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PREFACE 

This report summarizes the results obtained from a scoping 
study sponsored by the U. S. Department of Energy (DOE) under 
the Light Water Reactor (LWR) Safety Technology Program at 
Sandia National Laboratories. Basically, this project calls 
for the examination of the hypothesis that the use of nonlinear 
analysis methods in the design of LWR systems and components will 
lead to potential economic and safety benefits. LWR systems and 
components of interest include such items as: the reactor vessel, 
vessel internals, nozzles and penetrations, component support 
structures, and containment structures. Piping systems are 
excluded because they are being addressed by a separate study. 

In order to get a broad perspective, three contracts were 
placed with industrial organizations with expertise in this 
particular problem area. The three contractors weret ANATECH 
International Corporation, O'Donnell Associates, Inc., and 
Teledyne Engineering Services. A time period of approximately 
three and one-half months was allowed for each contract. 

Essentially, the findings were that nonlinear analysis 
methods are beneficial to LWR design from a technical point of 
view. However, the costs needed to implement these methods are 
the roadblock to readily adopting them. In this sense, a cost-
benefit type of analysis must be made on the various topics 
identified by these studies and priorities must be established. 
The bulk of the three reports addressed this point in detail. 
This document is the complete report by Teledyne Engineering 
Services. Comments are welcome and should be addressed to the 
DOE LWR Safety Technology Program, Technical Management Center, 
Sandia National Laboratories, Division 444 3, Albuquerque, 
New Mexico 87185. 
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ABSTRACT 

This report summarizes the results of the study program to assess the 
benefits of nonlinear analysis methods in Light Water Reactor (LWR) compo
nent designs. This study was funded under the DOE LWR Safety Technology 
program, the technical management of which is provided by Sandia Labora
tories, Albuquerque, New Mexico. 

The current study reveals that despite its increased cost and other 
complexities, nonlinear analysis is a practical and valuable tool for the 
design of LWR components, especially under ASME Level D service conditions 
(faulted conditions) and it will greatly assist in the evaluation of duc
tile fracture potential of pressure boundary components. Since the non
linear behavior is generally a local phenomenon, the design of complex 
components can be accomplished through 'substructuring' isolated localized 
regions and evaluating them in detail using nonlinear analysis methods. 

The availability of computer programs for nonlinear analysis has 
vastly improved, and there has been considerable progress in the develop
ment of constitutive equations, material property data, the finite element 
idealization and computational techniques. 

The ASME Boiler and Pressure Vessel Code does not specify the tech
niques and/or methods to be used in performing nonlinear analyses. How
ever, some effort is currently underway in the ASME Special Wo-'king Group 
on Faulted Condition to delineate procedures for nonlinear analysis. 
Material data and constitutive equations are not specified in the ASME Code 
for LWR applications. 

As a result of this study, the following conclusions and recommenda
tions are made in order to encourage the nuclear industry to use the 
nonlinear analysis methods on a routine basis. 

111 
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(1) The collection and dissemination of nuclear grade material data 
are essential and should be undertaken immediately by the na
tional nuclear regulatory, research and Code organizations. 

(2) The development, review, and evaluation of constitutive equa
tions for nonlinear analysis should go hand in hand with item 1 
above. 

(3) Benchmark studies should be carried out to: (a) evaluate and 
qualify constitutive equations, and (b) assess the accuracy and 
cost effectiveness of nonlinear computer programs. 

(4) Correlation of analytical predictions against experimental re
sults should also be made to verify and qualify nonlinear com
puter programs. This will improve the users' confidence in 
nonlinear analysis methods. 

(5) Although nonlinear analysis can be successfully performed, the 
time and cost associated with it clearly indicate that the tech
nique is iiot going to be used as a routine design tool until and 
unless significant reductions in computing costs are achieved. 
Hence, it is very important to develop and implement simplified 
methods of nonlinear ?ialysis for use in design. In this way, 
tile rigorous nonlinear analysis need only be used as a final 
design verification tool. 

A detailed discussion of these and other recommendations is presented 
in the report. 

An elastic-plastic analysis of a 2:1 ellipsoidal head under internal 
pressure was carried out as a benchmark problem in order to demonstrate the 
feasibility of performing a nonlinear analysis with currently available 
computer programs. This problem was also used to study the relationship 
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between the cost and the speed of convergence of the results. The measured 
values of strains and displacements of a commercially fabricated 2.1 el
lipsoidal head are compared with the finite element results and found to be 
in good agreement with the finite element results. Moreover, the results 
of the benchmark problem are used to demonstrate that the load carrying 
capacity of 2:1 ellipsoidal heads could be considerably improved by the 
application of elascic-plastic analysis methods. 

Technical Report 
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TECHNICAL PROGRAM TO STUDY THE BENEFITS OF 
NONLINEAR ANALYSIS METHODS IN LWR COMPONENT DESIGNS 

EXECUTIVE SUMMARY 

Purpose 

The purpose of this study funded under the DOE LWR Safety Technology 
program is to assess the benefits of nonlinear analysis methods in Light 
Water Reactor (LWR) Component designs. It is also to assess whether the 
development and application of analysis methods which includes nonlinear 
behavior (both geometric and material) will better qualify existing safe
ty margins and may lead to designs that are as structurally safe as those 
currently used but less costly. 

Background 

The application of nonlinear analysis techniques has gained consider
able importance in recent years, especially, in the domain of nuclear power 
plant systems and components. The elevated temperature design, pipe rup
ture and nonductile fracture requirements induced the development of gen
eral purpose computer programs for nonlinear analysis. Despite these 
developments, the general scope of the ASME Boiler and Pressure Vessel Code 
does not specify the analytical techniques and/or methods to be used in 
performing nonlinear analyses. 

Traditionally, linear elastic analysis method is employed by NSSS 
(Nuclear Steam Supply System) vendors and manufacturers for the evaluation 
of pressure boundary components. This method obviously does not account 

VI 
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for material and geometric nonlinearities and may very well lead to conser
vative designs with little or no improvement to the safety and reliability 
of components. Especially for postulated events which produce sever.' 
loads and load combinations (Service Level D) such as LOCA (Loss of Coolant 
Accident), SSE (Safe Shutdown Earthquake), the component response may not 
be linear elastic and a choice of elastic analysis may result in conserva
tive design and increased costs. Hence, the objective of this program is 
to perform a qualitative study of the changes and/or improvements in LWR 
component designs that might result from the use of nonlinear analysis. 

Scope 

The overall program comprised of the following tasks. 

Task 1 Review of Current Analysis Techniques 

Under this task technical meetings were he'id with the NSSS vendors and 
equipment manufacturers to review the analysis methods used for the design 
of light water reactor systems and associated components, especially under 
Level D Service Load Conditions. Both PWR (Pressurized Water Reactor) and 
BWR (Boiling Water Reactor) technologies were represented in these meet
ings. Design and production engineering as well as research and develop
ment personnel contributed to the findings reported. The following as
pects of the evaluation of Level D service condition were investigated. 

(1) System analysis used for the generation of loads. 
(2) Type of analysis used for the evaluation of critical components. 
(3) Hardware changes, if any, as a result of violation of Level D 

stress limits based on elastic analysis. 
(4) Details of nonlinear analysis that resulted in acceptable loads 

and/or stresses. 

vii 
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(5) Cost comparison between the nonlinear analysis and the necessary 
hardware changes to satisfy th3 requirements of the Regulatory 
Guides and the ASMF Codes. 

In addition to exploring the above, an effort was made to assess as to how 
well the nuclear industry is equipped to perform nonlinear analyses in 
terms of highly trained and qualified technical personnel and computer 
programs. 

Task 2 Evaluation of Nonlinear Analysis Methods 

This task was accomplished through review of recently published tech
nical papers and special publications. It is evident that in the last ten 
years, considerable progress has been made in the development and dissemi
nation of nonlinear analysis methods, computer programs and constitutive 
equations, etc. The number of technical papers, books and special publi
cations on tre theory and application of nonlinear analysis is ever in
creasing. Special sessions and short courses on inelastic behavior and 
plasticity are becoming very popular at the pressure vessel and piping 
conferences. An increasing number of engineers and designers involved in 
the light water reactor technology program is keenly aware of the need and 
importance of enhancing their knowledge and understanding of inelastic 
behavior of nuclear components and piping systems. 

The results of review presented in the report represent a wide range 
of topics, techniques and methods pertaining to nonlinear analysis proce
dures. 

Task 3 Benchmark Problem 

Under this task, an elastic-plastic analysis of a 2:1 ellipsoidal 
head under internal pressure was performed to demonstrate: (1) the use of 

Technical Report 
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a general purpose nonlinear computer program, (2) the advantages and bene
fits of nonlinear analysis over elastic analysis, and (3) the cost effec
tiveness between elastic and inelastic analyses including the different 
options available to improve the accuracy of the inelastic analysis. The 
results of this analysis, especially strains and displacements of key 
regions, are compared with the experimental results of Foster Wheeler 
Energy Corporation, published in WRC Bulletin 255 entitled "Experimental 
Investigation of Commercially Fabricated 2:1 Ellipsoidal Heads Under 
Internal Pressure", December 1979. 

