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1. INTRODUCTION

The purpose of this article is tc provide to those mathe-

maticians concerned with ill-posed problems generally, some broad

familiarity with the topic of image reconstruction, its range of

applications, and the types of algorithmic approaches which have

evolved within it. It is not intended as an in-depth review of

any portion of this field, and no claims to comprehensiveness are

made. A list of some recent review papers and articles of general

interest in this field is included in the bibliography.

*The submitted manuscript has been authored under contract
DE-AC02-76CH00016 with the U. S. Department of Energy.
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The sections which follow present, first, an historical

look at the ways image reconstruction problems have arisen in

practice and a list of some of the application areas of past or

current interest, second, a survey of the various classes of

reconstruction algorithms which have been used, and third, some

more technical results which bear on the overall question of

ill-posedness. The remainder of this introductory section will

be devoted to a description of what is meant here by the term

"image reconstruction" and to a brief review of the pertinent mathe-

matical background.

In the sense we shall use the term, image reconstruction

(also called computerized tomography and various other names) is

any process whereby a function f on Rn is estimated from empirical

data pertaining to its integrals,

f(H) = / f'x)dx (H€«) (1.1)

for some collection # of hyperplanes H of dimension k<n. (Gen-

eralization from hyperplanes to curved submanifolds of Rn might

be needed for certain applications.) In physical applications

it is naturally the case, as a rule, that n s 3 , although higher

dimensional applications may arise, for example in probability

theory.

When the collection 14 consists of aV\_ hyperplanes of dim-

ension k, the associated function f on B is called the k-plane

transform of f. (Solmon, 1976, 19791 The (n-l)-plane trans-
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form is known as the Radon transform, and the 1-plane transform,

involving line integrals of f in any number of dimensions, is

called the x-ray transform; for n * 2 the x-ray and Radon transforms

coincide. Reconstruction problems arising in practice involve

samplings of transforms in one of the following three classes:

n = 2, k = l: Radon/x-ray transform in 2D

Example: transaxial tomography

n = 3, k = 1; x-ray transform in 3D

Example: x-radiography

n = 3, k = 2: Radon transform in 3D

Example: NMR zeugmatography

For each of these classes, the image reconstruction problem can

assume many forms, depending on (1) the actual collection H,

(2) the type of experimental error, or noise which may be present,

(3) the a priori assumptions which can be made concerning the

function f.

"Computerized tomography" in its original meaning is as-

sociated with special geometric configurations in which 3D re-

construction from line integrals can be reduced to a succession

of 2D reconstructions on a sequence of parallel planeSjand would

therefore fall under the first of the foregoing classes. As

already indicated, however, it is also used in a sense nearly

synonymous with "image reconstruction."

Mathematical works relevant to this subject date from a

paper by J. Radon (1917), who posed and solved analytically for
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general n the problem of determining f given its integrals over

all hyperplanes of dimension, n - 1 . These results were extended

and elaborated upon by F. John (1934, 1955) and subsequently by

others, including Geifand, Graev and Vilenkin (1962), Helgason

(1965), Ludwig (1966), and Lax and Phillips (1970). The

motivation for most of the early mathematical work came not from

image reconstruction problems in the concrete form we are mostly

concerned with here, but rather from such topics as-the,wave

equation and other hyperbolic systems in higher dimensions, or

the representation theory of certain noncompact groups. On the

other hand, virtually all of the applied work in image recon-

struction prior to c. 1972, was carried out with no knowledge

of Radon's or subsequent related mathematical work; instead, most

of the basic results, including Radon's inversion formula were,

like the proverbial wheel, reinvented several times over as

needed within each discipline.

For later reference, we summarize the key formulas for the

n = 2 case: Let f(jr) = f(x,y) be an integrable function on R .

The Radon transform of f is by definition the function, f = Rf,

on R*S , given

1ine integral,

on R*S , given for any real s and direction 9€[0,2TT), by the

f(s,e) =JJf(r) 6 (s-r.ejd2r

(1.2)

f(s cose -t sine, s sine+t cos e)dt,

where e = (cose, sine) and 9 X= (-sine, cose). (<5 is the Dirac
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delta function.) We also write P.f(s) = f(s,e), and call Paf

the 8-projection of f. The (natural) transpose. PQ, of e-pro-

jection is defined by the requirement,

/ / f ( r . ) (Peh)(r)d2r = /(PQf)(s)h(s)ds (1.3)
R2 R

f o r e s s e n t i a l l y a r b i t r a r y (measurable) f u n c t i o n s h ( s ) , f ( j r ) ;

this implies

(P*h)(r) = h(r-e) = h(xcose + ysine) (1.4)

The operation P. may be called 8-back projection. Similarly,
8

we d e f i n e t he t ranspose R o f R by :

/ / f t r X ^ h ) ( r ) d 2 r - ^ / / (R f ) ( s , 9 ) h ( s f e )dsde ( 1 . 5 )

R2 RxS1

which impliet

(^hJCr) = ^r /h(r-£,e)de (1.6)

for any function h on R<S . As a superposition of e-back-

projections, the operation R may also be referred to simply as

back-projection.

Substituting

h(s) = e' i k s (k real) (1.6)

into formula (1.3) yields the fundamental relation,

(]F(Pef))(k) = (
2Ff)(keJ (1.7)

where nF denotes Fourier transformation in Rn. This relation,

sometimes called the projection theorem or central slice theorem,

shows that knowledge of a single projection of f is precisely

equivalent to knowledge of the Fourier transform of f on a

single straight line passing through the origin. It can be
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used (among other things* to derive (using Fourier's inversion

formula and some obvious symmetries) formulas for the inverse

Radon transform. There ara several commonly encountered ways of

expressing this inverse analytically. We content ourselves here

with the form,

- U / ; I ^ £ , e ) (1.8)

where P- denotes the "finite part", or Cauchy principal value, of

the singular integral. We see that (i.8) has the structure of a

back-projection R h of a function h(s,9) obtained by con-

volution of Rf with the distribution, ~ , i ( P , -). The
2 / ds f s

singular form of this distribution is indicative of the ill-

posedness of the inverse problem.



-7-

2. APPLICATION AREAS

In view of the fact that x-ray technology has been around

since the late nineteenth century, one might expect to find the

earliest practical three-dimensional reconstruction techniques

within this field of endeavor. In fact, there have been

techniques used by radiologists since the 1920's which use some

form of coordinated motion of both x-ray source and film relative

to the patient in order to produce a blurred image of all points

except those located on or near a certain plane, geometrically

determined by the relative motion, where everything remains "in

focus". The tomograms (or "pictures of slices") thus produced

have played an important role in medical diagnosis and much ef-

fort has been devoted over the years to refining these techniques

—which may be referred to as "motion tomography", "focal plane

tomography", "longitudinal tomography", or simply "old" to-

mography— for use with radionuclide, as well as x-ray imaging.

However, these older procedures do not make use of multiple

views and/or a mathematical procedure to eliminate the unwanted

information, so we do not include them here as examples of image

reconstruction. The first appearance in the applied literature

of a bona fide reconstruction algorithm seems to have occured in

the 1950's in connection with an application, not in radiology,

but rather in radio astronomy. Beginning a few years thereafter,

the applied literature contains further theoretical and ex-

perimental treatments of 30 reconstruction techniques, which
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fall into essentially three distinct additional fields: optics,

radiology & nuclear medicine; and electron microscopy.

