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EXPERIMENTAL TESTS ON BUCKLING OF ELLIPSOIDAL VESSEL 
HEADS SUBJECTED TO INTERNAL PRESSURE 

R.L. ROCHE and M. ALIX 
(C.E.N. SACLAY-PRANCE) 

INTRODUCTION -

In some circumstances, pressure vessels can fail 
by buckling. While this risk arises mainly under external pres
sure, it can also exist on account of internal pressure. This 
is tlie case of dished heads of pressure vessels, for which 
the risk of buckling under internal pressure is familiar to 
specialists, although the critical pressure is difficult to 
estimate, explaining the accidents which have occurred in the 
past (1,2). This buckling risk is explained by the existence of 
a compression stress in the knuckle area. 

Concerning the role of compression stresses in 
buckling, a remark of general importance can be made for pres
sure vessels, although it is not directly concerned with dished 
heads. Buckling can occur in the absence of compression stresses. 
This may be illustrated by the buckling of a tube subjected to 
internal pressure, but which is not subjected to the corres
ponding axial stresses thanks to a sliding joint (3,4). 

If a material exhibits linear elastic behavior, the 
buckling theory is now clearly established. Its traditional 
aspect has been discussed in works which are now standard (5), 
and the fundamental importance of post-buckling was pointed out 
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by Koiter just after World War II (6,7). In light of the present 
.-tdtû of shell theory (3) , calculation of the buckling pressure 
of a dished head is perfectly feasible, provided that the mate
rial exhibits elastic behavior. Such calculations have been 
carried out in the past and the results published (3,4,9,10,11, 
12,13,14). 

As far as pressure vessel engineering is concerned, 
it is extremely rare for a dished head to buckle as long as 
the material behaves elastically. In practical terms, the head 
can only buckle if plastic deformations occur. Zf the material 
show plastic behavior, no sure buckling theory exists. A 
complete review of this matter can be consulted in the refe
rences (15,16,17), in which one of the authors has even entitled 
one of his paragraphs "The Flov; Theory Versus Deformation 
Theory Paradox". 

This means that a method for calculating buckling 
(elastoplastic) pressure cannot be based rigorously on the 
laws of mechanics and requires an assumption. This assumption 
and the calculation method must be validated by reference to 
experiment. For these reasons, it is indispensable today to be 
in possession of experimental test results of the buckling of 
dished heads. Only these results can guarantee analysis 
methods. 

PROGRAM PRESENTATION -

This paper presents the tests of a series of 18 
ellipsoidal heads of pressure vessels. The complete, detailed 
report of these tests may be found in reference (18) . 
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These heads ware welded to .ylindrical shells appro

ximately 500 nun in diameter. They were fabricated by floturning 
in the three following materials : 

. Carbon steel in the form of "XE" thin sheets meeting French 
standard A36-401 dated February 1969 (19). 

. Austenitic steel in the form of thin sheets of grade Z6 CN18-09 
meeting French standard A35-573 dated October 1975 (19). 
This grade is comparable to ANSI grade 304. 

. Aluminum-magnesium alloy of grade AG3 meeting French standard 
A507602 (Magnesium content 3%). 

Each of these three series of heads included two 
groups of three heads, in which the height of the heads in the 
first group was 100 mm(a/b = 2.5), and the height of those in 
the second group was 50 mm (a/b = 5). The three heads of each 
group ranged from 0.5 to 2 mm in thickness. 

A summary of the characteristics of each of these 
heads is given in table I. 

These tests were part of a test series for the develop
ment of elastoplastic buckling analytical methods. These methods 
are employed for analyzing the mechanical structures of Liquid 
Metal Fast Breeder Reactors built and designed in France (20, 
21). The results of these tests are also used to validate the 
"buckling" modules of the CEASEMT computation system (finite 
elements)developed at Saclay (22,23). 
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BRIEF REVIEW OF PREVIOUS WORK -

One situation of the question of dished heads can 
be found in various reports of the Pressure Vessel Research 
Committee (24,25) . Although most of the investigations into 
head buckling are aimed at developing theories, this will not 
be discussed here, and only experimental work will be examined. 

The earliest tests were reported by Mescal (9) and 
by Adachi and Benicek (26), dealing with heads formed by the 
stamping of polyvinyl chloride plates. These heads were 
torispherical and had a short cylindrical portion which was 
flanged to the test device. They were about 250 mm in diameter 
and between 12/100 and 40/100 mm thick. 