In addition, a list of widely used nonlinear computer programs and a 
short description of these programs are provided in the report for quick 
reference. A brief discussion of the simplified analysis procedures is 
also included in the report. 

Conclusions and Recommendations 

Based on the industry and literature surveys conducted through this 
study program the results of the benchmark problem and the review and 
evaluation of nonlinear computer programs, it is concluded that despite 
the increased cost and other complexities, nonlinear method of analysis is 
a practical and reliable tool for the design of LWR components, especially 
under Level D Service Conditions and it will greatly assist in the evalua
tion of ductile fracture potential of pressure boundary components. Since 
the nonlinear behavior is generally a local phenomenon, the design of 
complex component can be achieved through "substructuring" localized 
regions and evaluating them in detail using nonlinear methods without 
resorting to extensive and expensive testing to assess the response of the 
structure considered. Upon implementation of the recommendations furnish
ed below, testing can be reduced significantly and better understanding of 
the structural behavior can be achieved through nonlinear analysis meth
ods. The solution to the benchmark problem confirms that the load carrying 

Technical Report 
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capacity of a component can be improved considerably through the applica
tion of nonlinear analysis techniques. 

Although the advantages of using nonlinear analysis outweigh the 
apparent disadvantages, important developments are still needed in practi
cally all areas pertaining to nonlinear analysis. The following is a list 
of recommendations that deserve close attention and subsequent implementa
tion. 

(1) Expansions of the current scope and requirements for nonlinear 
analysis in the ASME Cod2. 

(2) The industry wide collection, documentation and dissemination of 
nuclear grade material data. 

(3) Formulation of appropriate constitutive relations to be incor
porated into the nonlinear equations of motion for various 
classes of nonlinear materials. These formulations should be 
compatible with the computational techniques used and not cause 
numerical instabilities. 

(4) Performance and compilation of benchmark problems for verifica
tion and qualification of constitutive equations. 

(5) Correlation of analytical predictions against experimental 
results. 

(6) With regard to nonlinear computer programs, development of reli
able time integration operators, including algorithms for the 
automatic selection of various time steps, and various load 
steps in static analysis is urgently needed. 

x 
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(7) Currently several nonlinear finite element computer programs 
(MARC, ANSYS, WECAN, ADINA, P1ACRE, etc.) are available for use 
in the design of nuclear power plant components and piping 
systems. However, the nuclear industry is very much concerned 
about the '-unaway costs associated with 'tonlinear solutions. 
Hence, in situations where design violations occur, hardware 
changes are readily opted by the industry, instead of adopting 
nonlinear analysis techniques to resolve the design problems. 
Hardware changes, in many instances, cause additional proble.ns 
in the system design and thus escalate the overall cost of the 
plant. Hence, it is highly recommended that the accuracy and the 
cost effectiveness of nonlinear computer programs be determined 
via benchmark studies. These studies will involve setting up of 
benchmark problems and obtaining solutions through different 
nonlinear computer programs and thereby assessing the relative 
accuracy and cost effectiveness of these programs. 

(8) Even if nonlinear analysis can be successfully employed to solve 
complex structural problems the setup time and cost associated 
with it clearly indicate that the method is not going to be used 
as a routine design tool until and unless significant reductions 
in computing costs are achieved. Hence, it is very important to 
develop and implement simplified methods of elastic-plastic 
analysis for use in design. In this manner, the rigorous non
linear analysis may be reserved as a final design verification 
tool. 

Technical Report 
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INTRO0UCTI0N 

The application of nonlinear analysis techniques has gained con
siderable importance in recent years, especially in the domain of nuclear 
power plant systems and components. The elevated temperature design, pipe 
rupture and nonductile fracture requirements induced the development of 
general purposs computer programs for nc.ilinear analysis. Despite these 
developments, the general scope of the ASMS Boiler and Pressure Vessel Code 
does not specify the analytical techniques and/or methods to be used in 
performing nonlinear analyses. 

Traditionally, linear elastic analysis method is employed by NSSS 
(Nuclear Steam Supply System) vendors and manufacturers for the evaluation 
of pressure boundary components. This method obviously does not account 
for material and geometric nonlinearities and may very well lead to conser
vative designs with little or no improvement to the safety and reliability 
of components. Especially for postulated events which produce s?vere 
loads and load combinations (Service Level D) such as LOCA (Loss of Coolant 
Accident), SSE (Safe Shutdown Earthquake), the component response may not 
be linear elastic and a choice of elastic analysis may result in conserva
tive design and increased costs. The current program funded under the DOE 
LWR Safety Technology Program is to quantify whether the development and 
application of analysis methods which include nonlinear behavior (both 
geometric and material) will better quantify existing safety margins and 
may lead to designs that are as structurally safe as those currently used 
but less costly. The purpose is also to perform a qualitative study of the 
changes in LWR component designs that might result from the use of non
linear analysis. 

The overall program is divided into the following tasks. 

Task 1 - Review of Current Analysis Techniques 
Task 2 - Evaluation of Nonlinear Analysis Methods 
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Task 3 - Benchmark Problem 

Task 4 - Summary Report 

In the first phase of this program, technical meetings were held with 
the NSSS vendors and equipment manufacturers to review the analysis 
methods used for the design of light water reactor systems and associated 
components, especially under Level 0 Service Load Conditions. Both PWR 
(Pressurized Water Reactor) and BWR (Boiling Water Reactor) technologies 
were represented in these meetings. Design and production engineering as 
well as research and development personnel contributed to the findings 
reported. The following aspects of the evaluation of Level D service 
condition were investigated. 

(1) System analysis used for the generation of loads. 

(2) Type of analysis used for the evaluation of critical components. 

(3) Hardware changes, if any, as a result of violation of Level D 
stress limits based on elastic analysis. 

(4) Details of nonlinear analysis that resulted in acceptable loads 
and/or stresses. 

(5) Cost comparison between the nonlinear analysis and the necessary 
hardware changes to satisfy the requirements of the Regulatory 
Guides and the ASME Codes. 

In addition to exploring the above, an effort was made to assess as to how 
well the nuclear industry is equipped to perform nonlinear analyses in 
terms of highly trained and qualified technical personnel and computer 
programs. 

An evaluation of nonlinear analysis technique, identified as Task 2 
was accomplished through review of recently published technical papers and 
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special publications. It is evident that in the last ten years, consider
able progress has been made in the development and dissemination of non
linear analysis methods, computer programs and constitutive equations, 
etc. The number of technical papers, books and special publications on the 
theory and application of nonlinear analysis is ever increasing. Special 
sessions and short courses on inelastic behavior and plasticity are becom
ing very popular at the pressure vessel and piping conferences. An in
creasing number of engineers and designers involved in the light water 
reactor technology program is keenly awa>-e of the need and importance of 
enhancing their knowledge and understanding of inelastic behavior of 
nuclear components and piping systems. 

There was no dearth of papers and publications for review under this 
task. An exhaustive review, though desired, was not possible, because of 
the limited scope and funding for this program. However, the results of 
review presented in the report represent a wide range of topics, techniques 
and methods pertaining to nonlinear analysis procedures. A list of refer
ences is included in the report. 

Under Task 3, an elastic-plastic analysis of a 2:1 ellipsoidal head 
under internal pressure was performed to demonstrate: (1) the use of a 
general purpose nonlinear computer program, (2) the advantages and bene
fits of nonlinear analysis over elastic analysis, and (3) the cost effec
tiveness between elastic and inelastic analyses including the different 
options available to improve the accuracy of the inelastic analysis. The 
results of this analysis, especially strains and displacements of key re
gions, are compared with the experimental results of Foster Wheeler Energy 
Corporation, published in WRC Bulletin 255 entitled "Experimental Investi
gation of Commercially Fabricated 2:1 Ellipsoidal Heads Subjected to 
Internal Pressure". 

In addition, a list of widely used nonlinear computer programs and a 
short description of these programs are provided in the report for quick 
reference. A brief discussion on the simplified analysis procedures is 
also included in the report. 
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Program recommendations and desciptions of programs for investigation 
as possible extension of the current study program are furnished at the 
conclusion of the program. An extension of this program to study the 
various aspects of nonlinear analysis methods outlined in the 'Recommenda
tions' section of this report is highly recommended to reach a meaningful 
conclusion of the impact of nonlinear analysis methods in LWR components 
designs. 
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THE ASME CODE AND NONLINEAR ANALYSIS 

The ASME Boiler and Pressure Vessel Code provide rules that consti
tute requirements for the design fabrication, construction testing and 
inspection of nuclear power plant systems and associated components. 
These rules are not to be interpreted as approving, recommending or endors
ing, any proprietary or specific design or as limiting in any way the 
manufacturer's freedom to choose any method of design or any form of 
construction that conforms to the Code rules. The manufacturer has the 
ultimate responsibility for the structural integrity of the completed pro
duct for the design and service loadings stated in the Design Specifica
tions. 

In order to demonstrate the structural integrity of the item under 
consideration, the manufacturer must show through appropriate design cal
culations that the stresses imposed under various design and service load
ings are in accordance with the allowable limits specified in the Code. 

