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ABSTRACT. We-establishThe relation among the three most frequently 

used non-perturbative methods proposed to study the^ionization of atoms 

by strong electromagnetic fields* ̂ ^ l s o deteraine^rheir range of 

validity,- iwUfoUJL ,\ 

RESUMO. J? {stabelecM* a relação entre os três métodos não perturbati-

vos usados mais freqüentemente no estudo da ionização de átomos por 

campos electromagnetícos intensos, e determinada a região de validade 

desses métodos. ^ 
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The interaction of strong laser fields with matter 

has been the subject of several theoretical and experimental 

investigations, in the past few years. In particular, several 

methods have been proposed for tackling the problem of atomic 

ionization in the presence of strong laser fields (Keldysh 

1965, Perelomov et al 1968, Lambropoulos 1972, Fabre 1973, 

Faisal 1973, Gersten and Mittleman 1974), process which plays 

an important role in the phenomenism of gas breakdown 

(Oowhurst 1975). 

Theoretically, muitiphoton ionization may be treated 

either by considering the electromagnetic field (EMF) as a 

perturbation to the intra-atomic interactions (Lambropoulos 

1972) or by inclusion of the EMF to all orders in an appro

ximate manner (Keldysh 1965, Perelomov et al 1968, Fabre 

1973, Faisal 1973, Gersten and Mittleman 1974). The first 

method usually requires calculation of high-order terms in 

perturbation theory, which turns out to be very complicated. 

For this reason, the second alternative has been frequently 

used in the last few years. However, the convergence of these 

procedures, as well as their range of applicability are not 

yet fully understood. In the present work, we show the rela

tion of three of these methods (Keldysh 1965, Faisal 1973, 

Gersten and Mittleman 1974) and establish a criterium for 

their applicability. 

We consider for definiteness a hydrogen atom in the 

presence of a monochromatic EMF, treated in the dipole appro

ximation. The Hamiltonian describing this system is (in atomic 

units): 



3 

where 

H = H + H (t), (1) 
o l 

H «£-è. (2> r' 

1 *.., - . A2 

H (t) = - ~ A(t)*p + -=-, (3) 
1 C 2c* 

and» for a linearly polarized EMF, 

è 
hit) = — sin cut. (4) 

Keldysh (1965) uses a Haroiltonian M equivalent to 

(1), containing an interaction of the form H (t) = -r.£(t), 
7 

with Ê(t) - E cos ait, 
o 

Let 
t 

<°) [ ~ • T„ « = «'^.(r.firH (f)0 (r,f)>, (5) 
q,o q 2 o 

where < , > denotes integration over the spatial coordinates, 

à (r,t) is an asymptotic solution of the time dependent 

Schrodinger equation corresponding to H, and 0 (r,t) is an 
o 

atomic bound state, in the absence of the ENF. 

In the formalism presented by Keldysh (1965), the 

ionization probability rate as t •*• °> is obtained from the 

transition amplitude (5), and it is independent of the lower 

limit of integration in time, which he chooses to be zero. 

In this approach, as well as in the two other me

thods, the effect of the asymptotic Coulomb interaction is 

neglected, and 0 (r,t) is approximated by» 

- „, 1 i[q-ÍA(t)J.r - i f i U - I i d r g ' d T (6) 
*L(r,t) - V - e e o 
q Uit)>2 ° 
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On the other hand, in the space translation appro

ximation (STA) discussed by Faisal (1973), ionization is 

also described by equation (5), with H (f) replaced by 
2 

H (t')# and jrf (r,t") by the corresponding unitarily related 

asymptotic solution of the time dependent Schrôdinger equa

tion corresponding to H. 

In both cases, we can use the identity: 

t 
* (r,t) = 4 (r,t) + [d3r'i dt'G° (£,t;í• ,t Mil» (t' )é (r%f ) , 
Ç H > J VI 

-co 

(7) 

where G° is the retarded Green's function corresponding to 

^5- + H* ,4 (r,t) is a free-electron plane wave and H' stands 2 q 
for either H or H . 

1 2 

Using equation (7), we rewrite equation (5) sym

bolically as 

f("o = <éJH'I*/ + <ífq|H
,GoH,|0> , (8) 

where the symbol <||> stands for integration over all time 

and space coordinates. 

This expression coincides with the one given by 

Gersten and Mittleman (1974), except for the fact that they 

neglect the terms originating from A2/2c2 in equation (3). 

As discussed by Gersten and Mittleman (1974), equa

tion (8) can be interpreted as the first term of an expansion 

in powers of V (the intra-atomic potential) of the exact tran

sition amplitude 

Tq,o = ^ql^V + <^ql»,6",Mf> . (»> 
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where G is the retarded Green's functions associated to the 

complete Harailtonian H = H + H*. The next term in this ex
it 

pansion would be: 

T ( 1 ) = <tf JH,G°VG°H,|í* > - (10) 
q,o q' c 

The three methods under discussion are therefore 

sinply related to each other, and should be valid in regimes 

such that 

l Tq!oi < <' <*q ! , 1 , G° i , , | i*° > l (11) 

In particular, our result implies that both Keldysh's and 

the STA results should properly be considered as the first 

terms in expansions in powers of V; perturbative schemes in 

the field intensity are not capable to reproduce their re

sults . 

One should note, however, that for weak fields, the 

expression given in equation (8) reduces to the usual first-

order perturbation theory result; nevertheless, it does not 

reproduce the second-order result, where G° is replaced by 

the Green's function corresponding to the unperturbed atomic 

Hamiltonian. 

Calculations were done for the hydrogen atom, 

showing that inequality (11) is satisfied when 

Ü>/2ÍT 
Y ~- « 1 , (12) 

c 

where I is the atomic ionization energy. The parameter y 
o 

defines the range of applicability of these methods. For ty

pical values of i* and I , equation (12) implies that 
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E >> 107V/cm, For this range of E , the contribution of the 
• » * A tern is important, and should be retained in the calcu-

2c2 

lation. 
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