Another series of experimental studies was carried 
out at the University of Manchester, in Great Britain, by 
Kirk and Gill (27) and by Patel and Gill (26) . The heads were 
machined from an aluminum alloy bar. They were 135 mm in dia
meter, and ranged from 22 to 37 mm in height. These torisphe
rical heads were connected to a 35 or 67 mm cylindrical portion, 
and thicKness ranged from 0.25 to 2.5 mm depending on the head. 
As for cases of buckling in which plasticity appeared to have 
played an important role, the authors stress that the critical 
loads were far lower than those calculated by theory, and were, 
in fact, relatively comparable to the pressures corresponding 
to the limit loads (in the classical sense of limit analysis). 

A third experimental investigation was carried out at 
the University of Liverpool by Galletly (28,29,30,31). The heads 
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were obtained by machining in this case also. Diameter was 
about 135 ivm, thicknesses wsre 0.127 irai and 0.254 KUU. TWO 
materials were employed : a mild steel, not susceptible to strain 
hardening, and an aluminum alloy with high strain hardening 
characteristics. It is interesting to note that ths series 
included ellipsoidal heads with an axis ratio of 2. 

In these three investigations, the authors stressed 
the problems encountered in obtaining a clearl/ defined cons
tant thickness. 

The work of Save (32) must be mentioned, although 
not strictly speaking a buckling investigation ; this work 
dealt with the experimental determination of limit pressures. 
The heads used in this study were press formed. They "ere 
300 and 400 mm in diameter, with thicknesses of 2.8 and 3.8 mm, 
which is relatively high and explains that no buckling phenomenon 
was pointed out in the course of these tests. 

OPERATIONAL DEFINITION OF BUCKLING PRESSURE -

The purpose of this investigation is to determine the 
critical pressure at which buckling appears. Hence it is neces
sary to have an operational definition of this pressure, so that 
its value can be derived from test results without any ambi
guity. Unfortunately, the buckling of industrial structures has 
never been clearly defined (29). 

The question is posed fairly simply for elastic struc
tures with a geometry corresponding to theoretical buckling con
ditions, i.e. which possess several simultaneous states of 
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equilibrium. In this case, buckling corresponds to the "stabi-
Jily exchange" postulated by Poincaré in the stability theory 
(33). Note that this author showed that the loss of stability 
is normally associated either with a limit point or with a 
point of bifurcation at v/hich the fundamental equilibrium path 
intersects another equilibrium curve. Buckling corresponds to 
the stability exchange at the point of bifurcation (see fig. 
1). Buckling does not always correspond to a loss of stability. 
The new state may also be stable, and several bucklings may 
occur successively, each time accompanied by a change in form 
(this is the case for pressure heads). 

Structural forms in which a true stability exchange 
can occur are relatively rare. Nevertheless there is a strong 
tendency to select them, owing to *heir tendency to be simple 
and effective. This applies in particular to thin shells and 
hence to dished heads, where the best use of the material 
imposes the selection of forms in which the load only generates 
membrane stresses. These particular shapes generally exhibit 
a point of bifurcation, so that the problem is frequently faced 
by engineers. It arises in an imperfect manner, and owing to 
fabrication tolerances, while the theoretical shape is suscep
tible to a stability exchange, the latter does not necessari
ly occur. While in certain cases a true instability exists with 
a "limit point",occurring at a load lower than that under which 
a perfect structure would buckle, it is difficult in other 
cajes to observe "buckling" in the practical se-.se of the 
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term. If one also considers the geometric changes which occur 
progressively, it is easy to urvrlarôtrind the problems faced in 
using experimental results to determine the critical buckling 
load. 

In these tests, the definition of buckling was related 
to the appearance of a new geometric form, i.e. the appearance 
of waves. In most of the heads tested, this new geometry appea
red so rapidly as to be accompanied by local plastic deforma
tions, causing pinching of the metal in the form of a fold, 
making observation easy. Moreover, the formation of this fold 
suddenly increased the internal volume of the head. The flow 
of the pump was small and the formation of the fold caused a rapid 
drop in pressure. The value of the buckling pressure could 
thus be determined easily from the deflection/pressure recor
ding. This is easy to observe in figure 2 concerned with head 
No. 4. 

In the thickest heads, the appearance of buckling 
waves was not so abrupt, and the disturbance in the pressure/ 
deflection curve is less clear. Hence in certain cases, the 
value of the buckling pressure was taken as that at which the 
buckling waves were visible to the naked eye. 

Finally, the buckling pressure level was taken as 
that at which technically appreciable and durable geometric 
changes appeared. 
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DESCRIPTION OF TESTED HEADS -

This description is summarized in table I which 
gives : 

. For the geometry : 

- Diameter of head (major axis of the ellipse) 2 a = 500 mm 

- Height of head (half the minor axis of the ellipse) b 

- Nominal thickness e 

- Thickness in the knuckkle area t. 

