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0 классическом и квантовом сечениях 
рассеяния непроницаемой сферой 

Хорошо известно, что\классический предел (h»0) кванто
вого сечения рассеяния непроницаемой сферой в два раза пре
вышает сечение рассеяния, вычисленное по законам классичес
кой механики. Дан детальный анализ этой парадоксальной ситу
ации. Показано, что отличие упомянутых сечений связано с 
различным определением этих сечений. При корректном опреде
лении оба сечения имеют одну и ту же величину, равную па?. 
Тем не менее, экспериментальное значение должно быть в два 
раза больше. Это связано с тем, что быстроосциллируюцие 
интерференционные члены гасятся при усреднении по конечным 
размерам счетчиков частиц, а также благодаря их конечному 
разрешению. 

Работа выполнена в Лаборатории теоретической физики 
ОИЯИ. 
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On the Classical and Quantum Scattering 
Cross-Sections on the Impenetrable Sphere 

It is well known that; quantum scattering cross section 
on the impenetrable sphere is twice as much as the classical 
one. Usually one removes the interference of the incident 
and scattered waves (in order to meet the experimental situ
ation) using the wave packets. Using plane waves for the 
Incident particles and the solutions of the Schroedinger 
equation with the definite energy and momenta for the wave 
functions and not disregarding the interference effects we 
/compare quantum and classical cross sectionsl. .These crosf 
sections are the same if the incident flow is defined simi
larly in both cases and if the measuring apparatus is ideal. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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1. It is known 1 - 9 / that quantum cross section (c.s.) on 
the impenetrable sphere is twice as much as the classical 
one. In the calculation of the quantum c.s. one does not 
take into account the interference of the incident and 
scattered waves. This is related to the fact that experi
mental conditions exclude the measurement of this inter
ference. Theoretically one may remore the latter using the 
wave packets. Here we prefer to deal with the plane waves 
and with the solutions of the Schroedinger equation corres
ponding to the definite energy and momenta. In Sec. 2 we 
reproduce the classical cross sections. In Sec. 3 we ana
lyse the quantum scattering c.s. and conclude that differ
ence between the quantum c.s. corresponding to the Schro
edinger equation and classical one disappears if one takes 
into account the interference effects and defines the in-
cide it flow similarly in both cases. 

2. The classical scattering c.s. on the impenetrable 
sphere is calculated in an elementary way. Only those in
cident particles are subjected to scattering, whose impact 
parameter b is less or equal to the radius of the impenet
rable sphere a . The number of such particles is equal to 
na. (if the particle density in the incident flow is equal 
to unity). The scattering angle equals 

rmin 
6 - 2 h L r s [ 2 m ( E

r - V ) - L W ] ' ^ - ( U 

From (1) we extract the dependence of the impact parameter 
h(= L 1 on the в : 

V'2mE 

b = a • cos — , 2 
The classical differential c.s. is given by 

»(*>-£•. (2) 
At last, the total c.s. is obtained by integrating о{в) 
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2n / a(0)sin0d0=rra2 , 
0 (3) 

о{в) defines the distribution of scattered particles on the 
surface of the infinite radius sphere. The coincidence of 
(3) with the number of incident particles which undergone 
the collision with the impenetrable sphere is due to the 
conservation of the particle number. The same equality is 
fulfilled if one takes the sphere of the finite radius R 
(instead of the infinite one). In this case the impact para
meter b is related to the angle at the surface of the 
sphere in the following way: 

0„ = я- - 2 arc sin -b- + arc sin —. R a R 

The angular distribution of the scattered particles on this 
surface has a sharp shadow for the angles 

Q< 6R < e , where sin e = — . 

For R=a , that is if the balance of the scattered particles 
takes place at the surface of the impenetrable sphere, the 
shadow occupies the whole front semisphere. The prescripti
ons for obtaining the total c.s. are the same in all cases: 
The flow of the scattered particles is integrated over the 
surface of an arbitrary sphere. Integrating the total flow 
(including the incident one) one obtains zero. This reflects 
merely a fact that the number of incoming (into the sphere) 
particles is equal to that of outcoming. Having a total 
flow one easily obtains the flow of scattered particles by 
subtracting from the total flow the incident one. The latter 
is everywhere constant except for the shadow region where it 
equals zero. 

