
S C H O O L OF P H Y S I C A L S C I L N C E S 

A NUMERICAL STUDY OF THE GENERATION 01- AN AZIMUTHAL CURRENT 
IN A PLASMA CYLINDER USING A TRANSVERSE ROTATING MAGNF.TIC FIELD 

W.N. HUGRASS and R.C. GRIMM 

FUrtl-R-167 JULY, 1980 



A NUMERICAL STUDY OF THE GENERATION OF 
AN AZIMUTHAL CURRENT IN A PLASMA CYLINDER USING 

A TRANSVERSE ROTATING MAGNETIC FIELD 

W.N. Hugrass* and R.C. Grimm** 
School of Physical Sciences 

The Flinders University of South Australia 
South Australia 5042 Australia 

ABSTRACT 

The generation of a steady azimuthal current in a cylindrical 

plasma column using a rotating magnetic field is numerically investigated. 

The mixed initial-boundary-value problem is solved using a finite 

difference method. It is shown that substantial azimuthal current 

can be driven provided that the amplitude of the rotating magnetic 

field is greater than a certain threshold value which depends on the 

plasma resistivity. 
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1. INTRODUCTION 

In the preceding paper (Jones and Hugrass 198 ), the technique, first 

investigated by Blevin and Thonemann (1962), of generating unidirectional 

azimuthal electron currents in a plasma cylinder by neans of radio-frequency 

rotating magnetic fields is described and discussed. In particular, steady-

state solutions are presented which show that, provided the amplitude and 

rotation frequency of the field are suitably chosen, the required penetration 

of the field into the plasma is not limited by the usual classical skin 

effect. These steady-state solutions are obtained for two limiting cases: 

the case where the resistive term nj in Ohm's law is considered dominant 

and the case where the plasma behaviour is considered to be mainly governed 

by the nonlinear j * B Hall term in Ohm's law. The purpose of this paper 

is to present the results of a numerical treatment of the corresponding 

initial-value problem. Such a study allows one to examine the question 

of accessibility to the steady-state and, moreover, to incorporate 

arbitrary contributions from the nj and j * B terms. The modifications 

introduced by anisotropic resistivity and the presence of flux conserving 

rings are also examined. 

2. THE INITIAL VALUE PROBLEM 

2.1 Physical model 

We consider an infinitely long cylindrical plasma column of radius 

r = a which is surrounded by a vacuum region enclosed by a set of 

flux conserving rings at r = b. We assume that these rings conduct 

in the azimuthal directions only and that they are sufficiently far 

from the plasma column that the system has no z variation (g— = 0). 

The plasma is assumed cold and stationary with uniform electron 

number densities. Initially the current density is zero but there 
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may be a uniform externally applied axial magnetic field B . At 

t = 0 we apply a transverse rotating magnetic field, 

B r = B t(t) cos (ut - 6) , (1) 

B 6 = Bt(t) sin (ut - 9) , (2) 

where the amplitude rises in a time x characteristic of the r.f. 

source used to generate the rotating field i.e., 

B t(t) = (1 - e T*) By , (3) 

t > 0 . 

We study the penetration of this field into the plasma column and the 

generation of a steady azimuthal current. If the frequency, u, of 

the applied field satisfies the condition u) » w ., then, to a good 

approximation, the ions are not affected by the rotating field and 

form a neutralizing background of positive charges. Assuming that the 

system is initially in equilibrium, we can neglect the ion motion and 

study the field penetration using the equation of motion for the 

electrons. 

1 • SJ - £J"1 • M - (4) 
together with Maxwell's equations 

V * B = U Q J , (5) 

V * £ . - H (6) 
and V. B = 0 (7) 

We assume a classical resistivity tensor (Braginskii, 1965) 

s ,? B* B\ B t 
n • nx (I - -p-) * n(| -p- ( 8) 

with 
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m v . 
n* = Y ^ = Y ~n# ' C 9 ) 

Here y is a numerical coefficient which can be chosen phenomenologically 
in the calculations; in a strong Magnetic field (w e > v

e i ) . Y = 1.96 
(Brakinskii, 1965). In a cold resistive plasma, typical of the 
majority of experimental measurements, u> « v . and it is reasonable 

CI 

to neglect the electron inertia term in (4). At high temperatures or 
large rotating field frequencies u < v . and this term should be retained. 

