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Contrôle multivariable dans les centrales nucléaires:

ëtude de méthodes conceptuelles

par

P.D. McMorran

Résumé

Le développement de centrales nucléaires ayant une capacité accrue
donne plus d'importance a l'interaction dynamique entre les contrôleurs car
chaque action de contrCle peut avoir un impact sur plusieurs rendements dans
la centrale. Le contrôle multi variable permet, d'avoir les techniques voulues
pour concevoir des contrSleurs qui fonctionneront bien dans ces conditions.

Ce rapport constitue une fondation pour d'autres études sur l'appli-
cation du contrôle multivariable à l'EACL. Il traite des besoins du contrôle
et des mathématiques fondamentales employées et il passe en revue les méthodes
linéaires les plus importantes fondées sur les concepts état/espace et fréquen-
ce/réponse. Les méthodes état/espace découlent de l'analyse des équations
différentielles du système tandis que les méthodes fréquence/réponse utilisent
la fonction de transfert entrée/sortie. Les méthodes état/espace considérées
comprennent le contrôle optimal linéaire quadrat^ue, la dérive polaire et
la théorie des observateurs et des estimateurs d'état. Les méthodes fréquen-
ce/réponse comprennent l'inverse de la méuiode des systèmes de Nyquist et les
techniques classiques non-interactives. On souligne particulièrement des mé-
thodes de transfert/fonction car elle peuvent comprendre tous les critères
conceptuels mal définis. Les concepts sous-jacents et les points forts et
faibles d'application de chaque méthode conceptuelle sont présentés. On
passe également en revue les applications les plus importantes.

Il est indiqué en conclusion que l'inverse de la méthode des systèmes
de Nyquist, technique de fréquence/réponse basée sut l'inverse des matrices
de transfert/fonction, est préférable pour la conception des contrSleurs multi-
variables destinés aux centrales nucléaires. Cette méthode peut être complétée
par les informations obtenues grâce a" une analyse modale du modèle de la centrale.
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Laboratoires nucléaires de Chalk River

Chalk River, Ontario KOJ 1J0

Décembre 1979

AECL-6583



ATOMIC ENERGY OF CANADA LIMITED

MULTIVARIABLE CONTROL IN NUCLEAR POWER STATIONS

SURVEY OP DESIGN METHODS

by

P.D. McMorran

ABSTRACT

The development of larger nuclear generating stations
increases the importance of dynamic interaction between
controllers, because each control action may affect several
plant outputs. Multivariable control provides the techniques
to design controllers which perform well under these conditions.

This report is a foundation for further work on the
application of multivariable control in AECL. It covers the
requirements of control and the fundamental mathematics used,
then reviews the most important linear methods, based on both
state-space and frequency-response concepts. State-space
methods are derived from analysis of the system differential
equations, while frequency-response methods use the input-
output transfer function. State-space methods covered include
linear-quadratic optimal control, pole shifting, and the theory
of state observers and estimators. Frequency-response methods
include the inverse Nyquist array method, and classical non-
interactive techniques. Transfer-function methods are
particularly emphasized since they can incorporate ill-defined
design criteria. The underlying concepts, and the application
strengths and weaknesses of each design method are presented.
A review of significant applications is also given.

It is concluded that the inverse Nyquist array method, a
frequency-response technique based on inverse transfer-function
matrices, is preferred for the design of multivariable
controllers for nuclear power plants. This method may be
supplemented by information obtained from a modal analysis of
the plant model.
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NOMENCLATURE

In general, capital letters represent matrices, while
lower-case letters are used for vectors and scalars. Following
the modern practice [1 p 2], no additional marking is used to
identify vectors or matrices. Such distinctions will be clear
from the context.
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Defining
equation

F Decoupling feedback matrix 6.1

F Disturbance direct coupling matrix 6.12

F^ Disturbance-measurement coupling 6.14
m . .

matrxx
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g
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G
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Tp
J

k

k

K

K

Kj, K2, K^

K(s)

Kd(s)

L

LQR

Ms)

Feedback matrix

Scalar feedback gain

Characteristic gain function

Decoupling input matrix

Plant transfer-function matrix

Kalman filter gain matrix

Closed-loop transfer-function
matrix

Identity matrix

pxp identity matrix

Optimal cost function

Mode control vector

Time index

State-feedback matrix

Output-feedback matrix

Factors of K

Controller matrix

Diagonal controller matrix

Laplace-transform operator

Linear-Quadratic-Regulator

Output controller matrix

8.3

9.4

9.1

6.1

3.5

7.13

8.3

5.15

4.2

5.3
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Defining
equation

m Number of outputs

n Number of states

p Number of inputs

P Solution of matrix Riccati 4.5
equation

P Permutation matrix 5.20

P(s) System matrix 3.40

PID Proportional-Integral-Derivative

Q State cost weighting matrix 4.2

Q(s) Open-loop transfer-function matrix 8.1

r Real part of complex eigenvalue 3.32

R Input cost weighting matrix 4.2

rhp Right half of the complex plane

s Laplace-transform variable

t Time

T Sampling period 3.16

T Terminal time 4.2

T Arbitrary nonsingular matrix 6.19

T Observer transformation matrix 7.4

T(s) Generalized dynamics matrix 3.42

u Input vector 3.1

u. Dual eigenvector 3.26

U Dual eigenvector matrix 3.27

U(s) Generalized input matrix 3.42
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V

vi

V

V(s)

w

W(S)

w

X

y

z

z

Decoupling input vector

Eigenvector

Eigenvector matrix

Generalized output matrix

Modal control matrix

Generalized direct coupling matrix

Approximate mode measurement

State vector

Output vector

Z-transform variable

Innovation vector

Defining
equation

6.1

3.23

3.24

3.43
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Defining
equation

Greek Letters

(5 Dirac delta function

e Measurement noise vector 7.11

6.(s) Dominance ratio 8.9

0 Measurement noise covariance
matrix

X. Eigenvalue 3.23

A Eigenvalue matrix 3.24

\> Observability index 7.8

£ Mode coefficient vector 3.30

ç Generalized state vector 3.42

ç State of servo-compensator 6.18

£ State noise vector 7.10

H State noise covariance matrix

p. Desired eigenvalue 5.7

2 State covariance matrix

T Dummy argument in convolution 3.13

$. (s) Ostrowski factor 8.10
i

$ State transition matrix 3.6

to Imaginary part of complex eigen- 3.32
value

u Radian frequency 8.8



Ux.)

Subscripts
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P
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2

Associated with servo-compensator
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Optimal
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6.18
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1. INTRODUCTION

A control system consists of two parts, the plant and

the controller. Most plants in the chemical and nuclear power

industries are multivariable, that is, they have several outputs

to be controlled, and several inputs which may be adjusted.

These systems are called interactive because each input may

affect several outputs. Controllers for these plants have

typically been designed by conventional single-variable methods,

treating each loop as independent. However, the introduction

of larger plants to obtain economies of scale makes the extra-

polation of these techniques unreliable, since they cannot

account for interaction. The complex processes used in these

plants tend to show stronger interaction than simpler, smaller

units. Also, economics require that these plants be operated

closer to maximum capacity, so improved regulation is needed.

These developments have made it essential to take account of

the multivariable nature of these systems.

Higher loop gains are fundamental to the achievement

of faster, more accurate control, but they increase the

importance of dynamic interaction. The resulting problems

may be solved empirically, as they occur, or multivariable

design methods may be used in a direct approach to total plant

control. Multivariable methods are used to improve the stability

of interacting systems, thus permitting higher gains and better

control. Specific system features that make multivariable

methods essential are strong interaction and the presence of

essential right half-plane (non-minimum phase) zeros in the

plant transfer-function matrix.

A control system may be open loop or closed loop. In

an open-loop system, the controller generates pre-determined

plant inputs in response to an external command. This approach
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is effective when the plant response is known reliably, as in

the pre-compensation of a closed-loop servomechanism. However,

in typical process systems, the plant is not known exactly, and

it is subject to variation with time. Thus, a closed-loop

system is required to achieve the control objectives. The

closed-loop controller uses feedback of measured plant outputs

to modify the generated plant inputs. Using feedback, many

processes can be controlled without detailed knowledge of plant

dynamics. Controllers for many chemical processes are selected

this way and tuned by operators to achieve the desired result.

This traditional tuning approach may be adequate for single-

variable systems, but it is very difficult in a multivariable

system.

Early control systems were analyzed by direct solution

of the relevant differential equations. Application of the

Laplace-transform, frequency-response methods began in the 1930s

and was greatly refined during World War II. The stochastic

methods of Wiener filtering were introduced in the same period.

The first work on multivariable problems was done in the 1950s

in connection with aircraft engines. Introduction of the state-

space approach, with its emphasis on differential equations and

optimization, led to applications in which accurate control of

transients was desired. Typical of these are missile guidance,

supersonic aircraft stabilisation, and control of batch chemical

reactors. Recently, the development of comprehensive theories

of multivariable systems has brought about the introduction of

multivariable frequency-response methods as alternatives to

state-space techniques.

Analysis of multivariable systems is complex, and an

extensive framework of mathematics is needed to develop the

underlying theorems. This results in a wide range of methods

based on different aspects of the theory. However, the purpose
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of control design is to solve an application problem, not to

provide elegant examples of particular algebraic concepts.

Thus, we seek methods which lead easily to effective, workable

solutions, and which can meet the practical requirements of

real systems. Fortunately, a few basic concepts of matrix

algebra are sufficient to appreciate the resulting controllers.

The large number of matrix manipulations required makes digital

computer support essential for the application of any of these

design techniques.

This report delineates the available methods for multi-

variable design, and establishes the current status of these

methods, based on a review of the recent literature. The

nature of each method is evaluated, with the type of controller

obtained and the importance of the method for applications.

These methods are to bo regarded as tools, analogous to the

familiar techniques of conventional control engineering. As

tools, they give insight into the nature of the problem and

its possible solutions, but they must not be rigidly or blindly

applied. We consider multivariable systems with limited numbers

of inputs and outputs, but with interaction, external distur-

bances, and parameter variation. The review concludes with a

selection of preferred methods for further development at CRNL.

It is intended as a foundation for further studies and appli-

cations of multivariable control. It must be emphasized that

this is a study of multivariable design methods, not "modern

control". The latter term refers to a specific group of

dynamic optimization methods which have limited application

in real control systems, while multivariable control refers

to all methods used for the control of interactive systems.

The next chapter provides an overview of the multi-

variable control field, showing the relationship between the

various approaches. The following chapters cover the



- 4 -

fundamentals of several important topics, based on textbooks,

survey papers, and key fundamental papers. A chapter on

applications presents some of the attempts that have been made

in the application of these techniques to real problems.
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2. CLASSIFICATION OF DESIGN METHODS

Multivariable and other advanced control-system design

methods must be examined in the wider context of control pro-

blems and applicable solutions. This section categorizes

multivariable control design methods, and relates them to the

underlying control problems.

The key features of a process controller are regulation,

stability augmentation, sensitivity reduction, and failure

response. Since the objective of control is to maintain the

process at a desired operating point in the face of disturbances,

the controller must provide accurate regulation at steady-state.

Regulation can be obtained trivially with a set of pure integral

controllers, but such an approach will not generally be sitable.

Thus, dynamic stability is a controller requirement, and the

controller is often required to augment the stability of an

already stable plant, by adding damping and decreasing response

time. A general statement of the stability requirement is that

the plant poles are to be shifted farther to the left in the

complex plane. Since plant parameters change with time, and

the models used for control design are not perfectly accurate,

it is essential that the controller have a low sensitivity to

parameter variations. Finally, since control devices,

especially transducers and actuators, do fail, the controller

must be designed to fail-safe. If a controller becomes irra-

tional when some of its actuators or sensors fail, plant

protection is left entirely in the hands of the safety system.

Generally, good practice requires that the control system cope

with minor failures, leaving the protective system to deal

with major accidents only. Thus, it is important that the

controller fail gracefully. Inherently, a complex controller

is more likely to fail unsafe, so excessive complexity must

be avoided.
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There is a fundamental distinction between a design

and a design method. A controller design, in terms of block

diagram, equations, or physical implementation, does not reveal

the method by which it was conceived. Many methods will give

the same design, when presented with suitable specifications.

Conversely, many different designs will meet the same specifi-

cations in terms of eigenvalue placement, response time,

disturbance rejection, etc. The introduction of qualitative

criteria and methods, in which the personality of the designer

becomes a factor, further widens the range of possibilities.

Thus, the choice of method used influences the final design in

a complex fashion, and this effect must be remembered in any

comparison of methods.

2.1 Classification by Complexity

Design methods are classified into levels relating to

the complexity of the resulting controller structure. These

levels are single-variable, multivariable, and hierarchical.

2.1.1 Single-Variable Methods

Single-variable methods are the subject of the extensive

literature on feedback control systems. The best-known tech-

niques are the Bode-Nyquist frequency response methods, and the

root-locus method. Various special methods are available for

compensation of servo-systems, and rule-of-thumb approaches are

used in many cases, including the conventional application of

PID process controllers. These methods either assume no inter-

action between the loops, or they use cascade and feedforward

concepts to eliminate the worst interactions. It is a common
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occurrence, particularly in the process industries, for inadequate

control loops to be left on manual control, a fact which empha-

sizes the shortcomings of these methods.

2.1.2 Multivariable Methods

In contrast to the single-variable methods, multivariable

methods approach the plant as an interactive system with several

inputs and outputs which must meet conflicting objectives.

