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THE ASYMMETRIC ROTATOR MODEL APPPLIED 

TO OOO-MASS IRIDIUM ISOTOPES 

R. PIEPENBRING 

Institut des Sciences Nucléaires, 3802e Grenoble- France. 

Abstract. The method of inversion of the eigenvalue problem 

previously developped for nuclei with axial symmetry is 

extended to asymmetric equilibrium shapes. This new 

approach of the asymmetric rotator model is applied to 

the odd-mass Iriùiui» isotopes.A satisfactory and coherent 

.-. . description of the observed energy spectra is obtained, 

especially for the lighter isotopes. 



1 . Introduction 

The odd mass Iridium isotopes are located in the transitional region 

between the well deformed prolate Re and the oblate Au. Systematic experimen

tal studies of odd mass Ir have recently been undertaken by complementary 

radioactivity studiesL1-4, 10, 11 3 and in beam t 5-9 1 experiments. These 
works have shown some specific features for which one has to find some 

coherent explanation. In the studied isotopes one generally observes three 

families of levels : 

a) positive parity states which can be arranged into two rotational 

bands. 

b) négative parity levels originating from the hg., spherical sub-

shell. 

c) negative parity states which are practically not connected with 

the proceeding ones and which arise from the h-,,, shell. 

Several attempts have been made to find some explanation for each 

of these systems of levels, among which one should mention 

- classical Coriolis coupling calculations L 6,7,9 3 assuming a 
prolate axial deformation 

- coupling of an odd particle or hole to an asymmetric core L 1 . 6 1 . 

This last approach was first suggested by Hecht and SatchlerCl2 1 and 
191* applied,with an isolated intrinsic configuration,to Ir, then développes 

for unique parity spectra by Meyer ter Vehn Ll3 1 who applied it CI* 1 
187 in peculiar to the h,,., levels in Ir. Kore recently Vieu et al. £15 3 

extended this approach to several intrinsic configurations in order to 

explain the positive parity states. All these approaches lead however to 

agreements between experimental and theoretical spectra the quality of 

which are much less impressive than those generally obtained in the well 

deformed rare earth region. Even more sophisticated developments, intro

ducing the VSI prescription t16-18 3 or triaxialy of dynamical origin £19 3, 

were not able to give a coherent description of the three families of 

levels observed. Some interpretations £ 1,6,7,9 ̂ favour an axial assumption 

for the positive parity states; the h,, / 2 system seems to suggest 

triaxiality [ 1,14 3 and it was hoped ; t 6 3 '"»' * n e "d/j levels could 

help to choice between this coexistence of forms. 



The different models which have been used start from very simple assumptions 
and introduce, at their origine, a limited (and rcasonab1e')numbcr of parameters. 
In their attempts to obtain good fits to data, people have the general 
tendency to introduce an increasing number of parameters. To limit this 
number some authors make often subtle distinctions between "standard" r_14 1 
and "free* parameters. The first one are chosen according to some prescriptions 
or capirical rules whereas the latter ones are allowed to vary more freely. 
As a consequence, the goodness of the fit between the experimental energies 
E and the calculated ones E ^ often de.fined [.7-9 } by 

1/2 r n f t 1 F1 i 2 1 

L i=l n J 

where n is the number of levels included in the fit should be used with 
caution when different theoretical calculations are compared. To take into 
account the number p of parameters introduced it seems better to use 

n-p (2) 

at least in the cases where p can clearly be set up. 

The aim of the present paper is to clarify the theoretical_ approach . 
of odd I r isotopes by tempting a.coherent description of the three families 
of observed levels using the assumption of strong coupling of the odd 
quasi-particle to a triaxial rigid core. 

To avoid the increase of the number of parameters involved by the 
sophisticated approaches we mentioned, we extend to triaxial nuclei the 
method of inversion of the eigenvalue problem previously developped t 20-22 1 
for axial deformation. 

In section 2 we remind the main features of the asymmetric rotator 
model of Hecht and Satchler L 12 3. . In section 3 wc discuss, in the framework 
of this «odel the differences between the current approaches and ours. 
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In section 4 wc give a detailed analysis of the experimental results 
for the three families of levels. Finally we draw some conclusions in the 
last section. 

2 . Summary of the asymmetric rotator model of odd-mass nuclei 

He assume that the nucleus has a well defined asymmetric ellipsoidal 
shape and three axes of symmetry of second order. The resulting symmetry 
group is D„. He neglect the vibration-rotation interaction so that the 
model Hamiltonian writes : 

H = Hint + H R O T • <3> 

According to the assumed ellipsoidal shape of the nucleus the intrinsic 

Hsmiltonian H.. can only depend on the angular coordinates of the odd 

nucléon,"defined relative to the principal axis system of the ellipsoid, 

through the spherical harmonics Y,. and V , + 2 . Consequently the intrinsic 

wave function v can be written . 

*v ". £a

 c m a lN « n > < 4> 

where the sum t' is restricted either to values a = 1/2 ± Zn or 

a = - 1/2 ± 2n with n » 0,1,2... and where S2 is the projection of 

the intrinsic momentum J on the third axis of inertia of the nucleus. 

The complementary state 

X - v = £* C

 H 4 j - f l l N « - n > 

is, as in the axial case, degenerate with jr. • T n e corresponding coef

ficients Cj. , -„ and Cj. ,. - differ only by some phase factor. Whence 

we can(for instance}restrict to the set of values n =1/2 ± 2n. 