2.2 The basic equations 

The magnetic field can be expressed in the form 
3 = Vx (Az e z) • B z e z (10) 

-+• where A is the z component of the vector potential and e is the unit 
vector in the z direction. Using (5 - 9) one can write the differential 
equations for A and B as 
^ z z 

* = ± V2 A - -i 1 B Q 
at u o z u o z 

1 V. (A. e, x VBJ ne M o 

ne 2 y d t z 

o 

3B n, n, - a. 

+ - A — V. (A e x V(V2 A )) ne y v z z v i" o 

m fe (V2 B z) (12) ••• 

e 2 n p f l 

where 
Q = L (B V 2 A - VB . VA ) (13) 
x g2 Z Z Z z' 
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Equations (12, 13) fona a coupled set of nonlinear partial 

differential equations which, with the appropriate boundary conditions, 

describe the evolution of the magnetic field in the plasma from the 

initial conditions, 

A z (r,6,0) = 0 for r < a (14) 

B (r,0,O) = B o for r < b (15) 
z a 

2.3 The boundary conditions 

Boundary conditions are required for A and B at the plasma 

vacuum interface, r = a. Since no currents flow in the vacuum region, 

Bz(r,0,t) = B z(a,t) (16) 

for a < r < b 

Noting that B is continuous at r = a, the appropriate boundary 

condition for B follows from the conservation of axial flux inside z 
the conducting rings. 

B,(a,t) = 
b 2 B a ( 0 ) 1 « 2 ? 

z l" , f c J b 2-a 2 ir(b2-a2) J rdr d6 Bz(r,6,t) (17) 
o 

In the limit b -+ °° (i.e. in the absence of any flux conserving 

rings) equation (17) becomes: B (a,t) - B (0). 

The boundary condition for A is somewhat more complicated since 

we must take into account the contribution from the induced internal 

axial current as well as the externally applied rotating field. 

Straightforward calculation of the vector potential due to the internal 

currents leads to serious numerical difficulties because these currents 

are such as to almost cancel the imposed external field (during the 

linear phase of the calculation) and a solution of the equation 
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V 2 K = 0, r > a . (18) 

is required. This solution can be expressed as the sum of harmonics 

im6 \ - Z\ (19) 

where 

for 

and 

A_ = a 

m / 0 

N" *'- N"" • (20) 

A o = a o l n T / R (21) 

where R is the radius of a concentric infinitely conducting return 

path for the zeroth harmonic component of the axial current. The value 

of R is irrelevant since, from symmetry consideration, such a zero 

harmonic current is not produced by the given initial and boundary 

conditions. This is confirmed by the results of the calculation which 

show that the zeroth harmonic component is eight orders of magnitude 

smaller than the first harmonic. 

The positive powers of m in (20) represent the externally imposed 

field (produced by current at r > a) whereas the negative powers are 

attributed to the axial current induced in the plasma. Hence (21) can 

be written as 

m ext m 7. m + 6. 7. -m (22) 

Since the magnetic field is continuous across the boundary, the 

derivative of any harmonic component, A , is also continuous and is 

given by 

3 A m 
m -5F r*a 

5 A 
a ext m 

(23) 
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Using (22 and 23) one obtains 

= 2 A 
3A 

• 
3r r=a ext • 

, • * 0 

The corresponding equation for the zeroth harmonic is given by 

3A_ 

(24) 

A o = a in a/ ° 'KTF (25) 
r=a 

For the particular form of external field studied in this paper (5, 6), 

A 1 = a B (cos u>t • i sin wt) 

A . = 0, m t 1 ext m ' 

(26) 

(27) 