Multivariable interaction is a new phenomenon, and new tech-

niques are required to deal with it. It is not sufficient to

design a non-interactive system which "eliminates" the problem,

since this approach introduces new difficulties with sensitivity

and susceptibility to noise. Despite this, many multivariable

phenomena can be treated by manipulations formally similar to

those used for single-loop problems, provided that the rules

of matrix algebra are respected. Multivariable methods have

been applied to single-loop systems, as a means of introducing

the concepts of state and state feedback. However, they tend

to yield controllers of excessive complexity for problems

which are handled adequately by conventional techniques.

It is important to have a clear definition of the

specification required for a multivariable system, so that a

criterion is available to assess the quality of the design

solutions obtained. Without such a specification, the flexi-

bility of multivariable design will tend to yield results

which are very difficult to compare.

Multivariable design methods can be further classified

in terms of the plant model they use. The model may be either

an input-output relation, expressed as a numerical frequency

response or a rational polynomial transfer function, or a
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differential equation model, usually in state-space form. For

a single-input, single-output process, the rational transfer

function contains all information, and the state space is

unnecessary. In the multivariable case, the state-space

equations give the internal structure, which may be of impor-

tance. However, if the state-space model has been synthesized

from the transfer function or from experimental measurements,

its structure is arbitrary, and it will contain no information

which was not inherent in the original data. It should be

pointed out that the transfer function ignores the existence

of uncontrollable or unobservable modes, but these modes have

little relevance to the control problem. For the application

of state-space methods, there is no requirement for the model

to have the same structure as the plant, but use of an appro-

priate structure may reduce sensitivity to modelling errors.

Frequency-response methods explicitly use less information

than state-space methods, so less plant knowledge is needed,

and sensitivity to parameter variation may be reduced.

MacFarlane [2] has presented an integrated review of linear

multivariable methods with emphasis on frequency-domain

concepts.

State-space methods covered here include optimal

control, pole shifting, modal control, non-interacting control,

robust controllers and output-feedback controllers. They meet

the fundamental control requirement of stability augmentation

by minimizing a suitable error, or by specifying desired pole

positions. They generally require static feedback of all

states, although some methods have been developed for static

or dynamic output feedback. If the states cannot be measured,

state estimators or observers can be constructed to generate

them, resulting in a dynamic compensation scheme. With such

dynamic compensation, conventional tricks like anti-reset-

windup, and application of reference changes to integral action

only may be applied. The observer/estimator may be designed
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separately, or included implicitly by designing a dynamic

compensator. Each method tends to pre-define the structure

of the resulting system, and then determine parameters to

meet the given spécification. Even if there exists some free-

dom of choice of structure, little or no guidance is given on

the use of this freedom.

Although the state-space analysis represents the funda-

mental dynamics of the multivariable process, difficulty arises

when design is based solely on exploitation of the algebraic

structure of the state-space model. A highly detailed plant

model is required to ensure reasonable answers, particularly

to force the design to respect the limited bandwidth of the

model. A feedback control of arbitrary complexity results,

even for simple problems. Also, the state observer relies on

a cancellation based on exact knowledge of certain plant para-

meters.

Methods based on multivariable frequency response

include the inverse Nyquist array method, the characteristic

locus method, the multivariable root-locus method, and direct

methods. Since these are based only on the plant input-output

relationship given by the frequency response, they naturally

lead to output feedback designs, so state estimation ceases

to be a concern. These methods can make use of any available

plant knowledge, but they can give improved control, over that

obtained from conventional controllers, even when design is

based on crude estimates of dynamics and interaction. While

the state-space methods are algorithmic synthesis methods,

the frequency-response methods are generally design methods

in which the designer can apply his own qualitative under-

standing.
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2.1.3 Hierarchical Methods

The concept of hierarchy is fundamental to process

control since all systems are essentially hierarchical. This

hierarchy may be seen in terms of levels of control, such as:

- local dynamic control;

unit optimization;

- plant optimization, including production

scheduling and economical use of utilities;

- corporate optimization, including allocation

of resources.

More specifically, the hierarchical approach is a procedure

for finding a sub-optimum solution to the general optimization

problem. This is valuable if it can be done by techniques

simpler than would be required to perform the global optimi-

zation. The method involves the optimization of each subsystem

using assumed values for the interactions from the others.

Then, a co-ordinator adjusts the interaction parameters to

drive them toward agreement with those computed by the sub-

system optimizations. The global optimum is never really

reached, but the problem has been simplified to a set of small

optimizations which are easier to solve. The optimization may

be with respect to any criterion, not necessarily a pure cost,

since the true cost may be difficult to evaluate.

Conventional single-variable controllers are found

only at the local-control level of the hierarchy. The multi-

variable methods to be reviewed here may be used either to

improve local control, or to develop integrated control of a

process unit, such as a nuclear reactor, or a complete nuclear-

electric generating unit. The higher levels are normally

handled by static optimization methods which put much greater

emphasis on economics than on dynamics.
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2.2 Other Approaches to Classification

Design methods may also be categorized in terms of the

model used to represent the deviation of the actual response

from that predicted by the plant model. This disturbance model

may take the form of unknown disturbance inputs, noise added

to the plant inputs and outputs, or unknown plant parameter

variations. In fact, a real process will possess all of these,

and it will also have nonlinearities, some of which may be

intrinsic. However, all of these types of uncertainty can be

approximately represented by any one of them alone, and this

is the approach of most design methods. If the plant and its

inputs were perfectly known, an open-loop controller could

meet any specification, with the possible exception of stabili-

zation. Negative feedback in the form of a feedback controller

is required specifically to counteract the unknown factors

given above.

Finally, a control system may be designed by general

optimization [3]. This requires a pre-defined controller

structure, and a desired response given in terms of a transient

response, a frequency response, or some other criterion.

Then, it is conceptually possible to use a minimization pro-

cedure to adjust the parameters of the controller to meet the

given specification. However, this may be difficult if there

are more than a few parameters, and it will be inefficient in

terms of computation time. Also, it offers little insight

into the importance of the given criteria. It is hard to

evaluate the effectiveness of different possible structures

in this way, and the method gives no guidance to the impact

of specification details on problem difficulty. A trivial

specification change might make the problem much easier to

solve. For these reasons, such methods have seen only limited

development in the literature and they will not be considered

further in this report. It must be noted, however, that an

efficient optimization procedure may yield the most effective

solution to problems of a specific class.
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3. LINEAR SYSTEM MODELS

3.1 State Space

Any control system design is based on a plant model,

and the model must be compatible with the design method used.

Since we are interested in regulation, or control of a plant

in the vicinity of a nominal operating point, it is reasonable

to choose a model which has been linearized for small pertur-

bations. This may be regarded as a first step since nonlinear

effects are not important if the controller is good for small

deviations. Also, control tends to make the process more

nearly linear. Such a model will be valid as long as the

controller functions effectively, but it can supply no infor-

mation concerning large transients, e.g. startups and trips.

It is fortunate that linear models may be used for control

design since linear system theory has been extensively developed

and it offers a wide range of design and analysis techniques.

All the methods covered in this report are linear methods.

A linear system may be described by transfer functions

or by differential equations. The choice of model is governed

by the design method to be used. In the absence of time delays,

any linear dynamic system can be described by the matrix dif-

ferential equations

gdrx = A x + B u (3.1)

y = C x + D u (3.2)

where

x is the state vector, of dimension n

u is the input vector, of dimension p

y is the output vector, of dimension m

A, B, C, D are matrices of appropriate dimensions
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These equations are the basis of the state-space methods,

which are essentially time-domain in nature. Figure 3.1 is a

block diagram representation of the state-space model. Since

the equations are linear, they may be Laplace-transformed to

yield the transfer functions

x = (sI-A)"1 B u (3.3)

y = G(s) u (3.4)

G(s) = C (Sl-A)"1 B + D (3.5)

where

s is the Laplace transform variable

I is the identity matrix

G(s) is tho transfer-function matrix

G(s) is an input-output, frequency-domain plant model. While

the above manipulations show the relationship of G(s) to the

state-space equations, there is nothing to prevent the use of

multivariable frequency-response methods with experimental

data, possibly including time-delay terms.

The vector x in equation (3.1) is called the state

vector because it completely defines the state of the system.

The future trajectory of all system variables may be predicted

exactly as the solution of equation (3.1), given the initial

state x(0) and the future inputs u(t) [4, p8]. Thus, the

state corresponds to the integrator outputs in an analog

simulation. The general solution is described in terms of

the state-transition, or fundamental, matrix [5, pl27], which

is the unique matrix function $(t,to) satisfying

-^ <S>(t,to) = A Mt,to) ; $(to,to) = I (3.6)
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FIGURE 3 . 1 STATE-SPACE MODEL
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Then, the unique solution of the homogeneous differential

equation

•^x = A x ; x(to) = xo (3.7)

is

x(t) » $(t,to) xo (3.8)

Since the state at a given time may be obtained from the initial

state either directly, or by using the state at an intermediate

time as a second initial condition, it follows that

*-x(t,to) = $(to,t) (3.9)

For a time-invariant system,

*(t,to) = exp [A (t-to)] (3.10)

Then, $ depends only on the time difference, not on to, so the

initial time may be taken as to = 0 and

*(t) = exp (At) (3.11)

The exponential is defined by the matrix series

exp (At) = I + At + A2 |y + ... + An ^ + ... (3.12)
Ca » XI •

The general solution of equation (3.1) is then

x(t) = $(t) xo + I $(t-T) B U(T) dr (3.13)
J 0
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in which the last term is a convolution integral. Finally,

it is interesting to note that

$lt) = L~i{(sI-A)"1} (3.14)

where L"1 denotes the inverse Laplace transform.

Discrete-time state-space and transfer-function models

may also be developed. If u is constant over the sampling

period T, then

:] • t :][:] (3.15)

and the transition matrix $(T) for this expanded system may be

computed and partitioned as

i BX1 r X

I J |_UL U ( T ) | ~ |0 I | | u(0) ' ( 3 > 1 6 )

If z~l is defined as a one-sample delay, then

zx = Axx + Bju (3.17)

and

G(z) = C (zI-Ai)"1 Bx + D (3.18)

is the sampled transfer function.

For a single-input, single-output system, a simple

state-space form is that based on a companion matrix [6 p241,

7 p281, 8 p335, 5 pl86]. Given the strictly proper transfer

function
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g(s) =
s11 + a _,s n~ 1 + + + a(

(3.19)

we can let

A =

B

'0 0 . . . 0 -a.

1 0 . . . 0 -a.

0 0 . . . 1 -an-i

= (b0, b1# . . . , b a - 1 )
T

C = (0, 0, . . . , 1 }

(3.20)

(3.21)

(3.22)

to obtain the model shown in Figure 3.2. If g(s) is not

strictly proper, i.e. if the numerator includes bns
n, the

proper part may be extracted by one step of long division.

Several variations of these companion-form models are possible

depending on the ordering of the states and on whether B or C

is used to provide the numerator coefficients. The form given

here would be preferable for simulation since it does not

require summers with n inputs. However, it should be emphasized

that state-space methods for single-input systems [4] are not

truly multivariable. They must be regarded only as a stage in

the development of a true multivariable theory. This result

is presented only to show the relation between conventional

transfer functions and the state-space formulation.
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SINGLE-OUTPUT SYSTEM
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3.2 Modal Analysis

The matrix A has n eigenvalues and eigenvectors defined

by

A vi = vi Xi (3.23)

where

\. is the eigenvalue

v. is the eigenvector

The A. and v. may be complex, but they must appear in complex

conjugate pairs. If the eigenvalues are distinct, the eigen-

vectors form a nonsingular complex matrix

V = (v1,...,vn) (3.24)

and the defining equation may be rewritten as

A V = V A (3.25)

where A is a diagonal matrix of the eigenvalues. If an eigen-

value is repeated, it is possible for two eigenvalues to have

the same eigenvector. In this case, the transformation to a

diagonal matrix does not exist, and A is replaced by the upper-

triangular Jordan form [9].

The dual eigenvectors, u., are the solutions of

ATu± = u± ^ (3.26)

They form the columns of

U = (ulf...fun) (3.27)
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Each u. is orthogonal to all the v. (j^i) and may be normalized

so that

UT V = I ; i.e. U T = v"1 (3.28)

It then follows that

UTA V = UTV A = A (3.29)

so A is similar to the diagonal matrix of eigenvalues. Note

that the normalization factors required for the u. may be

complex.

The mode coefficient vector ç may then be defined by

V ç = x (3.30)

i.e. the state vector is written as a linear combination of

the eigenvectors. By direct substitution, the dynamic equations

become

ç = A c + UTB u (3.31)

y = C V Ç + D u (3.32)

These equations are simple in form because A is diagonal, but

they have complex coefficients. If the two eigenvectors

corresponding to a complex pair of eigenvalues are replaced

by Re(v.) and Im(v.)» and U is adjusted to satisfy equation

(3.28), the equations become real and the complex pair r±ju>

in A is replaced by the square block

rj (3.33)
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The resulting two modal variables are the state variables of a
second-order system. If the system has n inputs and outputs,
control matrices may be chosen to permit direct excitation and
measurement of the modes. In this extreme case, the system
is reduced to a set of independent first- and second-order
systems. The modal description is also useful for analysis
and computing, and it is the basis of modal control.