Computations based on elastic analysis are generally employed to sat
isfy the requirements of the Design, Level A and Level B loading condi
tions. For the design based on elastic behavior, material property values 
are specified in the Code for each material at various temperatures. The 
allowable values for design stress intensity (twice the maximum shear at a 
point) are obtained by the application of safety factors to the mechanical 
properties of materials. To insure safety, primary stresses that are 
necessary to satisfy equilibrium are limited to the elastic range for the 
above mentioned design and service loading conditions. Primary stresses 
are those necessary to satisfy the laws of equilibrium. The basic charac
teristic of primary stresses is that they are not self-limiting. Hence, 
the primary stress limits are set with the intent to prevent excessive 
plastic deformation and to have some factor of safety against burst pres
sure. It is to be noted, however, that "burst-pressure" is not the domi
nant failure mode in some components. 



-WTELEEWNE 
1^723-1 R e P ° r t -6- ENGINEERING SERVICES 

However, with respect to loads for which Level 0 Service Limits are 
specified by the Design Specifications, the design rules are provided in 
Appendix F of the ASME Code Section III for limiting the consequences of 
the specified event. These rules are also intended to assure that viola
tion of the pressure retaining boundary will not occur. In view of the 
postulated nature and infrequent occurrence of the Level D Service Loads, 
the large safety margin established for other types of loads is not re
quired. Self-relieving stresses resulting from Level D loads are excluded 
from the design consideration. In addition, several analysis methods 
ano/or techniques are permitted for the evaluation of nuclear steam supply 
systems and components. Nonlinear elastic analysis* and inelastic analy
sis (both limit and plastic analyses) r.re allowed for the computation of 
stresses and deformations. Appropriate limits are also specified for the 
different type of analyses performed. 

The Code does not, however, specify the techniques and/or methods to 
be used in performing the nonlinear analysis. It should be noted that 
there are several nonlinear computer programs currently available to the 
industry. Material data and constitutive equations for inelastic analysis 
are not yet available in the Code. There is also a great need for unified 
and standardized methods for limit analysis or plastic collapse determina
tions. There is no consensus among the technical experts on the defini
tions of the limit loads and plastic collapse loads as used in both theo
retical and experimental analyses, as well as in the ASME Code. 

In an attempt to alleviate the above problem, a task group on "Charac
terization of Plastic Behavior of Structures" was organized in the year 
1975 under the auspices of the Pressure Vessel Research Committee of the 
Welding Research Council with the following objectives: 

(1) To review the rigid-plastic and elastic-plastic definitions cur
rently included in the ASME Code. 

(2) To check the definitions and compare theory and experiment in a 
variety of conditions and on a variety of configurations. 

•Nonlinear elastic analysis is that method used to compute structural 
behavior which uses a nonlinear relationship between loads and deforma
tions. The nonlinear elastic behavior can result from material properties 
or geometric conditions. 
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(3) To assess strain limits and ductility requirements and discuss 
the range of applicability of limit analysis. 

(4) To recommend critical tests and research needed to fill in gaps 
in theory and experiment. 

The work was completed in 1979. As a result, a report on "Evaluation and 
Interpretation of Plastic Behavior Information and Definition of Study 
Program" has been prepared and published as a WRC Bulletin*. The recom
mendations of this report have been forwarded to the Boiler and Pressure 
Vessel Committee for necessary action and subsequent incorporation into 
appropriate sections of the Code. 

It is evident from the above that the current scope and requirements 
for nonlinear analysis in the ASME Code may have to be greatly expanded to 
encourage the use of this technique for the evaluation of light water 
reactor components under severe loading conditions such as LOCA (Loss of 
Coolant Accident) and DBA (Design Basis Accident). 

A limited scope nuclear industry survey on the use of nonlinear analy
sis methods for the design of component systems was conducted at the 
beginning of this program. The results of this survey are reported in the 
following section of the report. 

*WRC Bulletin 254, "A Critical Evaluation of Plastic Behavior Data and a 
Unified Definition of Plastic loads for Pressure Components", J.C. 
Gerdeen, November 1979. 
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INDUSTRY. SURVEY 

The main purpose of the industry survey was to review the use of 
nonlinear analysis methods in the evaluation of IWR components and thereby 
assess the practicality and limitations of nonlinear analysis for routine 
design of component systems. In order to obtain a meaningful input to this 
survey, both NSSS (Nuclear Steam Supply System) vendors and component 
manufacturers were included in the discussions. Engineers and analysts of 
production engineering as well as research and development participated in 
the technical meetings. 

Typically, the meeting participants shared with the investigator 
their experience and involvement in nonlinear analysis methods. The sit
uations that led to the adoption of nonlinear analysis were discussed in 
detail. The problems and frustration the designers experienced in per
forming inelastic analyses were also probed. The status of inelastic 
analysis relative to the needs of the structural engineer and the problem 
areas with the potential for further developments were presented and dis
cussed in detail. 

At the first technical meeting, the engineers who had their experi
ence in the design of BWR components participated. Naturally, the scope of 
discussion was limited to the design of BWR components only. Several 
examples of nonlinear analysis work performed for the evaluation of BWR 
components were presented and discussed. It was learnt that the particular 
vendor organization (the names of the individuals and their affiliation 
are withheld here and subsequent discussions for proprietary reasons) had 
used nonlinear analysis methods starting from the late sixties to justify 
component designs that violated the elastic Code limits. 

The following is a partial list of the examples where nonlinear analy
sis techniques were used to achieve acceptable designs. The list starts 



1TTELEDYNE 
TR-3?23-a] R e P ° r t -9- E N G N E E R N G SERVICES 

with the most recent example. P. detailed discussion of the back
ground of the problem and the nonlinear solution adapted to satisfy the 
requirements of the Code is also included for problem 1. 

(1) Elastic-plastic analysis and ASME Code evaluation of bottom head 
penetrations in a BWR reactor vessel. 

(2) Plastic collapse of core shroud support stilts. 

(3) Plate buckling analyses of reactor internal components. 

(4) Stability of reactor pressure vessel support skirt. 

(5) Nonlinear analysis of the bolted joint of a BWR reactor vessel. 

(6) Determination of the reserve margin for piping, especially under 
"Leak Before Break" phenomenon. 

(7) Plastic fracture and crack propagation analysis. 

(8) Nonlinear impact analysis of the control rod guide tube. 

The above parts and components are identified and located in Figure 1. 
Because of the proprietary nature of these analyses, reports were not made 
available to the investigator, ft brief verbal presentation was made on 
each of the above problems with regard to its origin and the solution which 
brought the component into compliance with the requirements of the Code and 
other regulatory guides. 

The following is the background and the history of elastic-plastic 
solution of Problem 1 listed above. An analysis was performed for a 
Boiling Water Reactor Vessel bottomhead penetration which houses the in-
core monitor. Elastic analysis was first used to calculate the maximum 
range of primary plus secondary stress intensity and compared with the Code 
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BWR Reactor Vessel Assembly 
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allowable stress value of 3 S where S is the specified stress value of 
the material at temperature. The calculated maximum range exceeded the 
allowable value and plastic analysis was performed to show Code accept
ability. The method of simplified elastic-plastic analysis, per Paragraph 
NB-3228.3 of the ASME Code, Section III (1977 Edition), could not be used 
since the range of thermal bending stress exceeded 3 S . Moreover, the 
requirement on thermal stress ratchet (NB-3222.5) could not be satisfied. 
Therefore, a detailed elastic-plastic evaluation was performed using Code 
Case N-196 (approved by council January 9, 1978)entitled "Exemption from 
the Shakedown Requirements when Plastic Analysis is Performed for Section 
II], Division 1, Class 1 Construction" which permits some strain accumula
tion from ratcheting provided the following requirements are met. 

(1) The requirements on local membrane stress intensity (NB-3221.2), 
primary plus secondary stress intensity (NB-3222.2;, thermal 

stress ratchet in shell (NB-3222.5) and progressive distortion 
of non-integral connections (NB-3227.3) need not be satisfied at 
a specific location, provided that at the location the evalua
tion of stresses for comparison with all the other design, ser
vice, testing, and special limits specified in NB- 3220 is cal
culated on an elastic basis. 

(2) The maximum accumulated local strain at any point, as a result of 
cyclic operations to which plastic analysis is applied, does not 
exceed 5.0JS. 

(3) The maximum deformations do not exceed specified limits. 

(4) In evaluating stresses for comparison with the fatigue allow
ables, the numerically maximum principal total strain range 
shall be multiplied by one-half the modulus of elasticity of the 
material at the mean value of temperature of the cycle. 

(5) The material shall have a minimum specified yield strength to 
specified minimum ultimate strength ratio of less than 0.80. 
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Plastic analysis was based on the Von Mises yield criterion and the 
Prandtl-Reuss constitutive relations. Subsequent yielding was evaluated 
using a kinematic hardening model. Material stress-strain curves reflect
ing Code minimum properties were used to describe plastic behavior. Bi
linear curve were obtained from these stress-strain curves. An 
elastic-plastic stress analysis was performed to calculate the plastic 
strain ranges due to various thermal transients. A fatigue evaluation was 
then performed from the calculated plastic strain ranges. With this analy
sis it was shown that the in-core penetration met the requirements of 
NB-3200. 

The above is an example where it is clearly demonstrated that non
linear analysis is a valuable tool to improve Code compliance and thus 
avoid costly hardware modifications. Several other examples cited above 
also resulted in compliance with the Code and Regulatory Requirements 
mainly because of the nonlinear analysis methods used in the evaluation of 
the components. 

