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1. 

ABSTRACT 

He present a self consistent calculation of the nuclear 
level density based on a generalization to finite temperature of a 
modified Thomas-Fermi method. A simple expression is derived !or the 
so-called level density parameter a entering the expression o:~ the 
density of estates P(E-) a 6 e. and relating the excitation ene- gy 
to the temperature E = a T , in terms of nucléons equilibrium den
sities at T » 0 only. One thus avoids the difficulty of adding ex
ternal constraints to calculate isolated nuclei at finite temperature 
which are shown to be unstable against particle emission. The role 
of the nuclear surface is discussed. It is shown that the effective 
mass of the interaction plays a crucial role in determining the' 
value of a and comparison with experiment confirms the value m / 
near the Fermi level obtained through more microscopic analysis. 
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I Introduction 
It is known that the great number of closely spaced 

energy levels in excited nuclei allows for a statistical description 
of the average nuclear level density!ll. The result, is an exponentially 
increasing number of states with excitation energy, 
where the so-called level density parameter a can be obtained from the 
low temperature expansion Efa) = E(T)-E(0) = aT . In the limit of 
a very large system, the Landau theory of Fermi liquids gives a 
value of the parameter a = — -r—; " where k_ is the Fermi mo-

H ^ i . > F 
mentum and A the number of nucléons. If the effective mass m is 
taken equal to the bare mass and k. = 1.33 fm~ , one obtains 
a = A/15 MeV , while comparison with nuclear level densities 
extracted from experimental data leads to a value of a A/8 Mev" [2] 
Among others, the effect of the nuclear surface is certainly im
portant, as the local Fermi momentum is much lower in the surface 
region than in the interior of the nucleus. 

The difficulty in calculating the level density para
meter from the low temperature expansion lie in the fact that an 
isolated nucleus is not stable against heating. Thus one has to make 
use of additional constraints on the system in order to maintain the 
nucléons in a finite box at t / 0, with a possible dependence on the 
constraints used. 

In the present paper, we derive a simple expression 
for the level density parameter in which only equlibrium nucléons 
densities at T = O enter. Thus one avoids the above mentioned diffi
culty. The method used (section II) is a generalization to finite 
temperature of the Modified Thomas Fermi (MTF) approximation, which 
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has been shown to give bulk properties of cold spherical nuclei, 
and particularly surface properties, in excellent agreement with 
Hartree-Fock results [ 3J . The asymptotic behaviour of the solutions 
of the Euler equations is studied. In section III, we give a syste
matic study of the level density parameter using different effec
tive forces of Skyrme type and different kinetic energy density 
functions Is.The role of the surface thickness appears clearly. It 
is shown that among the parameters characterizing the effective 
interaction, the effective massm/mis particularly important. Com
parison with values extracted from experimental data then shows that 
one should take into account the energy dependence of m /m, which 
increases its value in the vicinity of the Fermi surface up to^l. 
Some consequences of the present results are drawn for astrophysical 
applications. 

II.-The Thermal MTF approximation 

II.1 - The method 

A brief sketch of the Thermal HF (THF) procedure with a 
Skyrme interaction will be useful to present our method. He shall 
restrict ourselves to interactions of skyrme type [,13J , which 
give rise to an interaction energy density depending on the nucléon 
densities and their derivatives only< for spherical systems). 

If the THF approximation, one minimizes the total 
energy of the system with respect to single particle wave functions 
imposing the constraint that the temperature be given, i.e. one 
minimizes the total free energy.: 
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where X i s the Hamiltonian density which depends only on the nucléons densities 
pn and p„ and on the kinetic energy densities t and T . S n ( S p ) stands 

for the entropy of neutrons (protons). In the limit of a rermi gas of independent 
particles, S writes (if one expresses T in energy units) 

$, = - 2- «J Log «J + (1-„J ) U> (A.*}) O) 
and the occupation number tfl are given by : 

•v s ») 
where the chemical potential u of particles g is determined by 

the normalization condition : 

\ nl = *!• <•*> 

A = N, Z being the number of particles q. 