. For the material : 

- Yield strength (0.2% offset) o 

- Ultimate strength a 

- Proportional elongation A. 

Further details are given in the test report (18). 

GEOMETRY -

The form of the meridian of each head was checked by means 
of elliptical gages, and the heads were only accepted if the 
difference between the real geometry and the nominal ellipse 
was not more than 1 mm. This control procedure was adopted 
after a coT jlete analysis of the geometry of the first heads 
received. 

As may be seen, the heads were welded to a cylindri
cal shell of which the thickness was identical to the nominal 
thickness of the head. 
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Owing to the manner in which the heads were fabricated, 

it was net possible to achieve Lhe no-ainal thickness accurately, 
and the real thickness varied along the meridian. 

An initial series of measurements was taken during 
the preparatory phase, to determine the variation in thickness 
with longitude. These measurements showed that the variation in 
thickness along a parallel circle did not exceed + 0.03 mm. 
Hence, the heads could be considered as axisymmetrical. 

The variation along the meridian, however, was signi
ficant, and it was decided, for each head, to measure the 
thickness along the meridian. This measurement was taken after 
testing and cutting the heads. The readings are given in the 
test report (18). 

Effective use of the results of these tests 
cannot be made unless the mechanical properties of the mate
rials are well known. Considering the great importance of this 
knowledge it was decided to take, as the material properties, 
the results of tensile tests performed on test samples cut out 
of the knuckle area after the tests (see table 1 and ref (18), 
and figures 3, 4 and 5). The properties were closely comparable 
for each series of heads made from the same material. 

As an exception, the material properties were not 
measured on heads 1, 11 and 24. Following an accident, head 
24 was destroyed before the test. Head 11 did not buckle because 
the cylindrical shell to which it was attached collapsed prematu
rely. As to head 1, it was decided to keep it intact. 
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TESTS -

The head and the sht;j.l to which, it is welded are faste
ned to a base to create an vessel which, when connected to a 
hydraulic circuit (supply, vent, etc...). allows internal pres
surizing of the test head. 

Except for the first head, for which a hand pump 
was employed, pressure was built up by adjustable-flow volu
metric pumps. This allowed accurate monitoring of the volume 
of liquid injected and, subsequently, performance of the 
buckling test on a deformation controled way. 

The instrumentation consisted of the following three 
units : 

. On the head axis, a displacement-tranducer generated an 
electrical signal serving to send the crown deflection to 
channel Y of a recorder. Channel X receives the indications 
of a pressure sensor. This XY recording, giving the crown 
deflection as a function of pressure, performed a major 
role in conducting the test and in the determination of the 
buckling pressure. 

. A series of dial gauges to observe variations in the meridian. 
Their position is defined by a distance from the axis, or 
radius, and by their horizontal or vertical direction. Their 
indications are observed during pauses in pressure build-up. 

. Heads 1, 2, 3, 11 and 12 were equipped with strain gages. 

Figure 6 shows a photograph of the assembly used for the first 
head. 
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Performance of the test requires no comments 

because it consisted simply of raisina the pressure to the ma
ximum supportable level while using the instrumentation, thus 
imposing certain reading intervals. Note, however, that except 
for heads 1 and 11, the cylindrical shell was surrounded by a 
second 6 mm thick cylindrical shell, with a clearance of about 
1 mm between these two shells. This precaution was taken follo
wing the test of head 11, which was performed just after the first 
test on head 1. In fact, while the first test on head 1 pro
ceeded satisfactorily, in the second test, on head 11, the cylin
drical shell yield before the head buckled, causing such a 
large deformation that any subsequent head buckling could 
not occur, since the vessel had almost assumed the form of 
a sphere. 

RESULTS -

The raw results are deflection/pressure recordings 
(see figure 2) and readings of the dial gauges and strain gages. 
Photographs of the recordings appear in reference (18). Figure 
7 is the photograph of head No. 5 after buckling. 

The main results are shown in table 2. 

Buckling always occurred in these test at pressures 
significantly higher than the beginning of ion-linearities 
on pressure-deflexion recording. There are grounds to believe 
that plastic deformations occurred before buckling. 

When buckling occured, the deformations were already 
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significant enough for the initial geometric form to be subs-
Uinliially altered. 

The behavior of the cylindrical shell to which the 
head was connected was very important. If yielding due to pres
sure occurs very early, tl.is results in overall deformation 
which prevents any subsequent buckling (see head 11). Conse
quently, a head will buckle if attached to a thick shell, but 
will not buckle if attached to a thin shell which yields at 
a pressure lower than the buckling pressure (a plastic insta
bility will occur in the cylindricéil portion? . 

