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A B S T R A C T 

I study the properties of 0(N) and CP non-linear 
CT— models in the two dimensional Euclidean space. All classical 
solutions of the equations of motion can be characterized and in 
the CP model they can be expressed in a simple and explicit 
way in terms of holomorphic vectors. The topological winding 
number and the action of the general CP solution can be eva
luated and the latter turns out always to be an integer multiple 
of 2TT. I further discuss the stability of the solutions and the 
problem of one-loop calculations of quantum fluctuations around 
classical solutions. 
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I. INTRODUCTION 

Field theory models in two apace-time dimensions have several attractive properties 
from both a mathematical and a physical point of view. Mathematically the classical 
structure of the theory can often be investigated completely using analytical» topo
logical and other standard techniques. The quantum structure of the models may also 
to a large extent be created using rather mathematically rigorous methods. 

Physically the two-dimensional models have some direct analogies in solid state 
physics, but from the point of view of particle physics, the crucial question is, to 
what extent one can draw parallels with four-dimensional non-abelian gauge theories. 
The models thus selected should have properties like conformai invariance, asymptotic 
freedom non-trivial topological structure, etc. 

The discussion below will be limited to the socalled 0(N) and C? models 
in two dimensional Euclidean space time. I will first define these models and then 
describe some well-known classical and quantum properties. 

The 0(N) model is defined in terms of an N-dimensional real vector field 
qOO 

q(x) - (q/x),..., q N ( x » (I.I) 

where x belongs to the two-dimensional Euclidean plane E z . Actually for most 
applications one considers a compactified E 2 , i.e. x e S2, 

The q is taken to fulfil the constraint 

q 2 - 1 (1.2) 

and as a Lagrangian (energy functional) one takes 

*Cq> - O p q ) z 0.3) 

The theory is thus invariant under global 0(N) transformations. 

In general one might be interested m finding the harmonic maps of the theory, 
i.e. solutions of the equation, of motion, 

9 2q * *(q) q - 0 (1.4) 

with finite action 

S - J" d 2 x j£Cq> ( 1 . 5 ) 

This problem was studied in Kefs 3 and 4 and we will return to it in the more general 
framework of the CP model in the next section. 



The û(N) model has from a physical point of view the drawback, that there is 

only a nan-trivial topological structure for N » 3, In this case it is easy to 

establish that the only solutions of (1.4) are the 30called instantons and anti-

ins tan tons (fulfilling the simpler self-duality equations) which can be described by 

a complex field w related to q by 

* - ij ; fr ci.6) 
I + q 3 

and with w being just a rational function of. x + or x_ (for instantons and anti-

instantons respectively). Here 

x + - x ± ix 2 CI.7) 

In contrast the CF model has a non-trivial topological structure for any n. 

The model is defined in terms of a complex n-dimensional vector field z 

z(x) - ( Ï J W ttW) CI.8) 

fulfilling 

|z| 2 - I (1.9) 

and such that one identifies z' s which only -iiffer by an overall phase factor. 

The Lagrangian is taken to be 

(I.10) 

The theory thus has a global U(n) invariance and a local (abelian) U(I) gauge 

invariance 

z f e i 6 z CI.12) 

The equations of motion are 

D 2z + £(z)z - 0 CI.13) 

The self-duality equations are in this model simply 

D_z - 0 (I.14) 
+ 

(differentiating with respect to the x of (1.7)) where - aud + refer to 



instantons and anti-instantans respectively. Thus Che general instanton solution (of 
course also fulfilling (1.13)) is given by 

, _ Po.(s+) ,. , c , 
Zct"77ô£)T 0 , 1 5 ) 

where P a(* +) * « polynomials in x + of degree k. 

The degree k is precisely Che copological winding number Q of the solution 

Q - l - / d â x Q(x) (!.!6) 

where Q(x) is Che topological charge density 

Q(x) - 2[|D +z|
2 - |D_z| 2]. (1.17) 

The insCantons and anti-inscantons are only special solutions of the equations of 

motion (1.13) and in the next section I will show how to construct Che general solution. 