A major PWR (Pressurized Water Reactor) steam generator manufacturer 
was contacted for information concerning nonlinear analysis methods in PWR 
component design. The following data on the locations, class of analyses 
performed and the computer programs used were received. The manufacturer 
considers that the nonlinear analysis capability is mandatory in their 
design. The designers contend that many hardware changes were avoided in 
operating plants through the use of nonlinear analyses. Considering the 
cost of replacement power during downtime and hardware modifications, the 
manufacturer's resort to improved analytical techniques was very cost ef
fective. 

Here are the examples of nonlinear component analyses performed on 
the PWR steam generator. 

(1) Channel Head Divider Plate 

The PETROS computer program based on the finite difference ap
proach was used in this evaluation. Strain hardening and strain 
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rate effects of the material were used in the evaluation. Large 
displacement option of the program was used to account for the 
geometry changes of the divider plate which is very thin in 
comparison with the channel head and the tube sheet. Elastic 
analysis was not suitable for this evaluation because of the 
large deformation the divider plate experienced. 

(2) Steam Generator Internals 
Many parts of the steam generator internals were analyzed using 
the large deformation option of the WECAN* (Westinghouse 
E_lectric Computer ANalysis) finite element computer program 
which is available for use by the industry and the general 
public. Strain hardening effects of the material were utilized 
in the analysis. The requirements in the Design Specifications 
could not be complied through elastic analysis methods. 

(3) Primary Nozzle Closure Ring 
This is another region of the PWR steam generator which may 
undergo large deformation under Level 0 Service Loading Condi
tions. Nonlinear finite element methods were used to study the 
deformation characterises of the closure ring. Elastic analy
sis methods were of no avail in this case. 

In additon to the above examples, one could easily pick out several 
other potential regions such as the tube sheet to divider plate juncture, 
the tube to tube sheet juncture, the gross discontinuity at the channel 
head to tube sheet juncture and the interface of the tubes to tube support 
plate where large deformation and/or plastic strain accumulations occur. 
It would be greatly beneficial to use the nonlinear analysis methods to 
characterize the behavior of these regions, especially under Level 0 load
ing conditions. 

*WECAN is a Targe, general purpose computer program, developed at the 
Westinghouse Electric Corporation. 
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The discussions the investigator had with another PWR equipment manu
facturer revealed that nonlinear analysis methods were used on a selective 
basis using their own version of the MARC nonlinear computer program. The 
cost effectiveness was a major reason for not implementing nonlinear 
analysis methods for routine designs. They do however have the necessary 
staff and expertise to perform inelastic analyses as and when required. It 
was learnt that nonlinear methods were used (1) to make an evaluation of 
the feedwater box in the steam generator, (2) to develop tube plugging 
criteria, (3) to study the tube to tube support plate interaction, and 
(4) to develop fabrication procedures in postweld heat treatment. Pipe 
break analyses are generally performed using the dynamic plasticity option 
and large defomration theory. 

At the recommendation of the participants at the above discussions 
and in the interest of obtaining information on the state of the art of 
nonlinear methodology, a meeting was held with the special analysis group, 
located at a different site from the production engineering group. The 
following is a brief description of a few of the problems this group had 
solved using nonlinear analysis methods. 

Opening and Extension of Circumferential Cracks in a Pipe Subjected to 
Dynamic Loads 

Nuclear power plants are presently designed to withstand dynamic 
loads resulting from postulated instantaneous pipe break in combination 
with the Safe Shutdown Earthquake (SSE) loads. The postulated combination 
of these two hypothetical events leads to system designs which are extreme
ly expensive and require dynamic event devices such as pipe whip restraints 
which have the potential for deleterious interaction with the piping dur
ing normal operations. The current pipe break criteria are based on the a 
priori hypothesis that the instantaneous double-ended or guillotine pipe 
severance is possible, rather than from a consideration of the manner in 
which cracks might propagate in a real piping system. Hence a study was 
initiated with the objective of improving the understanding as to how 
cracks which might exist in the PWR primary piping would open and propagate 
so that improved criteria could be developed on a sound technical 



Technical Report 
TR-3723-1. -15-

^TELEDWE 
ENGINEERING SERVICES 

basis. To this e-d, a circumferential crack, one-half circumference long, 
was considered to suddenly occur around the outside of this elbow under 
normal operating pressure. The SSE transient was applied simultaneously 
with the initiation of the crack. 

A plastic dynamic analysis of the crack open .fig effects in the dis
charge leg was performed using the MARC program until the maximum opening 
occurred. The J-integral plastic crack extension criterion was computed 
for all times during the transient. The results indicated that none of the 
cracks would extend significantly and the opening areas were small frac
tions of the flow area of the pipe. 

From this work it could be concluded that circumferential cracks must 
be larger than halfway around the circumference before the effects of 
pressure and SSE could cause rapid crack extension. The preservice and 
inservice inspections assure that large flaws can be detected in the pri
mary piping. This means that a half circumference flaw could not exist and 
therefore a SSE cannot cause a guillotine type of break. This conclusion 
could very well result in the elimination of the requirements to combine 
seismic and pipe break loads. The ultimate goal of this extended study is 
to demonstrate via nonlinear analysis methods the inconceivability of the 
guillotine pipe rupture, thereby convincing the need for more realistic 
pipe break criteria in the design of nuclear steam supply systems. 

A dynamic plastic analysis of ductile fracture of the Charpy specimen 
by the same group is expected to assist greatly in the evaluation of 
ductile fracture criteria and in the assessment of the safety of pressure 
vessels. 

Several other examples wherein nonlinear analysis methods were used 
as solution techniques are listed below. In all these cases, elastic 
methods were found to be adequate in providing the solutions desired. 

(1) Analyses for retrofitting of components in service under Level D 
service condition. 
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(2) Plastic analysis of a whipping pipe. 

(3) Reactor vessel support evaluation under head drop loading using 
dynamic plastic analysis. 

(4) Component pressure capability during Automatic Trip Without 
Scram (ATWS) - Pressure capability of valves and elbows was 
studied. 

(5) Plastic dynamic analysis of Control Rod Drive mechanisms and 
core cooling lines. 

(6) Analysis of reactor vessel nozzles under asymmetric loads. 

The last of the industry survey meetings was held with the personnel 
associated with the solid mechanic program at the R&D center of a BWR 
vendor. There was a strong consensus among the participants that the 
nonlinear analysis methods should be used on a very selective basis espe
cially since the results are very much path dependent, and the plant 
history, residual stresses and material properties, the accurate represen
tation of which is very difficult, may influence the outcome. A strong 
opinion was also expressed that a correlation of existing nonlinear analy
ses with the test results should be undertaken. The need for guideline., on 
the type of plasticity theory to be used in the component evaluation was 
also expressed at the meeting. They also felt that the computer graphics 
need improvement. They were against the development of a unified nonlinear 
computer code in the public domain since the upkeep of such a program 
through public funds is very expensive and difficult to control. 

Despite all the reservations cited above, this group has performed a 
considerable amount of nonlinear analysis work, especially in the develop
ment of plastic fracture methodology. The highlight of their work is as 
follows: Plane strain and plane stress fully plastic solutions for compact 
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specimen were obtained for a wide range of crack length to width ratios and 
for hardening exponent of up to 20. The calculations were based on de
formation plasticity theory. These solutions were appropriately normal
ized and comparisons with the deep crack approximations were made. Im
proved interpolation formulas for J-integral and other relevant crack 
parameters were compared with experimental data and full numerical calcu
lations for the growing crack. 

SUMMARY 

It is apparent from these technical meetings that both vendors and 
manufacturers of the LWR components and piping use nonlinear analysis 
methods only on a selective basis because of the high cost and the diffi
culty encountered in interpreting the results. 

The following observations are made as a result of this industry 
survey. 

(1) Unless and until refined techniques are developed to determine 
the plant load history, residual stresses and material proper
ties in an accurate manner, nonlinear analysis should be used 
very selectively. 

(2) Correlation of existing nonlinear analyses with test results is 
urgently needed. 

(3) Benchmark studies and experimental verifications are needed to 
evaluate existing nonlinear computer programs. 

(4) Training of design engineers and analysts is needed to properly 
select and use nonlinear programs and interpret the results ob
tained through such programs. 

(5) Computer graphics need improvement. 
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tS) A general consensus on the plasticity theory to be used may be 
helpful. It is found that the incremental theory is very expen
sive to implement and the deformation theory is very cost effec
tive. Benchmark studies based on different plasticity theories 
may be used to select and recommend a theory for a class of 
practical nonlinear problems. 
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LITERATURE SURVEY 

A limited scope literature survey was conducted and the result re
veals that in the past decade considerable progress has been achieved in 
the state of the art of nonlinear analysis, both in the form of theoretical 
solutions, constitutive equations and finite element solutions to practi
cal problems. The recent spurt of activity in the nonlinear methods and 
computer program development and material testing can be directly attri
buted to the requirements of systems and components operating in elevated 
temperature environment. It is only as an offshoot of this development 
that nonlinear analysis methods are increasingly applied to LWR component 
designs. 