2.1. Strip Integration in Radio Astronom:'

(Bracewell, 1956; Bracewell & Riddle, 1967)

The radio astronomy problem in question had to do with

measurement of the microwave emission intensity as a function

of position on the solar surface, using an antenna of the so-

called "fan-beam" type. The latter was characterized by high

resolution (~3' arc) in one direction with virtually nil reso-

lution (several degrees) in the perpendicular direction. Hence,

the total response of the antenna at any time corresponded to

the integral of emission intensity over a narrow strip on the

celestial sphere. As the earth rotated, the fan-beam moved to

one side, and the response as a function of time was recorded.

By rotating the antenna array it was possible to change the

angle of the strip, so that a succession of profiles, corre-

sponding to different one-dimensional projections of the two-

dimensional density, could be obtained.

The inversion problem presented by the fan-beam antenna

data was solved by R. N. Bracewell in a paper published in 1956.

In this paper, Bracewell first considered the idealization in

which the strip has zero width, and later considered separately

the effects of finite strip width, which he refers to as a

problem of "restoration" rather than of "reconstruction". His

formula for the resulting line integral was, except for some

minor differences in notation, exactly the one we have already
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given (1.2) for the 2D Radon transform. After deriving the

projection theorem by essentially the same argument we have

given in Section 1, he noted that, by accumulating data for

enough different angles, one could in principle fill in the

values of the Fourier transform with sufficient precision to

compute f, and he proposed a method for carrying this out.

(Direct 2D Fourier transformation was computationally unfeasible

at the time.) In the end, he did not implement this method and

settled for an iterative procedure which at the time was com-

putationally more efficient, but the theoretical analysis was

nonetheless instructive and was put to good use by others

several years later.

2.2 Optics

Early work involving image reconstruction in optics falls

into two rather separate groups: that of Herlitz (1963) and of

Maldonado and Olsen (1966), who were concerned with emission

coefficients in incandescent light sources as a function of posi-

tion; and tha somewhat later body of work concerned with recon-

structing the real part of the index of refraction in a refractive

medium — either with phase contrast microscopes (Berry and

Gibbs, 1970) or from holographic interferograms (P. D. Rowley,

1969; Matulka and Collins, 1971). Elsewhere in these Proceedings

may be found articles, by M. D. Altschuler and by C. M. Vest, on

subjects closely related to these areas.
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2.3 Radiology and Nuclear Medicine

In this field one must distinguish a transmission scan,

in which the source of radiation is situated outside the patient,

from an emission scan, in which the opposite is the case. In a

transmission scan, it is the relative diminution in intensity of

the transmitted radiation due to its absorption or scattering

within the patient that can be directly measured, and the

physical quantity one wants to reconstruct is the linear

absorption coefficient w for the radiation as a function of

position. Because of the exponential law of attenuation, the

line integral of u along any ray is proportional to the negative

logarithm of the transmitted intensity. X-rays provide the

most familiar examples of transmission scans, but other types of

penetrating radiation can be.used as well.

In an emission scan, the source of radiation is invariably

a radioactive isotope, combined chemically into some biologically

active compound - the radio-pharmaceutical - which is then

introduced into the patient by injection or ingestion. Here it

is the activity distribution, or density of radiopharmaceutical

within the body which is the physical quantity of direct in-

terest, and the tool for inferring this distribution is gamma

radiation associated with the radioactive decay. (The charged

particles, alpha and beta rays, produced by decays in the in-

terior of the body of the patient are usually not sufficiently

energetic to reach the surface and hence cannot be observed
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directly.) The gamma radiation can arise in two ways that are

important in nuclear medicine and these give rise to the two

quite distinct types of emission scans known by the labels,

"single photon" and "positron". In the single photon emission

case, the gamma rays are produced directly by the decaying

nuclei; with positron emission scans, the important decay prod-

ucts are low energy positrons, which quickly come to rest and

annihilate with electrons in the surrounding matter to produce

pairs of monoenergetic (511 kev) gamma rays, and it is these that

are subsequently detected using coincidence counting techniques.

Single photon emission scans require the use of collimating de-

vices (built of dense materials opaque to gamma rays) to limit

the solid angle seen by the various detectors; without these, no

position information concerning the activity distribution can be

obtained. With positron emission on the other hand, the direc-

tional information is provided automatically because the two

gamma rays are (almost always) emitted at 180 to one another;

thus when a coincidence (or simultaneous pair of counts) occurs,

it can be assumed that the annihilation, and hence to good ap-

proximation the positron emission, occurred along the line in

space joining the pair of detectors.

The idea of using the annihilation gamma rays from positrons

as a source of information concerning the activity

distribution goes back at least to the early 1950's, although

the full development of this method did not take place until much
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later. One of the earliest positron scanning devices was

constructed at Brookhaven National Laboratory (Rankowitz, et al,

1962). This device consisted of a circular array of 32 sodium

iodide crystals, 20 cm. in diameter, with associated photomulti-

pliers and electronics to implement the coincidence counting for

the 496 possible pairs of crystals. It was originally intended

for detection of brain tumors (certain Pharmaceuticals prefer-

entially migrate to tumorous tissue where, if they have been

tagged rith a suitable radionuclide, they create a "hot spot" of

positron activity), but in fact was ultimately used mostly for

physiological studies of blood flow within the brain. (It ended

up at the Montreal Neurological Institute, where it served as

prototype for a more elaborate scanner.) Many other positron

devices exist today with various detector configurations, the two

basic types of configurations being the ring geometry of the BNL

device and a parallel-plane geometry pioneered by a group at

Massachusetts General Hospital. (Burnham and Brownell, 1972)

The most recent ring-type scanner to have been put into operation

-- at the Conner Laboratory of Lawrence Berkeley Laboratory —

contains 280 crystals. (Derenzo, et. al., 1979).

At the time of its development the data processing problem pre-

sented by the positron device was perceived as difficult, and several

unsuccessful attempts at an algorithm were made before the first

one showing some signs of robustness was produced. (Pincus, 1964).
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Several years later another algorithm for the ring scanner was

introduced by Marr (1974) (see also Robertson et aj_, 1973).

Pincus' algorithm, incidentally, was apparently the only one of

the early (pre 1970, say) reconstruction algorithms to have been

developed with knowledge of the pertinent mathematics, beginning

with Radon's 1917 paper, that was available.

In any discussion of the history of single photon emission

tomography, some mention must be made of the work of Kuhl and

Edwards (1963), who were firit to obtain transverse

fcransaxial) tomographic images from emitted gamma rays by taking

a sequence of views around a semi-circle using rays lying within

the reconstruction plane, instead of emanating from it, as in the

older ("longitudinal") tomography. The other early work directed

to reconstruction problems in radiology which must be

mentioned is that of Cormack (1963, 1964), who pioneered in

systematically exploring the feasibility of tomographic re-

construction by mathematical means; both of the papers cited

anticipated theoretical developments elsewhere by several years.

Of course, as everyone may now be aware, the landmark event

in the history of medical tomography — and probably of image

reconstruction as a practical art generally — was the commercial

introduction around 1972 of the EMI scanner, a device based on a

patent filed by G. N. Hounsfield (1972). By all accounts,it and

its successors (from other companies as well as EMI) have rev-

olutionized the field of medical x-ray diagnosis, and this



-14-

circumstance also seems to have contributed to a generally

heightened awareness of the potentialities for image recon-

struction techniques in other fields as well.

2.4 Electron Microscopy

The reconstruction problem arises in electron microscopy

fundamentally because of the typically large depth of focus

relative to the size of certain objects of interest. This produces,

as with ordinary x-rays, equally sharp (and therefore unre-

solvable) overlapping images of structures positioned at dif-

ferent distances along the beam axis. The first persons in this

field who successfully tackled this problem were A. Klug and co-

workers ^DsRosier and Klug, 1968; Crowther, DeRosier, and Klug,

1970) who essentially rediscovered BracewelVs Fourier method and

used it as the starting point for their own implementation of

the Fourier and a number of related methods.