The rotational part of the Hamiltonian 

. H « O T - 5 4 T R^= S - * T Ï ( I <• * ) f ( 5 > 

can be expended in terms of the usual step operators I" and j . To get 



a form which includes explicitely the familiar axial Haroiltonian we introduce 
J_ . I i -i- x _1 

and 

_ i _ « i ( - i - + —i-) (6) 

1 - 1 / 1 _ 1 

One then easily obtains 
t - i l T 7 h ] 

HR0T= - ^ { ( ^ - i f ) - C32-j|> - C I + J" + I" a"]} 

* * 2 f i - j ) 2 W 

"3 

4* 

1 
7 {( i + 2

 + r z ) + ( j + 2

+ . r 2 ) - 2 [ i + j +

+ r j - ] } 

Further, according to the D~ symmetry the total wave function $ must have 
the specific form 

4* = E1 C« iji » - 4n 

where H and K are the projections of the total angular momentum I on the 
third fixed and intrinsic axes. A rotation R of 180° around the third 
intrinsic axis has the following action on the wave functions 

R * ^ H K * e X p (' K ™) ^ * H K 

R I N I 5 CI > = exp (-i n ir ) I N 4j iî > 

The invariance of 4 under R, implied by the 0, symmetry, restricts the 
summation to values so that (K- [2) is an even integer. Practically this 
can be accomplished by restricting the summations z' in (4) and (9) over 
both K and fl to the set of values 1/2 t 2n i.e. explic-'tcly 



. . . - 11/2, - 7/2, - 3/2, 1/2, 5/2, 9 /2 , . . . 

We remind here that the present convention leads, in the axial l imit, to 

the usual wave functions for K = fl = 1/2 +2n, but to functions with 

different phases foriK \ =IQ 1 = 3 / 2 + 2n. 

Explicit expressions for the matrix elements of the Hamilton!an (8) in the 

basis of functions i|> ~ as well as further details on the asymmetric 

rotator model of odd-mass nuclei can he found in ref. £ 12,27 3 . We 

remind here only the main features needed for further discussions. 

In general the rotational energy spectrum of an asymmetric odd-

mass nucleus is very rich in number of levels compared with an axially 

odd mass symmetric nucleus. However in the case where the rotational energies 

are small compared with the intrinsic excitations, one can neglect the 

matrix elements of H R 0 T between different particle states. The determination 

of the rotational energies of states with a given I Involves then only 

the diagonalization of matrices of dimension ( I + 1/2). 

According to the work of Newton [23 "i reported by Hecht and 

Satchler [_ 12 ~[ i t seems that the condition of an isolated intrinsic 

state of given parity could be fulf i l led for the Ir isotopes. In the next 

sections we shall work within this assumption. 

3 . On the different ways to apply the model 

3 . 1 The "direcf'application 

In the usual approach, the determination of the energy spectrum 
needs some definite choice of the intrinsic part H. . of the Hamilton!an 
and of the rotational parameters contained in H R 0 T . Hereafter we l is t the 
preliminary problems one has to solve to be able to do the diagonalization 
of H. 

For the description of the single-particle orbitals one may for 

Instance employ the modified oscillator model of Newton C23 1 or Larsson t 2 * " ) -

The parameters entering at this stage are the strengths K and u of 

*™e Î.X and 1, terms-, and the deformation parameters & and y of 

the single-particle potential in the intrinsic system. One has also to 

decide whether one uses a stretched or"unstrotched Hamiltonian Z 25 1 . 



According to the need of restricting as much as possible the number of 

parameters one generally tries to determine the deformation parameter 6 

and the asymmetry parameter Y from the lowest excited states of the 

adjacent oven nuclei. As pointed out by Meyer ter Venn Q 14 1 this is not 

an unambiguous procedure. The low-energy spectra of even transitional 

nuclei may differ from a perfect triaxial rotor and there are several 

ways to adjust 0 and Y . Furthermore the first excited energies of 

the even nuclei change rapidly with mass number in the considered region. 

It is then not clear which of the two neighbors, or which average of 

them, should be used. Finally, it is known that the odd nucléon polarizes 

the core so that the parameters of the even neighbors are not necessary 

suited for the odd mass nucleus. The choice of the hexadecapole strength 

parameters, if introduced C 26 J,is even more difficult. 

"Once the intrinsic wave functions are fixed one has to calculate 

the intrinsic matrix elements of j " . Here arises the problem of the 

coherence between the choice of stretched or non stretched Hamiltonian 

and the way used to calculate these matrix elements as pointed out by 

Boisson and Piepenbring £ 27 J, or Larsson et al. £28 ] . Furthermore, one 

may need to introduce, as in the axial case, "ad hoc" Coriolis attenuation 

factors. 

Thfr treatment used for the pairing must also be chosen. This 

involves the replacement of the single-particle energies by quasi-particle 

energies calculated with some gap parameter A and some definite Fermi 

energy \ . Because of the great sensitivity [ 13-14 } of the calculated 

energy spectrum to X , its value is considered as a free parameter. 

For the gap A one generally uses [.15-16-17-28 ] some empirical mass 

dépendance of the type A = 12 A " 1 / 2 (10) 

The problems ,using blocking or not in the BCS treatment, taking 
into account quadrupole pairing, and /or worrying about the non conservation 
of the number of particles, are generally either completely ignored or, if 
not, solved in an incomplete way. 

Concerning the rotational part H R „ of the Hamiltonian several 

other.questions arise. First, one needs to choose the moments of inertia 

parameters ^ ^- H e r e t n e common use is that of the hydrodynamic model 



where "i0 is given by an empirical law 1.15-27-29 "\ 

A 7 ' 3 * 2 

».- 1225 (12) 

•R2 .2 2 Second, the special character of the recoil term —^ (j - jj) is 
generally ignored even if one definitively knows C39 ] that it cannot 
so simply be absorbed in the single particle part of the Hamiltonian. 