3. THE NUMERICAL METHOD 

The coupled equations (11, 12) subject to the initial and boundary 

conditions (14, 15, 17, 24 and 25) are solved using a time centred finite 

difference method on a uniformly spaced polar mesh, 

Aft+AtD z 
B,(t+At3 
z 

A,(t) A ( t ) | A (t+At) 
2, • = 0.5At D - Z + 0.5At D • 

Bz(t)J 
> 

l^ ( t ) J B (t*At) 
• 

(28) 

where the operator D is the space centred finite difference approximation 

of the right hand side of (11, 12). A fully implicit solution of (28) 

is not possible because of the nonlinearity introduced by the Hall term 

in (4). The linear terms are treated semi-implicitly and the resulting 

system of algebraic equations is solved using a successive overrelaxation 

scheme which is conveniently organized to include the iteration over the 

nonlinear part at interior points as well as the iteration involved in 

satisfying the boundary conditions. The first approximation in the iterative 
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process is obtained by linear extrapolation from the previous time step. 

The Fourier transforms in the boundary condition (24) are evaluated 

using a modified Fast Fourier Transform (FFT) algorithm which makes use 

of the symmetry properties of the Discrete Fourier Transforms (DFT) of real 

variables. The point r =0 requires special treatment to remove the 

apparent singularity in (11, 12) when written explicitly in polar coordinates. 

This is performed by assuming that A , B are constant over the first 

radial zone and using Gauss's theorem. 

The calculations were carried out on a DEC-10 computer at Flinders 

University, a typical simulation required 1-2 cpu hours. Usually sufficient 

accuracy was attained with a 16 x 16 mesh in (r,6), but for small values 

of n (i.e. small values of 6), radial mesh refinement was required. Although 

at early times in the simulation (during the linear phase) a time step much 

larger than the Courant condition (Richtmyer and Morton, 1967) could be 

tolerated, efficient convergence of the iteration over the nonlinear part, 

which becomes dominant during the later phase of the simulation, usually 

sets a practical limit to the time step of about 10 times the Courant 

condition at the origin. 

4. RESULTS 

A series of numerical calculations were performed for a plasma column 

of radius a = 0.02 m and a uniform number density n * 10 m . The 

externally applied rotating field has an angular frequency co = 2irf = 5 x 10 sec 

and its amplitude rises to its steady state values in an e folding time, 

T, * 0.4 ysec. r 
In the ideal case the electron fluid rotates as a rigid body at the 

rotating field frequency. The corresponding azimuthal current per unit 

length is 

"ep * ™ 2 V f W 
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The azimuthal current per unit length is obtained fro» the numerical 

calculation using Ampere's law, 

*e = i r l B z ( a ) - B z ( 0 ) l ( 3 0 ) 

o 
I e ( t ) 

and the ratio a(t) = —s can be used as a quantitative measure of the 
e P 

penetration of the rotating field into the plasma, in particular we are 

interested in the steady state value, a and the transient time T defined 

by the relation 

o(T) = 0.5 a (31) 

4.1 The threshold regime 

Figure 1 shows a plot of the quantity a against the magnitude of 

the rotating field, B , for three different values of resistivity, 

namely n. = 2.5, 5.0 and 10 x 10~ ft.m. For these calculations we 
3J assume that n.. = n. , the ^— term is neglected (since v . » u), and 

the radius of the flux conserving rings is chosen much larger than a. 

It is seen that a « 1 for very small values of B w. For each value 

of n there is a range of B w in which the curve is very steep. This 

transition region is steeper and more well defined for smaller values 

of n (i.e. large values of a/6). For large rotating field amplitudes, 

a assymptotically approaches its maximum possible value, 1. It is 

important to note that, above a certain threshold value, only little 

gain can be achieved by increasing B^. Fig. 2 shows the development 

of the field lines in a plasma cylinder of 2.5 x 10" ft.m. resistivity 

(6 * 2.8 mm and a/6 =7.1) for rotating field amplitudes of 30 and 

50 gauss. It is seen that the rotating magnetic field does not 

penetrate into the plasma column for B w » 30 Gauss whereas it does 

penetrate for B u * 50 Gauss. Note that the threshold value is about 
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35 Gauss in this case (see Fig. 1). The effect of anistropy of the 

plasma resistivity Mas examined by studying the case n_ = 0.5 n A• 

It is seen from Fig. 3 that the general behaviour of the system is 

not changed. The threshold value of B % is larger than the isotropic 

case of the same rj. . This behaviour is expected, since the expression 

for the effective skin depth in this case is given by (Kugrass, 1979) 