Shortly thereafter, there appeared the paper of Gordon,

Bender and Herman (1970) in which their newly developed "algebraic

reconstruction technique" (ART) was introduced. Apart from its

direct applicability to electron microscopy problems, this work

was notable in that it effectively introduced matrix iterative

methods into the image reconstruction field generally; it was

soon extended to other application areas as well. (Hounsfield's

1968 patent contained an iterative algorithm similar to one form

of ART, but was not widely known at the time.)
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Ramachandron and Lakshminarayanan (1971) introduced the so-

called "convolution method" into electron microscopy as an alter-

native to the Fourier techniques already established by Crowther,

DeRosier, and Klug. It offered major computational advantages

over ether methods and in time became the preferred method wher-

ever it could be used. The convolution method can be regarded

as a numerical implementation of the inversion formula (1.8).

Essentially the same scheme had been previously suggested by

Bracewell and Riddle (1967).

2.5 Other Application Areas of Current (1979? Interest

In addition to those fields already discussed in connection

with the "classical" (i.e. pre-1972) work in image reconstruction

there are other application areas in which image reconstruction

techniques are of considerable current interest.

Accoustical imaging is one. See, for example, Mueller,

Kaveh, and Wade (1979), and Ravivet al. (1979). In addition to the

older ultrasonic techniques which (like a marine depth sounder)

rely on echoes from discontinuities in the medium, there are tech-

niques now under development which utilize fully three-dimensional

reconstruction algorithms in order to recover the speed of sound

(for example) as a function of position from time of flight or

phase measurements.

Similar mathematical questions arise in geophysical

tomography, albeit on a different physical scale. Ultimate ap-

plications include nuclear waste disposal site location and
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assessment, petroleum exploration, and so forth. See, f.or

example Dines and Lytle (1979).

Non-destructive testing , with x-rays or other forms of

radiation, and using tomographic reconstruction techniques is

developing rapidly, (see, for example, Ellingson and Berger, 19BO)

and a whole new field called "industrial tomography" has recently

come into being. One of the important possible applications for non-

destructive testing currently being pursued concerns the inspection

of nuclear reactors for damage, using either transmitted x-rays (say)

or the neutron flux emanating from within the reactor core itself.

Finally, nuclear magnetic resonance (NMR) zeugmatography (Lauter-

bur,1973)is an application area still in its infancy, but one of poten-

tially great utility, particularly in the biomedical fields where

it may become an important non-invasive tool for in vivo imaging.

Nuclear magnetic resonance is a phenomenon arising from the fact

that an atomic nucleus possesses an intrinsic angular momentum (or

spin) with an intrinsic magnetic moment characteristic of the

nuclear species. In the presence of a static magnetic field, HQ,

of a few kilogauss, the associated Larmor precessional frequency

for typical nuclei is in the radio frequency (rf) range, corres-

ponding to wavelengths of electromagnetic radiation which are

orders of magnitude larger than the dimensions of any macroscopic

object one is likely to be studying; as a result, the ensemble

of nuclear spins within the object interacts coherently with an

applied rf field superimposed on HQ, producing detectable
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resonance phenomena when the frequency of the applied field is

near the Larmor frequency. Conventional NMR provides useful in-

formation concerning the structure of matter, but yields no

position information because the static field, HQ, on which the

Larmor frequency depends is by design kept spatially homogeneous.

In NMR zeugmatography, on the other hand, (-L varies with position

permitting position information to be encoded via the strength

of the resonance signal as a function (say) of the applied fre-

quency. In a typical zeugmatography measurement, the data per-

tain to integrals of the nuclear density over surfaces of con-

stant HQ; the apparatus can be designed so that these surfaces

are very nearly parallel planes with an orientation that is

under the control of the experimenter. In principle then, the

Radon transform of the three dimensional nuclear spin density

can be sampled as, closely as one likes, and the density itself

reconstructed by an appropriate analog of any of the methods used

for numerically inverting the 2D Radon transform.
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3. ALGORITHMS

There are many ways of classifying algorithms for image

reconstruction. We shall discuss them here in terms of five

categories:

1. Summation, or simple back-projection

2. Convolution, or filtered back-projection

3. Fourier and other functional transforms

4. Orthogonal function series expansion

5. Iterative methods.

For definiteness it will be assumed, unless stated other-

wise, that we are dealing with the specific problem of recon-

structinq â  function f(x,y) £f bounded support in R , given a_

finite number of its (parallel-ray) projections, g.(s) = Pg.f(s),

j = 1, 2, ..., N,where 9-.J92»---9N are known angles, distinct

mod TT. (Discretization in the variable s, although obviously

present in practice, will not be indicated except when it becomes

relevant to the discussion.) Most of the algorithms we shall be

discussing were in fact developed for this commonly encountered,

though rather special type of geometry; some are adaptable to

more general situations, as we shall indicate.

3.1. Summation (simple back projection) method

Mathematically, this method is nothing more than application

of the transpose, P , of the linear map, P: f •+• data. For exam-

ple, 1n any experimental situation in which the data elements,

G-, are linear functionals of f,
J
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Gj » Lj(f; = / ^(r ) f ( r )dr (3.1)

with representors, £Ar)t belonging to some class of a priori
j _ _

admissible functions, the "summation method" yields the result:

f,(r) - E G , - l.(r) (3,2)

There is no reason to expect the transpose to be a reasonable ap-

proximation to the inverse generally, but there are circumstances

in which the summation method can be used with some degree of

success in image processing, and it does have the virtue of ease

of implementation -- often !>y analog as well as digital means.

It is in essence the method used in the "old" (longitudinal)

tomography alluded to at the beginning of Section 2, where the

ray geometry is such that back projection onto the focal plane

yields a sharp image of that plane, on which there is superimposed

a blurred representation of any structures lying behind or in

front of that pi cine. This is much like viewing a translucent

object through an optical microscope having a depth of focus

that is small compared with the depth of the object.

Use of the summation method in transverse tomography,

where the rays along which the density function is integrated

all lie within the plane of interest instead of passing

through it, was introduced by Kuhl and Edwards (1963) in connec-

tion with their "transverse section" scanner. In this case,

there is no interference from other planes, but on the other

hand no direct focusing of the tomographic plane is possible.

The summation method produces rather a blurred representation of
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the original structure throughout the entire plane. In the case

of parallel ray projections we in fact have:

t N

fJr) • (PrPf)(r) = z (Pft f)(r-e.)
j=l j

(3.3)

r N

and if one assumes the directions 9. are distributed uniformly

over the range [o,iv), it is easy to show that, in the limit of

a large number of projections, f.(jr) becomes (modulo an overall

multiplicative constant) the convolution of the original function

f(jr) with the smearing function, l/[r| ; that is:

(PtPf)(r) ->/dr' f*"'̂  for N - » (3.4)

When the function f can be described as the superposition of a

smdl number of point-like sources, f may provide a sufficiently

accurate representation of these sources, but for most applica-

tions this is not the case, and the summation method is today

rarely used in transverse (i.e. reconstructive) tomography. It

is nevertheless of historical interest, because it was through

efforts to correct the blurring in the back-projected image that

many persons independently arrived at algorithms of the type we

describe next.