In no case did buckling cause instability, and it 
was always possible to subject the head to pressures far greater 
than the buckling pressure, although the head was significantly 
deformed owing to the formation of successive folds. 

Buckling is a clear and sudden occurrence in thin 
heads (thickness-diameter ratio of 0.001 to 0.J02) where 
successive folds are formed abruptly, but it is usually a 
diffuse, progressive occurrence in thicker heads (thickness-
diameter ratio about 0.004) where general waviness appears 
gradually. 

When successive folds are formed, a new fold tends 
to form in the zones furthest from the previous folds. 

DISCUSSION -

It would be useful to compare these results with 
those corresponding to purely elastic buckling. Unfortunately, 
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no experimental results are available for such a case. Failing 
this, it is possible to use the computation results (12). The 
calculations made at Saclay using.the CEASEMT system showed that 
the elastic buckling pressure of an ellipsoidal head could be 
calculated by means of the equation 

2 2 2 
, IT E t*V ,,, 

*e = k e : - - 2 — r ( 1 ) 

l-.v a 
where E is Young's modulus, v the Poisson coefficient, t the 
thickness, b half the minor axis, a half the major axis, where 
coefficient k is equal to 1 as soon as a/b > 2, as shown in 
figure 8. 

A comparison of the test results shown here with the 
buckling pressure calculated for an elastic material can be 
made on table 3. Buckling always occurs for a lower pressure 
than if the material were elastic (between 15% and 45% depen
ding on ec.ch case) . 

It would be useful to have an equation of the type 
shown above (1) to estimate the buckling pressure of ellipsoi
dal heads in the plastic region. On analysis, it appears that 
the present results can be represented by the following empi
rical formula 

t5/3 b4/3 
Pc " kc °t .3 < 2> 

^ 
p c = k c ° f ^ r V * ( 2'> 
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where o^ = 0.5 (o + a ) flow stress f u y 

a - ultimate strength 

a = yield strength (0.2% offset) 

t = thickness in the knuckle area 

a = half the major axis 

b = half the minor axis 

The coefficient k can be calculated by 
c J 

k = 88 (1 - 2 b - ^ ) " 2 / 3 (3) 
c a* 

This equation fairly accurately (+ 10%) represents 
all the results obtained, except for those head No. 22. This 
can be observed in table 3. 

CONCLUSIONS -

Tests were performed on 17 ellipsoidal vessel heads 
of three different materials and different geometries. The 
results (18) include the following : 

. Accurate definition of the geometry and particularly a direct 
measurement of the thickness along the meridian. 

. The properties of the material of each head, obtained from 
test specimens cut from the head itself after the test. 

. The recording of deflection/pressure curves with indication 
of the pressure at which buckling occurred. 
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These results can be used for validation and quali

fication of methods for calculating the buckling load when 
plasticity occurs before buckling: 

It was possible to develop an empirical equation 
representing the experimental results obtained with satis
factory accuracy. This equation may be useful in pressure 
vessel design. 
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TABLE I 

I l i 

Head n° b e fc a* a u A M a t e r i a l 
" m m mm mm Mpa Mpa % M a t e r i a l 

' * ••^•^•••M^MaaaBMnaM^^Baaa « H N M M a a ^ n M H ^ a i i a M M MMMNMMVÉMHBMMIMMMBMNMWB « B i a M a i M a ^ H M n i ^ i M M * ^ i ^ g H M n ^ i N B M W M B H mi^m^^mmm^mmm^Êm^m^^am^mm^^ a B ^ B a ^ M a l ^ a H M ) M M H ) B B H a ^ • BMI , _ , , I M I I,m 

1 0,5 0,64 
2 100 1 0 ,85 310 340 15 \ 
3 2 1,74 300 330 10 Carbon 

4 0 ,5 0,85 280 340 18 
5 50 1 0,95 260 330 22 S t e e l 
6 2 1,95 240 300 21 J 

11 0,5 \ 
12 100 1 0 ,82 480 690 40 
13 2 1,70 520 700 30 S t a i n l e s s 

\ 
14 0,5 0,78 380 680 56 
15 50 1 0,95 470 770 49 e . -

s t e e l 
IS 2 1,81 570 750 40 J 
21 0 ,5 0,55 130 230 15 "\ 
22 100 1 0,89 180 230 11 I Aluminium 
23 2 1,78 170 240 10 I 
24 0 ,5 
25 50 1 0,89 170 230 14 Al loy 
26 2 1,88 150 200 21 / • 