The densities p , the kinetic energy densities and the 

single particle states e are defined by : 

r,= i ^ J» njl (6) 

(-•.J*-**01)*.?-*?*!? (7) 
ïmvq 

where <$> are the single particle wave functions. In eg.(7) the HP 

potential and the effective mass m are given by : 

(3) 
9v^ 

1f IV (*> 



The usual Thermal TF approximation i s derived from eqs.(1-9) through 

a local density approximation : one approximates the local density ft(i-) by a piece 

of nuclear matter with the same density ; the states Cp (r) are then 

just taken as plane waves of momentum k. One keeps in UL(r), only 

that part V (r) with no gradient terms and replaces the discrete sums 

by integrals over k. The following equations are then obtained : 

8 1+' 
(**0 

•wp(*-7) 

Eqs.(11) and (12), in the limit T-»0, give the usual TF functional 
tL(r) = | (31T)^ Pq 4. Instead of this, we want to recover, in the 
same limit, the MTF functional, which writes (3) : 
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«(A,) = «M t a"w yf ( \ i ) («.« > 
VJ 

<X(t») = i (ITT*) 

where m*/m is the value of the effective mass at the saturation 
point of symmetric nuclear matter. Thus one is lead to state that 

, v the volume term of ~ , c is to be written as : 

Eq.(15) is there no longer consistent with (18). It can be shown 
that the following expression : 

is the only one that fulfills the two conditions i) s (T)_ 0 
as T-»0, ii) the low temperature expansion of the total energy as 
well as the total free energy (see section III) involves the same 
constant a, i.e. : 
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(20-ftl 
E(T) = E(o) + aT 1 (20.!?) 

(Eg. (20-b) is obtained from (20.a) If one uses the thermodyna-
mical relation S = - M ) 

Eqs.(ll) and (18) give the desired functional relation 
between S and Fj. it a given temperature. For a given value of f*(r), 
one inverts eq.(ll) to get the local value of n and inserts it 
into eq. (19) to obtain the corresponding 5 (r). The total free 
energy is now a functional of P and its derivatives, provided one 
assumes that the potential part does not depend explicitly on the 
temperature. 

The equilibrium condition for the system writes : 

12 . V "il a A, (20 
where À is the Lagrange multiplier corresponding to the conservation 
of the number of nucléons and is Interpreted as the chemical poten
tial. 

II 2. On the validity of the approximations made 

The assumption, usually made that the potential part of 
the Hamlltonian does not depend explicitly on the temperature (but 
only implicitly through the dependence of p ( T), may be valid up to 
a few Mev if the interaction used reproduces in the satisfactory way 
the single particle spectrum of the nucleus. Indeed this is possible, 
if Skyrme interactions are used, for which case neglecting a possible 
T-dependence may not be too restrictive, provided one takes into 
account some energy dependence of the effective mass near the Fermi 
level [ 4] . This question will be discussed in more detail in section 
III. 
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For a more detailed analysis of the temperature dependence of the 
interaction, we refer the reader to ref.|22]and references therein. 

Let us note also that the approximation made in derivinq ecr.(l)-
(9) are valid if T is greater than the spacing of the level near the 
Fermi energy, in which case on can replace discrete sums by integrals. But one 
expects this local density approximation to be less adequate in 
systems with a small number of particles than in heavy nuclei (al
though the MTF functional takes partially into account the size 
of the system). In small nuclei as well as at very low temperature, 
the spacing of the levels cannot any more be neglected. Indeed, 
eq.(2) and (3) themselves are nc longer valid!5land one has to 
go back to the exact partition function to describe a finite system 
at very low temperature ; obviously in this situation, a TF appro
ximation cannot be used. Nevertheless one is allowed to make a low 
temperature expansion in order to extract the level density parameter, 
as one wants to describe a domain in temperature where the heat 
capacity of the nucleus is linear in T. 

II 3. Asymptotic behaviour of the solutions 
We now show that the Euler equations (21) have no 

physically acceptable solutions that vanish for large r, i.e. that 
an isolated nucleus is not stable against particle emission when 
it is given external energy. 

For simplicity in the discussion, we shall consider 
only one kind of particles and puto((A(̂ ) =«(«•) in eq.(18). The 
free energy density y has then the following form : 

7 • & r " • £ >T* * **» * *»'- T <f £ f -»" 



9. 

where p (p) is an algebraic function ofp which goes like p for small 

f if one uses a Skyrroe interaction. 

Eg.(21) writes ! 