A matrix function is defined by the polynomial which

takes the same values on the spectrum of A [10 p63]. The

values of the function f(X) on the spectrum of A include the

values of f and of certain of its derivatives at the eigen-

values of A, but the derivative terms are only required when

A has repeated eigenvalues. Now, it is easily seen that any

power of A is given by

An = V An U T (3.34)

T

since U V = 1. Thus, a polynomial in A, and hence a general

function of A, is given by

f(A) = V f(A) U T (3.35)

where f(A) is diag (f(A.)). This may also be written as a

sum of outer products

n T
f(A) = E v i ui f<xi> (3.36)

Since (sI-A)~ is a function of A,

£v. ut -±- (3.37)
i = 1 1 IS A±
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T •and it is clear that the v.u. are the coefficients of the

Sylvester's expansion of the state transition matrix and the

eigenvalues, A., are the poles of the transfer function.

These concepts are useful since many problems can be formulated

in terms of matrix functions.

3.3 Controllability and Observability

The mathematical concept of controllability requires

that it be possible to use the inputs to reach any desired
Tstate in a finite time. In modal terms, this means that U B

must have no zero rows [8 p351], since otherwise some modes

could not be excited. A more general test is that

(B, AB, A " " ^ ) (3.38)

must have rank n [11 pl66]. The modes of the plant which are

to be modified by the controller must be controllable. Thus,

controllability is a general requirement for state-space

designs. Uncontrollable modes do not appear in the transfer

function, so transfer function methods simply ignore their

existence. When there are many more states than inputs, there

may be fast, stable modes which are barely controllable [12, 13]

This can cause difficulties in various numerical procedures

associated with state-space analysis.

Similarly, observability requires that it be possible

to evaluate the initial state of the system when u(t)=0, given

a finite record of y [11 pl78]. A system is observable if CV

has no zero columns, or if
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C
CA

(3.39)

n-i
CA

has full rank. Modes to be controlled must be observable, and

unobservable modes do not appear in the transfer function.

Kalman [14] has shown that any system can be divided

into four subsystems consisting of the controllable and

observable part, the controllable but unobservable part, the

observable but uncontrollable part, and the uncontrollable

and unobservable part. These subsystems are shown schemati-

cally in Figure 3.3. This partition may be performed using a

modal expansion, or various other canonical forms. Only the

controllable and observable subsystem appears in the transfer

function. The other parts are not normally required, but they

may be found in linearizations of high-order nonlinear systems.

No control action will change the dynamics of modes which are

uncontrollable or unobservable. However, control will excite

the unobservable modes, and disturbances may excite the

uncontrollable modes which will then corrupt the measurements.

Interpretation of these problems depends very much on the

circumstances. In general, we assume a controllable and

observable system.

An important recent development in linear system theory

has been the introduction of the geometric method [15, 16].

In this approach, the vectors of variables are treated as

members of linear vector spaces, and the matrices describe

maps between these. Many concepts can then be defined, inde-

pendent of the basis for the vector space, in terms of the

kernels (nullspaces) of the maps. Thus, the uncontrollable
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FIGURE 3.3 PARTITIONING OF SYSTEM IN TERMS OF

CONTROLLABILITY AND OBSERVABILITY
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and unobservable subspaces are given by the kernels of certain

maps, and these results are properties of the system, not of

the particular form of the equations used to model it. This

approach may be seen as an alternative to the use of canonical

forms which attempt to provide a unique representation for all

systems with the same characteristics. Geometric techniques

may be used to develop the theory of observers, decoupling,

etc., and they lead in a natural way to computational pro-

cedures [17]. However, the methods are abstract and somewhat

difficult to visualize, so they will not be treated further

in this report.

3.4 The System Matrix

Many analytical and numerical problems are simplified

if the equations, describing the linear plant model, are com-

bined into a special matrix called a system matrix. The

state-space form of the system matrix is [11 p43]

P(s) =
Sl-A B

-C D(s)

so that

P(s)
X

-u

0

- y

A more general description of a linear system is

(3.40)

(3.41)

T(s) ç = U(s) u

y = V(s) ç + W(s) u

(3.42)

(3.43)
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where the coefficient matrices are polynomials in s, and £ is

a generalized state vector. This form allows for input deri-

vatives and algebraic equations. It is often the natural

result of the modelling process. The corresponding system

matrix.

P(s) =
T(s) U(s)

-V(s) W(s)
(3.44)

is said to be in polynomial form. Many large system models

are obtained as composites of subsystem models. The polynomial

form of the system matrix allows retention of the structural

details of the interconnection which are lost in the trans-

formation to state space [18 plO3]. This information can

have an important impact on control design decisions.

Suitably defined elementary row and column operations

may be used to transform system matrices while maintaining

dynamic equivalence [11 p52]. In particular, algorithms are

available to convert the polynomial form to state-space form.
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4. OPTIMAL CONTROL

4.1 Theory

The linear-quadratic regulator (LQR) problem of optimal

control is to find a feedback control law, K(t), which minimizes

a quadratic cost integral for all initial states. The funda-

mental equations are

(4.1)

T
J = xT(T) F x(T) + f (xTQx + uTRu) dt (4.2)

where

J is the scalar cost function

F is a positive-semidefinite terminal-cost matrix

Q is a positive-semidefinite state cost weighting matrix

R is a positive-definite control cost weighting matrix

and the objective is to find the control u which minimizes J.

The solution to this general problem is

- K (t) x (4.3)

where

K(t) = (4.4)

and

~ P = - PA - ATP - Q + ; P (T) = F (4.5)
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This is a matrix Riccati differential equation. Since P satis-

fies a terminal condition, equation (4.5) must be solved backwards

from T in advance, before control can begin. This is a simple

form of two-point boundary-value problem.

The problem statement given above implies that there is

some finite terminal time, after which the problem ceases to be

of interest. In the regulator case it is appropriate to let T

be infinite. The cost and solution then become

J = I (xTQx + uTRu) dt (4.6)•f.

u = - K x (4.7)

K = R-1BTP (4.8)

where P satisfies

PA + ATP + Q - PBR"^"1? = 0 (4.9)

This equation may be solved as the infinite-time limit of

-^ P = PA + ATP + Q - PBR-1BTP ; P(0) = 0 (4.10)at

In this case, K is a constant matrix, and the solution is time-

invariant .

The optimal controller drives the state toward zero

from any initial value. The zero state is the natural equili-

brium state of the linearized model, and zero control is required

to hold it there. The controller minimizes a weighted sum of

squares of states and inputs over the time period of interest.

Heavier weighting on the states gives faster transients, while

weighting on the controls limits control action.
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The finite terminal-time case is relevant when control

is only possible for a limited period. It tends to the infinite-

time case as T becomes larger than the system response time.

An undesirable feature is that the controller is time-varying

and P(t) must be computed in advance for all t e [0,T]. The

infinite-time case gives a feedback controller which will mini-

mize J while restoring the state to zero from any impulsive

disturbance. An initial condition on a state is equivalent to

an impulse input to the differential equation for that state.

4.2 Di scuss ion

The optimal controller is based on the maximum

principle [5, 19], which is an extension of Hamilton's principle

in classical mechanics. The existence of a linear feedback

solution is an accident of the linear-quadratic problem formu-

lation. Other applications of the maximum principle do not

lead to such elegant results. Athans [20] summarizes various

other approaches to the derivation.

The optimal controller is said to solve a "regulator

problem" since it drives the state from any initial value to a

fixed reference value. In operation, disturbances upset the

state, and the controller takes it back to the reference. It

is reasonable to set up a system in which large changes are

handled by some external mechanism which forecasts trajectories,

while the optimal controller guides the plant toward the time-

varying reference [20]. It is also possible to solve the

optimal servo problem [5] in which the reference is a varying

quantity, but the reference trajectory must be known in advance.
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The best feature of the LQR optimal controller is that

it provides an analytical procedure for control design. Once

A, B, Q, and R are given, the result is completely determined.

The Q and R matrices are the control system specification in

analytical form.

The greatest weakness of the method is that Q and R do

not follow directly from the specification. Thus, it is con-

ventional to begin with diagonal matrices whose entries are

the squares of the inverses of the desired relative magnitudes,

then to examine the modes of the resulting controller. The

weighting factors are adjusted iteratively until the modes,

and selected system transients, are acceptable. Thus, the

method is reduced to a manual, iterative technique. What it

does provide is a means of reducing the number of adjustable

parameters from n«m to n+m. Another shortcoming is the need

for feedback of all the states. This may be overcome by the

use of a state estimator, but the resulting controller is con-

siderably more complex than any conventional device. Also,

the controller/estimator combination generates enough phcise

advance to make the closed-loop system appear passive [21],

which means the controller may be unduly sensitive to noise.

The optimal controller guarantees stability of the

closed-loop system. Indeed, it is stable when the feedback

gains are reduced by half [21]. However, complete failure of

an input or measurement may lead to an unstable situation.

As noted above, the optimal transfer function matrix

Go = K (sI-A)"^ (4.11)

has severely restricted phase shift since the high-frequency

limit of sGo(s) is similar to a positive definite matrix [21].

The optimal controller is required to contribute sufficient

phase advance to counteract all the phase shift contributed by

the plant.
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Athans [20] has claimed that the quadratic cost function

is appropriate since it reduces the higher-order terms in the

Taylor series expansion from which the linear model was derived.

It encourages trust in the linear model by keeping it as "honest"

as possible. The least-squares nature of the optimal controller

also helps to reduce its sensitivity to parameter variations.

Some of this benefit may, however, be lost if the state esti-

mator used has considerable sensitivity. Although the determi-

nistic nature of the problem formulation admits an open-loop

solution, the feedback form of controller is preferred since it

will give some benefit, even in the face of disturbances and

parameter variations.

It is possible to make certain extensions to the opti-

mization problem and still retain the linear feedback solution.

Thus, state derivatives may be weighted to reduce overshoot,

integrals may be weighted to obtain zero steady-state error,

and input rates may be weighted to reduce control excursions.

Although the optimal design introduces the concept of

minimizing a cost function, the actual controller implementation

is simply a compensator composed of state estimator and feedback

matrix, similar to that obtained from pole shifting. The value

of the optimal control approach lies in its algorithmic nature.

In general, this is defeated by the need to tune the cost

function until the desired dynamics appear. However, for a

specific class of problems, such as reactor regulation or jet

engine control, it may be possible to use experience gained

from previous designs to speed progress. This could lead to

a very rapid design method for multivariable controllers.

Another feature of importance for applications is the ability

to reduce the amplitude of certain states or inputs to meet

engineering constraints. This is difficult with other techniques.
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More general forms of optimal control are distinguished by

the name "modern control". This refers to dynamic optimization [5]

using Pontryagin's maximum principle, dynamic programming and

other related methods. These methods are analytically complex,

difficult to implement, and do not generally lead to feedback

controllers [22]. Moreover, engineering specifications are

vague and qualitative, and optimization of any specific cost

function is unlikely to meet the qualitative criteria. If a

single functional could be formulated with numerical expressions

for each specification, and weights to define their relative

importance, it would be theoretically possible to establish _

truly optimal controller. However, such a cost function would

be complex, and the relative weights, representing engineering

trade-offs, would be difficult to define. So, the result would

still be a search procedure in which the weights are adjusted

until the designer is satisfied. Even this is not possible,

though, because available methods cannot handle a really general

cost function. In any application, a tractable cost function,

divorced from the actual specification, must be used, and the

cost parameters must be adjusted until the optimization pro-

duces an acceptable controller. Thus, except in certain

specific cases, the concept of a controller which is optimal,

relative to others which are suboptimal, is a pure philosophical

abstraction.
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5. POLE SHIFTING AND MODAL CONTROL

The concept of pole shifting is fundamental to all of

multivariable control. Its importance in state-space theory

corresponds to that of dynamic compensation in transfer-function

methods. In simplest form, pole shifting is based on a state-

feedback control

u = - K x (5.1)

Substituting this into the differential equation (3.1) gives

g! x = (A-BK) x (5.2)

The problem then is to determine K so (A-BK) has a desired set of

eigenvalues. Since the eigenvalues describe the closed-loop

dynamics, pole shifting is a formulation of the stability-augmen-

tation problem. There are many matrices K which will give the

same closed-loop eigenvalues, so it is possible to put other

constraints on the problem solution. These may result from the

chosen solution method, or from other concerns such as input-

output decoupling [23]. Since the optimal controller is of the

form (5.1), the methods of optimal control can also be used.

Two methods for finding K are presented below. The

first is based on direct evaluation of eigenvalues for a special

form of state feedback controller, while the second is a less

rigorous approach based on output feedback.
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5.1 Pole Shifting

The pole-shifting method presented here reduces the

state measurements to a single linear combination of mode

variables. This scalar feedback is then applied to all the

inputs in varying proportions [24, 25, 26]. As given, it

applies only to systems with distinct eigenvalues, but it may

be extended for repeated routs [25].

Let

K = f kT UT (5.3)

The k vector will have zero entries for any modes to be left

unchanged. Then equation (5.1) becomes

u - - f kTç (5.4)

The vector k forms a linear combination of the modes, while f

distributes this signal to the inputs. The modal differential

equation is then

g| ç = A ç + UTB u (5.5)

= (A - UTB f kT) ç (5.6)

Notice that U Bf is a column vector. The elements of k are

given by

n
ki =
1i T n1 utBf.n U. - A.)1 j i * J
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where the PJ are the desired eigenvalues. Equation (5.7) is

obtained from a partial-fraction expansion of the ratio of the

closed-loop characteristic polynomial to the open-loop charac-

teristic polynomial. The vector f may be chosen arbitrarily,

provided

uT B f ̂  0 (5.8)

for the modes to be shifted. Choosing f to maximize this

expression selects the inputs most strongly coupled to those

modes. This results in the most effective feedback and permits

the use of lower gain for the same net result. The modes which

are not shifted remain unaltered.

