a_ 

LA2 

A3.9b 



From A3.8 
,2 ,„2 2. . 2, ) Cos t 

-a)Sin04)(L+(R+a)Sing4) 
B" = (R -a ) Cos^4 

(L-(R-« 

= CR -a ) Cos 04 
(L2+ 2aLSin04 - (R2-a2)Sin2B4) 

Substituting A 2 = (R 2-a 2)/L 2 

B 2 = A 2Cos 204 A3.10 
1 + 2a Sin04 - A 2Sin 204 

2 2 From A3.9 2aSinB4 = 2A Sin Q4 

Therefore 

2 2 2 B = A Cos 94 A3.11 
1 + A 2Sin 2Q4 

Rearranging A3.7 
2 2 2 2 1 = A Cos 04 - A Sin 84 
B 2 

Therefore 

B 2 . 2 2 
= A Cos 04 

1 + A 2Sin 2B4 
A3.12 

As the expressions A3.11 and A3.12 are identical the proof is couplets. 