The enumeration of this long - too long - list of problems connected 
with the separation between "free" and "standard" parameters and with 
their determination'leads to the following remarks : - If a precise choice 
of one, so-called standard, parameter may have only little influence on 
the calculated energy spectra - it may however happen that a definite 
(and bad) choice of all of these standard parameters is responsible of 
the relative poor "goodness" of the fits. 

- The'ad hoc" treatment of some effects is not satisfactory since 
there are generally no obvious physical reasons to their introduction. 

- Furthermore, in this "direct" approach, there is certainly no 
unique way of fitting the data, as it will be seen in the examples of 
section 4. 

These facts constitute valuable reasons for looking for another 
method in which it might be possible to avoid most of these problems. The 
extension to triaxial nuclei of the method of inversion of the eigenvalue 
problem previously developped [_ 20-22 } for axial symmetry appears particu
larly suited. 

3 . 2 The "inverse" application 

To illustrate the philosophy of this second approach let us use 
the simple example of one intrinsic state y and restrict the basis of 
diagonalization of M to two functions i|i K with K = 1/2 and K - 3/2. 
Explicitcly we use the two basic vectors 



U> . , 1 / 2 'V-l^^Ml/2 V'-^î-W».,} 
(13) 

| 2 > = *3/Z ' ^ f " ! ^ { ^ - 3 / * * . . + ( - 1 ) , " 3 / Z S > H 3 / 2 X. , , } 

He now formaly write the matrix elements of H using eq.(7) 

2 3 

* 2 / 1 „ , „2 

i|«l i> - \ * f= t , ( I + 1 ) * * + "w " ( 1 ) ! + 1 / 2 ( I + 1 / 2 ) '«• Î 

+ JL{ i .„ + n 2 1 
i 4 UP MP y 

• + J r l ' e p p - 2 ( - i ) w / 2 (i +1/2) c j 

< Z |H |2>= e t i 2 - (l(I+l) - | +d } + — ( | - 3 n + n M 

«3 

4 ? 2 

<2|H|1>- <1|HI2 > = V(1- l /2 ) ( I+3/2) { - — ( - 1 ) ' + 1 / Z a, 
I 2 

* - ^ T ( W 2 ) - 2 ( - D I + 1 / 2 C w } 

where 

V " % ' j+ l x - „ " 
cpv ° % I J - Ix . v> 

£ =2 

PP 

(14) 

x„ I i - J 3 l v (is) V = < x 

e p V • % I J ' + 2 + J " 2 l v 

°Mv> " % I J 3 I X u > 



Instead of calculating all these intrinsic matrix elements as in the preceding 
sub-section we note that one can write 

< 1|H|1>=B'1 + — {1(1+1) + S ( - 1 ) I + 1 / Z (1+1/2)} 

h (16) 
< 2|H|Z>= Ê", + - 2 - 1(1+1) 

< 2|H|1>= îl| H| 2> = V (l-l/2)(I+3/2) { - — (-1) I + 1 / 2 % + - $ - r (1+1/2)} 
2 3 .43 

and consider E , t" ,, â*., J and Ï ' as free adjustable parameters. 

This philosophy avoids any specific assumption concerning the 
intrinsic motion and the moment of inertia. We are left with five parameters : 
two renormalized intrinsic energies c ., a generalized decoupling 
parameter "a and two moments of inertia, a mean value ^ , and a value ~X ' 
measuring the deviation from axial symmetry. 

Further it is interesting, at this point, to remind the situation 
one had [ 20-22 3 for the same kind of approach in an axial nucleus where 
one couples two rotational bands with K = 1/2 and K = 3/2 built on two 
intrinsic states. 

The corresponding matrix elements of the Hamiltonian H with axial 
symmetry were 

< 1 a . l H a l 1 a > = ' i l + 

* 2 

2 1a 

< 2 a l H * l 2 a > - * a 2 + 
t 2 

2 ?a 

{ 1(1+1) +a(-l) I + 1 / 2(I+l/2)} 

1(1+1) (17) 

* W 1a> = < l«l Hal V * " ~^r V(I-V2)(I«/2) < 3/21 j + | l/2> 
da 

and we had also five free parameters : two intrinsic enenies e . , two 

intrinsic matrix elements a = - < 1/2| j + | -1/2 > and <3/2 | j+ | i/2> 

and one moment of inertia 
* . ' 



He note that in our approach the two assumptions : 

(i) axial symmetry and two couplid rotational bands built on two 

intrinsic states with K = 1/2 and K = 3/2 called COR 2B 

(ii) triaxial shape, one intrinsic state with two allowed values 

of K called TRI 2K 

have the same number of free parameters. Further the only formal difference 

between eqs. (16) and (17) appears in the spin dépendance of the off diagonal 

matrix element. 

This example is just the one used by Hecht and Stachler t12 3 
191 

to discuss the axial symmetry or triaxial shape of Ir. We shall use 

it in section 4. It furnishs also a nice example Df a case where the goodness 

of the fit (1) in the two assumptions (i) and (ii) can valuably be compared 

since we have ex?'tly the same number of parameters. 

It is also interesting to look what happens when we allow for 

the possibility of a third value of K (assumption TRI 3K). It is easy to 

see that the three additional matrix elements can be written in the following 

form 

< 3|H|3> = e + — 5 — I (1+1) 
3 Ï 

fc2 t 1 ] 
< 3|H|1> = <1 | K| 3> = — 5 — \ ( I - l / 2 ) ( I - 3 / 2 ) (I+3/2)(I+5/2) > 

43" l 

< 3|H|2> = < 21 Hi 3> = — 2 - ( - 1 ) I + 1 / Z a V (1-3/2) (1+5/2) 

n 
T 

and introduce only one new parameter, namely an additional generalized energy ?,. 