3. Now go to the quantum case. The wave function is 

« p = e
i k z -Л-l ( 2 M ) i P ^ ( к а ) h„ (kr)R, (cos0) 

k r h p (ka) ' f 
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For large distances 

4» = e
i k z +i-.e i k r .f(0). 

where 
(5) 

r(fl)-_ J ^ s (ae+i). J^(k-a) -pfcosg). 

The standard reasoning proceeds along the following lines. 
The total c.s. is defined as 

• 2( 
o=2n /|f|2sin0d0 = -i|- 1 (2F+1). - ~ - ^ 9 (6) 

j (T(ka)+h^(ka) 

CyW-VfW (x)). 

If k a » l (classical l im i t ) , then the quantity 
. 2 

j p

2 + h p

2 

is very small for P> ka ; for P<ka it rapidly oscillates 
near the average value 1/2. So (6) approximately equals 

ka 
-is. I (2P+1) =,2. ,7a2 

k 2 0 

which is twice as much as classical c.s. (3). The key point 
of the preceeding reasoning is the identification of (6) 
with the total c.s. 

Now let us analyse the situation in more detail. The 
particle current is given by 

-On the surface of tYie infinite sphere one shouYu -use f or ̂  
its asymptotic «alue (5): 
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J = COS в 
r m 

+ M _ ( l + C O s e ) . t f . e «и»-""*) + r . e - ikR(i-cos0)j 
2mR 

(8) 

[ >»д»\л. u u o v / — — x«v»v\* — o v a " / i 

f e - f e ] . 
A r ^ ikRU-cos0) - -lkR(l-cos0 ) 

2iml^ 

The term in the first line of (8) is the flow corresponding 
to a plane wave. Being integrated over the sphere it gives 
zero contribution to the total integral flow. The term in 
the second line is usually referred as the flow of the scat
tered particles. Being integrated it gives the double value 
of the classical flow. The term in the third line is the 
flow arising from the interference of the plane and scat
tered waves. The integral over it is equal to 

к 
and exactly compensates the flow of the previous line. This 
is just another formulation of the well-known optical theo
rem. Finally, the integral contribution of the current in 
the last line of (8) has an order of 1/R and vanishes for 
infinite R .So, the total integrated flow is exactly zero 
as in the classical case. The problem is how to separate 
the total current (8) into parts corresponding to the inci
dent and scattered currents. The complications are certain
ly due to the interference terms. One might try to quess 
the part of the total current corresponding to the incident 
flow. Then the remaining part would have presented the flow 
of the scattered particles. Unfortunately, it is impossible 
to choose the flow corresponding to the plane wave (1st 
line of (8)) as a candidate for the incident flow (being 
integrated this flow gives zero; because of this the integ
ral from the remaining part of flow is also zero). Now de
fine the incident flow exactly as in the classical case. 
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This means that incident flow given by the first line of 
(8) is everywhere constant except for the shadow region 
(i.e., for angles 0^ вй arc sin-̂ - ) where it equals zero. 
Then the remaining part of the^iotal flow is the scattering 
flow. The integral from it over the sphere gives for the 
cross section value та exactly as in the classical case. 
We see that once the identical definition of the incident 
flow is made,the same answer is obtained in both cases.Two 
questions are arising now.Suppose one sets up the particle 
counters on the surface of the sphere of the large radius 
R . What integral flow will be measured by them? The answer 
is, of course, zero if one measures the total flow (inclu
ding incident one) and if the counters have infinite resolu
tion. On the other hand if one can separate and subtract 
the contribution of the incident flow and the counters have 
finite resolution (so they cannot detect a very rapid angle 
oscillations of the interference terms), then the measured 
c.s. will be equal to 2«ra . One may easily see that finite 
dimensions of the real counter lead to the same cancellati
on of the interference terms. For example, suppose that a 
counter has finite radial dimension AR . The averaging of 
the interference terms over AR results in an additional 
factor 1/k in front of these terms. For large values of к 
the contribution of the interference terms becomes negligib
le. The second question is whether the separation of the 
incident current from the total one, which was based on 
analogy with the classical case, has only the formal sense. 
The following answer is obvious. If the wavelength is much 
larger than the radius of the impenetrable sphere a , then 
the distortion of the incident wave takes place over the 
large distances and the mentioned above definition of the 
incident flow loses its sense. If the wave-length is small 
(this means h-» 0 or E -> °° ) with respect to a , then the 
quantum picture is very close to the classical one and the 
used definition of the incident flow has sense. In order to 
see this more clearly we calculate the particle flow through 
the surface of finite radius sphere; 

j =Жсо80 
'r m 

•j, -ikRcos0, 1 
2mR ikR 

xS(2P+l).i,'iL^l__.h(
n
1)(kR).P,(oos0)+c.c. (9) 
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2 m R l hf(ka) l f 

