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ABSTRACT 

A simple mathematical theory is proposed for the analysis of 
natural convective motion, at low Rayleigh number, froc a con
centrated source of heat in a fluid-saturated porous medium. ~ha 
theory consists of retaining only the leading ter.ns of series 
expansions of the dependent variables in terss of the Rayleigh 
number, is thus linear, and is valid only in the limit of srcall 
Rayleigh number. Based on fundamental results for a variety of 
Isolated sources, superposition is used to provide solutions for 
Situations of practical interest. Special emphasis is given to 
the analysis of sub-seabed disposal of nuclear waste. 
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NOMENCLATURE 

a Radius of sphere 
C_ Specific heat 
O Burial depth for heat source 
9 Acceleration of gravity 
H Length of line source 
k Permeability 
L Reference length 
P Pressure 
Q Strength of heat source 
K ' Radial distance, spherical coordinates 
r Normalized spherical radial coordinate 

A Radial distance, cylindrical coordinates 
Sa Rayleigh nunber 
• Integration variable foe line source 
T Temperature 
t Ti»e 
2 Velocity vector 
TR' V£ Velocity components in spherical coordinates 
V,,Vj, Nor.-dinensional velocity components in spherical coot dinates 
^ , v Velocity components in cylindrical coordinates 
V^ #v* Non-diraensional velocity components in cylindrical 

* coordinates 
-y Vertical coordinate 



HOHBICIATtraE (cont) 

3 

Creek 
/3 Coefficient of thermal expansion 
" Mon-dinensional parameter ( 
0 Hon-diaensional tersperature difference 
X Thermal conductivity 

/*• Viscosity 

p Density 

t Hon-dimensional time 

$ Spherical coordinate 

<p Stream function 

3f non-dimensional stream function 

Subscripts 
(H. Oenotfi surface of tphere 

.am Reference condition 
• Sffective value 
0«1 (2,.. Indicates terns in power series 
Superscript 
* Denotes quantity normalized by division by L 



INTRODUCTION 

It has been suggested by Bishop and Hollister* chat the mid-
plate, mid-gyre regions of the major oceanic basins be investi
gated as possible repositories for high level radioactive waste. 
It was proposed that solidified nuclear waste be encapsulated in 
suitably designed containers and iaplanted in the seabed below 
the surface of the sedimentary layer. This scheme would provide 
a series of barriers to the release of radionuclides into the 
environment. 

One such potential barrier is the seabed material itself 
which, although composed primarily of very fine, compacted clay, 
is still sufficiently porous to permit interstitial pore water 
migration. An implanted container of waste material, which is 
generating heat, can cause an upward migration of pore water due 
to thermally induced convective motion. Interstitial water motion 
is a key parameter in studies of radionuclide transport which can 
ultimately determine the effectiveness of the seabed as a barrier 
to the release of radionuclides into the water column. 

In this paper, a simple mathematical model is proposed for 
the analysis of thermal convection from a concentrated source of 
beat in a fluid-saturated porous medium of low permeability. It 
is assumed that the Rayleigh number (Ra> associated with the nat
ural convection process is small enough so that the temperature 
distribution is unaffected by the fluid motion and is established 
by thermal conduction. This assumption is shown to be reasonable 
foe parameters typical of the seabed. The temperature field is 



than used to predict the associated velocity distribution through 
us* of Carey's law and the Boussinesq approximation. In essence, 
the theory consists of retaining only the leading terras of series 
•xpansions"of the dependent variables in terms of the Rayleigh 
nuaber. This general approach has been utilized previously by 
several authors. Yaraamoto* used a Rayleigh number expansion to 
Obtain a solution for the steady natural convection induced by a 
constant temperature sphere embedded in an infinite porous medium. 
Steady thermal convection induced by a variety of concentrated 

6 sources was studied by Hickox for the limiting case 3a —*• 0. 
Bejan^ presented solutions, in terms of power series in Ra, foe 
transient and steady natural convection induced by a concentrated 
heat source in an infinite porous medium. Most recently, Hodg-
kinson4 obtained solutions for thermal convection associated with 
an idealized spherical nuclear waste repository in a permeable 
rock mass, also for the limiting case Ra-*-0. 