The possibility of pole shifting is equivalent to

controllability [27], and this is related to the ability to

reduce the system to a controllable single-input system [28].

For this reason, the pole-shifting problem need be solved only

for the single-input case [29]. Algorithms are also available [24]

to shift the modes recursively, one at a time. Since an infinite

set of feedback matrices give the same modes, it is possible to

also specify other characteristics of the closed-loop system [30].

To resist constant disturbances, extra states may be created as

the integrals of the outputs [31]. Then, state-feedback pole-

shifting can be applied to the extended system to obtain the

desired dynamics, with perfect steady-state regulation.

5.2 Modal Control

Rosenbrock [32] introduced the concepts of pole shifting.

His method, which may be called modal control, to distinguish it

from general pole shifting, yields a controller in which specific

coefficients are associated with specific modes. The controller

uses feedback of measurable outputs only. However, the number of

modes to be shifted cannot exceed the number of plant inputs.
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The output feedback matrix K is defined by

u = - K y (5.9)

and, for modal control, it is written as a product of three

matrices

K = K: Kd K2 (5.10)

where K& is a diagonal pxp matrix of gains, and Kj and K2 are

found from the mode shapes. Introducing an auxiliary vector, w,

and using (5.10) and the feedback equation (5.9), the modal

equations (3.31, 3.32) may be rewritten as

= A Ç + UTB Kx w (5.11)

w = - Kd K2 C V Ç (5.12)

Kj and K2 are to be determined to approximately nullify the

effect of B and C so that w is a mode measurement and a direct

mode input.

Consider first the ideal case, in which B and C are In.

Then, we set

= V p (5.13)

K2 = U* (5.14)

where

Vp contains the first p columns of V

Up contains the first p columns of U
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Here, p is the number of modes to be shifted. For complex

eigenvectors, the technique described following equation (3.32)

may be used to permit implementation with real equipment. A

physically realizable controller is only possible when both

members of a complex pair are shifted together. For this

choice of and K
2,

A * • M (5.15)

K9 C V = (I , 0) (5.16)

and the closed-loop differential equation becomes

dt A - (5.17)

Thus, the first p eigenvalues are shifted by the elements of K<j,

and the eigenvectors are unchanged. The mode control loops are

non-interacting, first order, and minimum phase.

In the real case, B and C are features of the system,

subject to only limited choice. Then, K, is chosen as

(5.18)

so that

TU B •[:•] (5.19)

If the available freedom in choosing B is used to make B approxi-

mate to Vp, then the uncertain submatrix in equation (5.19)

becomes small.
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It is assumed that C is mxn, with 2p > m > p since it

is usually easier to add measurements than to add inputs. The

nxm matrix W is defined as

W = (Vp, BKjP) (5.20)

where P is an px(m-p) permutation matrix, each column of which

is filled with zeros except for one entry of unity. Thus, P

selects certain columns of BKj to be columns of W. Then, K2

is defined as

-l

so that

K2 = (Ip, P) (CW)

K2 C W = (Ip, P)

Since the first p columns of W are Vp,

(5.21)

(5.22)

K2 C V , ?> (5.23)

P is to be chosen to select columns of BKi which are relatively

different from the corresponding column of Vp. This ensures

that CW can be readily inverted. In fact, the number of

measurements should be chosen to permit all such columns of

BKi to be used in W. Some care may be required in the adjust-

ment of B and C to ensure that the relevant matrices can be

inverted.

The final closed-loop equation is

(5.24)
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The uncertain terms in the bottom row have been chosen to be

small, so the eigenvalues will be near those predicted from the

ideal case. The remaining mode interaction is attenuated by

the fast modes and can be treated as a disturbance. K1 may be

regarded as forming linear combinations of the columns of B

which approximate to the vectors in Vp. Similarly, K2 combines

the rows of C to approximate the rows of uX. The dynamics of

the mode control loops should still be simple, as they are in

the ideal case.

Variations and extensions of the modal technique have

been presented [33, 34], including the concept of its use for

distributed-parameter systems [35, 36, 37], The method has

been applied to a forty-first-order model of a real chemical

plant [38], showing its potential for problems of realistic

complexity. This method may also be useful in conjunction

with other techniques when the plant has more outputs than

inputs. Then, linear combinations of the outputs can be taken

to give approximate measurements of the dominant modes [39].

The basic pole-shifting approach has wide capabilities,

but it requires state feedback. In contrast, the modal method

uses only output feedback, and it appears more natural since

the controller deals in a simple way with the actual mode shapes,

An important feature for high-order systems is that only the

eigenvectors for the modes to be shifted need to be computed.
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6. OTHER STATE-SPACE METHODS

The design methods reviewed in this section are less

highly developed than the optimal and pole-shifting approaches.

They represent a selection from the wide range of solutions to

the design problem, obtained as the specific objectives are

modified.

6.1 Non-Interacting Control \

The goal of this method is to generate a new set of

inputs such that each input affects only one output. The

resulting system is said to be non-interacting, or decoupled.

The structure is fixed, as shown in Figure 6.1, using a state

feedback matrix, F, and an input matrix, G. The resulting

closed-loop transfer function matrix is

y = C(sl - A - B F ) " ^ G v (6.1)

and it is to be diagonal. This is only possible if the matrix

C(sl - A - B F ) - ^ (6.2)

can be diagonalized by a constant matrix, which requires that

there exist a factorization of this matrix into the product of a

diagonal, rational-polynomial matrix and a constant matrix. So,

the problem is to be solved by using F to introduce zeros into

the transfer function, to make this factorization possible.

This problem does not have a general solution, and

emphasis has been placed on developing the conditions under which

a solution exists. Falb and Wolovich [23] made the first major
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study of this and presented a necessary and sufficient condition.

They define the numbers d^ by

d^ = min {j such that C^A-'B ^ 0, j - 0,1,...,n-1} (6.3)

or

d. = n-1 if C.A^B = 0 for all j (6.4)

where Ci is row i of C. It is assumed that there are m inputs

and m outputs, and the mxm matrix Bi is defined as

Bi

Ci A B

d2
C2 A B

(6.5)

Then, the solution exists if and only if

and one possible solution is

is nonsingular,

AI (6.6)

(6.7)



where

This solution gives
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r

C2 A
d2+l

Cm A

dm+1

(6.8)

* • M (6.9)

so that each output is a multiple integral of one of the new

inputs. In this case, the poles have been shifted to the origin

and, in general, some of them are cancelled by the zeros intro-

duced. The solution above is not unique, and Falb and Wolovich [2 3]

develop the set of all solutions. They show that

m
m + (6.10)

of the poles may be located arbitrarily while simultaneously

decoupling the system, and that it may be possible to position

even more of the poles. The proof of these results relies on a

maze of matrix manipulations, emphasizing the dependence of such

a solution on accurate model information. Gilbert [40] presented

a similar derivation, and pointed out that the rows of Bj are the

coefficients of the highest power of s in each row of the numerator

of the plant transfer-function matrix.
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Morse and Wonham [41] present a comprehensive review of

this problem. They object to the notation of the earlier authors,

preferring an abstract geometric approach. This geometric method

is more difficult to understand than simple matrix manipulations,

but it permits the concise development of the decoupling condi-

tions, and even leads to algorithms for testing them. They

consider several variants of the problem, including one in which

integrators are added to the plant, yielding a dynamic compensator.

They also discuss a more general problem in which sets of outputs

are to be controlled by sets of inputs.

As described in Section 9, below, tho concept of non-

interaction was first introduced in the context of transfer-function

matrices. In the transfer-function form it can lead to undesirable

pole-zero cancellations. The basic state-feedback form given above

is immune to this since it does not introduce any additional

dynamics. However, in a practical implementation, a state esti-

mator is required, and the feedback becomes a dynamic compensator,

so it is difficult to say how far the result is from the transfer-

function solution. As noted in the discnssion of pole shifting,

the state feedback to achieve a desired set of eigenvalues is not

unique, so, if one intends to use a pole-shifting design, the

extra degrees of freedom can be used to obtain some measure of

decoupling as well. In the form described here, the G matrix

functions as an open-loop precompensator, so the feedback control

will not reduce sensitivity to parameter variations. Normally,

however, further feedback will be used to adjust the dynamics of

the diagonalized system, resulting in a control system with two

(vector) loops. While the decoupling method is interesting, it

appears to be excessively complex for the benefits obtained.
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6.2 Robust Controllers

The robust control technique is an attempt to incorporate

the classical virtues of feedback control in a state-space method.

Specifically, the objective is to track varying setpoints while

achieving asymptotic rejection of unknown disturbances. Classical

integral control does this for the case of step reference changes

and step (i.e. piecewise-constant) disturbances. A further

objective is that the controller should function correctly for

plant parameter changes in a given range. This desire is closely

related to the classical concept of sensitivity reduction by

negative feedback [42].

E.J. Davison is one of the most active workers in this

field, and the following development is a review of his approach.

The plant is assumed to be given by [43]

-=drx = A x + B u + E(o (6.11)
dt

y = C x + D u + F w (6 .12)

e = y - y r e f (6.13)

*m - Cm X + Dm U + Fm * ( 6 ' 1 4 )

In these equations, e is the error to be driven to zero, and ym

is the measurable output. This allows for the possibility that

the parameters to be regulated may have to be inferred from a

set of measurements. The disturbances, u, are generated by the

dynamic system

« * Ci Zi ; ^ Zj = A[ Zj (6.15)
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where the initial conditions on Z] are unknown. Similarly, the

reference inputs are generated by

yref " G C2 Z 2 '* dt Z 2 = A 2 Z2 (6.16)

where the initial conditions on z2 are known. These dynamic

systems provide a means of describing the complexity of the types

of input waveforms expected. For example, if the controller is

required to handle only step references and disturbances, hl and

A2 are zero. Polynomials in time are generated by coupling each

state to the next, while sinusoids can be obtained from square

blocks on the diagonals of Ax and A2. The total order of the

disturbance and reference systems is defined as q. The distur-

bance dynamics are then defined by the matrix Ag, a companion

matrix corresponding to the minimal polynomials [9] of Ai and A2.

The structure of the robust controller is defined in

terms of two components, a general servo-compensator and a

stabilizing compensator. Their interconnection is shown in

Figure 6.2. The plant input from the controller is given by

u = Ko x3 + K £ (6.17)

The vector E; is the output of the general servo-compensator

described by

gf ç = Ac I + Bc e (6.18)

where Ac is a square matrix of dimension qm given by

Ac = T [block diag (A , A ,..., A )] T"
1 (6.19)
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and Bc is an arbitrary matrix such that the pair (Ac/ Bc) is

controllable. The matrix T is an arbitrary nonsingular matrix.

The stabilizing compensator output, x3, is generated by a

standard multivariable observer or compensator, and the gains

Ko and K are to be determined by any state-space method applied

to the extended system having states x and ç, and outputs ym

and ç. Thus, the essential concept is the extension of the

plant by the addition of the servo-compensator having poles

corresponding to the nature of the expected disturbances. As

with a conventional servomechanism, more complex disturbances

can be rejected at the price of increased controller complexity.

The most important conditions [43] for the existence of

such a controller are that the plant must have at least as many

inputs as outputs, and that it must be possible to obtain y from

ym by a simple matrix transformation. Also, the eigenvalues of

the disturbance system matrices Aj and A2 must not coincide with

the zeros of the determinant of the transfer-function matrix G(s).

This condition ensures that the composite system will be observable,

so that the stabilizing compensator exists. If these conditions

are satisfied, and the controller is designed as described above,

the requirements of asymptotic tracking and disturbance rejection

will be met. In addition, these objectives will be met for

arbitrary changes in the plant A, B, C, and D matrices, provided

the system remains stable. Thus» the system is almost independent

of the plant parameters, provided the initial controller design

is stable. This is similar to the conventional use of P+I pro-

cess controllers which achieve asymptotic regulation for arbitrary

settings and plant parameters, once they are tuned for stability.

However, this approach means that the set of allowable perturba-

tions is defined by a complex stability test, so it is difficult

to design a controller which will work for a given range of

certain plant parameters.
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This type of robust controller may be regarded as a solu-

tion to the asymptotic decoupling problem [44] , and it is to be

noted that these requirements are much less stringent than those

for full dynamic decoupling. A controller which works for

arbitrary plant perturbations is needed because the plant model

is derived from linearization, and high-order dynamics are always

neglected, so the plant parameters really are uncertain to some

extent. It is essential that the eigenvalues of the disturbance

models be known accurately or the regulation requirements will

not be met. This simply means that the controller will not be

perfect for any waveforms which have not been anticipated.

Thus, in classical control terms, a type 1 [45 pl72] system

cannot track a ramp input. Usually in process control only step

references and disturbances need be considered, so the robust

design provides the structure and number of integrators required.

A robust controller exists for "almost all" plants [43], provided

there are sufficient inputs, and that the outputs to be con-

trolled are physically measurable. Thus, the conditions stated

are not particularly restrictive. It must be possible to obtain

ym directly from y or the robustness condition cannot be satisfied.

Estimation is not satisfactory since some of the uncertain para-

meters would be outside the loop and the error could not be

measured, so it could not be driven to zero.

Other workers have approached this problem in slightly

different ways. Pearson et al. [46, 47] define allowable pertur-

bations as those which ensure the continued existence of an

output feedback regulator, and they obtain necessary and sufficient

conditions for robustness to these perturbations. They use the

geometric method so the impact of the theorems on the resulting

controller is difficult to grasp. Inclusion of robustness as a

design constraint means that the controller can be guaranteed to

be effective over a specified range of parameter variations.
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Johnson [48, 49, 50] introduced the concept of a compensator

with the same dynamics as the disturbances, but he did not

consider robustness, and his method requires a special form of

relation between the B and E matrices. Johnson did however

point out the potential of these techniques for designing con-

trollers to resist particular periodic disturbances such as

those encountered in rotating satellites.