We look for solutions that become small for large r. Prom eq. (11) 

and (14) one gets that IJ must be large and negative. Expanding the 

Fermi integrals in powers of e and keeping the leading term leads 

t o ' r> M 

~ * ~ v n-h 
so that 

l2 _ 1 (") 

Then 

'* 1 2m*T ' 

and eq. (23), if one keeps only the leading terms, becomes : 

T(^u^), £t>[Cjt-i*TS]->> (ia> 
We show in the appendix that if no extr* constraint is put on the 

system, then eq.(26) has no physically acceptable solution. For 

instance, it is clear that there are solutions which become constant 

for large r. The derivative terms can then be neglected and one gets. 

il*?) * (») 
But of course this solution cannot be normalized in the whole r-

space. This correspond, to the fact, previously noted [6] , that 

an isolated nucleus is not stable against heating. Nucléons drip 
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out of the nucleus as soon as they are given external energy. This 
is of course related to the fact that the model is a static one 
and does not allow to discuss the difference between the time of 
thermalization and the time of emission of particles. As the later is 
greater than the former, one can partially separate the two processes ; 
a static calculation can thus give information on the thermalization 
but provided that the constraint put on the system in the calculation 
is derived in a theory where both effects are incorporated, and not 
determined by numerical purposes. For example, the solution with 
the asymptotic behaviour given by eq.(29) calculated in a finite 
box will depend on the size of the box, i.e. will depend on the 
additional constraint - that can be interpreted as an external pressure -
implicitly incorporated in the calculation. We have found that 
evaluating numerically the level density parameter via the low 
temperature expansion : 

P(T) = P(0) - aT 2 

gives values which vary by as much as 20% in Z D B P b when the size 
of the box goes from 13 fm to 16 fin. At very low temperatures, 
(T -0.1 Mev)where one would expect the size of the box to be less 
important, substracting two nearly equal quantities leads to very 
poor accuracy. For higher walues of T, the asymptotic behaviour is 
no longer negligible. We shall show in the next section that the 
parameter a can be obtained in a very simple and accurate manner as 
a function of equilibrium densities at T = 0. let us note as a final 
remark that the nucléon drip is also seen in thermal HF calculations, 
which cannot be performed in r-space because of the partial filling 
of the continuum states. Use is made of a basis - with the delicate 
problem of the truncature [ 7] . 



Ill.- Level density parameter 
III. 1 - Low temperature expansion 

One can see, from the asymptotic expansion of the Fermi 
integrals ^(7) when T~0 : 

that the corrective terms to the density and the kinetic energy 
density behave as T . Thus we write : 

V T > = * î + ^ T * ^ 2 ) 

where p is the equilibrium density at T = O and 4o satisfies 
the condition : 

Jit, a? - o (»« 
in order to preserve the number of particles. Then on can use (31-a) 
to get K|Lin terms of fc and T and insert it into eq.(18) and (19). 
The volume term of the kinetic energy then becomes : 

Next, the total free energy density y is expanded in powers of T s 

When integrated over r , the second term of the right hand side 
vanishes as one can replace . by \ and make use of eq.(33). ofy q 

Finally one can write for the total free energy and for the total 
energy : 
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Before discussing the results, one can make the following remarks : 
1) The parameter a appears as the mean value of the local inverse 
effective Fermi kinetic energy over the nucleus. It is then very sensi
tive to the shape of tbe surface, where the local k_ is of course 
much lower than in the interior of the nucleus. The integral in 
eq.(37) converges very slowly (as the integrand goes like r 2 n2/') ; 

for instance the most external nucléon contributes to as much as 
20% to the value of a la a»pb and 50* in *°Ca. In this semi-clas
sical model, it is the external nucléons which contributes most .to 
Uiu specific heat. The same conclusion can be seen in ref.[l2j. 
ii) The limit of eq.{37) in an infinitely large system gives the 
correct value of the level density parameter in Landau's theory 
of Fermi liquids [8l .: 

lim. a ! l ISL. (**> 
111) We notice the remarquably simple result that in a finite 
nucleus, the T.F level density parameter does not depend explicitly 
on the effective Interaction but through the effective mass m , 
such as is the case when dealing with an infinite system. 

