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1. 

Lattice gauge theories have been introduced as a theory for strongly 
interacting particles. The lattice spacing acts as a regulator and the conti
nuous limit is retrieved in the critical domains of the lattice theory. It 
is therefore crucial to determine the phase diagram of such systems. However 
it has not yet been established ; only a few limited results are available 
and concern mainly the discrete abelian gauge groups (although the groups 
of interest are continuous and non abelian, as SU(3) in chromodynamics). 

An approach to the problem uses the large dimension expansions. The 
partition function can b' exactly computed in the limit of an infinite dimen
sion d of the space. Furthermore the successive corrections to this limiting 
case when the dimension decreases can also be evaluated. These results are 

[2 31 shown in two papers ' which build and develop the needed techniques. A test 
of these methods is provided on the simple case of a Z- pure gauge system, for 
which a lot of results are available. This report is devoted to a brief des
cription of the underlying ideas. The interested reader may find the technical 
details and precise results in the above mentioned papers. 

Let us first describe the available results for the Z_ pure gauge system. 
The interacting fields 0.. of this model take the values ±1 and are located on 
the links ij of a d-dimensional hypercubical euclidean lattice with N sites. 
The elementary interaction combines four of these fields located -n the boundary 
of a plaquette p=ijk£ (i.e. an elementary square of the lattice) and the action 
reads 

S - 0 I o^a a^a^ . 
p 

The constant B is related to the inverse squared coupling constant of the cor
responding continuous gauge theory and thus the neighborhood of &*0 will be 
called the strong coupling region. It is proved that the system undergoes at 
least one phase transition when the dimension is greater or equal to 3. 

- In two dimensions, the model is exactly soluble. There is no transition 
and the free energy per link F = £nZ/Nd is regular (F*-=- Un coshB). 

- In three dimensions, it is dual to a three-dimensional Ising model. 
Although this is not solved, it is known that a Atcond ondzA phase transition 
exists. 

- In four dimensions, a dual:.y transformation relates the strong and weak 
coupling regions. The location of the transition is thus known to be 
•=• J,n(/2~ + 1 ) . Numerical analysis of strong coupling series and Monte Carlo 

simulations provide evidence of a ^iut oKdzK transition at this point. 



2. 

The large dimension analysis suggests a swallow-tail shape for' the surface 
representing the free energy as a function of the dimension and the coupling 
constant, which is displayed on figure 1. This is compatible with and summarizes 
tl.e above mentioned results. Let us describe a section of this surface for fixed 
d (greater than 3). The physical part is the arc ATB and the system undergoes 
a first order transition at the point T. The strong coupling arc is prolonged 
by a metastable region TC and a similar phenomenon occurs for the weak coupling 
phase. As the dimension d decreases, the unphysical cusp TCDT progressively 
shrinks and finally disappears at thr critical dimenrljn a « 3. Below this 
dimension, no transition take» place. 

The starting point of our analysis is the strong coupling expansion around 
8*0. This is the analog of the high temperature series in usual statistical 
spin models. However the constitutive parts of the diagrams are no more lines, 
but plaquettes, and the graphs acquire the topology of surfaces (made with 
plaquettes). It may be proved that this expansion has a finite radius of conver
gence ; its range of validity is limited by the first singularity encountered, 
namely the point C. In the absence of a summation procedure, this series describes 
only the strong coupling phase (including the metastability region) and remains 
blind to the first order transition. 

It is of course hopeless to sum exactly this series. However a second 
variable d occurs in this expansion ; a careful reordering as a double series 
in two new variables may allow a resummation (term by term) in one of these 
variables. More precisely, by inspection of the series for the free energy, 
one observes that the coefficients are polynomials in d and that their degree 
increases by one each four terms. The high dimension limit deals with the term 

4 of highest degree in d and it is tempting to choose the variable 8 d and to 
-1/4 reorder the expansion as a series in d . Although the primitive idea is 

very simple, this manipulation is technically delicate and is the subject of 
ref.[2]. As a result, the free energy per link has the following parametric form 

j F - - j ! ^ U 3 / 2 (l-3u)(l+0(d" 1 M)) , 

I with 2d tanh 4g - u(l- u) 4 

This formula is expected to describe correctly the whole range of variation 
for 8 provided the dimension is sufficiently large (greater than the upper cri
tical dimension, here 3), unless there exists a singularity just at infinite 
dimension for fixed 8 d. As u increases from 0 to 1/5, the strong coupling arc 
ATC is covered. The neighborhood of u» 1/5 depicts the cusp point C One may 
extract its position as d varies ; at this point, the plaquette-plaquette 
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correlation length becomes infinite while the Wilson's loop parameter remains 
smooth and behaves as the exponentiated area. When u varies from 1/5 to 1, 
the unphysical part CD is obtained. Unfortunately, the remaining curve DTB 
cannot be obtained ; this failure is due to the fact that the high dimension 
limit of the weak coupling branch is singular when 0 d is kept fixed. We shall 

-1/4 see that the d expansion is no more valid in this phase and must be replaced 
-1/4 by a 1/d expansion at fixed 0d. This is reflected in the d series by more 

and more singular coefficients in| the vicinity of u= 1 (logarithmic singularity, 
then simple pole,...). A consequence of this failure is that the transition point 
T, which is the crossing point of the two branches, is not accessible by this 
method. 