Simple, algebraic solutions are obtained for the steady-
state thermal and flow fields induced by point and line sources 
as well as those resulting from a constant temperature sphere 
embedded in a semi-infinite, fluid-saturated, porous region below 
« horizontal, permeable boundary on which the temperature and 
pressure are constant. 8ased on the work of Bejan, the transient 
response to an embedded point source is also analyzed for the 
same geometry. Application of these results to the sub-seabed 
disposal of nuclear waste is considered. A solution which des
cribes the steady natural convection due to a point source situ
ated at the hase of a semi-infinite region is also presented. 
All solutions are obtained subject to the low Rayieigh number 
Unit, Ra — 0 . 



•ASIC THEORY 
C 

In this section, a mathematical model is developed Cor the 
description of axisymmetzie free convection in a fluid-saturated 
porous mediuni. The medium is assumed to be rigid, homogeneous, 
and isotropic and the fluid incompressible, with density changes 
Occurring only as a result of changes in the temperature according 
to 

f- £.[l-|3(T-T^] 10 
where p is the density, T is the temperature, 0 is the coeffi
cient of thermal expansion, and the subscripts refer to refecer.ee 
conditions. In accordance with the usual 3oussinesq approxi
mation, density changes are accounted for only in the buoyancy 
tern in the equations of motion. It is also assumad that the 
fluid and matrix are in thermal equilibrium and that the fluid 
notion can be adequately desccibed by Oarcy's law. Permeability, 
Tiscosity, effective thermal diffusivity, and the coefficient of 
thermal expansion ace assumed constant and dispersion effects 
are neglected. 

The equation of continuity, Parcy's law, and the energy 
equation are then 

dW V * O , . U1 

J V . -q,rad(-p+ f y ^ f W 
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7 
where v, k, u , K t , p, g, f , and C_ are, respectively, the velo
city vector, permeability, dynamic viscosity, effective thermal 
conductivity, pressure, acceleration due to gravity, density, and 
specific heat. The subscript e refers to effective values. The 
elevation * is measured vertically upward. 

Since only axisyffimettic convection is to be considered, it 
is convenient for purposes of analysis to write Equations (2i-(-J) 
in terms of spherical polar coordinates (R,<5) with associated 
Telocity components (vR,vi). In subsequent developments, i". will 
b* helpful to also mafce use of the cylindrical polar coor Jir.atss 
(Aij) with associated velocity components (vA ,v^ ). The rela
tionship between the two coordinate systana is Illustrates in 
figure 1. The continuity relation niven by Equation (2) is iden
tically satisfied through the introduction nf a.-, appropr ia-= '.y 
defined stream function 'P , and the pressure is eliminated by 
taking the curl of Equation (3) after substituting :o: the den
sity from Equation (1). 

After implementation of the procedure desocibed above, it is 
also convenient to write the cesulting equations in non-dir.iensior.il 
form through the introduction of the non-dimensional parametria 

®.2^t(T-T^,' 
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whece Q is the rate of energy release f con the concentrated source 
and L is a length scale which can conveniently be set equal to 
k*/ 2. Equations CD —f 4) can now be written in final, non-dimensional 
form, as 

' «L f_i_ * ? \ +. _i_ ? i . «>. («*$ & * r s;n$ as> M 

where Ra is the Rayleigh number 

F n _ fe^cp9i3Q c s ) 

and the velocities are related to the stream function by 
j 

V R - - i — ^. , V 4 = „ _ ^ _ ^ . (?) 
In the limit of small Bayleigh nuraber (Ra-*0), solutions 

to Equations (6) and (7) can be sought through expansion of the 
dependent variables in power series in Ra, viz 

"2 »?.+ Rxl,* Ral,.* ••• , 
(jo) 

© * © . « • R a s , v R S - 3 , , * ••• # 

The zeroth-order functions correspond to a state of puce con
duction/ hence there is no fluid motion a n d Y 0 - 0. The leroth-
Ordcc tempecature distribution is obtained from the solution of 