3.2 Convolution (filtered back-projection) method

This class of algorithms can be arrived at from several

points of view: (1) As a numerical approximation of the inver-

sion formula, eq. (1.8), (2) via the connection between
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the Fourier and Radon transforms (Bracewell and Riddle, 1967;

Ramachandran and Lakshminarayanan, 1971), or (3) as already in-

dicated, as an improved version of the summation method in which

the 1/r smearing 1s eliminated by corrective filtering (Chesler,1973;

Cho, et.a]_. 1974). Actually, there are two rather distinct types

of algorithms which are referenced here, according to whether

the corrective filtering is carried out before or after the back-

projection operation. Both alternatives have been proposed, but

the former (filter, then back-project) is by far the more widely

used; we restrict our discussion here to it. (For an account of

the back-project-then-filter approach, see for example Smith,

Peters & Bates, 1973).

Let us assume for the time being that the angles 8. are uni-
J

fornly spaced in the range, [O,TT): e. = (j-I)ir/N, j = 1,2,...,N.

Then a convolution algorithm produces the estimate,
N

fc(r) = E U*g,.;(r-e-) (3.5)

where * denotes convolution, and where $(s), which defines the

particular convolution algorithm, must be suitably chosen.

Schematically, we have:

fc - B(**a; (3.6)

where £ = data = P f + noise, and where B(=Pt) is the operation

of back-projection or summation. This can also be written

fc - B(F"1(*-F£)) (3.7)

in which F denotes Fourier transformation, and $ = F* is the
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so-called "filter" for the method. From eq. (1.8) we see that

the analytically "correct" choice for <)> would be the distribu-

tion,

corresponding to the filter,

*(k; - j\k\, (3.9)

On the other hand, considerations of numerical stability dictate

that $ should be a well-behaved function. The a priori assump-

tion needed to make these otherwise conflicting requirements

compatible is usually stated heuristically in terms of a finite

upper bound W on the (essential) band width of the function, f.

Then it is only necessary to require that

• U ) = ̂ -, for |kj < W, (3.10)

and this can be satisfied in innumerable ways with smooth func-

tions <t>, by letting $(k) •* 0 for |k| > W. Of course, the limited

band width assumption for functions f of compact support can be

at best an approximation, and one must expect differences to

exist among reconstructions carried cut with convolution algo-

rithms which differ only in the way the filter functions are

"rolled off" at high spatial frequencies. In practice, one must

also take into account the effects of discretization in s, the

interpolation scheme used, and other factors which would take

us too far afield to discuss here.

It may be noted that in general, with a finite set of direc-

tions and even with consistent data, g, the function f is at
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best an approximate solution of the system of equations, Pf = £.

Indeed, if g = Pf for some f, it is not difficult to prove that

fc = B(**Pf) = (B<j>) ** f (3.11)

where we have introduced the double asterisk as a reminder that

the convolution is a two-dimensional one. It follows that

Pfc = (PB*) * Pf (3.12)

and the latter expression is not tne same as Pf except in rather

special circumstances. On the other hand, eq. (3.11) indicates

that fc may be a good approximation, to some mollified version,

fs = S**f, (3.13)

of f, provided $ can be selected so that (B$)(r_) is a good approxi-

mation to the smoothing function (or "mollifier") S(r_), for

\r\ < D, (say) where D is the diameter of the bounded region n

outside of which f is assumed to vanish. Tfrs, in essence, is

the point-of-view of Z. H. Cho (1974) who used the criterion:

B<j> = approximate delta function, to determine the convolving

function $ directly; and more recently of Davison and Grilnbaum

(1979), who adopt it explicitly for their theory of optimal al-

gorithms of this type when the directions 9. are arbitrarily
J

placed. (In the latter situation, a set of possibly distinct

convolvents, *., j = 1,...,N, is allowed.)

Convolution algorithms offer major computational advantages

over other known methods, and for this reason have become more

or less standard in commercial CT scanners or other devices with

ray geometries permitting their use. Their main drawback is
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their lack of adaptability to situations in which the requisite

symmetry (essentially translation invariance) is not present.

A notable instance where this difficulty was surmounted, with

important practical ramifications is the case of

divergent beams (or fan-beams) in two dimensions (See

Section 5).

3.3 Fourier and other functional transform methods

The fundamental relation (1.7) between the Radon and Fourier

transforms has prompted many investigators to develop algorithms

which focus on reconstructing the Fourier transform f, rather

than f itself. The principal technical difficulties have to do

with the fact that the available projection data yield the values

of f at points along a certain collection of central rays in fre-

quency space, rather than on a uniform rectangular mosh. Two ap-

proaches that have been used include: (1) interpolation from

the available points to the rectangular mesh (De Rosier and Klug,

1968), permitting f to be computed later by the 2D version of

some fast Fourier transform (FFT) algorithm; and (2) expansion

of f in circular harmonics,

f(k cose.k sine) = i f (k) e 1 n e, (3.14)

n

permitting computation of each coefficient f (r) in the corres-

ponding expansion of f, by the Hankel transformation:

7fn(r) = j Jn(kr) fn(k)kdk (3.15)
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(See Crowther, DeRosier and Klug, 1970.)

As with any algorithm for reconstruction from projections,

the maximum resolution attainable by either approach is related

to the size of the region n outside of which f is assumed to

vanish. In the interpolation approach, this relationship emerges

as an upper limit, K, on the magnitude of spatial frequencies at

which f can be recovered according to the sampling theorem. In

the second approach, 1t arises from the obvious fact that only a

finite number of the coefficients fn(k) are computable at any k

from data at a finite set of angles 9. Either way, heuristic

arguments can be invoked leading to the Bracewell-Riddle (1967)

formula,

u ^ s N (3.16)

relating the point source resolution distance, d, the object size

D (= diameter of n), and the number of projections, N.

Another type of functional transform arises if the Radon,

instead of the Fourier, transform is expanded in circular

harmonics:

(Rf)(s,e) = z(Rf)n(s)e
1ne (3.17)

n
Then the functions, (Rf) are given by:

Tn(s/r)f (r)rdr

where Tn is the n Chebyshev polynomial of the first kind. For

n = o, this is the Abel transform. For arbitrary n, it is a

special case of the general Gegenbauer transform. See, for
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example, Ludwig (1966). Inversion formulas for (3.18) formed

the basis for one of the early reconstruction procedures of

Cormack (1963).

3.4. Orthogonal function series expansions
2

Suppose V and W are Hilbert spaces of functions on R and

on R x S , respectively, such that the Radon map R is bounded

and injective from V into W. Denote by R* the Hilbert space ad-

joint. Then, if {•)> } is any orthonormal basis for V such that

$ = R*-ji , for some * eW, all a (such bases must exist), the

coefficients (f,4>a)v in the expansion of any f eV with respect

to this basis, can be computed "by quadrature" from Rf, according

to the formula,

(f.* o) v - ( W . * a ) H (3-19)

Thus, leaving aside for the moment the question of stability, f

can be "reconstructed" from g = Rf by the expansion

f = s a(g.* a) HV (3-20)

The earliest uses of this type of image reconstruction pro-

cedure wera those of: (1) S. I. Herlitz (1963), who expressed

the distribution function for emission within a cylindrical light

source in terms of orthogonal (Zernicke) polynomials for

V = L2(D), D = unit disk; (2) A. M. Cormack (1964), who inde-

pendently developed essentially the same method for the disk, and

also its analog, involving Laguerre polynomials, for all of R

with Gaussian weight (V = L (w~ ), w(r) = e" ), for use in re-

construction problems in radiology; and (3) J. D. Pincus (1964),
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whose reconstruction algorithm for the positron ring scanner made

use of cylindrical harmonics (eigenfunctions of the Laplacian on

D for zero boundary conditions) as the basis functions for L (D).