We now turn to an alternative method which will give the whole curve. Before 
doing so, we emphasize that this first technique must not be discarded despite 
it? failures. This is the best one in the strong coupling phase, where it 
naturally realizes the summation of families of graphs which are only obtained 
perturbatively in the other method. The cusp point C is well described whereas 
it remains at infinity with the second technique which simulates its displacement 
by an accumulation of singularities. 

[3] The second method is based on the existence of a transformation which 
unfolds the free energy curve and suppresses the cusps. By this transformation, 
the whole strong coupling expansion is constructed from a subset of some funda
mental graphs. The resulting series is expected to have better convergence pro
perties and the transition pattern now results from the singularities of the 
transformation. This technique is well known for Feynman diagrams which are alway 
constructed from one particle irreducible parts. 

In the case of lattice gauge theories, a concept of diagram reducibility 
is first introduced ; a connected diagram is reducible if it can be broken in 
exactly four connected parts by removal of one of its plaquettes. The free 
energy is then obtained from the sum over irreducible graphs by a variational 
principle (this is in fact a generalized Legendrt transform). More precisely, 
let I({h..}) be this sum, computed for a system in an external field h.. ; 
the result reads 

lnZ " £!?> K(e h W u } ) " 3 61 •ij"jAi"u] ' 
where a variational parameter m., has been introduced for each link ij. The study 
of the relations between different extrema enables one to conclude the transition 
pattern for the system. The problem reduces to the evaluation of the sum over 
the irreducible diagrams ; using the variables 8 »2$(d-1) and 1/d, we proceed 
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(as in the first method) to the summation of the series in the first variable. 
The final result is an expansion in 1/d at fixed B . 

The above formula does not ead to ambiguities in the neighborhood of 
B«0 where only one extremum arises (with all «a. .'s set to zero). It is however 
necessary to add some prescriptions when several extrema occur. 

- prescription A (choice of the physical arc) : select the solution which 
maximizes InZ. ] 

- prescription B (influence of symmetries) : if several solutions lead to 
equal contributions to the partition function Z, they must be summed up. Or, 
equivalently, add to ZnZ the logarithm of the number of equal maxima. 

There is no proof of these assertions at the diagrammatic level ; but they 
are suggested by some simple considerations. The "quantum" model, defined by 
its path integral 

2 - |n d m.. exp [l({ B Z t " j k V ^ i } ) " 3 e I "ij^kVu] • 

coincides with our primitive model in the thermodynamic limit N -*• » . The term 
between brackets is indeed extensive and this limit may be evaluated using a 
steepest descent, method ; the result coincides precisely with the above varia
tional formula. Moreover our prescriptions appeal as a consequence of the theory 
of the steepest descent method. 

The implications of these two prescriptions can be verified a po&t&iiofU. 
by comparing the low coupling expansion of lattice gauge theories with the 
limit of the variational formula when B becomes infinite. This is done in ref. 

-26* [3] and the resulting expansions in the variable e at fixed B are found 
to be identical, at least for their fi »t four terms. 

The lowest order term i*i the 1/d expansion coincides with the mean field 
approximation 

m ( * 3 3 * 4\ An cosh B m - r $ m l 

The prescription B seems to have no.effect in this high dimension limit ; the 
maxima are indeed degenerate (due to the local gauge invariance, there are 2 
solutions ID.. • e.c.m with £. «±1 arbitrarily on each site), but the corrective £n2 lJ x J 1 

factor - j - vanishes in this limit. However, in the computation of any mean value, 
this prescription involves the averaging over all the different maxima and 
enforces the local gauge invariance. For instance, the mean value <o..> is 
obtained by averaging m.. over all c. and therefore vanishes. This is not the 
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case in the mean field approximation (<a.-> = m) and this fact was a difficulty 
for lattice gajge theories because Elitzur proved rigorously that <C..> must 
vanish for any coupling. With our prescription, all is now correct. 

The qualitative picture of figure 1 is veil reproduced by our variational 
method. From the quantitative point of view, the critical dimension is signaled 
by the complete disentanglement of the weak and strong coupling curves ; this 
occurs, when using the first two -r corrections, at d«2.9, very near the expected 

r 
value d • 3. The position of the four dimensional transition, which is theore
tically exactly known, is also well reproduced within a few per cent. -1/4 The d and 1/d expansions of lattice gauge theories seem to be interesting 
and powerful tools for the study of the phase diagram. The corresponding techni
ques have been successfully tested on the Z pure gauge system. It is now possible 
to access more complicated systems, with continuous and non abelian gauge fields 
interacting with Higgs and matter fields. This will be the subject of forthcoming 
works. 
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FIGURE CAPTION 

Fig.l - Swallow-tail shape of the free energy as a function of the dimension 
and the coupling constant. 
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