In the axial case the extension of (17) to three bands called COR 3B intro

duces [20-22] two additional parameters e a3 and <5/2 | j + | 3/2 > , so 

that we end with less parameters in the triaxial case than in the axial 

case, in contrario to a common feeling. In the axial case of three band; 

K.K+1 and K+2 with K/ 1/2 coupled by the Coriolis force one has L20-22 \ 

a six parameters problem (there is no decoupling parameter) as in the case 

of the assumption of an unique triaxial intrinsic state and three values 

of K (assumption TRI 3K). This provides also an interesting case for 

comparison which we shall use in section 4. . 



Il 

' He do not repeat here how wo solved the non linear best fit problem involved 
in this inverse application. Details concerning the procedure we used 
can be found in earlier publications L 20, 22 ] . 

4 . Results and discussion 

4.1. Positive parity states 

Extensive experimental data 11-11 ] are at our disposal (see Table 1) 

for five odd mass Ir isotopes from A = lê5 to A = 193. The observed levels 

have generally been arranged into two rotational bands. Previous qualitative 

or semi-quantitative interpretations have been given in ref. [_ 6,7,12, 15 ] . 

On one hand André et al. [ 6-7 ] have made classical Coriolis coupling 

calculations in the frame of an axial nucleus. To obtain an acceptable (but 

not impressive) fit they had to couple five bands, take into account the 

| A N |= 2 coupling between H = 4 and N = 6 states, introduce hexadecapole 

deformation and attenuation factors, and further allow some intrinsic matrix 

elements to vary as free parameters.•On the other hand Vieu et al. [ 15 1 

made a detailed analysis of the positive parity levels within an extended 

version of the Hecht and Satchler model [.12 J . Even by introducing several 

intrinsic states in their calculation they could only obtain a qualitative 

description of the energy spectra. Hecht and Satchler L 12 ~\ using the 
191 data in Ir at their disposal as early as 1961 tried to deduce the shape 

of this isotope from an analysis of the positive parity levels. They came 

to the conclusion that it may be very difficult to distinguish between a 

symmetric and an asymmetric rotor for this nucleus. 

He have made a systematic study of the data within the different 

assumptions COR 2B, COR 3B, TRI 2K and TRI 3K where p the number of free 

parameters are respectively 5,7,5 and 6. In each of these approaches we 

checked the stability of the best fit solution by adding one by one levels 

of increasing spin. 

As shown in ref.£223 when a stability of the fitted values of the 

parameters is obtained we may have some confidence in the solution of 

the non-linear least squares procedure. The progressive introduction of 

the input data may also allow the elimination of non confirmed experimental 



12 

pieces of information which produce some sudden instability of the fitted 
values of the parameters. If no stability is found i t may however also mean 
that the description of the added state (especially those of high spin) 
need either larger basis of diagonalization or more sophisticated assumptions 
as e.g. VMI £ 16-17 ] . 

Let us go to a detailed analysis of each isotope 

185, Ir : 

Fourteen confirmed experimental levels f_ 1,5,6 } can be arranged 
into two bands. The existence of three levels having I = 5/2 and 1 = 7 / 2 
suggests the necessity of three possible values of K. This is confirmed in 
our different approaches. Assumption COR 2B shows a great instability of 
the f i t ted parameters. 

The extension to COR 3B leads to no physical values of the fitted 
parameters. The TRI 2K approach exhibits an excellent stability as long as 
I 4 15/2. I f one switches towards TRI 3K, this stability is extended to 
higher values of I and one finds that the third 7/2 state f i ts nicely 
in the scheme. We give in Table 1 (column 3) the calculated energies obtained 
in a f i t to 15 levels having I 419/2. The corresponding goodness of the 
f i t is g = 18 keV or g" = 23 keV. These values are s t i l l much larger than 
those usually obtained in the-well deformed axial nuclei f_20-22 \ . In 
Table 2 i t can be seen that our different approaches show a clear preference 
for a triaxial shape. The f i t ted values of the parameters are given in 
Table 3. This study is the f i rs t successful attempt to describe the 
positive parity states in this isotope. 

1 8 7 I r : 

Fifteen levels are known f_ 2-3-6-83 w i t h confidence and there exist 
two previous quantitative attempts to describe them either in the axial [ 7 J 
or triaxial scheme £ 15 ] . Hence it is interesting to compare the quality 
of their fits with ours obtained using the assumptions COR 2B, TRI 2K and 
TRI 3K. Table 2 gives the values of the goodness of the fit for different 
approaches. It would be better to compare g1 instead of g but if it is easy 



to fix p to 5,5 and 6 respectively for our different assumptions, it is 
not clear how many parameters can be considered as really free in the other 
approaches : at least 2 in ref 1 1 5 1 and at least 4 in ref C ? 3 -
Anyhow, we see from Tabic 2 (columns 4 and 5) that if it is not possible 
to distinguish between the two (direct and inverse) axial approaches, it 
is however evident that the triaxial shape is preferred. Furthermore 
the extension of the asymmetric model to several intrinsic states t15 } 
does not appear as absolutely necessary. Column 5 of Table 1 gives the 
results obtained using assumption TRI 3K and 15 levels. 

1 B 9 I r : 
In this nucleus where 14 positive parity levels are well established L7} 

there exists no previous quantitative calculation other than [.15] .As 
for the lighter isotopes we tried the different assumptions COR 2B, COR 3B, 
TRI 2K and TR1 3K. As for 1 8 5 " 1 8 7 i r the COR 3B calculation leads to 
wiphysical solutions. The three other approaches show a certain instability 
of the values of the fitted parameters by increasing the number of adjusted 
levels. For I >. 15/2 the simple assumptions presently used fail. The 
values of the goodness of the fit is shown in Table 2 where it is clearly 
seen that the asymmetric shape remains suited for this isotope too. Explicit 
results are given in column 7 of Table 1 fur the TRI 3K case. Two calculated 
energies are given in brackets for I = 9/2 and I • 11/2 and show that the 
tentatively assigned levels at 688 keV and 900 keV do not f i t in our 
description. 