Later, essentially the same orthogonal polynomial expansions

were independently rediscovered and used in various ways by

others, including Marr (1974), Smith, Peters and Bates (1973),

Tretiak (1974), and Logan and Shepp (1975) in the case of the

disk; and Maldonado and Olsen (1966) in the case of the Gaussian

weighted plane. The cylindrical harmonic expansion was among

those considered for use in electron microscopy problems; see

Klug and Crowther (1972).

It should be noted that the functions y appearing in (3.20)

do not necessarily form an orthogonal set in W, although from the

standpoint of stability (assuming W is defined in some reasonable

way), it is desirable that they do so. The orthogonality of {i|» }

can occur precisely when the <f> 's are eigenfunctions of the opera-

tor R*R on V, and in this case the <j> 's and * "s provide the

singular value decomposition of R. (Such complete orthogonal

sets of eigenfunctions corresponding to a pure point spectrum of

singular values may or may not exist in general.)

With a suitable and rather natural weight function to define

W in either case, the orthogonal polynomial expansions both for

D, and for the Gaussian weighted plane, are in fact examples of

such complete sets of eigenfunctions for R*R. Orthogonal poly-

nomials could in principle be used for reconstruction on more
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general domains as well, but they would not necessarily have

this eigenfunction property for any reasonable definition of W.

3.5. Iterative methods

The first reconstruction algorithm to have been implemented,

by Bracewell (1956), was basically an iterative one, and iter-

ative algorithms played important roles in the early development

of the EMI scanner (Hounsfield, 1972, 1973), and of reconstruc-

tion techniques in electron microscopy (Gordon, Bender, and

Herman, 1970; Gilbert, 1972) and medical radiology (Goitein,

1971). Today, there exist numerous recognizable species and sub-

species of this class.

Fundamentally, the iterative reconstruction algorithms are

schemes for solving (in some generalized sense) a linear alge-

braic system,

A • x • b (3.21)

where A is a rectangular matrix which can be of high dimensions
4 4

(10 x 10 is not unreasonable for two dimensional problems), al-

though it is typically sparse. In the context of image recon-

struction the components of the vector _x can be pictured as the

coefficients in a truncated series expansion of f:

nr) = l x <j> (r) + remainder, (3.22)
- a.i « a ~

with respect to some orthogonal basis, {$ :a=l,2,...}. Although

more general bases could in principle be used, it is usually the

case in practice, that the functions, <t> , 1 < a < n, are
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characteristic functions for the cells of a regular rectangular

mesh in R*, so that (3.22) is in effect a finite element approxi-

mation (of degree 0) to f. (Corresponding approximations for

degrees > 0 may also be used; see Herman and Lent (1976).) It

is this choice of basis, or something similar, which guarantees

the sparseness of the matrix A, and ultimately the computational

feasibility of inversion (or 'generalized inversion') by itera-

tioti. The great virtue of iterative methods of reconstruction

is their general applicability. Indeed, ma";' of the iterative

schemes developed for specific image reconstruction applica-

tions turn out on examination to be adaptations of standard

matrix techniques familiar in numerical analysis and related

fields, and as such to be applicable to a broad range of problems

whether in image reconstruction or not. They are readily adapted

to arbitrary configurations of rays in two or three dimensional

space, or indeed to arbitrary sets of linear functionals of the

sort described by (3.1).

Another advantage of the iterative schemes is the ease with

which certain a priori information can be incorporated into the

algorithm. This includes such things as shape information con-

cerning the unknown object (i.e. knowledge of regions outside

of which f vanishes), nonnegativity or other information limiting

the range of values of f, and so on.

On the other hand, iterative schemes have as a major draw-

back their high computational cost, particularly when compared
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with filtered back projection algorithms, which execute typi-

cally in approximately the same number of steps as a single itera-

tion of an appropriate iterative scheme. As previously indicated,

however, the faster algorithms are not easily adapted to general

ray configurations, and in such cases it may be that the only

available route to an effective reconstruction is via some itera-

tive method, however prohibitive the computational time.
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4. SOME MATHEMATICAL ASPECTS OF RECONSTRUCTION FROM PROJECTIONS

In this section, we turn to a consideration of certain

mathematical aspects of image reconstruction from the stand-

point of the questions of:

1. Uniqueness (or not) of solution

2. Consistency conditions on the data (existence of
solutions)

3. Stability of solution with respect to perturbations

in the data

In recent years, these questions have to a large extent been

answered in the literature for a wide range of situations; a

review of these more general results may be found in the

article by Leahy, Smith and Solmon elsewhere in these Pro-

ceedings. Here, we shall focus on a particular prototype sit-

uation, where the analysis can be carried through with relative

ease. The problem we shall consider is the same as the one

introduced earlier—namely: Estimate a function f of compact
2

support in R , given N p_f its (continuously sampled) projections.
That is, we shall investigate properties of the linear map,

Pa a , (abbr. P J , which carries a function f(x,y) on R
1 2 " N

into the N-tuple, SPa f,PQ f,...,PQ f>of functions on R, where

e, e-.-.e.. are known angles, assumed to be distinct mod TT, but

otherwise arbitrary.

The only a priori assumption we shall make concerning f is:

f€L 2(Q) (4.1)
2

for some known bounded open region, flt-R . Thus, to answer
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1. and 2. above, we want to characterize the kernel and range
2

of the restriction of P.. to L (n); to address 3. we may ask if

there is a suitable topology for* the space of N-tuples with

respect to which range P.. is closed.

The approach we shall adopt is to consider P.. as a linear

transformation, PjV-*W between Hi 1 bert spaces, V and W, where

V=L 2(n), and W is the direct sum,

I, (4.2)

involving suitably defined weight functions w. on R. We shall
J
 t

have occasion to refer to the natural transpose PM of P.. given

by

(pjjh)(r) = z hjd-ij), (4.3)

2
for jr€R and satisfying

// pJpi( i : ) f ( r )d r = 2 / M s ) ( p Q f )(s)ds (4.4)
R2 J = 1 R J

for any integrable function f and N-tuple of functions,

^=<h.j,h2 hN \ . We shall also refer to the Hi!bert space

ad.ioint P* of P^, a linear transformation from W-*-V given by

N ,
(Pfja)(r) = z g . ( r -e . )w: ' ( r .e ) (4.5)

|T^ ~ j= l ' ^ ^

for r_€^, and satisfying

(f»pf5i)v = ( PN f ' i )W ; ( 4 '6 )

that is,
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/ f(r)(P*o)(r)dr = I / w-1.(s)(Pfi f)(s)g.(s)ds (4.7)

for all f €V, £ € W .

The choice of weights w. has a bearing on the question

of stability—and also on the manner in which the complete set

of consistency conditions on £ are stated. For the moment we

leave them unspecified, and turn first to those aspects that

can be dealt with independently of the choice of w.'s.

The question of uniqueness is quickly disposed of: Con-

sider for any e the algebraic moments of P.f,

wM(«) - /(PQf)(s)s
Mds, M-0,1,2,... (4.8)

substituting h(s)=s in (1.3) we see that

uM(8) = // f(*.y)(x cose+y sine)" dx dy. (4.9)

Assume N is finite. Then for any MsN, the polynomials,
M

(x cose.+y sine.) , j=l,2,...,N, obviously do not span the
J J —

M + l dimensional space of M**1 degree homogeneous polynomials

in x and y; hence, because a is open, the subset of L (a) con-

sisting of the restriction to a of ajl_ such polynomials

(M=0,l,2,—) cannot span L (ft). Therefore, there must exist
2

nonvanishing functions f Q 6 L (n) which are orthogonal to all

such polynomials -- that is,

// fQ(x,y)(x cose. +y sine. )
Mdxdy = uM(e.)