A k-instanton solution corresponds to a local minimum of the action» the value of Che 

action at the point being 

s - n k (i.is) 
o 

The quantum fluctuations around such local minima have been considered by various 

authors . The starting point in such studies is the functional integral 

(1.19) 

This integral is then approximated by a sum over the various topological sectors 

(instanton number) taking account only quadratic terms in the fluctuations ô around 

a given instanton solution z. For small fluctuations $ 

z* - z /l-|*r + * (1.20) 

where 

T.* - 0 (1.21) 

and ane finds 

S(z') - 2n k + J"'d2x [JD_*|2 - IT.DJJJJ 2] (1.22) 

Thus one finds 

z * r e"
2lIk / at df e-«MI D-*IH^°-»l aJ (1.23) 

k 
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The problem is therefore reduced to finding the determinant of a certain second 
order differential operator corresponding to a. specific instanton background. This 
in general is quite complicated to evaluate because of problems with zero modes and 
régularisation. I vill not go into further technical details here but just remark 
that the calculation can be done in an explicit way for the CP' model and the 
interesting result comes out that the suamation over the different instaaton sectors 
eliminates the infrared (large x) divergences present for each k. 

Physically however the above calculation is not quite relevant since it is not 
possible to do an exact calculation taking into account both instantons and anti-
instadtons. It is therefore natural to try to find all stationary points of the 
action* i.e. all solutions of (I,13), and subsequently investigate their contribution 
to the functional integral (1.19). 
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It is a simple observation that embedding O(n) solutions ii the CP n" model 
one gets C P a solutions which are neither instantons nor anti-instantons. For the 
0(N) model it is possible to characterize all solutions although only in an implicit 
way ' . It turns out, as will be described below (for technical details see Ref. 9), 
that it is possible to characterize CP solutions in a similar way, but surpri
singly in this case one gets completely explicit expressions for the solutions. 

The basic idea is to start with an arbitrary finite action solution z and then, 
in terms of z, define a vector f which has the simple property of being holomorphic 
f • f ( x ) (or equivalently anti-holomorphic). 

For a solution z which is not a trivial embedding from a lower dimensional space 
we will in general bave spaces 

H - {D_z,..., D*z} (2.1) 

and 

(2.2) 

vith dimensions JZ. and V respectively, such that the n-dimensional complex vector 
space is precisely spanned by (z, H., H.,} i.e. 

I + V - n - ! (2.3) 

The spaces z, H,, H., can be proven to be mutually orthogonal. The relation (2.3) 
may in fact not hold at a finite number of points but we will not consider this 
complication here. If wa now define the vector f £ (z, H } to fulfil 

"f.D^z -eu 6 l 2 i-0,...,£ (2.4) 

where (u is taken to- be a solutr.on of 

3+ui - z* + z a) - 0 (2.5) 

then it is possible to show that f is holomorphic 

3_f * 0 (2.6) 

i.e. f - £(JC +) 

It is easy 
formation f * \(x.)£ 

It is easy to see that a gauge transformation z •* e 1 z corresponds to a trans-
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and one is thus able to express z in terms of f. The formula turns out to be 

• CO 

• W>i 
(2.7) 

(2.8) 
* j,i-o + 4 ' J * J ' * _ 1 

(JJ) 
and the pos i t ive de f in i te matrix M i s defined by 

" i f " 3 i f - a î £ £»J - 0 , . , . , 4-1 (2.9) 

To get the dimensions & and V right we should demand that f,...,3 n f be 

linearly independent. The finiteness of the action is guaranteed by having a 

rational f. 

On the other hand defining z in terms of f via (2.7), (2.8) and (2.9) it is 

possible to show that the equation of motion (1.13) is fulfilled. 

It has thus been established (for further details see Ref. 9) that there is a 

one-to-one correspondence between solutions z defined up to a phase factor and holo-

morphic vectors f(x +) defined up to a factor A(x^). The formulas giving z in 

terms of £ are completely explicit. This is in contrast to the situation in the 

O(N) model * ' (N odd - 2N* + 1) where a similar characterization of solutions 

exists but with an additional constraint on £ requiring it to be a totally isotropic 

hoiamorphic curve. This means that one has to solve the constraint equations 

3*f z{t - 5 i N ' < 5 j N \ (2.10) 

Lee us investigated some properties of the general CF solutions . It is 

clear that when I • 0 in (2.8) then D_z - 0 (from 2.1) and we have an instancon 

solution. If I *- n - 1 w« must have D +z - 0, i.e. an anti-instanton. 

It is possible to evaluate the winding number and action for a general solution 

(2.7). To see this one starts by observing that the action can be written 

Si " 2îr \ * A1z C 2* n ) 

where Q. is (an integer winding number) given by (1.16) and 

I, - / d*x [D_ 3|
2 (2.12) 
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L 

It is not difficult to prove that 

|D_z|2 - 3_(M a ) _ I 3 + M ^ V ^ - ! <2.I3) 

Since this is a total divergence it is clear that 1^ will he an integer multiple of 
2ir. The same will therefore he true for the action S. 