Ill 2. Results a..J discussion 
III 2.1 Influence of the kinetic energy functional 

We first compare the results obtained with the MTF func
tional (eq.(16)) with those calculated with the functional, labelled 
ITF, derived from semi classical expansions' 9,10] . The comparison 
can be seen in fig.(1) where are plotted the two curves a/A as a 
function of the mass number A using the same effective interaction 
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SkM [il] . This interaction gives satisfactory results for bulk 
properties of nuclei as well as for electric giant resonances. 
Coulomb interaction has been not included here in order to have 
a smooth curve going from light nuclei to infinite systems. (The 
effect of Coulomb interaction on a will be discussed in sub
section III.2-2). One can see that the discrepancy of about 20% 
on the absolute value of the ratio a/A is due to the change in the 
mean slope of the curve. If one writes : 

f = a„ + a„ A ' + a A v 

A V S c 
where a ,a and a represents respectively the volume, surface 
and curvature parameters, we see in table 1 that the surface 
coefficient in MTF calculation is .«.80% larger than the ITF one 
{this has been checked for all interactions used). The reason 
for this is that the ITF Equilibrium densities have smaller surface 
thicknesses than MTF ones. This reduces the contribution of the 
surface to the level density parameter. The effect of the shape of 
the surface can be simply analyse is one notice, from eq.(37), 
that only the gross features, and not the details, of the equili
brium densities should determine the value of a. If one replaces 
the calculated densities by Fermi distributions with same root mean 
square radii' and surface thicknesses, one reproduces the exact 
results for the parameter a with an accuracy of about 5 %. we have 
than checked that a change of 10% in the surface thickness gives 
an equivalent change of 10% in the value if a. We conclude from 
this analysis that the 25% discrepancy observed by Buchler and 
Epstein[12] (BE) between their calculated values and the experi
mental ones might be due to the kinetic energy functional these 
authors have used. The boundary condition chosen to calculate 



14. 

isolated nuclei at finite temperature might also play a minor role. 
The comparison with the results of Stocker and Burzlaff [_6 J (SB) is 
more delicate. These authors have minimized, as an equilibrium condition 
at finite temperature, not the total free energy of the nucleus but 
the isothermal surface tension, calculated with a model which contains 
discontinuities of the densities at the surface. The surface contri
bution obtained by these authors compare quite well to ours, but 
we shall show in the next section that the dependence of a on the 
nuclear incompressibility modulus K found in their work is certainly 
due to the equilibrium conditon used, which precesely neglets the 
finite value of K. 
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III.2.2 - Effect of the parameters of the interaction. 

We show in table 1 and fig.l the results obtained with 
various Skyrme interactions [l3]. In fig. 2 are plotted the curves 
a as a function of the mass number. Coulomb interaction has been 
included. We find that its effect is larger in heavy than in light 
nuclei, due to the fact that the competition between Coulomg repulsion 
and surface energy favors proton distributions where the protons are 
pulled toward the outer part of the surface as the mass number 
increases. 

It is clear from eg.(37) that the role of the effective 
mass is predominant. Table 1, fig. 1 and fig. 2 show that the larger 
the effective mass, the larger the value of a throughout the periodic 
table (the crossing of the SWJ and the S-III curves for very large 
systems seen in fig. 1 comes from the fact that although SkM 
interaction has a greater effective mass, its saturation density 
in nuclear matter is also greater, k- = 1.34 fm vs. 1.29 fm~ ). 
The other parameters caracterising the interaction play an indirect 
role only through the determination of the equilibrium densities, 
which can be very similar for very different sets of parameters. 
For instance, interactions SkH and S-III give similar results for the 
parameter a although they have very different incompressibility 
modulus K, 219 MeV and 356 MeV respectively ; the curve obtained 
by S.B. with a choice of K = 170 MeV coincides exactly with our 
SkH curve ( MTF approximation ). One can see in table 1 that the • 
surface coefficient a is not sensitive to the value of m /m or to 
the value of K, in contradiction with the result of S.B. Assymetry 
effects have also been found negligible. Indeed, we could summarize 
our analysis as follows : the results obtained with effective 
interactions which give reasonable equilibrium densities differ 
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only by the value of the effective mass, in accordance with the third 
qualitative remark of section III.l. In other words, we think that 
the level density parameter gives an independent constraint on the 
value of the effective mass. We shall now discuss this question in 
more details. 