» 

eve " r * a r \ S r / r*siio$ 3$V 3$ j 

., The f i r s t non-zero con t r ibu t ion to the stream function i s then 

found from the so lu t ion of 

± 3 (-L. f j ? ^ + ' * B = cos4 §®; v rs iv. i 3®». 0=0 

In the examples which follow, only solutions to the linear 
system comprised of Equations (11) and (12) will be considered. 
The linearity of this system can be used to advantage in that 
superposition of certain basic solutions is thus allowed. However, 
all solutions are then, of necessity, limited to cases for which 
the Rayleigh number is small (Ra—«-0). 

Also, in the cases to be considered subsequently, thermal 
energy is released continuously at a finite rate from a concen
trated source. Hence, in the absence of any bounding surfaces 
which can inhibit motion, any deviation from an isothermal state 
will result in fluid motion. Therefore, no lower limit Cor the 
occurrence of natural convective motion is expected. 

fuUDAMENTAL SOtUTIOTS 

In this section, certain fundamental solutions to Equations 
(11) and (12) arc identified for concentrated sources in an un
bounded region. These results then form the basis for super-



10 
position models involving mote complex boundary geometries. Since 
it is a straightforward exercise to verify tt--- the quoted re
sults satisfy the appropriate differential equations, details of 
the solution procedure are omitted. 

Steady-State Point Source 
When a point source of strength Q is located at the origin 

of the coordinate system, the appropriate steady-state solutions 
for the temperature and stream function are 

From this result, it is apparent that there is a singularity 
at the origin, and (T - X») as well as the velocity conponents 
approach zero for large r. Additional terms in the series ex
pansion are available in the paper by Bejan. Also, a numerical 
solution for this situation based on the use of similar ivy trans
formations, and valid for any Sayleigh number, was presented by 
tn nkox and Watts. 

Transient Point Source 
If a point source of strength Q is placed at the origin 

at time T • 0, Bejan has shown that the transient response is 
expressed by 

©o » - — arfc. ri , • 04<^ 
4itr l » 
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where >| » r/2t*' » erf is the error function, and erfc is the 
complementary error function. This solution is also singular at 
the origin and the fair-field behavior is the same as that des
cribed for the steady-state case. 

Steady-State I,ine Source 
The steady-state solution for a vertical line source of length 

H, coincident with the vertical axis, symmetrically located about 
the origin, and with strength per unit length Q/H can be obtained 
from superposition of the fundamental results for a point source 
as given in Equation (13). Converting to cylindrical polar co
ordinates and assuming all lengths have been normalized with re
spect to the length scale L, allows the temperature a;id stream 
function to be expressed by the integrals 

rt'/z f -* 

H'/2 

-& 

-H'/z 
where primes denote that the indicated quantities have been noc-
aalized by division by the length scale L (i.e., H' * H/L, A ' = 

A./L, i£ « $/!•> *' " s / L ) , and s' is an integration variable. 
Integration then provides the results 
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These results exhibit a singularity along the portion of the^-axis 
occupied by the line source and have the same Ear-field behavior 
previously discussed in conjunction with the point source solu
tion. For solutions expressed in terms of cylindrical polar co
ordinates, the velocity components are obtained fro.T. the nor.-
dinensional relations 

(_l7a.b) 

Steady-State, Constant-Tenserature Sahere 
Ifanamoto has analyzed the natural convection process asso

ciated with an isothermal sphere of radius a and surface temper
ature t ^ embedded in an infinite porous medium. Retaining only 
tha leading terms of his solution provides 

where the center of the sphere is coincident with the origin, 
and the energy release rate from the sphere is 4TTaVe(Ta - T.J. 
Hence, it is readily deduced that Equations (18) yield a temper
ature of ^ on the surface of the sphere.The stream function 
takes on the value zero on the surface of the sphere and veloci
ties approach zero for large r. 