+ -JL-, X (aE+l)(-i/Jl^_h<2>(kR).P (cos*) к 2miR2
 h ^ k a ) * f 

x£(2i" +l)(-i/' i£-*5h")(Ul).P,(coee)+c.c. 
h^(ka) F l 

As earlier the interference terms after integration cancel 
completely the flow of the scattered wave, so the total in
tegral flow is again zero. Turning now to (4) one sees that 
for Rclose to a andka»l the wave function Ф vanishes for 
small angles. This means that Ф describes the shadow ef
fect. Setting R = a in (9) one finds that j r =0 locally 
(i.e., for every point of the sphere). So, for the incident 
flow one has 

0<в< — 2 
(shadow effect) 

The scattered flow is then equal to 

. scat _ , inc 
г г 

For small distances and large к these formulas exactly re
produce the classical ones. 

4. Now summarize rezults. In the standard quantum-mecha
nical treatment the interference of the incident and scat
tered waves is removed implicitly (using Eq.(6)) or expli
citly (using the wave packets) in order to meet the require
ments of the experimental situation. The latter means that 
thin collimated beams of particles are used and the partic
le counters are located well outside the interference regi
on. The wave packets being a superposition of the Shroe-
dinger equation wave functions have no definite energy 
and momenta whereas the classic;1 particles have. It is 
known / l 0- 1 1 / that wave packets are spreading in time. 
For example, if at the initial moment the absolute square 
of the wave function is given by the Gauss distribution 
with the width a , then at time t one has for the same 
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quantity: 
-~i exp[- sl 1 ], r= maf , 
1 +(_L_) 2 a2 1 + (j_)8 h 

г т 
If for m one takes the electron mass and for a classical _25 

electron radius, one may estimate the time constant r=, 0.7.10 sec. 
The spreading of such packet takes place on the microscopic 
distances cr» 2. 10 " 1 5cm. The experimental study of the 
wave packets is just started''12''. 

We aimed above to compare quantum and classical c.s. 
using the plane waves as the incoming particles, the soluti
ons of the Schroedinger equation with definite energy and 
momenta and not disregarding the interference between inci
dent and scattered waves. It was shown that mentioned c.s. 
are coinciding if the incident flow is the same in both 
cases and if the used measuring devices are ideal. 
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1. It is known 1 - 9 / that quantum cross section (c.s.) on 
the impenetrable sphere is twice as much as the classical 
one. In the calculation of the quantum c.s. one does not 
take into account the interference of the incident and 
scattered waves. This is related to the fact that experi
mental conditions exclude the measurement of this inter
ference. Theoretically one may remore the latter using the 
wave packets. Here we prefer to deal with the plane waves 
and with the solutions of the Schroedinger equation corres
ponding to the definite energy and momenta. In Sec. 2 we 
reproduce the classical cross sections. In Sec. 3 we ana
lyse the quantum scattering c.s. and conclude that differ
ence between the quantum c.s. corresponding to the Schro
edinger equation and classical one disappears if one takes 
into account the interference effects and defines the in-
cide it flow similarly in both cases. 