The number of contributors to the technical literature on nonli'iear 
analysis methods is on the increase. The interest and participation in the 
national and international conferences devoted to inelastic analysis 
methods have improved tremendously. Several special publications have 
also been released on this subject. At least one session is planned on 
inelastic behavior of pressure vessel at every pressure vessel and piping 
conference organized by the American Society of Mechanical Engineers 
(ASME). 

There are numerous research programs currently underway through the 
sponsorship of Electric Power Research Institute (EPRI), Pressure Vessel 
Research Council (PVRC), and Reactor Safety Research Division of the 
Nuclear Regulatory Commission. The research activity ranges from the 
development of simplified inelastic methods, the collection of material 
data, the formulation of constitutive equation to processing and verifica
tion of computer solutions. 

As a result of all these research and development programs, specialty 
sessions and conferences, individual and industry contributions, suffi
cient technical literature has become available on all aspects of non
linear analysis techniques. The current effort is to discuss in a broad 
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manner the technical literature pertaining to nonlinear design and analy
sis of LWR components. A list of recent references on inelastic analysis 
of pressure boundary components is included at the end of this section. 

Elastic-plastic analysis has been performed on many complex component 
configurations such as intersecting normal cylinders common to nuclear 
piping systems, nozzle-to-spherical shell attachments common to pressure 
vessels, torispherical heads, and other pressure vessel heads and axisym-
metrically loaded thin shells of revolution. 

New developments on simplified inelastic anlaysis are being reported 
frequently. For instance, a comprehensive report by Boyle of the Brook-
haven National Laboratory entitled "A Critical Appraisal of Available 
Inelastic Piping Analysis Programs: Methods and Solved Problems, with 
Reference to the Development of Suitable Benchmarks" (to be published) 
deals with numerical comparisons on selected benchmark problems between 
several inelastic piping analysis programs. Simplified inelastic analysis 
with one-dimensional programs has been shown to be widely applicable to 
design situations that are devoid of abrupt geometric discontinuities. 

A recent EPRI study on "Auxiliary Processor to Improve Cost-
Effectiveness of Structural Analysis for Nuclear Power Plant Components" 
by Entropy Limited, to be published shortly in a report form, finds that 
inelastic analyses of nuclear components are costly in terms of input 
preparation time especially for a finite element computer program, com
puter charges, and evaluation of the results of the computer run. Any 
attempt to perform an error analysis adds further costs. However, there 
are situations in which benefits outweigh the additional costs to be in
curred. 

The report also concludes that application of inelastic analysis to 
LWR pressure boundary components can be beneficial in cases where it can 
alleviate the need for repair or replacement. Application of nonlinear 
analysis is particularly attractive in components such as pump and valve 
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casings, built of low strength, high ductility alloys, in which the frac
ture is accompanied by large-scale yielding and conclusions based on elas
tic analyses alone are particularly error prone. 

In order to achieve the maximum benefits through nonlinear analysis 
methods the following recommendations according to the EPRI report are 
worth considering and implementing in the near future. 

(1) A study on the advantages, costs, and limitations of the use of 
the polynomial order of an element shape function (P •• 
Hierarchic elements) in finite element analyses. 

(2) A development project to program a prototype version of the 
Static Decomposition Method and demonstration of its advantages, 
costs and limitations on benchmark problems. 

(3) Development of an auxiliary processor based on the use of P -
Hierarchic elements, static decomposition solution procedure and 
error anlaysis. 

Ihe analysis of components in the nonlinear domain has gained con
siderable importance in Japan in recent years, especially in the field of 
nuclear reactor component design. Under the sponsorship of PNC (Power 
Reactor and Nuclear Fuel Development Corporation), the EPICC (Elastic-
PlastlC-Creep) Subcommittee has undertaken substantial programs (1) to 
develop material data, (2) to verify inelastic analysis methods and com
puter programs, and (3) to develop design rules. Several benchmark test 
studies have been completed. 

In conclusion, the technical literature reviewed confirms that con
siderable progress has been achieved in the development of the fundamental 
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nonlinear analysis procedure, the constitutive equation, finite element 
idealization and computational techniques. The number of well documented 
computer programs suitable for inelastic analysis has greatly increased. 
Hence, it is very important that the impact of various developments be 
assessed and disseminated to the nuclear industry so that the execution of 
the nonlinear analysis would eventually become routine work. Industry 
participation and cooperation are very essential to realize this goal. 
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NONLINEAR COMPUTER PROGRAMS 

As stated earlier, quite a number of sophisticated computer programs 
with nonlinear analysis capabilities have been developed based on the 
finite element method. This is due to the outstanding versatility of the 
method as being compatible with the complexity of structural as well as 
material inelastic behaviors. 

The major computer programs that are being used for nonlinear analy
sis in the nuclear industry include MARC, ANSYS, AOINA, WECAN and PLACRE, 
among others. The PLACRE program is essentially one-dimensional geometri
cally. It was developed to analyze thick-walled circular cylinders and as 
such it can handle a limited range of plane and axisyrrmetric problems. It 
is very efficient, easy to use, and inexpensive for one-dimensional analy
sis. The methods of analysis and material model have been confirmed by 
comparison with experimental results. 

PLACRE carries out plastic calculations by an iterative tangent 
stiffness method. This program was developed as a research tool rather 
than as a production program. A structure to be analyzed by PLACRE may 
consist of up to nine different materials. For each material used, up to 
eight different material properties must be defined by the user. However, 
not all materia1 properties are required for every analysis. The basic 
element of this program is the three-node constant strain triangle. Two 
degrees of freedom are assigned to each node, corresponding to the two 
coordinate axis directions. PLACRE requires, in general, not just a load 
applied to the structure, but a complete loading history throughout the 
entire time of calculation. It can also carry out transient thermal 
analyses for a thick-walled cylinder. Because of its limited capabil
ities, PLACRE is not as widely used as other nonlinear programs. 
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The MARC and ANSYS general purpose finite element computer programs 
have been used for nonlinear analysis of more complex problems in design 
analysis of LWR components. 

The MARC general purpose finite element program has a large library of 
elements and an extensive selection of material behaviors, both linear and 
nonlinear, so that the software services a wide spectrum of uses, from 
linear elastic analysis of two- and three-dimensional solids to applica
tions in which nonlinear material and geometric effects dominate and must 
be included in conjunction with sophisticated geometric modelling. The 
regime of application can vary from static to structural dynamic problems. 
Mesh generators and extensive pre- and post-processing graphics help in 
establishing the correct analysis. 

MARC contains an extensive library of material behaviors. All types 
of behavior which ma!,e physical sense may be present in a single analysis. 
All material properties may be temperature dependent and anisotropy may be 
defined as a function of position. Examples of constitutive characteri
zations available in the program are: 

Isotropic, kinematic or combined hardening 
of elastic-plastic materials with Mises or 
Mohr-Coulomb yield surfaces. Associated or 
non-associated flow rules. 
Coulomb friction 
Concrete cracking 
Nonlinear elasticity (e.g., Mooney 
material) 

All the elements allow geometric stiffnesses for geometrically non
linear analysis. 
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Geometrically nonlinear analysis may be combined with material non 
linearities (e.g., elastic-plastic) through incremental procedures. 

Special techniques for buckling load estimates are available, based 
on perturbation of the linearly deformed system or of any subsequent equi
librium configuration. This is a valuable design technique for very large 
problems where incremental analysis would be prohibitively expensive. 
Post-buckling behavior may be followed through dynamic analysis techni
ques. 

The program solves nonlinear problems as a series of piecewise linear 
steps. Thus, nonlinear geometric boundary problems such as the contact 
problem, gap and friction problems are performed by suitable modification 
of the stiffness matrix. 

Because of the modularity of the program, it is possible to combine 
all the nonlinear features of the material, geometry and large displace
ment into a complex nonlinear pruDlem. An equilibrium check called the 
Residual Load Correction stabilizes the numerical incrementation feature. 
Many problems of combined nonlinearity have been solved with the program. 

Both modal analysis and direct integration techniques are available 
in the program. The modal analysis scheme employs a power sweep technique 
with a shifter to extract modes; structural response may be obtained for a 
linear system by modal superposition. Modal damping is available as an 
option. 

Direct integration analysis has important applications in nonlinear 
problems. Three basic operators are available: the conditionally stable, 
explicit, central- difference operator, and two unconditionally stable 
implicit operators - Newmark ( = %) and Houbolt. Special techniques are 
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used with the central difference operator to allow extension of the sta
bility limits. Mass and structural damping are optionally available - all 
dynamic matrices are formed consistently. 

To provide additional flexibility, user subroutines have been placed 
strategically in the program so that modifications may be made. These 
subroutines provide for user-specified input temperatures, creep law, work 
hardening behavior, anisotropic elastic and plastic behavior, generation 
of coordinates, writing of displacement tapes, specifying tying con
straints, definition of non-uniform pressure loads and applying time-
varying loads. 

Two kinds of restart are available. The prime restart is an extremely 
flexible capability which allows restart at every increment of a nonlinear 
problem or elastic reanalysis with a series of load cases. Such a capabil
ity is essential for the severely complex problems of low-cycle fatigue. 
An additional intermediate restart feature may be invoked to protect 
against machine failure during an increment of a large problem. 