The comparison between our results and experimental data 
can be seen in fig. 2. Although the parameter a shows a strong 
shell structure, its average dependence on the mass number A is 
of the order of a = A/8 MeV . This estimate strongly favors a value 
m /m »*1, the best fit being obtained with interaction S-VI which 
has m / m = 0.95. This result, which seems in contradiction with the 
value m /m ~J 0.80 given by quadrupole resonance analysis [14], can 
be understood in the following way. 

The presence of the effective mass in eq.(37) comes from 
the local density approximation (see section II.1) leading to eq.(10) 
for the single particle energies £ (fa)s_2_k + V. . It is known 

1 Im'f 1 
that the H.-F. approximation gives a density of states near the 
Fermi level which is too small compared to experimental results. It 
has been shown £4] that one can correct this defect if one takes 
into account the coupling of individual particle levels to collective 
vibrations, leading to an effective mass which depends on the 
energy. This dependence raises the value of m / m from its value 
for the deepest states ( effective mass due to the non-locality 
of the interaction/\i 0.8 ) to a value around unity ( or even 
slightly greater than unity ) near the Fermi level. The resulting 
modification of the spectrum is not expected to modify the equilibrium 
densities in a significative way, so that one can still use, in : 

* This average behaviour to which we compare should not be interpreted 
as a compromise between opened shell nuclei and closed shell nuclei, 
as our method is incapable of describing shell effects. In the •" 
comparison we just neglect nuclei near the magic ones. 
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eq.(37), the densities found when one neglects the energy dependence 

of m /ra. But of course the repercussion on the final value of a is 

a drastic -nd a satisfactory one s one can see in fig.2 that the 

SkM curve t MTF approximation ) shows around 15*^ discrepancy with 

experimental data, while the dashed-dotted curve, obtained by 

putting m'/m = 1 in eg.(37) gives a very good agreement with the 

estimate a = A/8 MeV ( values of m /ra up to 1.1 would also be 

acceptable ). Our conclusion is that one should use the usual effective 

mass in the potential part of the free energy, but not in f'.e 

derivation of the functional relation between V and f , where 

one should use the bare mass instead. Thus in eqs.(10),(11),(18) 

and (19) m / m should be replaced by 1. 

Let us notice as a final remark, that the agreement 

between calculated and experimental values seems to be better in 

heavy than in light nuclei : the calculated values overestimate the 

nuclear level densities in light nuclei. As already mentionnés in 

section II.2, the statistical approach used here breaks down for 

systems with little number of nucléons. We think that this question 

deserves a more detailed study which is beyond the scope of this 

work. 

III.2.3 - Astrophysical applications 

Before going to the conclusion of the present work, 

we want to mention some consequences of the previous discussion 

on some astrophysical problems such as the study of the collapse • 

of stars and the resulting supernovae £l5-17} . First, let us 

notice that the size of the nuclei present at equilibrium in the 

hot dense matter (T up to 20 HeV) that constitutes the star 

determines its opacity to neutrinos and thus influences the rate 

at which energy can be expelled during the collapse. This size 

itself crucially depends on the balance between the nuclear 
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surface energy and the Coulomb energy. Preliminary results obtained 

via the thermal H.F. approximation [l8] and the thermal 
differential TF approximation { 16J seems to indicate that the 
size of the nuclei are smaller than those predicted in ref. [l5] 
using the Compressible Liquid Drop model fl9l at finite temperature, 
where one assumes a plane interface between the nuclei and the 
nucléon gas in which they are imbedded. We think that the thermal 
MTF method presented in this paper should give a good description 
of the nuclear surface at finite temperature. Comparison with 
thermal HF calculations are in progress. 

Our second remark stresses the discussion of the last 
section. We think that a satisfactory description of the nuclear 
level densities is a necessary test for methods used to calculate 
an equation of state for matter at very high temperature, as the 
high number of levels in excited nuclei provides a way of storing 
energy. We have seen that it is necessary to take partially into 
account the energy dependence of the effective mass and that it can 
be done in a rather simple way. 