13 
Steady-State Point Source at the Base of a Semi-Infinite Region 

FOE a point source situated on the lower, insulated, boundary 
below a semi-infinite region, the temperature and stream function 
ax* given by 

srirr 

"?, = -S-- oDs^(ia«l*^ -i] , 0<^ 

where the source is, as usual, located at the origin and the be
havior for large r is as previously described for a point source. 
A numerical solution for this case is also presented in the paper 
by Hickox and Watts. 

Although this case is not used in the superposition -odeIs 
described subsequently, it is included for completeness. In order 
to illustrate the solution for this configuration, isotherit.s and 
streamlines obtained from Equations (19) are plotted in Figure 2. 

CONCENTRATED SOURCES BELOW A PERMEABLE BOUNDARY 

Thermal and Flow Fields 
If a thermally active container of nuclear waste material 

is emplaced in the sediment below the seabed, the situation re
sembles that depicted in Figure 3 where a concentrated source is 
located in the sediment a distance D below the sediment-water 
interface. The interface is represented as a horizontal, per-
nvable boundary on which the pressure and temperature are both 
constant. 



For small Rayleigh number, the thermal and flow fields asso
ciated with the concentrated source can be* determined apptexi-
aately through superposition of the solutions to the linear sy
stem described by Equations (11) and (12), in the previous section. 
the boundary conditions at the interface are satisfied by locating 
an appropriate isage of the concentrated source at the mirror 
iaage point above the boundary. The image is thus a source of 
negative strength (sink) located a distanceD above the interface. 
The direction of gravity is also reversed in the image plane. 

In Figures (4)-(7), non-dimensional representations are pre
sented for solutions obtained by the superposition principle des
cribed above. In all cases, a permeable boundary on which pressure 
and temperature are constant has been assumed, Figure 4 depicts 
isotherms and strearalines for steady flow induced by a point 
source located a distance D below the interface. As an exa.-pla 
of the transient behavior associated with a point source, iso
therms and streamlines are plotted in Figure 5 for a non-dimensional 
time t of 0.1. For large time, tha isotherm and streamline pat
terns approach those of Figure S. In Figure 6, results for a 
line source of length R are presented. In this figure, the top 
of the line source is located a distance D below the interface. 
Finally, in Figure 7, results for a constant temperature sphere 
buried a distance D below the interface are presented. 

Mote on Velocities 

Explicit relations for the velocity components associated 
with a concentrated source can be obtained by differentiation of 
the formulas for the stream functions given in the previous section. 



tho relations between velocity components and stream function in 
aphttical and cylindrical polar coordinates are given by Equations 
(») and (17), respectively. Once formulas for the velocities 
at* derived for individual sources, superposition can be used to 
predict velocities for the geometries treated in this section. 
These results can then be used to predict the fluid particle 
paths produced by a particular concentrated source, thus providing 
an estimate of the maximum distance traversed by a fluid parti-la 
in a given tine interval. This latter result is of sons impor
tance in evaluating the potential for convective transport of 
radionuclides; a topic considered briefly in the following section. 

APPLICATION TO SUB-SEABED DISPOSAL OF NUCLEAR WASTE 

As an example of the application of the ideas developed in 
the previous section, brief consideration will be given to the 
prediction of the flow field associated with the sub-seabed dis
posal of nuclear waste. Currently, it is conjectured that such 
a disposal scheae would consist of emplacir.g a cylindrical can
ister of nuclear waste material at. a depth of approximately 30 m 
below the sediment-water interface. Suggested canister dimensions 
are 3 m in length and 0.3 m in diameter. Thermal considerations 
for the canister design require the initial thermal output to 
be no greater than 1.5 kW. A generic disposal site, located in 
the Central North Pacific is currently under study. The water 
depth and bottom temperature in this region are approximately 
5000 m and 1.5'C, respectively. 