MARC-HEAT is a compatible nonlinear heat-conduction program. This 
program shares many modules with the MARC program. It provides for non-
linearities such as nonlinear flux and radiation boundary conditions, 
changes of phase, e.g., melting with latent heat effects and solidifica
tion, and has been used in problems as complex and nonlinear as casting and 
welding. Output from MARC-HEAT is made compatible with MARC through an 
interfacing program, INTERP. 

The element library in MARC is one of the most extensive in any 
program. The general element types are listed by geometric specification. 

The ANSYS engineering analysis computer program is a large scale 
general purpose computer program employing the latest finite element tech
nology for the solution of several classes of engineering problems. 
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This program has been extensively used since 1970 by analysts in many 
fields; these fields include the nuclear, chemical, building and elec
tronic industries. This extensive use has led to a high degree of reli
ability in the computer results obtained. 

The ANSYS program may be used to analyze a large number of problems, 
including two- and three-dimensional frame structures, piping systems, 
two- and three-dimensional solids, as well as many other problems. Related 
to the previous list are the static, dynamic, thermal and fluid problems 
associated with each analysis. 

Several types of analysis are available with the ANSYS program. These 
include the following: 

Static - Used to solve for the displacements, stresses and strains in 
structures under the action of applied loads. Includes elastic, plastic, 
creep and swelling options. Options are available for including large 
deflection and stress stiffening effects in solutions. 

Mode-Frequency - Used to solve for the resonant frequencies and mode 
shapes characterizing a structure. Full or reduced (in-core matrix con
densation) analysis options are available. The structure may be subjected 
to a seismic loading or force loading for a spectrum analysis option. 
Stresses and displacements are output in addition to the eigenvalues and 
eigenvectors with this option. 

Harmonic Response - Used to determine the steady state solution of a 
linear elastic system under a set of harmonic loads of known amplitude and 
frequency. Damping may be included in the system. Complex displacements 
or amplitudes and phase angles are output. When several frequencies are to 
be analyzed a reduced harmonic response analysis is also available. The 
reduced analysis uses the technique of dynamic matrix condensation to 
allow a rapid and efficient response vs. frequency solution. Stresses may 
also be calculated at specified frequencies and phase angles. 
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Nonlinear Transient Dynamic - Used to determine the time-history 
solution of the response of an arbitrary structure to a known force, 
pressure and/or displacement forcing function. The mass, damping and 
stiffness matrices may vary with time and may also be functions of the 
displacements themselves. Nonlinear effects such as friction, plasticity 
and large deflections may be included. 

Reduced Linear Dynamic - Used to determine the time-history solution 
of the response of a linear elastic structure to a known force and/or 
diplacement forcing function. The matrix representing the system is re
duced to the degrees of freedom required to characterize the response of 
the system. A semilinear analysis option includes the use of interfaces 
(gap) between any pairs of these master degrees of freedom or between any 
master degree of freedom and ground. Stresses may be calculated at speci
fied times. 

Heat Transfer - Used to solve for the steady state or transient tem
perature distribution in a body. Conduction, convection, radiation, and 
internal heat generation may be included. Heat transport effects due to 
flowing fluids are also available. Material properties may be stored and 
used for steady state and nonlinear stress solutions. A time-step optimi
zation procedure is available for transient solutions. 

Substructures - Used to assemble a group of linear elements into a 
single superelement to be used in another ANSYS analysis type, or to 
determine the response of individual elements within the superelement 
after it has been used in another ANSYS analysis type. 

In order to accomplish the types of anlaysis previously listed, the 
finite element library of elements numbers more than forty for static and 
dynamic analyses, thirteen for heat transfer analyses, three for thermal-
fluid analyses, thermal-electric analyses, and two for wave motion analy
ses. The structural element types include spars, pipes and elbows, beams, 
fluid elements, plane and axisymmetric membranes, plates, shells and 



Technical Report E N G N E E R N G SERVICES 
TR-3723-1 -32-

solids. Harmonically load axisymmetric elements are available for non-
axisymmetric loadings. Most element types contain at least one element 
having complete plastic, creep, and swelling capabilities. Plane and 
solid isoparametric elements are available. Additional structural ele
ments include masses, springs, dampers, sliding interfaces, gap inter
faces, and cables. Arbitrary stiffness, mass, and damping matrix elements 
are also available. The heat transfer element types include conducting 
bars, plates and solids, convection and radiation links. All heat transfer 
elements may be deleted or replaced by geometrically equivalent structural 
elements for thermal stress evaluation. 

The general mesh generation routine generates geometries consisting 
of single or intersecting regions of planes, shells, or solid elements. 
Intersecting surfaces may be planes, cylinders, cones, spheres, toruses, 
ellipsoids, or hyperboloids. The intersection lines between the surfaces 
are automatically calculated. Interactive solution and plotting capabili
ties are available. 

Loading input for structural analyses may be nodal forces, body 
forces, displacements, pressures, or temperatures. These inputs may be 
sinusoidal, random, or an arbitrary function of time for the linear and 
nonlinear dynamic analyses. Mode-frequency analyses may include force 
spectrum or response spectrum loadings. Loading inputs for heat transfer 
analyses include internal heat generation, convection or radiation bound
aries, and specified temperatures or heat flows. These inputs may be 
arbitrary functions of time for transient analyses. Boundary conditions 
may have step or ramp changes between specified load points. 

Structural analyses outputs are usually forces, displacements, 
stresses and strains. Heat transfer analyses outputs are temperatures and 
heat flow rates. 

In the solution of plasticity and creep problems, an incremental 
technique is used. 
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Plastic stress-strain curves may be input for up to five tempera
tures. The von Mises yield surface is used, along with the Prandtl-Reuss 
flow relations. Unloading and reversed loading is handled by these same 
techniques. The stress-strain curve upon reversed (or cyclic) loading may 
be assumed to be any of the following: 

The virgin stress-strain curve (offset to 
account for the previous plastic strain) 
Kinematic Hardening 
Isotropic Hardening 
Classical Bilinear Kinematic Hardening 
lOth-Cycle Empirical Hardening 

The viscoelastic equations are the power type equations for creep 
strain in metals. Both primary and secondry creep equations are available 
to the user. Either a formulation in which the stresses decay due to creep 
(as in thermal stresses) or a formulation in which the stresses are inde
pendent of creep (as in primary stresses) may be selected. Many common 
primary and secondary creep equations are included in the ANSYS program. 

Irradiation induced creep equations are also included. Irradiation 
induced swelling is available for the analysis of nuclear reactor compo
nents. The swelling is not stress dependent and is treated in a manner 
similar to thermal strains. 

Inelastic material properties may be included in the static and the 
nonlinear dynamic analyses. Orthotropic material properties may be in
cluded in all plane and solid elastic structural elements and in all heat 
transfer elements. All elastic material properties may be up to fourth 
order polynomial functions of temperature. A curve fitting routine is 
available for tabular property input. Linear interpolation is also avail
able. Plastic stress-strain curves may be input for up to five tempera
tures. Convection film coefficients and emissivities (radiation) may be 
temperature dependent. 
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An important feature of the ANSYS program is the capability of solving 
for the response of a large structural system by a technique called 
"dynamic matrix condensation" (Guyan reduction). In this procedure the 
user specifies a set of "master" degrees of freedom which he feels will 
characterize the system being analyzed. The mass, damping, and stiffness 
matrices are reduced to these master degrees of freedom. The reduced 
solution may then be expanded to include the full degree of freedom set. 
This technique is available as an option in the mode-frequency analysis and 
is used directly in the reduced linear dynamic, the reduced harmonic 
response and substructure analyses. 

The general purpose linear and nonlinear finite element analysis com
puter program ADINA (Automatic Dynamic Incremental Nonlinear Analysis) is 
being developed at MIT in an ongoing effort by Professor Klaus-Jurgen 
Bathe. The current version of ADINA is being used by several component 
manufacturers and nuclear steam supply system vendors to solve nonlinear 
dynamic problems and to obtain more accurate solutions to fracture me
chanics problems. 

The ADINA program has been developed to solve static and dynamic, 
linear and nonlinear problems. The nonlinearities may be due to material 
nonlinearity, in which case elastic, hyperelastic, hypoelastic, elastic-
plastic and time dependent material behavior may be considered, and/or the 
nonlinear effects may arise from large displacements and large strains. 
The continuum mechanics formulations include all nonlinear effects, and 
the isoparametric finite element discretization used is shown to be very 
effective for general application. The two- and three-dimensional finite 
elements implemented have a variable number of nodes which allows effi
cient mesh selection. 

A number of material models have been programmed and tested. Using a 
specific material model, it is important to note the restrictions that are 
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imposed on the model. The linear material models can be employed with all 
kinematic formulations, but the nonlinear models can only be employed in 
the material nonlinear and the T.L. (Total Lagrangian) formulations. 
Since it is anticipated that additional nonlinear material models will be 
required for different analyses, AOINA has been written to allow incor
porating material subroutines without changes to the program. 

For time integration in dynamic analysis, the Wilson 9 and Newmark 
integration methods and the central difference method have been incorpo
rated into ADINA. If in static analysis or implicit time integration 
equilibrium iteration is employed, the solution corresponds to a modified 
Newton iteration within each time step. Without loss of solution accuracy, 
depending on the nonlinearities, the equilibrium iteration may allow to 
dispense with the calculation of a new effective stiffness matrix in each 
time step and in this way improve solution efficiency. In some analyses, 
iterations may be necessary to obtain the desired accuracy and possibly 
prevent solution instabilities. 