= /(P9.f0)(s)s
Mds = 0, j -1,2 M; M=0,l,2,...
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Because the projections of f, like f itself, have compact

support, this implies P e > f Q s 0 t j=l,2,...,N, or finally PNfo = O»

for some f Q * 0 . Note on the other hand, that if N were infinite

(even countably so) no such invisible functions fQ could exist,

because every polynomial in x and y is included in the span of

the set {(xcos9.+ y s i n e . ) M : O^jsN, fteQ}. Thus, we arrive at

the result:

Theorem 1: (Smith, Solmon, and Wagner, 1977) A function f of
2

compact supoort in R is uniquely determii
but by no finite set, of its projections.

compact supoort in R is uniquely determined by any infinite set,

Remark; The foregoing argument shows that when f has compact

support, knowledge of P..f is mathematically equivalent to

knowledge of a certain subset of the algebraic moments of f.

It is not difficult to prove that if, as is being assumed, the

N angles e, e2 •••»9N are distinct mod it, then all moments of

degree N - 1 or less are included in this set. Assuming supp

this means for example that the (N-l) - degree polynomial

least-squares approximant tp_ £ on_ a jj_ uniquely

determined by P. f P. f, independent of the choice of e.'s.

Now let us turn to the question of consistency: Under

what conditions can it be asserted that an N-tuple of functions,

g_=^g-| ,...,g^ satisfies £ = PNf, for some f€l_ (JJ)? Necessary

conditions are easily derived starting from eqs. (4.8) and (4.9):

From (4.9), we see that V^(B) is expressible as a homogeneous

polynomial of degree M in the vector, (cos e, sin e), or —
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what is the same thing — as a trigonometric polynomial in

9 with the particular form

involving M + l coefficients, uM «. For the complete Radon

transform, (4.10) implies the evenness condition

Rf(s,e+Tr) = Rf(-s,e) (4.11)

(which is also obvious from the definition (1.2)), together with the

conditions (Helgason, 1965, Ludwig 1966),

// e ± i n e sM(Rf)(s,e)dsd9= 0, (4.12)

for all integers M,n satisfying 0sM<n.

The analogous conditions with a finite number of projections

have to do with the existence of functions of the form (4.10)

satisfying yM(9.) = / s g.(s)ds, for J^j^N. For MsM-1„ it can

be shown that this interpolation problem is always solvable

(i.e. the N*(M+1) matrix for the associated system of linear

equations has rank N), but for M<N-1, there are N-l-M independent

constraints which must be satisfied by the N quantities uM(e.),
| N-2 Htm)
jfciĵ N, making a total of z (N-l-M) = K- Z ' independent

M=0
linear integral constraints on g. These can be explicitly

derived as a straightforward exercise in Gauss-Lagrange

interpolation theory and expressed in numerous ways. One form
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is:

N
E TTJ1 e 1 ^ " 2 * ) ^ / gj(s)s

N"2"Kds-0 for 0awK4«-2f (4.13)

where

ir. • It sin(8.-6.) . (4.14)
J k=l J

Another is

Z n sin(e.-8.)"1 / g.(s)sM ds = 0, (4.15)
j<=J k€J J K J

for all index sets Jc{l ,2,... ,N} such that card J = M+2,

M = 0,1,... ,N-2. It may be noted that the M = 0 case amounts to

nothing more than the statement that

/(Pef)(s)ds = //f(r)dr

independent of 9.

To obtain consistency conditions that are

sufficient as well as necessary, we must first ask if there are

any additional homogeneous linear constraints not described by

linear combinations of (4.13) or (4.15). This is equivalent to

asking if there are any N-tuples h_ = \h,,....h^N with the

property, P h ( r ) = 0 for r€Q,which are not expressible as

linear combinations of the N-tuples, jr , O^^K^N-2, where

sN-2"K (4.16)

For this, we can state the following:



-37-

Theorem 2. If the "silhouette"

= R> (4.17)

connected for e = 6̂  »9o'- • - 9M» and 2l

on n, then h. = ' h . on_ Q , j = 1 ,2 , . . . , N , where ^ ' h - j , . . . ,'h^}-

is some l i near combination of the N-tuples Iv 'z' of eq. (4.16)

Proof. Suppose h , , . . . h N are d i s t r i bu t i ons on R s a t i s f y i n g :

t N

( P , u h ) ( r ) = z h . ( x c o s 9 . + y s i n 9 . ) = 0 , ( 4 . 1 8 )
N - j = 1 J J J

a l l r_= ( x , y ) e n .

For each j=l,2,...,N, apply the differential operator

M " s i n 9 k ~ + cos9k •£- ) to (4.18) to obtain

( ^ hj(s) |s.,.±j - 0, all r ®

Thus,

and since n. is connected it follows that h. must be a fixed
6j J

polynomial of degree £ N-2 throughout Q . The only N-tuples
J

of such polynomials satisfying (4.18) are the linear combinations

of (4.16),as can be readily demonstrated. Hence, the theorem

follows.

It is easy to generate examples with disconnected regions

Q. in which additional linear constraints exist, but a complete

characterization ofker(x?N) in the general case is rather
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complicated. We shall henceforth assume that 8, if not itself

e
connected, at least has connected silhouetts. Then in view of

(4.5) the foregoing result provides us, essentially, with a

characterization of ker Pfi <=w, and hence of the closed subspace

range P = (ker P?j)x in W. If we can show that, for some choice

of the weights w p^ has closed range, then the characterization

of rangeP^is complete. Moreover, we will have given at least

part of the answer to the stability question. With some slight

further restribtion on n, this can in fact be done as we shall

now show.

The "correct" set of weights is made evident by considering

the case of a single projection. Applying Schwarz' inequality

to the line integral (1.2 ), one obtains
|P9f(s)|

2 * (/|f(rJi2 6(s-r-e)d2r)(/x (r>(s-r-9_)d2r),

where x is the characteristic function of n. Thus,
2

/ p x(s) ds *//|f(r)|2d2r (4.19)
"9 9

On the other hand, if /|g(s)|2(Pgx(s)r
1ds < », the function,

L* f
q(n)

 = 9(l*£) ' (p9
x(jl'l))"- belongs to L (Q) and

satisfies P f = g, as can be easily verified. Thus we have

2 2 - 1Lemma 3: For any 9, Pa maps L (fi) onto L (wQ ) continuously with
————— —— a —-1— — — Q *
norm 1, where wQ = P x.

From this, it is simple to prove
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N - ,
Lemma 4: Let the Hilbert spaca, W - © L (w. ) be defined with

the weights

w,(s) = N-(P x)(s), j*l,2,...,N. (4.20)
J j

2
Then P.. maps V = L (n) continuously with norm 1 into W.
_ _ « — . pj i ii . — — — — —

For N>1, we already know that P?j has a non-trivial kernel,

hence P^ is not surjective. Our aim is to prove that range PN

is a closed subspace of W, which is equivalent to the range of

any of the following being closed:

The adjoint map Pt from W into V.

The operator A^ H P* P N on V.

The operator B N = PNP* on W.

By examining the operator BN more closely, a much stronger

spectral characterization of all these operators can in fact

be obtained, subject only to a certain smoothness hypothesis on

the shape of a.