„<4) Introducing the determinant of M 

it is further possible to prove that 

M C W | - det (M?^) (2.14) 

I A - / d 2x 3.3+ log |M (°|. (2.15) 

The topological charge density can be seen to be 

Q - 2 3+3_ log 1 2 ( W | Z (2.16) 

and after some algebra one shows 

|z«>|* - [M«> 3. ( » W - \ « ( i > | ] t . u . , ( 2 . 1 7 ) 

i M CA*l>. 
2 x ^ - 2 / d ' x a ^ a . log I" » I (2.18) 

^ - F & t + I - T J t 2 - , 9 > 

S * • 2 r i t + l * Ij] (2-20) 

The actual value of I, as given by (2.15) depends on the behaviour of |M | 
at infinity and near the singular points of f. For physical applications ic is only 
necessary to discuss this behaviour for the case of a rational f(x ) vith no special 
relation between the parameters of f (i.e. excluding certain hyperplanes of Che 
parameter space). For the case where f is simply a polynomial of degree ct(>n-l). the 

(A) degree in x + of M will be 

a C £ ) - l(a - I + 1) (2.21) 



Q a - a U + l ) - a a ) - o - 21 (2.23) 

Sj - 2ir(o U + l ) * a W ) ) - 2ir((2a+I)a - 2£ 2) (2.24) 

Similar formulas can he derived in the case f has singularities. Formulas 
valid for all values of the parameters can be derived using the techniques of Ref. 3 
but do not appear to be very transparent. 

L 



3. DISCUSSION AMD OUTLOOK 

The question arises of what effect the stationary points of the action will have 
when evaluating the functional integral (1.19). Considering again a small fluctuation 
around if a general solution z as ia (1.20) one finds to second order in $ ' 

S - S Q + / d 2 x V(tfO (3.1) 

where 

V<40 - |DJ.[ 2 - |4>|2|D_z|2 - |7.D_4> + ?.D_z| a (3.2) 

For the case of an instanton D_z » 0 and V(<j>) • )Djfr|2 - \~z.D <Ji|2 as in (1.22), 
which is non-negative. If z is a general solution it might be possible to have a 
negative contribution from the integral over V($). As a matter of fact the choice 

$ - e D +z (3.3) 

can be seen to give rise to such a negacive contribution if z is neither an instan
ton nor an anti-instanton. Thus ve have seen that in general the CP n~ solutions 
are unstable under small fluctuations. 

In evaluating the functional integral this means that one in general has to find 
Che determinant of an operator which may have negative eigenvalues. Properly speaking 
the Gaussian functional integral 15 not well defined and one would have to devise a 
prescription for how to evaluate it. Even if this can be done, the problem remains 
whether one can calculate the determinant explicitly as was the case for a pure 
instanton background. 

A different approach to evaluation the functional integral might be to find 
(suitably defined) complex solutions of the equations of motion '' , which can be done 
using the technique described in section 2, and subsequently saturate the integral by 
the contribution of tht complex saddle points. This approach might conceivably also 
shed some light on the instats ton gas problem in the CPl model, where there are no other 
"real" solutions than the insvantons and anti-instantons. 

Let me finally mention some other problems connected with understanding the struc
ture of the CP n~ model. It has been found that the 1/n expansion method as 
applied to the CP n model gives physically interesting results like dynamical 
mass generation and confining longe range forces. Superficially there seems to be a 
discrepancy between this approach aid the instanton gas method - However taking 
account of the natural regular izatio.n imposed by considering the theory at a finite 
temperature T it has been found that there is no contradiction in a region where 
the two approximation schemes are supposed to be valid. It would be interesting to 
study further the relation between thes.? two schemes taking account of the complete 
classical structure of the model. 

file:///~z.D


ff-models in two-dimensional Minkovski space can be directly related to the problem 
of finding solutions •£ the classical equations of motion fulfilling a certain 
boundary condition. It may very well turn out that this feature is also present in 
four-dimensional non-abelian gauge theories. For this, as well as other reasons, 
It should be interesting to try to generalize the technique developed in section 2 
for finding classical solutions to the case of four-dir.ensional quaternionic and 
nan-abelian gauge theories, both in Euclidean and Minkowski space. 

L 
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