There are several other proprietary and special purpose nonlinear 
computer programs in use in the nuclear industry. Description or documen
tation of these programs is not readily available to incorporate into this 
report. 

As regards fiture research, important development is needed practi
cally in all areas pertaining to nonlinear finite elements analysis 
method. The formulation of appropriate constitutive relations to be in
corporated into nonlinear equations of motion still requires a great deal 
more attention for various classes of nonlinear materials. Experimental 
investigations are needed to develop data for this phase of improvement. 
In addition, the formulations should be made compatible with the computa
tional techniques used and not be allowed to cause numerical instabili
ties. The development of stable material formulations deserves increased 
attention and proper emphasis. 
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The accuracy, stability and cost of nonlinear analysis depend to a 
large extent on the numerical algorithms used and their effective computer 
implementation. Practical nonlinear analysis is possible only with the 
use of large digital computers and the feasibility of an analysis depends 
to a large degree on efficient computer programming of the theoretical 
procedures and solutions. 

Additional research is needed for the development of reliable time 
integration operators, including algorithms for the automatic selection of 
variable time steps, and variable load steps in static analysis to optimize 
the solution cost. Effective time integration schemes must however be 
based on consistent finite element formulations via stable constitutive 
relations and on appropriate computer implementation. The interaction 
between the areas of numerical analysis, continuum mechanics, experimental 
investigation and computer implementation should be studied further and 
factored in the development of general nonlinear analysis programs. 
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BENCHMARK PROBLEM 

The purpose of the benchmark study reported herein is to demonstrate 
the feasibility of performing a nonlinear analysis using one of the several 
computer programs described earlier. This study is also used to compare 
the test data (mainly strains and displacements under monotonic pressure 
loading) with the calculated values of the computer analysis. The rela
tionship between the cost and the speed convergence of the results is also 
assessed. The results of this benchmark problem are used to demonstrate 
that if an elastic-plastic analysis is employed to predict the load carry
ing capacity, it predicts a higher load value for the same deflection in 
comparison with the elastic analysis. 

Since dished heads of ellipsoidal configuration are very common in 
pressure vessels and experimental data by Foster Wheeler were available 
for comparison, the general configuration of one of the three 2:1 ellip
soidal heads tested was chosen for the benchmark study. 

DESCRIPTION OF MODEL 

Figure 2 shows a sketch of a typical 2:1 ellipsoidal head, a cylinder 
and the transition piece that connected the cylinder to the shear stud 
closure. This was the basic configuration that was used for the experi
mental investigation. The nominal diameter of the vessel was 36" and the 
average measured thickness was approximately 0.30". The materials used in 
the fabrication of the head and the cylinder were SA-516 Grade 70 and SA-
515 Grade 70. 

Welding Research Council Bulletin 255, "Experimental Investigation of 
Commercially Fabricated 2:1 Ellipsoidal Heads Subjected to Internal 
Pressure", December 1979. 
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Ellipsoidal 
lead 

Figure 2 
Sketch of Ellipsoidal Head Test Configuration 
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In the finite element modeling of the vessel, only a portion of the 
cylindrical vessel that was necessary to attenuate the edge effects was 
included. The ellipsoidal head was modelled to represent the fabricated 
head as closely as possible. An average thickness of 0.003" was used 
throughout. From the average stress-strain curves obtained for the SA-516 
Grade 70 plain carbon steel used to fabricate the head and the SA-515 Grade 
70 plain carbon steel used to fabricate the cylindrical shell, a bilinear 
stress-strain curve was developed. Since the estimated total strain under 
the applied load was below 1SS, an effort was made to envelop the average 
stress-strain curve (within 1% strain range) as accurately as possible in 
the bilinear representation. 

The general purpose ANSYS computer program was chosen for the per
formance of the axisymmetric elastic-plastic analysis of the 2:1 ellip
soidal head subjected to internal pressure. A description of the ANSYS 
program is furnished in the preceding section. 

The finite element model shown in Figure 3 consisted of 458 nodal 
points and 351 two-dimensional isoparametric solid elements (STIFF42 of 
ANSYS). Sectional plots with node numbers are furnished in Figures 4, 5 
and 6. Sectional plots with element numbers are furnished in Figures 7 and 
8. This element is generally used for 2-D modeling of structures, either 
as a biaxial plane element or as an axisymmetric ring element. In the 
current example, it was used as an axisymmetric element. This element is 
defined by four nodal points having two degrees of freedom at each node: 
translations in the nodal X and Y directions. The element has plastic, 
creep, swelling, stress stiffening and large rotation capabilities. The 
element theory is based upon a formulation which includes incompatible 
displacement shapes. A 3 x 3 lattice of integration points is used with 
the numerical (Gaussian) integration procedure. 

Since plasticity problems are nonlinear, an interative solution was 
adopted. The triangularized matrix was reused for each iteration as the 
following restrictions were satisfied for the element. 



Technical Report 
TR-3723-1 

1 1 . fc_ 

3 . C . 

^TELEWNE 
ENGNEERNG SERVICES 

-40-

.0 2.2 M.3 6. "3 B. 7 30.8 13.0 IS.2 17.4 

Figure 3 Finite Element Mode] of the 2:1 Ellipsoidal Head 
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(1) Material properties were not a function of temperature. 
(2) The large deflection option was not activated. 

Several options such as isotropic hardening, virgin stress-strain curve, 
classical bilinear kinematic hardening, ROT F9-4-T* empirical hardening 
are available for handling the material during reversed loading. For 
proportional, monotonically increasing load histories, all options give 
the same results, with only the data input being different. Since a 
monotonically increasing internal pressure loading was applied to the 
ellipsoidal head, the classical bilinear kinematic hardening rule which is 
recommended for general use, was chosen for the description of the material 
behavior. This behavior assumes that the total stress range is 2 o . 

The basic assumptions of other hardening rules are as follows: 
The isotropic hardening behavior is based on classical methods and 

assumes that the reversed yielding stress is equal in magnitude to the 
highest tensile stress reached in any previous cycle. A multilinear stress 
strain curve may be used. An origin shift occurs whenever the stress 
reverses. The origin shift strain should be added to the plastic strain. 

The virgin stress strain curve behavior assumes that the stress 
strain curve in compression is the same as the stress strain curve in 
tension. A multilinear stress strain curve may also be used. As in the 
previous case, the origin shift strain should be added to the plastic 
strain. 

The empirical hardening that is available for the user in the AN5YS 
program is based on procedures outlined in RDT F9-4T. The first cycle data 
is used until the plastic strains reach predetermined limits, after which a 
message is printed out indicating a switch to the tenth cycle data. 

•"Requirements for Design of Nuclear Steam System Components at Elevated 
Temperatures" RDT Standard F9-4T, Published by the Division of Reactor 
R&D, A.E.C. ORNL, January, 1974. 
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Boundary Conditions - The vessel end of the model was constrained in 
the axial direction (U = 0) and the crown was constrained in the normal 
direction (U = 0). 

Convergence - The incremental procedure used in the plasticity solu
tion requires an iterative solution, as stated earlier. After each itera
tion, the load vector is modified so that the stress calculated in the next 
iteration approaches the stress which the material can support at that 
strain. The plasticity convergence criterion states that convergence oc
curs whenever the ratio of the plastic strain incroment to the elastic 
strain for all elements is less than or equal to a specified value. 

For the benchmark problem, a fairly reasonable convergence value of 
b% (.05) was used up to 1000 psi of internal pressure. Beyond 1000 psi, it 
was very difficult to achieve convergence within a reasonable number of 
iterations due to the stringent convergence value specified. Hence, a more 
reasonable value of 10% (.10) was chosen for internal pressure load steps 
of 1050, 1100, 1150, 1200, and 1250 psi. 

Since plasticity problems are nonconservative, load steps were ap
plied gradually in this problem. The calculated plasticity convergence 
ratio AE ,/E , for all load steps was below 0.1. Hence, there was no need 
to apply smaller load steps than the ones selected for the problem. If 
this value had been large (say greater than 3), consideration would have 
been given to reapplying the load in smaller steps. 

RESULTS 

Stress, strain and displacement results were obtained for the load 
steps identified in Table 1. The convergence value specified, number of 
iterations required for convergence and the calculated plasticity ratio 
are also furnished in the table. 

The computer output for each load step specified consisted of 
(1) nodal displacements, (2) stress components, a , a , T and o , 
(3) in-plane principal stresses S m a x , S m i n and maximum shear stress T m a x , 
(4) elastic strain components, (5) plastic strain componets, (6) equiva
lent Poisson's ratio, and (6) equivalent stress vs stress strain curve. In 
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Load 
Step, psi 

Convergence 
Value 

Number of 
Iterations 

1 

Plastici 
Ratio 

200 0.05 

Number of 
Iterations 

1 _ 
400 0.05 1 -
600 0.05 1 -
700 0.05 1 -
750 0.05 2 0.0115 
800 0.05 2 0.0213 
850 0.05 2 0.0332 
900 0.05 2 0.0453 
950 0.05 3 0.0346 
1000 0.05 3 0.0428 
1050 0.10 1 0.0958 
1100 0.10 5 0.0924 
1200 0.10 8 0.0992 
1250 0.10 8 0.0968 

Table 1 

Input and Output Parameters 
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addition, the number of iterations required for convergence and the plas
ticity ratio were included in the printout. 