Theorem 5: Assume the reciprocal weights w"! defined i_n_ (4.20)
J

are integrabie - - that i s ,

Then the operator B.. = PjJfP., satisfiesc N N N

N ^ N (4.22)

where I 21 Itli identity operator on_ W, and where the operator



IC. j_s_ compact.

Proof: As a linear map from N-tuples into N-tuples, B., can be

considered as an N*N matrix with entries

It is easily verified that PQP* is the identity operator on

^(w* 1) for any e, hence B j k = J(Sj k
+Kj k). where K ^ = 0.

For j^k, K.. = P. P* is a linear transformation from L (w7 )
2 - 1 J K

into L (w. ) expressible in integral operator form,

(Kjkg)(s) = /Kj^s.s'Jgfs'Jds', (4.24)

with kernel,
( ) ( k )

K1 k (s ,s ' ) = / dr =^2 ZLZ±.
J n Pe x(s')

K

= (P e X ( s ' ) s i n |e j - e k | ) - 1 (4.25)
K

. . . i f s - r - 8 . = s ' - r«e . - 0
j K

for some r £ f l ,

= 0 . . . otherwise.

Under the hypothesis of the theorem, we see that the operator

Kkj*f'jk on L ^k"1) is of trace class* a11 J»k- Hence, KN is

Hilbert-Schmidt and the theorem is proved.
2Remark: The condition (4.21) is easily satisfied in R , for

example whenever s is the union of some set of open discs

of soms. fixed radius e>0. (The appropriate analog in higher

dimensions would have to be stated differently). "Exterior"
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corners or cusps, where (PQx)(s) would vanish like (s-Sg)a,

as:!, are however excluded. It can in fact b'e shown that when

an outside corner is present there always exist angles e and

0' (distinct mod ir) such that PaP*, is not compact.

With the spectral theorem for compact operators, Theorem 5

implies that the operators A., and B.. each have a complete

orthogonal set of eigenfunctions and that the non-zero

eigenvalues (necessarily positive and the same for AN and B..)

have 1/N as their only limit point. An equivalent statement is

that Pj. has a complete singular value decomposition with

singular values {v :a=l,2,...} satisfying 1_in̂  v = N"a. It

follows in any case that range PMI'S closed, which completes the

proof of the following "Paley-Wiener" theorem f

Theorem 6: Let e,...P., be any finite set of directions, distinct
2

mod 7r, and let Q be_ any bounded open subset of R such that

(A) the silhouette n. is connected, and (B) the function (Pn x)~"
9 j 9 j

jj>_ integrabie or̂  ft , all j = 1,2,... ,N, where x scharacteristic

function p_f n. Then JJT̂  order that g. - P f, T^j^N, for some
2 ^#

f€L (S2) vt j£ necessary and sufficient that:
!g,(s)|2

M /" O ds < «. j = l,2,...,N (4.26)M /"P v O ds <

(This is meant to imply that g.(s)=0 for sj£-fi. ) and that
J 9J

(II) The condition;(4.13) are satisfied.

Remark: Theorem 6 (but not Theorem 5) remains valid for more
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general regions fl than admitted by condition (B) above. In

particular, exterior corners (but not cusps) are allowed. See

Peterson, Smith and Solmon (1979).

The special case, a = D, where D is the un:t disk,

D = {r€R 2:!r>l} (4.27)

is useful for illustrating some of the foregoing results, and is

also of interest in its own right in certain practical situations.

It has been studied from many points of view (Marr, 1974; Logan

and Shepp 1975; Logan, 1975; Hamaker and Solmon, 1978; Davison

and Grunbaum, 1979). Here we shall address it from the point

of view of the singular value decomposition of P.., whose

existence is guaranteed by Theorem 5, and which can be obtained

for this case in more or less explicit terms. The essential new

feature which makes this possible is the easily verified fact

that polynomials on D of degree M are mapped by ?a into functions

on [-1,1] of the form, w-.Q, where

wo(s) = (Pex)(s> = 2(l-s*)\ (4.28)

and where Q js_ a_ polynomial o_f degree s M. Of course, the back-

projection map PQ, always carries polynomials of degree M into

polynomials of degree ^M and these two facts are all that is

required to insure, for example, that the operator

K = P M P M
 =

 M" L
 p

a
 w" PQ » nas a complete set of polynomial

ii ( i n -i w . O 0 «

eigenfunctions. Omitting the intermediate details, we can describe

the situation as it finally emerges as follows:
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Theorem 7: (Singular value decomposition of P.. for Q = Disk)

There exist orthonormal bases, {<{>M :a=0,1,... ,M; M=0,l,...},

and { T M :a=0,l,...N-1:M=0,l,2...} for

L,(D) and W = © L,((wnN)~ ) respectively, and a set of positive

real numbers, {vM :a=0,l,...,minfM,N-l)} such that, for each

M = 0,1,...:

and

(4.29a)
...otherwise

PNVM,o = VM,a ""M.ot . ( , }
(4.29b)

= 0 ...otherwise

(II) The_ $M (x,y), Osa^l, are_ a_ basis for the (M+l)

dimensional subspace of L (0) consisting of the polynomials

£f degree M j_n_ x and y which are orthogonal on_ D ;to_ all

polynomials o£ degree < M. As_ such, they are expressible i_n_

the form

*M,a ( x' y ) = / q M , a ( 9 ) V X cos 9 + ̂  sin 9 ) f7 • (4-3°)

where UM is the Mth Chebychev polynomial of the second kind,

given by:
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and where

= <j>M ( cose , s i n e ) [="boundary func t ion"o f <t>M ]

M
* T a (o\.o1(2£-M) /£ op^

v j,=0 ri»oe

for some set of scaiars, aM («.), O^nsM, satisfying

M
* aM ™(A)aM 0(i) = « o Osa.B^M . (4.33)

( I I I ) The I'm, , Osb^iare a basis for the N dimensional subs pace

of W consisting of N-tupies of functions which are scalar

multiples of wrt«UM. That i s ,

where the scalar coefficients b^ ( j ) are normalized so that

(IV) The vectors aM »<aM ( 0 ) , . . . , a , , (Mj>,0aasM,
—1*1,0 • "M,a [v,a •

and b M a
 =<b,., a( l),...bM a(N)V , Osa^N-1, together with

the quantities v., 0^a^iTiin(HtN-1) provide the singularj / | } a *

value decomposition for the N*(M+1) matrix S M, with entries

That js.,

min(M.N-l)
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The polynomials $*. for N^d^M comprise a basis for the

subspace, ker PM c L (D)> of invisible functions. Alternatively,

as can be inferred from {II), the most general invisible function

can be expanded in terms of polynomials of the form,

N
/[ n sin(e-ej)]qM_N(e)UM(i:-eJd0,

for M^N, where for any K, qK belongs to the space £ K consisting

of all linear combinations of {e

On the other hand, the N-tuples vM for M<a<N comprise a

basis for ker P* = (range PN)X ^W, the most general element of

which can also be expressed as a linear combination of N-tuples

of the form,

<^br...,bNy .2(l-s2)\(s),

with b. = TTT -q , ( e . ) , for M^N-1, where i\. is defined by (4.14)

and where as before q,,®,. fo r any K. This is of course
K IN

equivalent to the result already obtained in Theorem 2 for the

case of general ft.