J I I 1 1 1 



TABLE II 

Head P T j P,,,^, Deflection Numb. P „ 
Li bucKl. max 

n* (MPa) (MPa) (mm) of folds (MPa) 
1 0 r40 (7) 0,48 (1; 3,4 (4) 6 0,675 (3) 
2 0,47 (8) 0,30 (1) 3,2 12 1,80 (3) 
3 1,20 (8) 2,50 (2) 13 10 (5) 3,40 (3) 

4 0,17 (7) 0,27 (1) 4,7 14 0,80 (3) 
5 0,19 (7) 0,325 (1) 6,4 13 1,30 (3) 
6 0,43 (8) 0,80 (2) 6,3 10 (5) 1,60 (3) 

11 0,50 (8) (9) (9) 0 2,00 (3) 
12 0,54 (8) 1,50 (1) 7,6 9 (6) 2,00 (3) . 
13 1,10 (8) 4,90 (2) 23 ? (2) 4,90 (3) ' 

14 0,25 (7) 0,36 (1) 5 12 0,80 (3) 
15 0,32 (7) 0,575 (1) 7,9 12 (5) 1,80 (3) 
16 0,75 (8) 2,10 (1) 17,8 7 (J) 3,20 (3) 

21 ? (8) 0,23 (1) 6,8 7 0,36 (10) 
22 0,25 (7) • 0,42 (1) 3 20 (5) 1,20 (10) 
23 0,7 (7) 1,80 (2) 18 ? (2) 1,80 (10) 

24 - (ID " -
25 0,125 (8) 0,165 (1) 5,2 16 (5) 0,40 (10) 
26 0,25 (8) 0,56 (2) 32 ? (2) 1,70 (3) I L _ _J L- 1 



KEY 
. P Li 

pbuckl. 
Deflection 
folds 
p 
max 

Pressure at end of linearity of the deflection/pressure curve. 
Critical buckling pressure. 
Polar deflection corresponding to P b u c k i 
Total number of folds formed at P , 

max Maximum pressure applied to the head 
-A 

(1) Sudden drop in pressure on "formation" of the. first fold. /— 
(2) Progressive formation of waves. Pressure noted when they were visible 
(3) Test stopped. The head can withstand higher pressures. 

overall structure tends to assume the form of a sphere. 

H 

% 

(4) For 0.6 MPa, the polar deflection decreases. As the shell is deformed, th - e' O 

(5) For this head, certain folds are barely formed, so that the count is isr 
approximate. w 

(6) Highly deformed head, g'-eat difficulty in counting the folds. ' ?' 
(7) Fairly clear.. t-

f' 
(8) Barely visible limit. ,,] 
(9) The assembly assur.ed the form of a sphere. The head did not buckle. 

(10) Fracture along a weld 
(11) Head destroyed during filling 

i 

i 



TABLE III 

COMPARAISON EXPERIMENT RESULTS AND FORMULAE RESULTS 

Head 
n° 

Buckling Pressure MPa) Ratio exp. 
to comput. 

pressure 
pressure 

Head 
n° 

Comi 
Elast. 
(form.l) 

pe 

DUted 
El. Plast. 
(form.2) 

pc 

Exper. 
Tests 
P 

Elastic 
formula 1 

P_ pe 

Plastic 
formula 2 

P _ •-. pc 

1 2,27 0,49 0,48 0,21 0,98 
2 4,01 0,83 0,80 0,20 0,96 
3 16,81 2,66 2,50 0,15 0,94 
4 1,00 0,26 0,27 0,15 1,04 
5 1,25 0,30 0,325 0,26 1,08 
6 5,28 0,90 0,80 0,15 0,89 
12 3,73 1,41 1,50 0,40 1,06 
13 16,05 4,97 4,90 0,31 0,99 
14 0,84 0,38 0,36 0,43 0,95 
15 1,25 0,62 0,575 0,46 0,93 
16 4,55 1,93 2,10 0,46 1,09 
21 0,59 0,22 0,23 C,39 1,05 
22 1,54 0,57 0,42 0,27 0,74 
23 6,16 1,80 1,80 0,29 1,00 
25 0,38 0,18 0,165 0,43 0,92 
26 1,72 0,55 0,56 0,33 1,02 



CAPTIONS FOR ILLUSTRATIONS 

Difficulty of dofiaiLio:i of buckling pceiisars 
(imperfect shapes) 

Deflexion-pressure curve for head n° 4 

Stress strain curve for carbon steel 

Stress strain curve for stainless steel 

Stress strain curve for aluminium alloy 

View of head n°- 1 during the test 

View of tested head n° 5 

Formulae giving elastic buckling pressure 
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