IV.- Conclusion 

In generalizing the Modified Thomas-Fermi approximation 
to finite temperature, we have obtained a satisfactory way to 
describe self-consistently the density of excited states in nuclei. 
We have shown that, as a nucleus is not stable against heating, 
the response of the system strongly depends on the boundary conditions 
used in the calculation at a given temperature. ' A simple analytic 
expression of the level density parameter, which depends on the 
equilibrium densities of the nucléons at T = 0, has boem derived. 
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The level density parameter appears as the mean ralue of the inverse 
effective kinetic energy of the local Fermi level. One thus confirms 
in a quantative way the particular role played by the nuclear surface 
and, among the parameters of the interaction, by the effective mass 
in determining the value of a. 
Comparison with experimental results show that it is necessary 
to incorporate in this semi-classical model some information 
on the density of individual states near the Fermi level (which 
corresponds to taking into account the energy dependence of the 
effective mass) and that it can be done in a very simple way : use of 
the bare mass in the construction of the kinetic energy functional 
at finite temperature and of the usual effective mass in the 
potential part of the free energy. The effect of our prescription 
should be tested in asprophysical situations. Work in this direction 
is in progress. 
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work. One of us ( M.B. ) is grateful to the University of 
Florida and the National Science Foundation ( AST 79-20024 ) 
for partial finantial support and the Physics Department of 
the Florida University of Gainesville for his warm hospitality. 



A P P E N D I X 

We show that eg.(28) has no physically acceptable 
solution (i.e. vanishing for large r) if no additional constraint 
is added on the system. 

Eq.(28), in the limit of large values of r where one 
can put Af *J P , can be written in the form : 

with k = - 2 2 — . if one defines : 

then 

Inserting eg.(2) and (3) into (1) leads to : 

be integrated into : which can be integrated into 

where C is a constant. If C is not zero, then the asymptotic 
behaviour of eq.(5) is simply given by s 

as one looks for solutions that vanishes for large r. Thus C is 
positive and eg.(6) leads to : 
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This shows that there are solutions which vanish,as 
well as their first derivative, at a certain distance r . But of 

e 

course these solutions are not valid in the whole r-space,as pfr) 
becomes infinite as r increases, which is contradictory to the 
assumption made to obtain the solution given by eq.(3). These 
solutions are precisely those used by Buchler and Epstein to 
calculate an isolated nucleus at finite temperature. Beyond the 
point r = r., they take J(r) = 0, which corresponds to taking as an 
additional constraint an infinite repulsive potential in the 
region r^r,. 

The above discussion shows that if one looks for 
solutions of eq.(5) that are valid in the whole r-space, then 
necessarily one has C = 0. Then : 

F l= i k j * l > C U * f - 0 + T % - X l o ) 

which implies : 

We conclude that there are no vanishing solutions of 
eg.(5). The solution (10) can nevertheless be used in a finite 
region of space if one adds an external pressure, such as is the 
case in astrophysical calculations of hot dense matter Il5,16 1 . 
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i 
Table Caption ' 

Table 1 Values of voliane, surface and curvature terms a y, a g 

and a of eq.(39) for various effective Interactions. 
Coulomb interaction is neglected, m /m and K are the 
effective mass and the incompressibility modulus in 
infinite nuclear matter at saturation point. 



*v S a o m*/ra K (MeV) 

s-v 0.026 0 .224 0.039 0 .38 306 

S - I I I 0.054 0 .233 0 103 0 .76 356 

S-VI 0 .068 0 .218 0.166 0 .95 364 

SkM 0.053 0.228 0.175 0 .79 219 

SkM 
ÎITF) 

0 .053 
I 

0.139 
1 

0.767 n *7o 

- Table 1 -



Figure Captions 

Figure 1 Plot of the curve a/A as a function of s" ' for 

various interactions. Coulomb intercation has not been 

included in the calculation. The dashed curve is 

obtainedwith interaction SkM using the ITF functional 

of réf. [10J. 

Figure 2 Plot of the curve a as a function of A. Coulomb interaction 

has been incorporated in the calculations. The curve 

labelled BE is taken from ref.£i2]. The results 

obtained in ref.£6j for an incompressibility modulus 

of 170 MeV coincides exactly with the curve labelled 

SkM. The dashed-dotted curve corresponds to setting 

m /m = 1 in the calculation with interaction SkM (see 

sub-section III.2.2). Experimental values are taken 

from ref. [20] . 
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