(32) «• • — f - 1 
assuming that B » B , B_. z r o 

4.2 The transient time 

It is obvious from Fig. 2 that the rotating field does not 

penetrate instantaneously into the plasma. Fig. 4 shows the transient 

time, T, plotted against the conductivity for various values of the 

rotating field amplitude, B• . A scalar conductivity was assumed in 

these calculations and the conducting rings radius was chosen much 

larger than a. As expected the transient time is larger for larger 

values of the conductivity. It appears that for sufficiently large 

rotating field amplitude, the transient time is approximately given 

by 

T * j H 0 a 2 o (33) 

The transient time can be much larger than that predicted by (33) if the 

rotating field magnitude is not well above the threshold value 

corresponding to the assumed plasma conductivity (see Fig. 1). On 

the other hand, smaller values of T can be achieved in the presence 

of flux conserving rings (Fig. 5). This is explained by the fact that 

less axial magnetic flux needs to be diffused into the plasma for 

smaller values of b (see Fig. 6). 
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S. DISCUSSION 

The generation of steady state currents in confined plasmas would be 

of great inportance to the development of fusion reactors. In a number 

of interesting confinement configurations, experiments with low-temperature 

plasmas (Hugrass, Jones and Phillips, 1979 and Hugrmss et al., 1980) have 

shown that significant plasma currents can be driven by using an externally 

applied rotating magnetic field. An understanding of the physical processes 

involved in these experiments is essential in order to study the scaling 

of these schemes to the reactor regimes of interest. 

In this paper we have studied a very simple physical model in which 

only electron motion is considered. In the absence of the Hall terms in 

(4), the external field would penetrate only a classical skin depth and 

currents would be generated only in the colder eJge region of the plasra 

column. When the Hall terms are included the model equations become 

non-linear and these must be solved numerically. The principal results 

of these numerical calculations show that, at sufficiently large applied 

magnetic field amplitudes, the rotating field does penetrate into the 

column considerably further than the classical skin depth, 6 = (2n/u »)**. 

This is caused by the downward Doppler shift in the r.f. field frequency 

in a frame of reference moving with the electron fluid. It has been shown 

(Hugrass, 1979), and is further evidenced by these calculations, that the 

effective skin depth is given by 

6* ~ ^ (n/u0u>)'1 

ei 
and thus substantial azinuthal current can be produced in a plasma cylinder 

of radius a, provided a < 5*. 

Although these calculations have identified the non-linear physical 
t 

mechanism responsible for the successful penetration of the externally 

applied field, additional work is required to confidently scale the results 
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to plasmas of thermonuclear interests. The most obvious extension of the 

fluid model considered here would be to include the motion of the ions, which 

is essential for simulation times longer than an ion sound speed. Since 

the enhanced current penetration shown by these calculations occurs on a 

time scale longer than the ion sound speed, this improvement to the model 

remains an important area for future work. 
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FIGURE CAPTIONS 

FIGURE 1. a plotted against B for three values of n. 

FIGURE 2. The development of the lines of the rotating magnetic field 

in the plasma cylinder of n = 2.5 x 10 ft.m. 

a) B w = 30 Gauss. 

b) B w = 50 Gauss. 

FIGURE 3. a plotted against B u for isotropic resistivity 

Cn,| = \ ) and for ^ = 0.5 r\L 

n. - 5 x 10~ ft.m. The initial uniform axial magnetic 

field, B„ = 500 Gauss, a 

FIGURE 4. The transient time x as a function of the plasma 

conductivity o = / . 

FIGURE 5. The transient time, T, as a function of the flux conserving 

radius, b. B w = 80 Gauss, n = 5 x 10" fi.m. 

FIGURE 6, Radial distribution of the axial magnetic field, B 

for two values of the radius of the flux conserving rings, b. 

B w = 80 Gauss, n = 5 x 10" ft.m. 
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