6.3 Output Feedback

A long-standing research topic in the state-space area

has been the question of how to design a controller using only

output feedback. This is important since generally only outputs

can be measured, and it is desirable to avoid the construction

of an artificial state observer. The observer, or estimator,

is essentially arbitrary since its design requires the specifi-

cation of parameters relating to the observer response which do

not bear any direct relation to the control problem.

One output-feedback design technique involves the use

of a dynamic compensator [51, 52]. In this method, a suitable

number of integrators is added to the basic system, then feedback

of all available variables is applied. This is a pole-shifting

method involving the evaluation of the eigenvalues of the resulting

closed-loop system, and the adjustment of gains to yield the

desired response.

Davison [53] described another method, in the context of

a systematic design technique. He was concerned with finding a

procedure suitable for a wide range of problems. He begins by

finding a classical modal controller to approximately measure

the dominant modes. Then, a hill-climbing procedure is used to
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adjust the mode feedback gains so as to shift the dominant

eigenvalues as far to the left as possible. This replaces the

approximate technique of modal control with repeated direct

evaluation of closed-loop poles. Finally, integral and feed-

forward controllers are added to obtain asymptotic regulation.

The linear-quadratic optimal methods have also been

applied to output feedback [54, 55]. Static output feedback is

assumed and, since the full state is not available, the optimal

control depends on the initial conditions. This dependence may

be eliminated by assuming a random distribution of initial states.

The resulting matrix equations are of considerable complexity,

but these studies have shown that the optimal methods can be

applied to this problem.

These efforts are examples of a long line of attempts

to make the state-space, differential-equation methods yield

results similar to those of the classical transfer-function

methods. While they may avoid the observer problem, they still

lead to controllers of greater complexity than necessary.
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FIGURE 7.1 LUENBERGER OBSERVER



- 53 -

PT.*TE ESTIMATION

Many types of multivariable controllers require that all

states be available for feedback. State feedback is an extension

of the classical concept of negative feedback, and it is important

because it allows arbitrary placement of the system poles. It is

a natura.1. consequence of the state-space analysis. However, very

few systems have directly measurable states. In process control

systems, most states are unavailable because plants are of high

order, and measurements are limited. Thus, the application of

state feedback methods requires the introduction of a state

estimator, or reconstructor, to estimate the unmeasurable states.

Estimators introduce the ideas of phase advance and feedforward

which are essential for state feedback. An estimator may be

either stochastic or deterministic. The stochastic form, or

Kalman filter, includes a complete plant model to generate out-

puts for comparison with measurements [56, 57]. The deterministic

form, called a Luenberger observer, uses a dynamic system of

reduced order which is not a model of any part of the plant [58,

59. 60].

7.1 The Luenberger Observer

A state-space observer is shown in Figure 7.1. The

observer state, xlf is given by the differential equation

+ Bjy + TBu (7.1)

The observer is simply an arbitrary dynamic system, driven by the

plant output. Its novel feature is that it is also driven by the

plant input, through the matrix TB. For a suitable choice of T,

this combination possesses some unique properties.
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The transfer function matrix for the combination of

system and observer may be read from the diagram as

Xj = (si - A1)~
l [TB + B!C (si - A)" 1 B] u (7.2)

or, factoring out (si - A ) " 1 B,

Xi = (Si - Aj)"1 [T (si - A) + BiC] x (7.3)

It is desired that each observer state should be a linear combi-

nation of the plant states, so that

X j = T x (7.4)

or

Xx = T (si - A ) " 1 B u (7.5)

Comparison of equations (7.3) and (7.4) shows that this is only

true if

T A • A, T = Bj C (7.6)

This equation has a solution, T, if A and Aj have no common

eigenvalues, and the plant is observable. Note that Aj and A

need not have the same dimensions, and T need not be square.

As may be seen from equation (7.5), the observer modes do not

appear in the final transfer-function matrix. The choice of T

has made them uncontrollable from u [2, 11 pl97, 61]. In

effect, the zeros of the plant transfer-function matrix have

been modified, by the addition of the parallel path TB, to

exactly cancel the observer poles. If xj is replaced by the

estimation error, e = Xi-Tx, it is found that the error dynamics

are determined by Aj, and that the error is not excited by u [11].

Thus, after a transient, during which the initial error dies away,
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xj will follow Tx perfectly. However, any inaccuracy in the

plant parameters will make the desired cancellation inexact and

will cause an error, as will disturbances. The state recon-

structor can also be derived as the solution of a generalized

pole-shifting problem [28].

In application, the observer is used to generate a set

of independent linear combinations of the states so that the

matrix

T
(7.7)

C

is nonsingular. This enables estimation of all the states from

Xj and y. The minimum order for such an observer is v-1, where

v is the observability index, defined as the smallest integer

for which

[CT, (CA)T, ..., (CAV"1)T] (7.8)

is of full rank [59]. For a single-output system, v=n and the

observer must always be of order n-1. Aj should be chosen so

the observer has fast dynamics, causing the error to die out

quickly, but if the observer is too fast, it will act as a

differentiator, and it will be very sensitive to noise. Also,

a fast observer may lead to an undesirable increase in the cost

integral of an optimal controller [62]. The estimate of x

obtained from the observer can be used in any controller designed

for state feedback. Since the observer modes are uncontrollable

from y, they are not shifted by feedback, and the system modes

are those of the plant, with state feedback, and those of the

observer. However, the parallel path introduced by the observer

means that the controller output is fed directly back into the
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observer, so the dynamics of the compensator formed by the

combination of observer and controller are not those of the

observer. Only when the loop is closed through the plant do

the observer modes return to their design values. So, the

compensator may be unstable, and this could cause problems if

some actuators or transducers fail, partially opening the loop.

It is possible to devise observers of order less than

v-1 to observe a single linear combination of states, as required

in pole shifting, fdr example. In particular, it is interesting

to consider the possibility of a first-order observer in which

Ai = a, and Bj = bj, a row vector. The solution to equation

(7.6) is then easily shown to be

T = bx C (A - ai)"
1 (7.9)

Here, the choice of a generates a set of m row vectors (a sub-

space) , and bj may be chosen to give T as any vector in the

subspace. Thus, any filter becomes an observer, if the parallel

path from the input is ac'ded. This technique may be used to

generate additional pseudo-measurements which can be used to

obtain a better approximation to the eigenvectors for modal

control. However, it must be emphasized that the observer is

really just a mathematical trick, since it depends strongly on

exact knowledge of the plant.

7.2 The Kalman Filter

The plant is described by the usual state-space equations,

with noise added,

gd:X = A x + B u + ç (7.10)

y = C x + 6 (7.11)
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where ç and 6 are Gaussian white noise with zero mean and

covariances S6(t-x) and 6<S(t-T). The input noise £ may be

used to represent parameter uncertainty [20], while the measure-

ment noise 6 models instrumentation noise. The initial state

is also Gaussian with known mean xo and covariance zQ. The

random variables xo, ç and e are assumed to be mutually inde-

pendent. The objective is to find a statistically optimal

estimate, Xj, of x. The linear-Gaussian nature of the problem

statement means that several criteria, including least squares,

minimum variance and maximum likelihood, all lead to the same

result [20].

The optimal estimate is generated by

3T- X ] = A X [ + B u + H ( y - C Xj) ; X2 (t ) = x

where

H = S CT 0"1 (7.13)

and

dt ~ ' o o

The estimation error, xj-x , has zero mean and covariance l.

The resulting filter structure is shown in Figure 7.2.

If the initial time, to, is in the distant past, the

matrix Riccati equation (7.14) may be solved for steady state

from Z(0)=0, and a constant gain matrix, H, results. In this

form, the Kalman filter is a Luenberger observer of order n,

with A1 = A - HC and B1 = H. The solution to equation (7.6)

is then T = In, so the Kalman filter is an identity observer



- 58 -

w
n
H

<N



- 59 -

with a special procedure for choosing the dynamics based on

the noise statistics. As noted in connection with the observer,

the filter modes are uncontrollable from u. If the observer

development is performed with the noise terms included, the

equation corresponding to (7.4) is

Xj = x + {SI - A + HC)"1 (H6 - £) (7.15)

showing that the filter modes are excited only by the noise.

An alternative interpretation is that when the gain, H, in

equation (7.12) is large, the filter effectively becomes the

inverse of the system [2]. The special form of H used in

the Kalman filter optimizes the trade-off between signal and

noise. The steady-state filter is much simpler than the

general case, and it may be just as good, even under non-

asymptotic conditions [63].

This problem is the dual of the linear-quadratic optimal

control problem. The separation theorem [20] states that when

a deterministic optimal controller is used with the state

estimate from a Kalman filter, the result will be optimal in

the mean-square sense. If the Kalman filter is combined with

a state feedback

u = - K x (7.16)

the result is a dynamic compensator described by

•^ x1 = (A - B K - H C) xx + H y (7.17)

u = - K Xj (7.18)
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This compensator has the same order as the plant model. The

modes of the combined closed-loop system are those of the plant

with state feedback (eigenvalues of A-BK) and those of the open-

loop filter (eigenvalues of A-HC). The two sets of eigenvalues

are independent, so a K selected to give desired modes will

have the same effect when combined with an estimator. It is

important to note that, if feedback is broken, the system will

have the eigenvalues of A combined with those of the compensator,

A-BK-HC. As in the observer case, some of the compensator modes

may be unstable [64], resulting in a system which will fail unsafe.

The random variable z, defined by

z = y - C xj (7.19)

is called the innovation. It represents the new information

obtained from the measurement, not already available in x1.

If there were no noise, the predictor would be perfect and the

innovation would be zero. The innovation is white noise with

zero mean and covariance 0, the same statistics as the measure-

ment noise. It is uncorrelated with any linear function of the

past data, including Cxx [65], so it is orthogonal to the

estimate [54]. Indeed, the independence of the innovation is

itself a criterion for optimality. Thus, the optimal filter

is a whitening filter [66], designed to remove only significant

correlation from the measured data.

A simple example [67 p367] shows how the assumed noise

covariances affect the optimal filter dynamics. The plant

model is

y = TS I 3̂  (u + ç) + 9 (7.20)
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and the steady-state optimal filter is

'rr [a u + (1-a) y] (7.21)

(7-22)

where

-0.5r , = i
« = [l + T 2 -f-J

The filter bandwidth is always greater than that of the plant.

For large 0, the filter becomes a pure model, while for large H,

the filter becomes a fast filter. Note that the noise is white,

so it is always of infinite bandwidth. The plant output may be

regarded as the output of a communication channel transmitting

ç, to be detected in the presence of noise, 9. Then, the

ratio 5/0 is proportional to the square of the signal-to-noise

ratio.

The basic filter described here can be modified in

various ways to adapt it to practical situations. First, to

account for the variation of plant steady-state with operating

conditions, additional state variables may be added to the

model. These "drift" variables are states driven only by input

noise. They are assumed to be added to the outputs, thus intro-

ducing a gradual drift. The optimal filter for this model will

estimate these drifts, using a very low-pass filter, and use

them to improve its estimate of state. Effectively, this adds

integral action to the resulting compensator. Second, plant

parameter variation, resulting from nonlinearity, can be

accounted for by the extended Kalman filter [68]. In this

scheme, the nonlinear model is linearized at the current state

and the resulting linear system is used to estimate both the

state and the uncertain parameters. The parameters of the

linear model are periodically updated to correspond with the

latest state estimate.
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The open-loop Kalman filter is subject to the problem

of "divergence" in which the estimated error covariance, t,

gradually becomes small [69], causing the estimate to drift

away, ignoring the measurements. This can occur if the plant

order exceeds that of the model, or if the covariances and

initial conditions are poor. This problem is important for

the time-varying filter, in which gains change with time. It

is less severe in a control loop, since the controller keeps

the whole system near the desired trajectory [20]. Another

weakness of the Kalman approach is that the filter has the

same order as the model, so the resulting compensator is

very complex. It may be possible to overcome this by using a

drastically simplified model for control and filter design.

The omitted dynamics would be seen by the controller as noise.

Such a controller could be inadequate, or even unstable, so

testing on a larger model would be essential.

Wiener [70] first developed the concept of using a

matched filter to distinguish signals from noise. For appli-

cation to control systems, the filter must be physically

realizable since it has no access to future data [71, 72, 73].

Kalman used state-space methods to show that the optimal filter

is the dual of the deterministic optimal controller 156, 57].

Recent work has further clarified the relationship between

Kalman filtering and other approaches to control in the presence

of noise [74, 75, 76].
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7.3 Sampled Kalman Filter

The sampled Kalman filter [68, 65] is of interest for

two reasons. First, filters of any complexity must be imple-

mented digitally. Second, the sampled equations clarify the

important statistical relationships involved. The plant model

is given by the linear difference equations

x(Hl) = A x(k) + B u(k) + € (k) (7.23)

y(k) = C x(k) + 6(k) (7.24)

where ç and e are white noise, and k is the time index. The

assumptions and statistics are the same as for the continuous

case.