W 1 l r : 

In this isotope 14 positive parity states are well known. The existence 
of three confirmed levels of spin 9/2 and perhaps three having I - 5/2* 
and I = 7/2 suggest that one needs three K values either with an axial 
or triaxial shape. Two previous analyses exist for these positive parity 
bands. The very early one by Hecht and Satchler f_ 12 ] who led to the 
conclusion that one cannot choose between axial or triaxial shapes for 
this system of levels. The recent calculation by Vieu.et al. [.153 leads 
to very-poor goodness of the fit even by excluding the badly reproduced 
energies (of level 13/2 for example). Our approaches with COR 2B and TRI 2K 



including 13 levels with I ^ 15/2 lead, as expected, to large values of 

g ( =10 kcV). Unfortunately the suggested introduction of a third value 

of K does not help : COI! 3B has no physical solution and TRI 3K show only 

a poor improvment of the goodness of the fit. He come finally to che same 

conclusion as f12 T, despite a much larger data set. Results concerning 

the TRI 3K assumption with 14 levels are given in Tables 1 (Column 9) 

and 3. 

The energy spectrum of this nucleus cannot be reached by in-beam 

reactions. The bands are consequently less developped and only 9 levels 

with' I $ 13/2 are well established. The only possible comparison with 

earlier theoretical work can be done with ref Î. 15 1 . In this study the 

values of g are 49 keV for I £ 11/2 and 255 keV for I < 13/2. As for 
191 

Ir, COR 2B and TRI 2K give equivalent results and one cannot select 

between the two (see Table 2). As for the other isotopes COR 3B has no 

physical solution. The approach through TRI 3K is here more ambiguous. 

The introduction in the data set of one, two or three states with I = 5/2 

leads to solutions with quite different asymmetry. The lack of information 

on levels of high spin does not allow to select between these solutions. 

Furthermore (see Table 2) the goodness of the fit is even poorer than for 

a two K assumption. The results given in the last column of Table 1 and 

in Table 3 correspond to a choice where the order of the three I = 5/2 

states is preserved. He emphasize that this may not be the best and/or 

unique solution. 

The present results allow us to draw a first series of conclusions 

concerning the positive parity states. Our analysis , which - let us say it 

again - is based on very simplified assumptions, shows clearly 

(i) that the coupling of the odd proton to an asymmetric rotator 

give a satisfactory description for the lighter isotopes A£l89 

(ii) that the "inverse" approach based on one single intrinsic state 

is always superior to the "direct" approach of ref £l5Jusing several intrinsic 

orbitals. 



(iii) that for heavier isotopes A j191, there is no possibility, 
within the actual assumptions, to prefer a triaxial shape to an axial one. 

A glance on the values of the fitted parameters given in Table 3, 
for TRI 3K, shows that the generalized decoupling decreases whereas the 
mean inertia parameter -5- increases (as expected) for increasing mass. 

4. 2. The h g. 2 level system 

Extensive data have been obtained- recently £ 1,5,6,7,8 J for the 
levels of the h 0 / _ system in the two lighter isotopes Irand Ir. 

IOC "f£ 
Even in I r the I = 5/2 level of this system appears to be the ground 

189 191 
state-Since for I r and Ir the data are scarce, we shall restrict 
our discussion to the two first mentioned isotopes. 

The hg,- system is very interesting since i t has been analyzed by 
several authors C 6,14 3 in a "direct" approach of an axial and / or 
asymmetric rotator model allowing not only a comparison between axial or 
tr iaxial shapes but also between their "direct" and our "inverse" application 
of the model. The rather poor quality obtained in the f i ts L 6,141 have 
led to some attempts to improve them by extended versions of the direct 
approach f_ 16,17,18 \ which are also of great interest to discuss. 
Finally i t seems also necessary to clarify whether or not the hg.j c a n 

serve as a test for shape isomerism LET. in l r isotopes. 

1 8 5 l r : 

I t is in this isotope that the h. , level system is the best 
developped \_l,S.d ~\ . In (a ,xn) reactions the part of the y rest band 
with (1+1/2) odd is favoured and levels up to I = 37/2 are reached. 
States with (1+1/2) even are also given surely up to I = 23/2 and tentatively 
up to 31/2. Another pseuda-band based on a 11/2 level at 852.3 is also 
proposed [ 6 T. . The radioactivity work completes the lower part of the 
spectrum, showing three levels of spin 3/?, the possibility of three states 
with 5/2 and a level 13/2 at 900 keV not seen in the (a , xn) work. 
Several previous calculations have been done using direct application of the 
rotor model. 

An axial Coriolis coupling between all the levels of the h g / 2 sub-
shell and the two lowest levels K = 1/2 and K = 3/2 of the f , / 2 shell have' 



been undertaken [ 6 j. Attenuation factors arc introduced, as well as 
the possibility of variable moment of inertia. Some crucial quantities 
are considered as free parameters, the number of which is then at least 
8 in addition to the fixed standard parameters. The same kind of approach 
is made [ 6 ] using a triaxial shape. The corresponding results are compared 
to the experimental level scheme. Unfortunately this is only shown in a 
figure and no quantitative evaluation of the quality of the fits can be 
made. The authors however conclude that the two descriptions are of 
comparable quality. Restricting to levels with I 4 13/2 obtained in the 
radioactivity work, Schiick et al. C l ] conclude that there is no need for 
asymmetry. A quantitative analysis introducing 14 levels have been made 
by Kaczarowski et al. £ 1 8 ] who compared several direct axial, triaxial 
and "extended" versions for which they obtain respectively g = 26 keV, 108 keV 
and 5 keV. 