2. The classical scattering c.s. on the impenetrable 
sphere is calculated in an elementary way. Only those in
cident particles are subjected to scattering, whose impact 
parameter b is less or equal to the radius of the impenet
rable sphere a . The number of such particles is equal to 
na. (if the particle density in the incident flow is equal 
to unity). The scattering angle equals 

rmin 
6 - 2 h L r s [ 2 m ( E

r - V ) - L W ] ' ^ - ( U 

From (1) we extract the dependence of the impact parameter 
h(= L 1 on the в : 

V'2mE 

b = a • cos — , 2 
The classical differential c.s. is given by 

»(*>-£•. (2) 
At last, the total c.s. is obtained by integrating о{в) 
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2n / a(0)sin0d0=rra2 , 
0 (3) 

о{в) defines the distribution of scattered particles on the 
surface of the infinite radius sphere. The coincidence of 
(3) with the number of incident particles which undergone 
the collision with the impenetrable sphere is due to the 
conservation of the particle number. The same equality is 
fulfilled if one takes the sphere of the finite radius R 
(instead of the infinite one). In this case the impact para
meter b is related to the angle at the surface of the 
sphere in the following way: 

0„ = я- - 2 arc sin -b- + arc sin —. R a R 

The angular distribution of the scattered particles on this 
surface has a sharp shadow for the angles 

Q< 6R < e , where sin e = — . 

For R=a , that is if the balance of the scattered particles 
takes place at the surface of the impenetrable sphere, the 
shadow occupies the whole front semisphere. The prescripti
ons for obtaining the total c.s. are the same in all cases: 
The flow of the scattered particles is integrated over the 
surface of an arbitrary sphere. Integrating the total flow 
(including the incident one) one obtains zero. This reflects 
merely a fact that the number of incoming (into the sphere) 
particles is equal to that of outcoming. Having a total 
flow one easily obtains the flow of scattered particles by 
subtracting from the total flow the incident one. The latter 
is everywhere constant except for the shadow region where it 
equals zero. 

3. Now go to the quantum case. The wave function is 

« p = e
i k z -Л-l ( 2 M ) i P ^ ( к а ) h„ (kr)R, (cos0) 

k r h p (ka) ' f 
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For large distances 

4» = e
i k z +i-.e i k r .f(0). 

where 
(5) 

r(fl)-_ J ^ s (ae+i). J^(k-a) -pfcosg). 

The standard reasoning proceeds along the following lines. 
The total c.s. is defined as 

• 2( 
o=2n /|f|2sin0d0 = -i|- 1 (2F+1). - ~ - ^ 9 (6) 

j (T(ka)+h^(ka) 

CyW-VfW (x)). 

If k a » l (classical l im i t ) , then the quantity 
. 2 

j p

2 + h p

2 

is very small for P> ka ; for P<ka it rapidly oscillates 
near the average value 1/2. So (6) approximately equals 

ka 
-is. I (2P+1) =,2. ,7a2 

k 2 0 

which is twice as much as classical c.s. (3). The key point 
of the preceeding reasoning is the identification of (6) 
with the total c.s. 

Now let us analyse the situation in more detail. The 
particle current is given by 

-On the surface of tYie infinite sphere one shouYu -use f or ̂  
its asymptotic «alue (5): 
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J = COS в 
r m 

+ M _ ( l + C O s e ) . t f . e «и»-""*) + r . e - ikR(i-cos0)j 
2mR 

(8) 

[ >»д»\л. u u o v / — — x«v»v\* — o v a " / i 

f e - f e ] . 
A r ^ ikRU-cos0) - -lkR(l-cos0 ) 

2iml^ 

The term in the first line of (8) is the flow corresponding 
to a plane wave. Being integrated over the sphere it gives 
zero contribution to the total integral flow. The term in 
the second line is usually referred as the flow of the scat
tered particles. Being integrated it gives the double value 
of the classical flow. The term in the third line is the 
flow arising from the interference of the plane and scat
tered waves. The integral over it is equal to 