The solution is defined in the form of an algorithm

which can be executed recursively. It begins with the one-step

predictor

X!(k+l|k) = A xj(k) + B u(k) (7.25)

where the notation (k+l|k) indicates the estimate of the variable

at time k+1 using only information up to time k. The a priori

variance of the estimation error is given by

Z(k+l|k) = A r(k) AT + E (7.26)

and the optimal filter gain is

H(k+1) = E(k+l|k) CT [C E(k+l|k) CT + 0]" 1 (7.27)

in which the indicated inverse is mxm. The innovation is
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- C X!(k+l|k) (7.28)

and the optimal filter is

xj(k+1) = Xi(k+l|k) + H(k+1) z(k+l) (7.29)

Finally, the variance of the estimation error is [65]

S(k+1) = 2(k+l|k) - H(k+1)[C E(k+l|k) CT + 0] HT(k+l) (7.30)

Since the variance is positive-definite, it is clear that the

updating mechanism of the filter decreases the variance from

the a priori variance E(k+l|k). As in the continuous case, if

the sampled filter is run for a long time, E should converge to

a constant, yielding a constant gain. This sampled formulation

makes clear the relations between the predictor, the innovation

and the filter, and between the corresponding variances.

Since all statistics are known in advance, it is possible

to precompute and store the sequence H(k). This would be useful

in a short-term filter which must run very fast. However, for

long-term operation, the storage requirement becomes overwhelming

and it is more appropriate to compute the matrices recursively

on-line. This is possible since each equation requires only

information from previous equations.

There are several possible variations in the method and

order of computing H and Z. One interesting equation is

Z(k+1) = [I - H(k+1) C] Z(k+l|k) (7.31)
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This would be unsuitable for computing since numerical errors

would make E unsymmetric, but it shows clearly how feedback

reduces the variance. If E(k+1) is generated from a formula

which does not involve H, Bryson and Ho [671 show that H is

given by

H(k+1) = S(k+1) C T 0"1 (7.32)

wnich has the same fora as the continuous case. These modified

equations are all obtained by simple matrix algebra manipulations.

Examination of equations (7.26) and (7.27) shows how

input noise, represented by its variance, E, and measurement

noise, represented by 0, influence filter gain. Input noise

drives the state away from the predicted state, so gain is

increased to make the filter more sensitive to the measurements.

Conversely, output noise makes the measurements unreliable, so

gain is reduced to place more emphasis on the model.
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8. INVERSE NYQUIST ARRAY METHOD

8.1 Theory

The inverse Nyquist array (INA) method [77] provides

a procedure to guide the designer in the choice of a compen-

sator to give the desired closed-loop response. It is fun-

damentally a design method, as opposed to synthesis methods

which generate a controller directly from the specification.

The method is based on the structure shown in Figure 8.1,

in which the transfer function matrix G(s) represents the plant,

K(s) and L(s) are controllers, K, (s) is a diagonal matrix of

gains and compensators, and F(s) is a feedback matrix. The

forward transfer-function matrix is defined as

Q(s) = L(s) G(s) K(s) Kd(s) (8.1)

The method uses inverse transfer function matrices,

so it is convenient to have a notation for the inverse which

can be unambiguously applied to the individual matrix elements.

Following Rosenbrock [77, 78], we use the circumflex and

define

Q(s) = Q-i(s) (8.2)

so that the elements of Q can be written as q...

By direct analysis of Figure 8.1, it is easy to show

that the closed-loop transfer function matrix H(s) is given

by

H(s) = [I + G(s)F(s)]-iQ(s) (8.3)

It then follows that

H = F + Q (8.4)
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Thus, the first useful property of the inverse transfer

function matrix is that the closed loop is obtained from the

open loop by simple addition of the feedback matrix F. The

inverse Nyquist array is the matrix of frequency-response plots

obtained from the elements of Q.

The fundamental stability theorem for multivariable

frequency response is based on the equation

= a 1F + Ql (8.5)
ô

OLCP

where

CCLP is the closed-loop characteristic polynomial

OLCP is the open-loop characteristic polynomial

a is a non-zero constant

|x| denotes the determinant of the matrix X

Since the zeros of the characteristic polynomial are the poles

of the corresponding transfer function, it is necessary and

sufficient for stability that CLCP hava no zeros in the right

half of the complex plane (rhp). Equation (8.5) may be used

in a graphical stability test. To do this, it is necessary

to plot an inverse Nyquist plot of |Q| by evaluating the

determinant for values of s on the usual Nyquist D-contour

[79 p271], encircling the right half-plane in the clockwise

direction. A similar plot is made for |H|. Let the plots

of |H| and |Q| encircle the origin in a clockwise direction

n and n times, respectively. If the OLCP has p rhp zeros,

the closed-loop system is asymptotically stable if, and only if,

nc ~ no = "po <8-6)
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This result has the form of a classical Nyquist stability

theorem. It differs from the conventional inverse Nyquist

theorem in that it uses n while the classical theorem

requires instead the number of open-loop rhp zeros of the

transfer function.

Stability may be verified more readily if the matrices

are diagonally dominant. Dominance is defined in terms of

the radii

Then, Q is diagonally dominant if

|q±i(jtaj) | > di(jto) (8.8)

for all i and for 0 < to < m , where 10 is a parameter to
- - o o

be determined. This means that each diagonal element is

larger than the sum of the off-diagonal elements in the

same row. The origin encirclements of a dominant matrix

may be found by summing those of its diagonal elements.

Dominance may be tested by plotting the diagonal elements

q.. as inverse Nyquist loci, then adding circles of radius

d. ( j(ii) , centred on q. . (ju>) . These circles are called

Gershgorin circles and, if they do not contain the origin,

Q is dominant. If F is a diagonal matrix, dominance of H

is easily tested on the same plots by assuming an origin '

shift to -f... If both Q and H are dominant, closed-loop

stability may be verified using the plots of the diagonal

elements of Q. This theorem was originally proved using

determinant theory and the calculus of complex variables

[77, 80]. Proofs are now available based on sequential
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closing of the loops [81], and using the motion of the poles

as the gain increases {82]. The latter is particularly signi-

ficant since it avoids the need for treating the infinite

limits.

A further consequence of dominance was first demon-

st.rated by Ostrowski. Let H be dominant and define

d. (s)
9. (s) = - ^ < 1 (8.9)

1^(3)1

for all s on D. Then, let

<f>. (s) = max (6v(s)} (8.10)
1 k^i k

so <j>. is associated with the least dominant loop, excluding

loop i. Then

|hii(s) - h7*(s)| < $i(s) di(s) (8.11)

for all i and for all s on D. Thus, the locus of the inverse

of the diagonal element of H is contained in the Gershgorin

band, and indeed, in the narrower band of circles of radius

4>.d.. If Q is dominant, it follows that the inverse transfer

function seen between input i and output i will remain in the

Gershgorin band for all combinations of gains in the other

loops, as long as H remains dominant.

The basic technique of the inverse Nyquist array

method involves using matrices K, and possibly L, to make Q

dominant. Once this is done, stability and closed-loop

dynamics can be assessed using the stability and Ostrowski

theorems given above. The stability theorem can be further
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simplified if it is known that |G|, when written with OLCP

in the denominator, has no rhp zeros. In this case, n

arises entirely from p , and stability requires simply that

n be zero. Stability may then be tested using the diagonal

elements of a dominant H, even when Q is not dominant.

A number of methods are available for achieving

dominance. As this is a design method, the technique

actually used may be chosen by the designer in accordance

with his assessment of the specifications. The simplest

method is to use diagonal K and L matrices consisting only

of scale factors. Permutation matrices may also be used to

place the large entries on the diagonal. This corresponds

to selecting the best input to control each output. If

dominance can be obtained in this way, it should be possible

to control the plant with simple loops between appropriate

variables. The value of the inverse Nyquist array method in

this case is that the plots guide the choice of loops, and

they may be used to select gains and compensators before

implementation.

If the simple approach fails, elementary matrix row-

and column-operations may be used to create combinations of

inputs or outputs which yield a dominant transfer-function

matrix. In this way, a large element in one row can be used

to reduce the other elements in the same column. Since any

nonsingular matrix may be represented as a product of elementary

matrices [9 p38], this is a stepwise method for generating an

arbitrary matrix compensator. The value of this method is

that the designer can respect constraints, and he can use his

ingenuity to obtain a simple compensator matrix. Other methods

are available which make use of diagonalization at a particular

frequency, minimization of the Gershgorin radius at a number

of frequencies, etc.
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FIGURE 8.2 TYPICAL STABILITY REGIONS
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8.2 Discussion

A useful aid to the understanding of multivariable

systems is the concept of a stability region [78 pl22].

Consider a 2x2 system which is to be controlled by negative

feedback with gains k1 and k,. The system will be stable

for some (k^,k_) pairs, and unstable for others. The

boundary of this stability region may be plotted in the

plane with co-ordinates k, and k?. The region may have any

arbitrary shape, as suggested by Figure 8.2. Now, since

dominance implies that stability of one loop is not affected

by changing gain in the others, dominance implies that the

stability region is rectangular. This concept may be easily

extended to higher dimensions. So, in achieving dominance,

the designer is simplifying the stability region to a point

at which single-loop methods can be used [78 pl52].

The objective of any multivariable regulator is to

drive the outputs to independent setpoints at steady state.

Thus, the closed-loop system must show no interaction at

zero frequency. State-space decoupling does this by modifying

the plant, using state feedback and a new input matrix, to

create a new set of inputs which drive the outputs independently.

These loops may then be compensated as desired. So, decoupling

achieves dynamic and static non-interaction by using several

inputs to drive each output. Conventional control loops meet

this objective by closing simple loops around the plant, using

integral action for high steady-state gain. This gives static

non-interaction only, and it may be incompatible with stability.

The INA method modifies the inputs to reduce the dynamic inter-

action, so that classical methods may be applied with assured

stability. The result has no steady-state interaction, and

limited dynamic interaction. Compared with decoupling, the

controller can be simple. Also, the INA method is a design

technique, not a synthesis tool, so the designer can enforce

any constraints that he may wish. Foss [83] has discussed the
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importance of such methods for process control, where state-

space methods have limited applicability.

Dominance is used to understand and reduce interaction

so that simple controllers can meet the specifications. The

multivariable K matrix which gives dominance performs the

same function as a conventional compensator. It makes possible

the creation of stable, high-gain loops. A controller designed

in this way will have the property of reducing sensitivity to

plant parameter changes. To handle wide variations, such as

those caused by load changes, controllers could be designed

for several operating conditions, and implemented by programming

the gains depending on the state. To design compensators for

the individual loops, once dominance has been achieved, they

may be considered as being located in the feedback path. Then,

-f..(s) may be considered as a moving origin for the testing

of closed-loop stability. This technique is useful for designing

PI controllers and similar compensators.

Similar stability results can be proved for the direct

Nyquist array, but the Ostrowski theorem provides a compelling

reason for preferring the inverse transfer function [78 pl55].

As gains increase, the Ostrowski bands shrink, and it is clear

that the transfer functions seen by each loop tend tc 1/q.•,

provided the system remains stable. Thus, the diagonal
s*.

elements of Q contain all the interaction effects caused by

closing other loops, so the inverse gives valuable guidance

into the importance of this interaction. Dominance means

that, for any gains in the other loops, the transfer function

of loop i does not change significantly.

It must be emphasized that the method uses the

frequency response, not the transfer function. The plant

model used can be obtained from step response tests or frequency
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response measurements. The method is not sensitive to model

inaccuracies since the user can allow for reasonable uncer-

tainties as he develops the design. Also, the detailed nature

of the transfer-function polynomials is not relevant. Methods

which do employ these detailed numerical factors are really

closer to state-space than to conventional transfer-function

methods. The INA may be seen as the natural extension of the

classical frequency response methods of Bode [42] and Nyquist

[84], and it allows the extensive experience [85, 45, 79] with

these methods to be applied to multivariable problems. It

leads to the possibility of a simple controller, if it is

successful. However, interpretation of the plots may be

difficult for a high-order system.
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9. OTHER FREQUENCY-RESPONSE METHODS

9.1 Characteristic Locus Method

The characteristic locus method [86, 87, 88] is based

on the eigenvalues of the complex transfer-function matrix

G(s). The characteristic gain of a transfer-function matrix

is the complex algebraic function g(s), defined by the

equation

| g(s) I - G(s) | = 0 (9.1)

This equation is analogous to the defining equation for eigen-

values of a constant matrix, however, the eigenvalues are now

functions of the complex variable s.

The function g(s) must be defined on a Riemann surface

made up of a set of complex planes. On each plane the function

is an analytic function g.(s) and the planes are joined at

the branch points where. g(s) has repeated roots. These g-(s)

have properties similar to those of matrix eigenvalues, and

corresponding eigenvector functions may be found in Che usual

way. If the eigenvectors and dual eigenvectors are v.(s) and

u-(s), then G(s) may be written as

G(s) = £ «F,-(s) [v. (s) u?{s)] (9.2)
i=l 1 1 1

in the same manner as a constant matrix. Then, the closed-

loop transfer-function matrix is

m g.(s)
H(s) = £ — 1 [v. (s) ut (s)] „ (9.3)

i l l ( > x 1
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because the transformation from open to closed loop is

simply a function of the matrix G(s). Thus, the eigenstructure

remains unchanged and the closed-loop characteristic gains

may be inferred directly from the open loop. However, it is

difficult to appreciate the effect of the v.(s) on the system

dynamics.

The characteristic loci are obtained by evaluating

the eigenfunctions along the Nyquist D-contour. The combi-

nation of these, i.e. the locus of g(jw), is the Nyquist

locus for the system. That is, it is the locus of the

determinant of G(s). The individual loci may be used to

test closed-loop stability [89] , provided the same gain

is used in each loop. However, the loci must be re-

computed if the relative gains of the loops are to be

changed [90]. These functions can be evaluated numerically

by choosing a specific value of to, forming the complex matrix

G(jw), then finding its eigenvalues and eigenvectors. The

resulting eigenvalues give one point on each locus, and care

is required to associate them correctly with the appropriate

points for other frequencies, particularly at the branch

points. The characteristic loci may be used to evaluate

dynamics and relative stability as the design progresses.