From (IV), we see that a^ is an eigenvector of the

(M+l) x (M+l) matrix,

AM - Sfen (4-38)

and that b,, is an eigenvector of the N*N matrix,

8 H - SMS* (4.39)

with eigenvalues given in each case by:
X M , J = ^ - . . O ^ w i n t M . N - l ) ( 4 p 4 0 )

U 0 • • .otherwise
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I t w i l l be noted that A., is in general a Toepiitz matrix:

AM(n,m) = [N(M+l)r ] Z e
2 1 ( i l - n l ) 9 J 0£l,ai£M (4.41)

and that , in view of (4.31), 8M has the form

8M(J,k) = [N(M+l)]"1UM(cos(9 j.-ek)) Tsfl.ksN (4.42)

In any case, we see that

trace AM - trace 8 M = Z \M = 1, all M, (4.43)

so that the average ~M of the non-zero eigenvalues for any M is

given by

To proceed any further in this analysis, one must be in a

position to solve the eigenvalue problem for the matrices A or

8M, and while this can certainly be addressed numerically, it

seems that one must make further assumptions on the angles e.
J

if one is to obtain closed form expressions. The simplest example

is that of uniform spacing in the interval [0,TT) — that is,

(4.45)

In this case the Toeolitz matrix AM acquires the particularly

simple form,

. f[(M+1 )3"1 if *£io (mod N)
" \ (4.46)

otherwise

and the matrix 8 M acquires the Toeplitz form (circuiant or skew-

circulant):
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8M(j,k) = [(M+l)N]"
1UM(cos J(j-k)) (4.47)

The eigenvalue problem for either (4.46) or (4.47) is easily

solved, with results that can be summarized as follows:

bMja(J) - N ^ e 1 ^ 0 " ^ ^ - 1 ^ (4.50)

Here, u (M,N) is defined for 0sa<N by

j Q , mod N <4'51>

That is

u (M,N) = 1 + [§] ... 0%sM mod N

M
 N (4.52)

= [jf] M mod N<a<N

where [x] as usual denotes "largest integer s x" and

M mod N - M-N[M/N]. It will be noted that there are at most

two distinct non-zero eigenvalues for each M. Because of the

degeneracies there are of course many ways of choosing the

eigenvectors; the choice represented in eqs. (4.49) and (4.50)

is a natural and convenient one. (For the sake of brevity

we have omitted explicit formulas for the null eigenvectors a., ,
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One can easily verify that

in conformity with Theorem 5, and that the smallest positive

eigenvalue is

Xmin = *2N-2,N-1 = F

with multiplicity 1. Since x v = 1, the condition number

of the generalized inverse problem for P.. is V ^ m J n = 0(N) in

this case; it would be interesting to determine if this assertion

can be extended to other domains n when the directions e. are

chosen in some "optimal" way.

If the angles are perturbed from the uniform configuration

(4.45) one expects the spectrum of eigenvalues *„ to vary

continuously as a function of these perturbations. One might

anticipate that x . decreases as one departs from the

uniformly spaced case but it turns out that actually the reverse

is true: Computer experiments of Grunbaum (private communication)

demonstrate that x . is a local minimum at equal spacing.
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5. CONCLUDING REMARKS

We have presented a survey of some of the areas of

practical application of image reconstruction and of various

types of algorithms which have been devised, and we have

examined the mathematical properties of a particular prototype

situation. We conclude by listing certain other situations

which occur in practice and which present, at least in some

of their aspects, open problems.

Attenuated X-ray transform - This arises in single photon

emission tomography, where the gamma radiation from the

activity distribution of interest must pass through an

absorbing medium on its way to the detector. (In positron

emission tomography the same effect can be easily corrected

for if one knows the absorption factor for the total path

between every pair of detectors.) The mathematical form of

the transform in two dimensions is

(R f)(s,0 = /f(se_+te.A) expf-j* y(se+t' e/-)df'}dt (5.1)
V -00

where f is the activity distribution (usually the unknown

function of interest) and p the linear absorption coefficient

as a function of position. The inversion problem can be

stated in two ways according to whether or not u is known. When

u is unknown, the problem is naturally less tractable, al-

though flatterer (1980) has derived consistency conditions on

(R f) and shown that in principle they can be used to eliminate

some (though not all) of the inherent ambiguities. Other work
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on the attenuated X-ray transform includes that of Gull berg (1979),

Tretiak & Metz (1979), Bellini et aj. (1979), and Censor et. al_.(197S)

Diverging rays - Most later generation CAT scanners acquire

data, not in the form of parallel ray projections, P.f, for

some set of angles, 9; but rather as diverging ray projections,

associated with the set of rays emanating from some collection

of point sources. The mathematical aspects of the divergent beam

X-ray transform have been investigated extensively in Smith

et al_ (1978) and Hamaker et_ al_ (1980). From the standpoint of

practical algorithms there seems to exist today a sharp dis-

tinction between the two-dimensional ("fan-beam") and three-

dimensional ("cone beam") cases. The 2D problem has been

essentially solved with algorithms of the convolution type,

(Lakshminarayanan, 1975; Herman et. aj_., 1976) whereas

no such fast algorithm is yet known in the cone beam case.

Iterative methods can always be used in principle, but these

may be so slow as to be impracticable.

Curved rays - In Section 2, applications were mentioned (in

acoustics, in geophysics and in optics, in which the data is

related to integrals of the unknown function (speed of sound,

or index of refractions) along paths that are straight lines

only in some low order of approximation. There exist

analytic solutions for certain curved manifolds (for example,

spheres in Rn - see John, 1955; Talenti, 1980), but the in-

version problem even for n = 2 remains largely unsolved. (As
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before we leave aside the possibility of using direct

iterative methods.) In practice, the problem is more

complicated still - and in fact nonlinear - because the

paths typically depend (through something like Fermat's

principle in geometric optics) on the function being sought.

Limited range of directions - This situation arises frequently

in applications, in two as well as three dimensions. The

problems associated with limited angular range are typically

ones of stability, rather than of nonuniqueness in the strict

sense, as would be indicated, for example, by detailed ex-

amination of the singular value decomposition"discussed in

Section 4.

As previously mentioned, the 2D situation has been ex-

tensively explored from the standpoint of optimal filtered

back-projection algorithms by Davison and Grunbaum (1979).

The nature and extent of the ill-posedness as a function of

the angular range are also addressed in the paper by Grunbaum

elsewhere in these Proceedings. Other recent work on the

limited angle problem includes that of Inouy*3 (1979) and

Louis (1980).

Incomplete projections - Hollow views and Tunnel views

It is not uncommon to encounter applications in which the

data pertain to a set of incomplete projections (either

parallel or divergent beam). In medical diagnostic

radiology, for instance, it is desirable to limit the total
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radiation dose by restricting the X-ray beam in each

direction to that portion which intersects the region of

interest (the heart, for example), thereby excluding all but

the "fore and aft" pieces of the peripheral region (the lungs

and rib cage). This gives rise to what might be called the

"tunnel-view" reconstruction problem.

On the other hand, there are situations (e.g. solar

corona measurements, or holographic interferometric measurments

of the flow pattern around an object in a wind tunnel), in

which an essentially opaque object eclipses a portion of the

middle of each view, and gives rise to what might be called

the "hollow-view" reconstruction problem.

Mathematically, one can show that the tunnel-view inversion

problem remains nonunique even in the limit where the projections

are given for all directions, whereas the corresponding

hollow-view problem becomes invertible. On the other hand,

it seems that from the standpoint of practical invertibility

the reverse is true: Effective algorithms for the tunnel-view

case exist, whereas the hollow-view situation seems to be

plagued with stability problems. The reason for the success in

the tunnel-view case, incidentally, seems to be that the artifacts

introduced into the central region by the incomplete coverage

of the peripheral region tend to be slowly varying functions

of position (see Bracewell and Wernecke, 1975).
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