As for the positive parity states we used the inverse approach of 
the model, with assumptions COR 2B, TRI ZK (with 5 free parameters) and 
TRI 3K (with 6 parameters). As in ref. £ 1 ] we first used a sample of 
data with I £ 13/2. For the 10 levels concerned we obtained respectively 
9 » 41, 39 and 43 keV. The three assumptions give equivalents poor results 
and" we confirm, in some sense, the conclusion of Schlick et al. £ 1 ] . We 
also studied the data set of ref. £ 18 ] with 14 selected levels. Our 
results are g = 32, 12 and 13 keV respectively and appeal the following 
remarks : 

(i) The direct and inverse axial approaches are equivalent and give • 
a poor fit. Further more an extension to COR 3B leads to no physical solution. 

(ii) The inverse TRI 2K assumption give a good description which 
Is not improved by allowing a third value of K. 

(iii) The sophisticated extension of ref £ 18 3 [! = 5 keV) which 
gave impressive improvment of the description when compared to the Meyer ter Vehn 
calculation (g - 108 keV) appears less necessary when compared to our very 
simple TRI 2K version (g = 12 keV). 

(iv) This data sample gives a fit of better quality than that 
of ref. £ 1 1. Since the two samples differ mainly by the level I = 13/2 



at 900 kcV, not seen in («,xn) reaction, we prefer to exclude this level in 
the systematic study where wo enlarge the data set step by step with levels 
of increasing I. Table 1 gives the corresponding goodness of the fits g and g". 
It is clearly seen that the triaxial shape gi;ea better results than the 
axial one and allows a satisfactory description up to levels of spin 
I 4 Z5/Z. For higher spins other assumptions have certainly to be taken into 
account. The introduction of a third value of K, suggested by the presence 
of three levels with I = 3/2 does not help. This probably means that at 
least some of the other levels, not introduced in the f i t , may arise from 
sub-shell f,,, which as shown by Toki and Faesslor ", 16-17 1 is rather 
decoupled from the hg,- according to some spin-flip effect. It may be 
possible that the not confirmed pseudo band based on 11/2 level at 85Z.3 keV 
(which has not been seen in other isotopes) the 13/2 level at 900 keV, 
the 17/2* level at 1316 keV as well as some low spin states seen in the 
radioactivity work are of this fj.g origin. 

In Table 5 (column 3) we show the results for TRI 3K and a fit 
to 13 levels with I £ 21/2 . The corresponding adjusted values of the 
parameters can be found in Table 6. 

1 8 7 l r : 

In this isotope a quantitative comparison of our method with earlier 

approaches of the direct type is possible. There exist detailed results in 

ref.[,7 3 for an axial shape and in ref. [ 1 4 3 for a triaxial shape. Unfor
tunately for their extended version Toki and Faessler f_ 16,17 ~\ show only 
the results of their calculations in qualitative figures from which, allowing 

to the choice of energy scale, one cannot extract numbers with enough details 

to be able to do quantitative comparison. The goodness of the fits to a 

common data set of 14 well established levels are shown in Table 7. For 

the direct approaches only g is given, since it is not easy to count really 

the free parameters. The results obtained by André et al. [ 7 1 led to 

the conclusion that it was not possible to use the h g._ as a test for the 

Shape of the nucleus. The inverse application we made permits however to 

favour a triaxial assumption when three values of K.are allowed. It is also 

interesting to remind that our simple approach needs diagonalization of 

matrices 3 x 3 whereas the sophisticated versions f_ 17-18 1 use matrices 

of order 75 or 120 to get only a qualitative agreement. In Tables S and 6 



îa 

we show the results obtained with TRI 3K. 

The present results on the h„.„ level system allow us to draw a 
second series of conclusions : 

(i) A contrario, to what was claimed in earlier work, the h g . 2 states 
are better described by a triaxial shape - at least in the lighter isotopes 
of Ir. 

(ii) The "inverse" triaxial approach based on one single intrinsic 
state leads to a satisfactory agreement and does not show a need for too 
sophisticated improvements at least for levels with I -S 21/2. 

(iii) The values of the inertia parameters obtained for the hg, 2 

system are different from those of the positive parity bands. But the 
observed differences of these effective rotational parameters (compare 
fables 3 and 6) are of the same order than those observed in different 
bands in the well deformed axial nuclei. They may therefore not be inter
preted as some signatures of shape isomerism. 

4.3. The h,, ., level system 

The h,,., system presents a much more complicated level structure. 
The classification into bandsMs less evident and these-are generally less 
developed than in the two other systems. No I - 1/2 is observed, and it 
may, a priori, be expected that the K = 1/2 does not play the same important 
role than for the h„,, system. 

Consequently an assumption with three allowed values of K t 1/2 leads 
to the second example where axial and triaxial inverse approaches have the 
same number of parameters. 

All previous attempts to describe this system within an axial shape 
have aborted. The Meyer ter Vehn model in his original L14 1 or extended 
versions £ 16-18J is actually the only quantitative attempt of describing 
the h,,,, system. 

i « s I r . :' : 

In this isotope eleven levels with spins 7/2 < I -S 21/2 are ' 
known . The two higher ones are to be considered only as tentatively assigned. 
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There exists only one previous qualitative description by Sch'iick ct a l . C l l 
in the frame of the Meyer ter Venn model. Since the lowest observed spin 
has I = 7/2 i t is tempting to look for 3 K values assumptions : COR 3B in 
the axial case and TRI 3K in the triaxial one, where we are left with a 
six parameters problem. 
The COR 3B calculation has no physical solution if one introduces data 
samples where I < 17/2. If one includes one or the two unconfirmed levels 
one obtains a fit where g = 39keV 

The interesting fitted parameters are : 

h 2 17.8 « - 2 — « 18.2 {in keV) 

4.00 $|< 9/2 | j + | 7/2 > | Z « 4.23 

0.64 ^|<ll/2 | j + | 9/2 > i E -S 0. 66 

If the obtained effective inertia parameter has a reasonable physical 
value, we have however to note that the two fitted matrix elements have 
quite different values. This is not at all what is expected for levels 
originating from a same large j spherical subshell. 