However, a compensator cannot be created to manipulate a

particular locus directly, so their use is really restricted

to analysis.

The eigenvectors are a measure of dynamic interaction.

The angle between each v.(j ) and the nearest standard basis

vector in m-space is called the misalignment angle. For a

diagonal matrix, the eigenvectors are the unit basis vectors

and the angles are zero. As the misalignment angles increase,

the amount of interaction between loops also increases.

These angles are functions of frequency, and they may be

plotted in a format similar to the phase angle on a Bode plot,
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but it must be remembered that they represent interaction,

not phase shift. At low frequencies, high feedback gain may

be used to reduce interaction, but at higher frequencies the

feedback is ineffective, and any decrease in interaction

must be obtained from the open-loop forward path. Thus, it

is desirable to find matrix operations which reduce the mis-

alignment angles at high frequencies. This will reduce

interaction in the range where stability is important.

Design methods based on these concepts use displays

of the characteristic loci and misalignment angles as analysis

tools. The designer attempts to choose matrix operators to

modify the angles and to obtain suitable stability from the

loci. The full eigenvalue computation must be repeated each

time plots are required since matrix operations change the

eigenvalues in a complex fashion.

9.2 Multivariable Root-Locus Method

A multivariable form of th classical root locus

may be developed by analogy with t.\e characteristic locus

method [91, 83]. If feedback

u = g"!y (9.4)

where g is a scalar, is applied to the standard state-space

equations, the closed-loop characteristic frequencies are

the eigenvalues of

S(g) = A + B (gl-D)"^ (9.5)

It may be seen that this is a dual of the transfer-function

matrix G(s). These eigervalues are the roots of

| si - S(g) | = 0 (9.6)
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and, as for the characteristic gains, the characteristic

frequencies can be plotted as functions of gain, g, on a

suitable Riemann surface. This generalizes the classical

root-locus method, and techniques have been developed to

predict the locus shape for a given set of open-loop poles

and zeros. The loci are somewhat more complex than conven-

tional root loci since they have branch points. The effect

of this is that they can stop and turn around by jumping

through a branch point to another sheet of the Riemann sur-

face. Thus, some of the intuitive understanding of poles

moving in logical patterns toward zeros is no longer valid.

This method may be used to guide the choice of the

matrix required to generate a square transfer-function matrix

from a plant matrix that is not square. The quality of the

matrix chosen can be tested by examining the high-gain

asymptotes of the root locus, since the main controller will

have to contend with them. An inner feedback loop can also

be used to move the transfer function poles part-way along

their trajectories. The purpose of all this is to facilitate

determination of an outer-loop controller which can achieve

high gain over an appropriate frequency band.

9.3 Direct Methods

The control problem can be defined in terms of a

given plant transfer-function matrix G(s), and a desired

closed-loop transfer-function matrix H(s). A compensator

K(s) is then required so that unity feedback around GK will

give the desired result. Truxal [92, chapters 5 & 6]

developed this method for single-loop systems, placing

emphasis on synthesis of the compensating network.
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For the multivariable case [93, 94], we can define

K(s) from the basic closed-loop equation as

K(s) = Gfs)"1! I - H(S) I"1 H(s) (9.7)

H(s) will generally be chosen to have a simple form, so the

problem reduces to that of finding K so that GK is a given

matrix. Since the inverse of G(s) will generally have more

zeros than poles, it cannot be implemented directly. The

specified H(s) must have a suitable form to enable the

existence of a realizable K(s). This method is related to

non-interacting control since the use of the inverse in the

controller should eliminate interaction.

Early research in multivariable control was done

using this technique, as the simplest generalization of

single-loop methods. The method, and variations of it, is

still in use industrially, as shown by recent papers on

aircraft engine control. Also, Sain and various others

have developed advanced algebraic methods [95, 96, 97, 98]

for finding least-order solutions to the problem. This is

important because the "obvious" solution using the inverse

is not the only possible choice.

The weakness of these methods is that they use

transfer-function zeros, implicitly or explicitly, to cancel

the poles of G(s). Typically, the poles to be cancelled will

be those which are marginally stable, so, if the cancellation

is not perfect, their stability may be decreased. The reason

for this is that the root locus of such a pole may be driven

into the RHP before it returns to the cancelling zero

[78 p84, 99], Thus, the result can be very senr'.tive to

exact compensator dynamics, and to plant parameter variation.

In addition, the controller is complex, and there is little

feel for the impact of specification'changes on the resulting

design.
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There are other, more sophisticated, methods also

based on direct analysis of transfer-function matrices.

Bristol [100, 101] has devised a constant matrix which

serves as a measure of the difficulty caused by interaction.

This can be used to assess alternative structures, and to

predict possible difficulties. Horowitz [102, 103] has

developed a method using structures having several "degrees

of freedom" [104, 105], i.e. several controller matrices

which affect the system in different ways. The added freedom

is used to reduce sensitivity to parameter variations.

Sensitivity is assessed by plotting frequency responses for

different values of parameters, to form the envelope of all

possible frequency responses. Stability can be tested by

geometric mapping methods [106] , or by using efficient

numerical methods [107] to progressively close loops [108]

until the actual closed-loop transfer function is obtained.

Matrix factorization methods have been applied to observers

[109], and hence to feedback compensation [110].
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10. ADVANCED CONCEPTS

10.1 Adaptive Methods

Adaptive systems are designed to control plants having

a wide range of parameter variation. This variation may arise

from changes in operating conditions, such as reactor power or

aircraft flight state, or from drift due to ageing of equipment.

Whatever the cause, the effect is that the plant dynamic charac-

teristics change in an uncertain way with time, and a controller

which may be appropriate for one set of conditions may be

totally unsuitable for another. Adaptation is also applied to

situations in which the plant is unchanging, but the parameters

are unknown and difficult to determine. Thus, the conventional

on-line tuning of controllers in chemical plants is a form of

adaptation. The ultimate goal of adaptive control research is

a simple controller which can be attached to any plant and which

will tune itself to give acceptable responses with no human or

computer assistance. This objective is still far from being

achieved.

The essential structure of an adaptive system is shown

in Figure 10.1 [111, 112]. The plant is a given entity, as

usual, and the controller may take any suitable form, including

any of those discussed in this report. The added feature is

the adaptation mechanism, which may use plant inputs and outputs,

and control error signals, to guide the computation of new

values for the controller parameters. Although specific adap-

tation methods may modify this diagram, it represents the

fundamental structure.
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The objective of adaptive control design is the defi-

nition of a procedure for the parameter adjustment mechanism,

and the different theories are characterized by their choice

of algorithm. A common feature of all methods is a means for

remembering the parameter setting that has been reached,

normally provided by some form of integrator. Otherwise the

parameter values become indeterminate as the driving error

becomes small.

10.1.1 Model-Reference Adaptive Control

A model-reference adaptive system (MRAS) has the struc-

ture shown in Figure 10.2 [112, 113]. Here, the input v is an

external signal, typically a reference input. In a control

problem, the reference model defines the desired closed-loop

response to demand inputs [114, 111]. Thus, it may be used to

specify response speed, overshoot, interaction, etc. The plant

includes the actual plant and the controller, and the adapter

adjusts the controller to make the plant response follow the

model. The MRAS may also describe a system identification

problem in which the model is the unknown system to be identi-

fied and the adjustable plant is fitted to it.

A MRAS is inherently nonlinear since the parameters

are related to the state variables by the adaptation mechanism.

So, MRAS design methods emphasize the use of nonlinear stability

theory to validate their adaptation procedures. A stability

proof is effectively a proof that the MRAS converges to values

which are at least reasonable, if not optimal. The usual approach

is to use Lyapunov stability theory [115], and to choose an

adaptation method specifically to facilitate the proof.
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Another common feature of MRAS is the use of whitening

filters. The concept of whitening was developed in connection

with Kalman filtering in Section 7. It is commonly applied

here in the form of differentiating filters which can extract

more information from small errors. Use of differentiation

tends to make the system more sensitive to errors in dynamics

and less sensitive to steady-state errors.

A particular MRAS design method which exemplifies these

features is the hyperstability method. Popov [116] developed

the concept of hyperstability, and it is best explained in

terms of passive linear electrical networks [117]. A linear

circuit is passive if and only if its impedance matrix, Z(s),

is positive-real [118]. This means that Z(s) must have no

poles in the right half of the complex plane, and that the

Hermitian matrix [9] formed by adding Z(s) to its conjugate

transpose is positive-semidefinite for all values of s in

the right-half plane. Such a passive system is stable with

a nonlinear load connected across its terminals, provided the

energy transferred into the system is bounded for all time.

For such nonlinearities, it is possible to obtain a Lyapunov

function [119] which proves stability. This combination of

a passive system and a suitable nonlinear feedback is referred

to as a hyperstable system. These concepts are also related

to the existence of a quadratic cost function for which a. given

linear feedback system is optimal [120, 121, 21].

Now, if a nonlinear system can be separated into linear

and nonlinear parts, such that the linear part has a positive-

real transfer-function matrix, and the nonlinea.r part appears

as a feedback, the system is hyperstable if the nonlinear part

meets the equivalent of the bounded energy requirement. For

suitable adaptation methods, it is possible to put a MRAS into

this form. One such method is to make the parameters proportional
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to the integral of the product of the measured error and a

function of the state and inputs [122, 123]. The introduction

of the product allows satisfaction of the bounded energy

requirement. Then, hyperstability requires that the linear

part be made positive-real. This normally requires some form

of differentiating compensator, since a positive-real transfer-

function matrix cannot have more than 90° of phase shift.

Thus, the use of the whitening filter is motivated by the

hyperstability theorem. A proportional adaptive term may be

added to the integrator to improve adaptation speed. Several

papers [111, 124, 125, 126, 127] present applications of this

method, showing the potential for fast, stable adaptation in

simple systems. Others [128] take a similar approach, using

Lyapunov theory, and invoking positive-real matrices for the

multivariable case.

A number of workers have studied model-reference control

without using adaptation. This amounts to an open-loop model-

reference method in which the model is used as a precompensator

[129] to generate the inputs to yield an optimal response to

a reference input transient. In these approaches, a conventional

regulator is used to maintain the system at its steady state in

the absence of transients. This regulator is frequently formed

by adding integrators to the plant and using a state-feedback

controller on the expanded system [130, 131, 132]. If optimal

control theory is used, it may be possible to simplify the cost

function because the dynamics are specified by the model, so

the optimization need only force the state onto the trajectory [132]

These techniques may be regarded as a means of making complex

problems more tractable by means of the reference model.
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Finally, there is a type of controller which is called

adaptive, though it actually does not adapt [133] . This scheme

consists of two levels, of which the first is a typical open-

loop model-following controller for reference changes. The

second level is referred to as a "conditional controller",

since it is only active when the plant output deviates from the

model. This is a nonlinear proportional-plus-rate controller

for which stability may be proved [134] using Lyapunov theory,

subject to some fairly stringent conditions on the plant matrices.

The most severe of these is that the product CB must have full

rank, in the state-space description of the plant given by

equations (3.1) and (3.2). This means that at least one entry

in each row of the transfer-function matrix may have only 90°

phase shift at high frequencies. However, aside from these

limitations, the plant can be largely unknown, yet the con-

troller will be stable. A further interesting feature of this

controller is that the feedback vector is reduced to a scalar

as it passes through the nonlinearity.

10.1.2 Pattern Recognition

Pattern recognition is a method of adaptation in which

patterns of variables are detected and used to select a control

strategy. The pattern recognizer [135] takes the position of

the adapter in Figure 10.1, and consists of two parts, a feature

detector and a categorizer. The feature detector analyzes the

current system response and generates a set of numbers describing

it. These numbers may include values of measured variables,

such as power and flow, detected dynamic responses to small dis-

turbances [136, 137], measured noise spectra obtained from

Fourier analysis [138], etc. The categorizer accepts this set

of numbers, or pattern, and determines the pre-defined category

into which it falls [139]. This category then determines the

controller to be used.
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A common way of doing this is to design controllers

for a number of operating points [140] and then switch between

them when it is sensed that the plant has moved to a new region.

This switching will be either a bumpless transfer using an inte-

grator to smooth the transition, or an interpolation of parameters

to convert one controller into another. Power-reactor control

systems use a form of pattern recognition when they define

different control algorithms for different power levels and for

different transient and trip conditions. Pattern recognition

concepts may also be applied to the detection of equipment

failures by recognizing abnormal response patterns [138, 141].

More complex pattern recognition schemes are those

which are capable of learning [135], These systems add a

"teacher" to monitor system response and adjust the boundaries

used by the categorizer. The teacher may use methods based on

conditional probabilities, threshold logic, or hill climbing [142].

The theory of fuzzy sets and fuzzy logic [143, 144] has

been developed as a new way of defining the categorizer. A

fuzzy set has grades of membership, so the set boundary becomes

fuzzy, instead of sharply defined. This allows much greater

flexibility in defining the classifier rules. In one reported

application of this method [145], the categorizer is effectively

the controller, since it determines step changes in the input

variables. This amounts to an automatic form of manual control,

in which inputs are adjusted whenever necessary. Such a system

can be taught by modifying the fuzzy boundaries until performance

is satisfactory.
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10.1.3 On-Line Identification

The simultaneous identification and control of a process

is a problem of dual control [146]. This means that inputs must

be chosen for their value in identification, as well as for

their control effect. Dual control leads to a complex optimi-

zation problem which has not yet been completely solved.