•eferring to Figure 3, it is assumed that the situation 
described above can be represented by the transient solution for 
a point source located a given distance below the sediment-water 
interface. Using current estimates Cor the ther.Tioohysi.cal pro
perties of the sediment, an initial Bayleigh number of approxi
mately 10"^ is predicted. The condition of snail Sayleigh number, 
required by the theory, is thus easily satisfied. For a burial 
tiae of one year, the corresponding non-dimensional time *• is 
approximately 4.8 x 10 . Assuming that the powec output remains 
constant over the tiae period of interest, the associated stream
line pattern at the end of one year is illustrated in Figure 3. 
Thermal properties are such that, at a distance of 3 m from the 
source, the temperature rise is only approximately 5'C. Hence 
the thermal field is relatively uninteresting and is not repro
duced here. 

Analyses using models such as the one just described car. 
provide useful information for studies of the transport of ra
dionuclides inadvertently released from, explaced canisters. In 
general, the transport of radionuclides in a fluid-saturated porous 
•ediun involves the four fundamental processes: convection, dif-' 
fusion-dispersion, sorption, and radioactive decay. Assuming only 
weak concentrations of radionuclides in the pore water, the ana
lysis of this section can provide estimates of the fluid velocity 
necessary to evaluate the convective transport. If the sorption 
process is temperature dependent, then predictions of the thermal 
field based on simple models will also prove useful. 

http://ther.Tioohysi.cal
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Th« analyses discussed apply only to regions sufficiently 

Car removed from the thermal source so that the physical processes 
are relatively unaffected by the geometry of the canister. In
dications are that this distance need be no greater than a few 
canister lengths. 

DISCUSSION 

Subject to the small Rayleigh number limit, Ra —»-0, solu
tions have been presented which describe the thermal and flow 
fields produced by an isolated, concentrated, thermal source in a 
fluid-saturated porous medium. A variety of concentrated sources 
vere considered. All solutions presented were obtained by re
taining only the leading terms in expansions of the dependent 
variables in power series in the Rayleigh number, resulting in a 
system of linear partial differential equations for the descrip
tion of the processes involved. 

The linearity of the basic system allowed the use of super
position to obtain solutions for concentrated sources embedded 
In a semi-infinite region below a permeable boundary on which 
the pressure and temperature were held constant. This particular 
geometry was used as a model for the sub-seabed disposal of nu
clear waste. Although attention was focused on a particular geo
metry in this paper, the principle of superposition can be used 
in conjunction with the various fundamental solutions to provide 
descriptions for a variety of geometries. 



Additional comments are perhaps in order regarding the ap
plicability of the results for snail but finite values of the 
Kayleigti number. For a point source embedded in an infinite 
porous medium, BicKox and Watts have shown that the thermal field 
la relatively unaffected by convection for Rayleigh numbers less 
than unity. Hence, the results of this paper are expected to 
provide accurate descriptions for natural convective flows so long 
as the Rayleigh number remains less than unity. For the sub-
seabed disposal of radioactive waste, a Rayleigh nu.~r.ber of only 
10"-' is anticipated. 

Bodgkinson has indicated that Rayleigh numbers on the order 
of icr 2 are expected for disposal of radioactive wastes in a 
hard rock depository. Hence, it is expected that the current 
results may find application in the analysis of proposad nuclear 
waste disposal schemes other than the one treated in this paper. 
Also, the possibility of applications in the analysis of geother-al 
aystems should not be overlooked. 

http://nu.~r.ber
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FIGURE CAPTIONS 
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Figure 1. Axisymmetric Coordinate Systems 
Figure 2. Steady-State Isotherms and Streamlines for a Point 

Source at the Base of a Serai-Infinite Region 
Figure 3. Concentrated Source Below a Permeable Boundary 
Figure 4. Steady-State Isotherms and Streamlines for a Point 

Source Located Below a permeable Boundary 

Figure S. Transient Isotherms and Streamlines for a Point 
Source Located Below a Permeable Boundary ( =0.1) 

Figure 6. Steady-State Isotherms and Streamlines for a Line 
Source Located 3elow a permeable Boundary (D/L = 2) 

Figure 7. Steady-State Isotherms and Streamlines for a Con
stant Temperature Sphere Located Selow a Permeable 
Boundary (D/a = 6) 

Figure 8. Transient Streamlines at One Year for Sub-Seabed 
Disposal of Nuclear Waste 
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