In the TRI 3K calculation one gets a remarkable stability of the 
solution by increasing data sample up to I < 17/2 . The fitted values 

2 2 
of the parameters show a large asymmetry since h Un - 20.6 keV and h /__ , 
11.4 keV. The corresponding goodness of the fit is g = 22 keV demonstrating 
clearly that the triaxiality is preferred. 

1 8 7 l r : 
In this nucleus 16 levels of the hii/2 a r e known but only 9 of 

them are definitively assigned. There exists one quantitative calculation 
by Meyer ter Vehn C 14 3 which in a direct approach describes these 16 
levels within a f it of quality g = 65 keV. 

If one analyses these results i t is clear that 6 values of K, 
5/2 i ,K 4 15/2, may play a role. 

In our inverse method vie may therefore first try an assumption 
TRI 6K which Is a problem with 9 parameters. By including 14,15 or 16 



levels with spins I < 19/Z, 21/2 and 23/2 respectively we obtain a 
very stable solution. Unfortunately this has no physical meaning since 
it would allow another 13/2 state at low energy (» 580 keV) which would 
have been seen exporimontaly. 
We here point on the limits of our method which was also found earlier Q 22 1 -
It can only be applied if there exists enough constraints, i.e. if for 
each (or at least some) value(s) of the spin I, one knows enough energies 
of the levels. If there are not enough constraints the inversion of 
the eigenvalue problem can lead to unphys'ical solutions, and this is the 
case here. 
Two possibilities may then be tried to avoid this limitation.Since one 
knows only one member of the K = 5/2 band, we may restrict to 7/2§ K 4 15/2; 
the level I = 5/2 being in a second step adjusted by the unique additional 
parameter É* 5 / » . He then have a TRI 5K problem having 8 parameters and 
needing less constraints. He remade the same calculations including 13, 
14 and 15 levels with spins I ^ 19/2, 21/2 and 23/2 respectively. Here 
we got an instability of the fitted values, but each obtained solution 
demonstrates again the existence of a low lying 13/2 state which is unphysical. 
Another way to avoid this difficulty is then to restrict to a TRI 4K approach 
where 5/2^ K 5 11/2. One obtains in that case a stable solution but 
the quality of the fit is only g = 90 keV. 

This clearly confirms the finding of the direct .approach that one 
needs «any values of K to describe the h,, .„ level system in this nucleus. 

1 8 9 I r . • 

In this isotope one observes 12 levels in the h,,,, system, 9 of 
which have well established different spins. The lowest value of I is 7/2 

185 and by comparison with Ir it seems natural to try a 3 K approach with 
7/2 $ K.<r 11/2. 

The axial approach COR 3B leads to an unphysical solution. The 
triaxial approach exhibits a great unstability of the fitted values of the 
parameters for different data sets.One encounters the same lack of constraints 

187 as in. Ir. All the obtained solutions allow the unphysical existence 
of a low lying 9/2 state which would have boon observed.' 



1 9 1 l r : 
In this nucleus 17 levels of the h,,,, system are given, 1G of 

which being firmly established, with spin values such as 3/2$ I ̂  23/2. 
The direct application of thoasynmietric rotor model by Lukasiak et al,f_9 T, 
classifies the levels in several bands having 3/2 ̂  K ^ 15/2 and leads 
only to a qualitative fit. 

Our attempt with TRI 7K is even less successful since we end with 
an unphysical solution where a band with K = 13/2 would appear at very 187-1B9 low energy. As for the Ir we cannot apply our inverse method for 
this system of levels and we have to look for an explanation of this. If 
we plot the excitation energies of some levels in the h, 1, 2 system for 
the different odd A Ir isotopes (fig.l) we clearly see that for increasing 
values of A the levels appear more and more pairwise with consecutive 
spin values. 

This bunching is the signature of the influence of the K = 1/2 
band for which a phase factor (-1) + appears. This also means that 
to get a satisfactory description in the frame of the asymmetric rotor 
one must allow for values of K including K = 1/2. The direct approach 
with all its delicate choices of ingredients gives only a rather poor fit. 
Furthermore our inverse method cannot help owing to the lack of information 
on low spin states. 

S . Conclusion 

Our study shows that the energy levels of the three systems observed 
in the odd mass Ir isotopes can be explained in a rather satisfactory way 
in the frame of the asymmetric rotator model without use of sophisticated 
assumptions. As for the case of axial symmetry the method of inversion of 
the eigenvalue problem works quite nicely for the systems where K = 1/2 
bands play a direct role. For the other systems it may be suitable only if 
the pieces of experimental information are sufficient. 

The wave functions obtained can in a second step be used for the 
analysis of the electromagnetic properties of these transitional nuclei. In 
the direct application of the rotator model this needs a definite choice 



of quantities like effective charges and effective gyromagnotic ratios 
and the calculation of the intrinsic matrix elements. In the spirit of 
the inverse method we dovelopped, the electromagnetic properties depend 
only upon effective intrinsic matrix elements which would be considered 
as free and adjustable parameters-Suchan analysis is possible but is 
beyond the aim of the present study. 

He are indebted to Drs S. André and J.Génevcy-Rivier for fruitful 
discussions concerning the experimental results obtained within the 
Grenoble-Swierk collaboration and to Dr J.P. .Boisson for careful reading 
of the manuscript. 
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Figure caption. 