One approach is to use least-squares or maximum-

likelihood [147, 148, 149] identification methods with a suitable

control scheme, which may be a minimum-variance [150] or dynamic

programming [151] design. The system, including parameter esti-

mation and control adjustment, is nonlinear [152], so general

results are difficult to prove and convergence is usually tested

with a simulation for each specific problem. An interesting

point is that it is not generally possible to estimate all

parameters when input is derived only from feedback, unless

the control law is changed dynamically [150]. Methods of this

nature have been successfully demonstrated for nuclear reactors

[153, 154]. In implementation, these systems may be partitioned

into controller and adaptation mechanism. Then, if the plant is

slowly varying, the parameter estimation and adaptation mechanism

may be implemented on a computer and shared between several

loops [152].

An alternative method uses the formulation of optimal

control and Kalman filtering. Suitable extended Kalman filters

can be applied to estimate system parameters [155, 156, 157,

158, 159, 160]. The resulting theory is very complex and

highly nonlinear, but it does offer a firmer base in statistics.
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10.2 Hierarchical Control

Hierarchical control is based on the decomposition of

the control problem into a set of sub-problems [161]. Control

laws are then defined for each sub-problem so that the overall

result meets the specification. This decomposition, which is

used to make the problem more manageable, may be both horizontal

and vertical [162], Horizontal decomposition is the conventional

division of a process into subsystems. Vertical decomposition

divides the control problem into layers, based on the time-scale

of disturbances handled. The low levels respond quickly, but

not necessarily accurately, while the higher levels respond

more slowly, but with improved accuracy. It should generally

be possible to absorb dynamics in the lowest layer [163], so

that higher levels need only steady-state models. For example,

the lowest level could represent conventional controllers,

while the next level represents coordination of the different

process units, and higher levels perform adaptation and static

optimization. In this way, hierarchical control is a forma-

lization of conventional process control.

The hierarchical problem can be treated entirely in

terms of coordination. Interactions between subsystems appear

to each subsystem as disturbances. The higher level is aware

of the cause of these interactions, and it must coordinate the

subsystems to reach a desirable result. A hierarchical system

is said to be coordinable [161] if it is possible to meet the

specification with the given structure. The structure of the

lower-level controllers may have to be modified to make a

system coordinable with respect to a given performance index.

In particular, local multivariable control makes the coordi-

nation problem simpler, and such an approach is potentially

simpler than a global multivariable design.
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An important feature of the hierarchical approach is

the simplification of interaction. The subsystems should be

defined so as to reduce the number of interactions. The local

controllers should be restricted to their local problems.

Then, responsibility for coordination is placed on the higher

level. A benefit of this method is that new subsystems can be

added easily, because they are relatively independent. This

emphasis on interaction is similar to the approach used in the

design of large digital computer operating systems, in which

the whole problem can be stated in terms of communication

between modules.

Traditionally, hierarchical control has been defined

in terms of optimization [164]. Then, the logic of the lower

optimizers must be modified by the coordinator so they will

seek the global optimum. In one method, called interaction

prediction [161], the coordinator tells the lower levels what

disturbances to expect, so they can optimize using this fore-

knowledge. The coordinator knows the cost functions used by

the local units, and it can use this information to perform

its function.

An alternative approach to the hierarchical problem is

the decentralized method of Davison [165]. This method defines

the conditions under which a set of independent controllers,

either single- or multi-loop, can stabilize a process. A key

requirement is that the fixed modes [166] of the system, which

cannot be shifted from any input, must be stable. Also, it

must be possible to apply constant feedbacks to make the entire

system controllable and observable through one input [167].

This method has been extended to include the concept of tuning,

in which controllers are applied and adjusted sequentially.

The resulting decentralized system is a hierarchy with only

one layer and no need for coordination. However, a global

multivariable analysis is required to establish that this is

possible.
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10.3 Nonlinear Methods

Although the emphasis of this report is on linear

systems, it must be recognized that all systems are nonlinear.

Process models frequently include products of variables, as

well as complex multivariable functions. Control actuators

are typically on-off devices, like heaters, or valves with

nonlinear characteristics and limits on rate and position.

Even in small-signal, linear analysis, the nonlinearities are

important since they make the process gains dependent on the

operating point.

General results in nonlinear control are not readily

obtained, and design must make extensive use of simulation

testing. However, stability theory has been widely developed.

Much of this is based on Lyapunov methods, which are incon-

venient since they rely on the skill of the designer in the

creation of a function which proves stability. Interesting

results are available for moderate nonlinearities. In state-

space methods, it may be possible to use the extended Kalman

filter to estimate the varying parameters of the linearized

system. For frequency-response methods, techniques are available

which are extensions of the single-loop Popov and circle theorems.

These results are based on the separation of the system into a

linear part and a diagonal block of single-variable nonlinear

functions. Then, for nonlinearities of bounded slope, the INA

methods may be extended by replacing the point at (-1,0) with

a circle of suitable radius, and requiring that the Gershgorin

band not touch the circle [168, 169, 170]. Mees [171] and

Freeman [106] give other related results.
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11. APPLICATIONS

Most published examples of multivariable control use

highly simplified models, bearing little relation to real

problems. This chapter reviews some of the more advanced

applications published, and discusses certain concepts related

to applications.

A first consideration in the design of a control system

is the choice of a plant model. This choice has significant

impact on the final design because the model will have to be a

simplified representation of the actual process. The types of

equations obtained, and. the method used for model reduction

will determine the conclusions, in an unpredictable way. The

frequency-domain methods, based only on the input-output pro-

perties of the system, decrease the importance of the model

somewhat, but it appears that this effect Cannot be completely

eliminated.

Once a design is obtained, the designer requires a

means of testing it against the specifications. Many multi-

variable design methods perform self-evaluation by claiming

success when they can meet the user's stated requirements.

This is an important first step, but such claims are of little

value when comparing the final products of different methods,

or even of the same method with different conditions. Thus,

an impartial evaluation technique is desired. In single-loop

theory, the concepts of response time, stability margins, and

bandwidth are well-established criteria for control system

evaluation. In multivariable systems, the problem is compli-

cated by the presence of dynamic interaction, and by the

difficulty of exact stability analysis.
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At present, several approaches can be used to evaluate

a design from differing points of view. Thus, for a system

designed using the INA method, the INA plots give some indi-

cation of dynamic response and relative stability. Computer

programs may be used to evaluate the exact transfer function

for one loop with others closed [108], though this gives

information only for the specific gains considered. The

eigenstructure of the complete closed-loop system may be used

to assess the dynamic performance in terms of dominant eigen-

values and the corresponding eigenvectors. Other measures,

like robustness, response time, and smoothness of control are

problem-specific characteristics that form part of a control

quality vector. The transfer-function eigenvalues and eigen-

vectors have the potential of a general evaluation mechanism,

comparable to the frequency response of a single-loop system.

But, the information they contain is complex, and it appears

that further work will be needed to convert these eigenvalues

into a universal design tool.

For many systems, the final arbiter is simulation

testing. It is most important that the model used for testing

be as realistic as possible, including nonlinearities and

dynamics which were neglected in the design model. Such a

test will show whether the controller is likely to work on

the real plant. Frequently, design and simulation testing

are done with the same simplified model, even though this can

only show that the design method functions according to the

theory.

The general control problem is defined by a cost

function, which may be any form of qualitative criterion, to

be optimized subject to limits on variables, physical limits

on actuators, and coordination with other subsystems. Typically,

some of these constraints are omitted from the simplified design
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model, and they must be provided by the addition of suitable

nonlinearities, such as limiters or multipliers. Considerable

engineering art is needed to convert a theoretical design into

an operating system. Typical additipns required are limits on

increment (rate) and magnitude of control variables [172] .

Such changes allow the small-signal controller to handle large

transients adequately, and to deal with changes in instrument

and actuator calibration. Sometimes, certain features of the

design cannot be implemented, so the resulting controller com-

bines analytical and empirical concepts, to form a system

which can only be proved by simulation or commissioning.

A nuclear generating station is a coupled multivariable

system involving reactor, heat-transport system, and turbine-

generator. It is more challenging than typical chemical plants

because there is limited surge capacity between stages. Thus,

modern control of nuclear reactors and power plants is a long-

standing Îssearch topic. Recent results have begun to show

the potential for useful applications. Optimal control of a

simulated BWR model [173], using Kalman filtering and state

feedback, has demonstrated the possibility of control over a

range from 45% to 95% of full power, using a controller

designed for the mid-point of the range only. These approaches

[174] include the control rate, rather than the control, in

the cost matrix. This is one way of obtaining integral control

with an optimal control method. Another optimization study [175]

uses a feedforward scheme to keep the system near a nominal

trajectory. This study used system eigenvalues to tune the

Kalman filter, and simulation to guide tuning of the optimal

cost weighting factors. A review paper [176] has covered the

general problems of reactor control, with emphasis on fuel

burnup effects. Another review [177] presents methods for

static optimization, and describes the use of dynamic pro-

gramming for transient optimization. In an interesting
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application of frequency-response methods, a controller designed

for an AGR boiler was shown to be effective from 100% down to 20%

of full power [178]. Control of a conventional power plant is

similar to that of a nuclear station, and it has been studied

using optimal control [179]. To allow for operation over a

wide range, pre-computed steady-state state vectors are used

for feedforward as a function of power demand. Good system

understanding is required for effective adjustment of the

optimal cost function.

The problem of reactor core flux shaping has been studied

using the classical form of modal control based on idealized

cosine modes [180]. Other workers [173, 181] have tested optimal

control theory and quadratic programming for spatial control.

The quadratic programming method handles constraints easily, but

it does not give a feedback controller. Optimization for minimum-

time response has been used to develop an on-off control strategy

for xenon oscillations [145]. An interesting potential appli-

cation is the use of Kalman filtering to detect sensor failures.

The published work [182] relates to aircraft control, but this

would appear to be especially valuable in nuclear systems.

Pole shifting for control of dynamics in the heat-transport

system has also been considered [183]. Studies of conventional

thermal plants are relevant to control of the non-nuclear parts

of a power station. These include detailed optimal control of

a boiler [184] and a generator [185], and coordinated control

schemes using decoupling [172] and optimization [179]. Most

of the state feedback applications cited above use Kalman

filters with assumed "drift" terms added to state variables

to obtain integral action.
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Many of the methods considered here have been applied

to jet engine control [186], and a conference has been held on

this topic [187]. Typical results include optimal control [140,

188] and characteristic locus [189] methods. An important

feature of this problem is that the controller must operate

over a wide range of conditions, depending on aircraft speed

and altitude. The design of an optimal controller for this

system [140] began with the reduction of the complex, nonlinear

plant to a third-order linear model. Conventional optimal

controllers were designed for different operating conditions,

and integral action was introduced by spectrally decoupling

it from the optimal controller. Finally, programmed gains

and setpoint trajectories were introduced to obtain a complete

control system. This was tested on the full nonlinear model

and found to give good regulation, and excellent response for

large transients. This exemplifies the use of empirical methods

to build a working system from a theoretical design. In contrast,

discussion at the conference [187] showed that none of the

frequency-domain methods could adequately treat the real con-

straints of the problem, not even at a single operating point.

Multivariable methods have also been applied to chemical

processes such as distillation [190] and chemical reactors [191].

Particularly interesting is a series of reports covering tests

on an actual pilot scale evaporator [192]. These include tests

of estimators [193] and a demonstration of INA and other

frequency-domain methods [194]. This showed the capability of

frequency-response methods to control well, even when based on

a simplified, low-order model. These results are valuable

because they include real process noise, nonlinearity, instru-

ment and valve dynamics, etc. Optimal control of a chemical

process has been developed using feedforward to reduce the

effect of measurable disturbances [195]. When the plant model



- 99 -

is so simple that all states are measurable, the problem of

state estimation does not arise, and application of the optimal

regulator is straightforward. Another interesting study covers

computer control tests on an electric heater [196]. These

cover a wide range of approaches, including adaptive control,

and reveal the difficulty of comparing designs from different

methods. Many techniques emphasize response to setpoint

changes, but achieve this by dynamic compensation outside the

loop, so disturbance responses are still relatively poor.

Such a design cannot provide effective regulation.
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12. CONCLUSIONS

The multivariable, interactive nature of nuclear

generating stations is becoming more important as unit capacity

grows, and it will be increasingly difficult to meet control

objectives by conventional methods. The concepts of multi-

variable control provide an organized framework for solution

of the problem of dynamic interaction, and this report has

reviewed the most common and useful tools for the design of

multivariable control systems. These are optimal and modal

control based on state-space theory, and the inverse Nyquist

array method using frequency response. Several other methods

and some advanced concepts have been covered to provide an

overview of the entire field. Potential for applications has

been emphasized, and the last section summarized some of the

more significant applications.

Of the methods covered, the inverse Nyquist array

method is preferred for designing controllers for nuclear

power plants because it can be applied to limited models, and

because its design orientation allows the user to retain con-

trol of the design process. This method can be supplemented

with the concepts of modal control which give insight into the

underlying dynamic structure of the process. In particular,

a modal analysis reveals how to make the best use of additional

measurements. Although these methods can be used to design a

full plant controller, the first applications are expected to

be on subsystems which cannot be adequately controlled by con-

ventional techniques.

The next step in the development of a multivariable

design capability is the preparation of an integrated set of

computer programs to make the required multivariable analysis

possible. Design experience can be obtained by working on a

simplified model of a CANDU power station.
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