к 
and exactly compensates the flow of the previous line. This 
is just another formulation of the well-known optical theo
rem. Finally, the integral contribution of the current in 
the last line of (8) has an order of 1/R and vanishes for 
infinite R .So, the total integrated flow is exactly zero 
as in the classical case. The problem is how to separate 
the total current (8) into parts corresponding to the inci
dent and scattered currents. The complications are certain
ly due to the interference terms. One might try to quess 
the part of the total current corresponding to the incident 
flow. Then the remaining part would have presented the flow 
of the scattered particles. Unfortunately, it is impossible 
to choose the flow corresponding to the plane wave (1st 
line of (8)) as a candidate for the incident flow (being 
integrated this flow gives zero; because of this the integ
ral from the remaining part of flow is also zero). Now de
fine the incident flow exactly as in the classical case. 
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This means that incident flow given by the first line of 
(8) is everywhere constant except for the shadow region 
(i.e., for angles 0^ вй arc sin-̂ - ) where it equals zero. 
Then the remaining part of the^iotal flow is the scattering 
flow. The integral from it over the sphere gives for the 
cross section value та exactly as in the classical case. 
We see that once the identical definition of the incident 
flow is made,the same answer is obtained in both cases.Two 
questions are arising now.Suppose one sets up the particle 
counters on the surface of the sphere of the large radius 
R . What integral flow will be measured by them? The answer 
is, of course, zero if one measures the total flow (inclu
ding incident one) and if the counters have infinite resolu
tion. On the other hand if one can separate and subtract 
the contribution of the incident flow and the counters have 
finite resolution (so they cannot detect a very rapid angle 
oscillations of the interference terms), then the measured 
c.s. will be equal to 2«ra . One may easily see that finite 
dimensions of the real counter lead to the same cancellati
on of the interference terms. For example, suppose that a 
counter has finite radial dimension AR . The averaging of 
the interference terms over AR results in an additional 
factor 1/k in front of these terms. For large values of к 
the contribution of the interference terms becomes negligib
le. The second question is whether the separation of the 
incident current from the total one, which was based on 
analogy with the classical case, has only the formal sense. 
The following answer is obvious. If the wavelength is much 
larger than the radius of the impenetrable sphere a , then 
the distortion of the incident wave takes place over the 
large distances and the mentioned above definition of the 
incident flow loses its sense. If the wave-length is small 
(this means h-» 0 or E -> °° ) with respect to a , then the 
quantum picture is very close to the classical one and the 
used definition of the incident flow has sense. In order to 
see this more clearly we calculate the particle flow through 
the surface of finite radius sphere; 

j =Жсо80 
'r m 

•j, -ikRcos0, 1 
2mR ikR 

xS(2P+l).i,'iL^l__.h(
n
1)(kR).P,(oos0)+c.c. (9) 
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2 m R l hf(ka) l f 

+ -JL-, X (aE+l)(-i/Jl^_h<2>(kR).P (cos*) к 2miR2
 h ^ k a ) * f 

x£(2i" +l)(-i/' i£-*5h")(Ul).P,(coee)+c.c. 
h^(ka) F l 

As earlier the interference terms after integration cancel 
completely the flow of the scattered wave, so the total in
tegral flow is again zero. Turning now to (4) one sees that 
for Rclose to a andka»l the wave function Ф vanishes for 
small angles. This means that Ф describes the shadow ef
fect. Setting R = a in (9) one finds that j r =0 locally 
(i.e., for every point of the sphere). So, for the incident 
flow one has 

0<в< — 2 
(shadow effect) 

The scattered flow is then equal to 

. scat _ , inc 
г г 

For small distances and large к these formulas exactly re
produce the classical ones. 

4. Now summarize rezults. In the standard quantum-mecha
nical treatment the interference of the incident and scat
tered waves is removed implicitly (using Eq.(6)) or expli
citly (using the wave packets) in order to meet the require
ments of the experimental situation. The latter means that 
thin collimated beams of particles are used and the partic
le counters are located well outside the interference regi
on. The wave packets being a superposition of the Shroe-
dinger equation wave functions have no definite energy 
and momenta whereas the classic;1 particles have. It is 
known / l 0- 1 1 / that wave packets are spreading in time. 
For example, if at the initial moment the absolute square 
of the wave function is given by the Gauss distribution 
with the width a , then at time t one has for the same 
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quantity: 
-~i exp[- sl 1 ], r= maf , 
1 +(_L_) 2 a2 1 + (j_)8 h 

г т 
If for m one takes the electron mass and for a classical _25 

electron radius, one may estimate the time constant r=, 0.7.10 sec. 
The spreading of such packet takes place on the microscopic 
distances cr» 2. 10 " 1 5cm. The experimental study of the 
wave packets is just started''12''. 

We aimed above to compare quantum and classical c.s. 
using the plane waves as the incoming particles, the soluti
ons of the Schroedinger equation with definite energy and 
momenta and not disregarding the interference between inci
dent and scattered waves. It was shown that mentioned c.s. 
are coinciding if the incident flow is the same in both 
cases and if the used measuring devices are ideal. 
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