1 . Systems tics of the excitation energies of some levels in the h,,,» 
system in the odd-A Ir isotopes. 

Table captions. 
1 . Experimental and theoretical energies in keV for positive parity 

states in the odd mass Ir isotopes. Calculated values are obtained within 
assumption TRI 3K in a fit including the number of calculated energies 
given without brackets in columns noted Th. The corresponding goodness of 
the fit g is also given (in keV). 

2 . Values in keV of the goodness of the fit g < g' defined in eq (1-2) 
within the different approaches discussed in the text. 

3 . Values of the six parameters fitted with assumption TRI 3K and the levels 
reported in Table 1. All values are in keV except those of a'which are 
unitless. 

4 . Values (in keV) of the goodness of the fit g and g' for several inverse 
185 approaches of the h„, 2 level system in Ir. The data sets introduced 

concern n levels of spin 3 I. The label UP means that no physical solution 
has been obtained. 

5 . Same as in Table 1 but for the h.., level system. 
6 . Same as in Table 3 but for the h„,, level system. 
7 . Values (in keV) of the goodness of the fit for several direct and inverse 

187 approaches of 14 levels of the h-,, system in Ir. 
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Fig. 1 



ld5 137 m 191 193 
21 Exp Th Exp Th Exp Th Ex? .Th Exp Th 
1 332.8 333. 10G.4 106. 94.3 94.8 82.4 82.3 73.01 72.9 

3 229.6 231 0. 7.8 0. 0.7 0. 7.6 0. - 2.3 

3 418.7 417. 189.4 198. 176.6 157. 178.9 183 180.03 185 
5 335.2 315 110.0 113 113.8 117. 129.4 127. 138.89 154 
5 442.2 465 311.5 285 317.8 345. 350.9 291. (361.81 351 
5 SS6.0 557 (644.) 643 (587.7) (559.2) 560 

J 496.6 443 285.0 283 300.5 307- 343.2 321 357.7 357 
7 648.8 653 470.9 472 464.9 474 504.1 503 
'7 696.7 691 (686.2) 621. 600 
9 442.9 432 454.1 454 502.5 490 522. 572 
9 880 .'9 859. 688.2 647 (688.4) (847.) 812.2 718 
9 945.2 929 
11 716.6 709 745.8 742. 832.0 799 857 855 : 

11 1086.1 1077 897.4 924 (899.6) (1031) 991.2 1032 

13 903.1 886 918.8 919 1004.1 1006 1163 114C 

P 1304.5 1316 1193.2 1187 ! (1397.4)- i 
15 1263.9 1259 1296.2 1296 1418.4 1419 
* 
15 

1530.6 1529 (1442.6) 
17 1745.4 1752 1472.4 1475 1482.4 [1600.6) 

19 1948.2 1948. 1904.3 1919.9 
21 (2153.) (2131) 2096.5 

9 11 Î 1 6 1 0 34 IS 

Table 1. 



Isotope Vieu e t al. 
[153 

André e t al. 
C7J 

COR 2B TRI 2K TRI 3K 

185 44 
58 

31 
41 

18 
23 

187 155 
Ï.167 

28 
%33 

34 
42 

20 
25 

16 
•21 

189 87 
>, 96 

28 
38 

15 
20 

1C 
15 

191 90 
* ' 99 

40 
51 

37 
47 

34 
43 

193 49 
ï. 56 

16 
. 24 

14 
21 

19 
28 

Table 2. 



Isotope 3" 
h % j h 2 / ^ . M Ê".2 % 

185 0.516 18.2 1.10 328. 164. 395. 

187 0.301 23.4 7.2 95. - 80. 191. 

189 0.258 27.6 -13.0 66.9 -103 396. 

191 0.251 26.8 8.4 68 - 93 201. 

193 0.049 34.4 16.7 48.7 -127 244 

Table 3.-



21 n COR 2B TRI 2K TRI 3K 
9 g1 g • n' g f 9' 

11 8 16 25 8 13 2 4 
13 9 23 35 9 • 13 5 10 
15 10 23 32 9 12 6 10 
17 11 30 40 9 13 8 11 
19 12 29 39 10 13 8 11 
21 13 34 44 9 12 6 8 
23 14 36 45 9 11 8 11 
25 15 38 47 11 14 13 16 
29 16 37 45 20 24 34 43 
33 17 41 49 32 39 NP NP 
37 18 60 70 48 57 NP NP 

Table 4. 



21 
1 

Exp 
85 

Th 
18 

Exp 
7 

Th 
1 135.3 m. 3B8.5 381. 
3 255.1 244 486.5 385. 
3 519.7 519. 
5 0. 1.2 201.5 194. 
5 506.7 518. (731.5] (694.) 
7 300.1 297. 
9 5.8 14. 186.2 203. 
9 (80.1.4) (804.) 
11 465.7 466. 620.3 617. 
13 158.6 162 350.2 • 363. 
15 755.9 754 901.1 908. 
17 448.8 445 675.1 671 
19 1163.9 1664 1317. 1314. 

j 
21 861.9 363. 1139.1 1126 
23 1677.6 (1699) (1847.4) (1835) 
25 1383.6 (1416) 1721.6 1728 

Table 5. 



Isotope â" h 2/2 3 h 2/2 3' ?1 ^2 ê"3 

lôs 4.54 16.9 - 1.3 192 291 1295 

137 4.45 13.3 - 1.6 427 527 

"' 1 

Table 6. 



9 S' 

Direct axial [ 7 3 40 

Direct triaxia1[î4J 121 

COR 2B 57 71 

TRI 2K 60 62 

TRI 3K 23 30 

Table 7. 