The ANSYS post-processing routines were used to obtain pressure ver
sus displacement plots of the entire geometry for the internal pressure 
load cases of 700, 800, 900, 1000, 1050, 1150, and 1250 psi. These plots 
are presented in Figures 9 through 15. Pressure versus equivalent strain 
plots were obtained for three elements, namely 153, 283, and 313. Element 
153 was located at the knuckle region and the other two elements were 
located on the ellipsoidal head. The above plots are presented in Figures 
16 through 18. 

Based on the calculated nodal displacements, pressure versus dis
placement plots were generated for nodal points 194, 359, ",99, and 447. 
These plots are presented in Figures 19 through 22. The experimental data, 
published in WRC Bulletin 255, were compared with the calculated displace
ments and found to be in very good agreement (the difference being less 
than 15%) considering that a uniform thickness and average material prop
erties were used in the analysis, whereas the commercially fabricated 
vessel was considerably thicker than the nominal value in many areas and 
had a shape different from the ideal 2:1 ellipsoidal head. Besides the 
circumferential variation in thickness or property which influences the 
overall results could not be factored in an axisymmetric analysis. 

CALCULATION OF PLASTIC PRESSURES 

Since a number of estimations have been used for plastic pressures, 
one is confronted with the problem of defining a realistic measure of a 
plastic pressure, even with the aid of an elastic-plastic analysis includ
ing strain hardening. The number is perhaps as great as the number of 
analyses performed or as many ai the number of investigators performing 
them. The commonly used defintions (or estimations) have been thoroughly 
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Figure 9 

Displacement Plot for 700 Psi Internal Pressure 
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Figure 10 
Displacement Plot for 800 Psi Internal Pressure 
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Figure 11 
Displacement Plot for 900 Psi Internal Pressure 
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Magnification Factor = 6.5 

figure 12 
Displacement Plot for 1000 Psi Internal Pressure 
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Figure 13 
Displacement Plot for 1050 Psi Internal Pressure 
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Figure 14 
Displacement Plot for 1150 Psi Internal Pressure 
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Figure IS 
Displacement Plot for 1250 Psi Internal Pressure 
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Figure 16 
Pressure Vs Strain Plot for Element 153 
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Figure 13 

Pressure Vs Strain Plot for Element 313 
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Figure 19 
Pressure Vs Displacement Plot for Node 194 
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Figure 20 
Pressure Vs Displacement Plot for Node 359 
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Figure 21 
Pressure Vs. Displacement Plot for Node 399 
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Figure 22 Pressure Vs Strain Plot for Element 153 Calculation of Plastic Pressures 
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2 reviewed in WRC Bulletin 254 and will not be repeated here. However, using 
the data obtained in the analysis, plastic prssures conforming to several 
of the definitions in the technical literature were obtained for Element 
#153 in the knuckle region based on the pressure vs strain plot. These 
pressures are identified on Figure 22. The numerical values of these 
pressures are as follows: 

(1) The Limit Analysis Pressure Po - Since the pressure vs strain 
de curve did not reach a slope of T - = 0, the maximum pressure 

applied was still below the limit pressure (i.e., P < Po). This 
means that the limit pressure capability of the vessel is 
greater than 1250 psi. 

(2) The Tangent Intersection Pressure, P.; = 1080 psi 

(3) The 1% - Plastic-Strain Pressure, P-̂  = 1280 psi 

(4) The Twice-Elastic Oeformation Pressure, P„ = 1055 psi 

(5) The Twice-Elastic Slope Pressure, Pv = 1140 psi 

(6) The 0.23! - Offset-Strain Pressure P Q 2 = 1090 psi 

(7) The Proportional-Limit Pressure, P , = 750 psi 

(8) The Plastic Instability Pressure, P . - This is an actual plas
tic collapse pressure and not just an estimate of a plastic 
pressure. A large deflection elastic-plastic analysis is re
quired to detect it. 

WRC Bulletin 254, "A Critical Evaluation of Plastic Behavior Data and A 
Unified Definition of Plastic Loads for Pressure Components." 
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COMPARISON OF LEVEL 0 SERVICE LIMITS 

In evaluating Level D Service Limits, elastic or inelastic system 
analysis and component elastic or collapse load analysis are permitted by 
Appendix F of the ASME Code Section III. Per the Code rules, a plastic 
analysis may be used to determine the collapse load for a given combination 
of loads on a given structure. The collapse load is defined as the one at 
which the distortion is two times the value at the calculated initial 
departure from linearity. An allowable value of 0.9 P (P = collapse 
load) is permitted for primary loads. Primary membrane stress intensity is 
limted to 2.4 S , if an elastic component analysis is performed. For 
SA-515 Grade 70, the allowable stress value is 23,300 psi which, based on a 
simple computation, translates into a permissible internal pressure value 
of 760 psi. The calculated collapse pressure is 1065 psi (the twice elas
tic deformation pressure). The permissible pressure is 0.9 P which is 
equal to 958.5 psi in this case. It is evident from these calculations 
that an elastic-plastic analysis can be effectively used to increase the 
load carrying capacity by « much as 2556 under Level D Service Conditions. 
Comparable benefits can also be achieved for other component configura
tions. 

The cost of computer runs is very much dependent upon the specified 
plasticity convergence criterion. A stringent convergent value for prac
tical applications will mean additional computer costs, with or without 
comparable improvement in the accuracy of the results. For instance, if 
the convergence value had been maintained at the 5% level for the load 
steps beyond 1000 psi, the cost to complete the '• -"v.nark problem would 
have been ten times greater than the cost incui -ithin the 10% value. 
Hence, a reasonable compromise between the accuracy of the results (de
sired) and the computer costs is advisable to make nonlinear analysis 
methods more attractive for practical designs. 
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CONCLUSIONS AND RECOMMENDATIONS 

Based on the industry and literature surveys conducted through this 
study program funded under the overall DOE LWR Safety Technology Program, 
the results of the benchmark problem and the review and evaluation of 
nonlinear computer programs, it is concluded that despite the increased 
cost and other complexities, nonlinear method of analysis is a practical 
and reliable tool for the design of LWR components, especially under Level 
D Service Conditions and it will greatly assist in the evaluation of 
ductile fracture potential of pressure boundary "onents. Since the 
nonlinear behavior is generally a local phenomenon, the design of complex 
component can be achieved through "substructuring" localized regions and 
evaluating them in detail using nonlinear method? without resorting to 
extensive and expensive testing to assess the response of the structure 
considered. Upon implementation of the recommendations furnished below, 
testing can be reduced significantly and better understanding of the 
structural behavior can be achieved through nonlinear analysis methods. 
The solution to the benchmark problem confirms that the load carrying 
capacity of a component can be improved considerably through the applica
tion of nonlinear analysis techniques. 

Although the advantages of using nonlinear analysis outweigh the ap
parent disadvantages, important developments are still needed in practi
cally all areas pertaining to nonlinear analysis. The following is a list 
of recommendations that deserve close attention and subsequent implemen
tation. 

(1) Expansions of the current scope and requirements for nonlinear 
analysis in the ASME Code. 

(2) The industry wide collection, documentation and dissemination of 
nuclear grade material data. 
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(3) Formulation of appropriate constitutive relations to be incor
porated into the nonlinear equations of motion for various 
classes of nonlinear materials. These formulations should be 
compatible with the computational techniques used and not cause 
numerical instabilities. 

(4) Performance and compilation of benchmark problems for verifica
tion and qualification of constitutive equations. 

(5) Correlation of analytical predictions against experimental re
sults. 

(6) With regard to nonlinear computer programs, development of re
liable time integration operators, including algorithms for the 
automatic selection of various time steps, and various load 
steps in static analysis is urgently needed. 

(7) Currently several nonlinear finite element computer programs 
(MARC, ANSYS, WECAN, ADINA, PLACRE, etc.) are available for use 
in the design of nuclear power plant components and piping 
systems. However, the nuclear industry is very much concerned 
about the runaway costs associated with nonlinear solutions. 
Hence, in situations where design violations occur, hardware 
changes are readily opted by the industry, instead of adopting 
nonlinear analysis techniques to resolve the design problems. 
Hardware changes, in many instances, cause additional problems 
in the system design and thus escalate the overall cost of the 
plant. Hence, it is highly recommended that the accuracy and the 
cost effectiveness of nonlinear computer programs be determined 
via benchmark studies. These studies will involve setting up of 
benchmark problems and obtaining solutions through different 
nonlinear computer programs and thereby assessing the relative 
accuracy and cost effectiveness of these programs. 
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(8) Even if nonlinear analysis can be successfully employed to solve 
complex structural problems the setup time and cost associated 
with it clearly indicate that the method is not going to be used 
as a routine design tool until and unless significant reductions 
in computing costs are achieved. Hence, it is very important to 
develop and implement simplified methods of elastic-plastic 
analysis for use in design. In this manner, the rigorous non
linear analysis may be reserved as a final design verification 
tool. 


