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Integral measurements together with accompanying uncertainty
estimates have been used for the past fifteen years in cross section
adjustments.1'2 As the field of cross section adjustment came of
age, the crude uncertainty estimates were replaced - only in princi-
ple, initially - by a quantitative cross section uncertainty
covariance description and by uncertainty correlations of integral
experiments.3»1* There is current interest in the fission reaction
rate ratio measurements in the NBS standard neutron fields by people
involved in fast reactor cross sections.5 Also those in the LWR
pressure vessel surveillance dosimetry program are interested in these
measurements and in similar measurements performed in the Oak Ridge
Pool Critical Assembly (PCA). A careful re-examination of uncertainty
analysis is thus warranted.

Any "measured" cross section ratio in a given neutron field
characterized by a normalized energy spectrum ij>(E) is actually a
derived quantity. In order to estimate the uncertainty in a mea-
sured cross section ratio, it is therefore necessary to consider
the experimental procedure as well as the data reduction process.

The experimental procedure involves counting events which occur
in a sample with Nj nuclei of isotope i. The counting rates C- are
related to the reaction rates Rj, which in turn are related to the
cross sections. In a ratio measurement the measured counting rate
ratio Cj/j = Cj/Cj is related to the. reaction rate ratio R-/• = R./R.
through a series of factors (M 35 in •'

) . (1)
(k)
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(k)These factors f , frequently referred to as correction factors,
reflect our attempt to obtain the "ideal" reaction rate ratios from
the actually measured C.,.'s.

(k)The sources for the f s are, for instance, extrapolation to
zero pulse height in the counting process or corrections for scatter-
ing in the sample backing. The factors f W have uncertainties which
should be taken into account in the evaluation of the total uncer-
tainty of R;/j. These uncertainties are usually referred to as
systematic errors.

In reducing the data, we equate the R|/j derived from the count-
ing rate ratios C|/j to the R;/j obtained from the "definition" of a
reaction rate. The reaction rate R; is equal to

R; = M(r)ai , (2)

where <Kr) 's tne total (energy integrated) flux at the location of
the measurement, and o"j is the average (energy-spectrum weighted)
reaction cross section

, = /°iKE)a.(E)dE . (3)
o

a,
o

By dealing with the reaction rate ratio, we eliminate the absolute
flux intensity <|>(r). The ratio Rj/j is equal to

Ri/j = 1C= MTiT W

so that by Eq. (1)

El=!iL . C. 7Tfik) (5)
aj i k

The logarithmic derivative of Eq. (5) gives the relative uncertainty
r^f +-ki*a tra-f" i ̂ i re /ef

The logarithmic e
of the ratio a"./a\

j
The purpose of this paper is to identify the contributions to

this uncertainty, to estimate their magnitude, to consider possible
correlations between uncertainties (in the same experiment and/or
in different experir-vints) • j.id •.;: i i ->*?. t a i y to evaluate the combined



uncertainties and correlations.

The measurements of average fission cross section ratios in the
NBS 252Cf spontaneous fission field,7 in the NBS Intermediate-Energy
Standard Neutron Field (ISNF)8 and in the ORNL-PCA prototypic field
were all performed using the MBS back-to-back double fission chambers.9

In all runs a highly enriched 235U deposit was placed in one chamber
and deposits of either 238U, 239pu or 237Np were placed in the other
chamber. The measurement of the absolute 235U fission cross section
in the NBS 252Cf field10 also employed the same experimental technique.
The "experimental" results, deposit foil identification and relative
uncertainty components, all obtained by reviewing the original labora-
tory notebooks, are listed in Table t for the NBS fields. Unfortunately
the fission rate ratio measurements in the ORNL-PCA have not been com-
pletely analyzed at the time this paper is being written. However,
since the same experimental equipment and technique were used, and
since a similar analysis of the counting rates should be used, it will
be easy to identify the correlat'ons and to evaluate the additional
covariances.

Before we proceed with a more detailed analysis of the contents
of Table I, let us briefly recall how uncertainties should be combined.
Let(—| denote the various relative uncertainties ^xg contributing to

the total relative uncertainties of the quantities y . If Ay are
related to Ax by a linear relationship Y Y

or in schematic matrix notation

S ft) . <r>
then the relative covariance of the y's is related to the relative
covariance of the x's by

where the transpose of a vector or matrix is denoted by a tilde (—).
The Y<5 element of the left-hand side is / A yy AYs \ , namely the

V
relative covariance of the derived quantities yy and y^. In particular
if all components of the uncertainty in a derived quantity are uncor-
related, i.e., /Ax. AX.\ = 0, then the combined relative uncertainty

J
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is just the "traditional" square root of the sum of the squares of
the relative uncertainty components.

In Table I after the proper identification of the field, experi-
ment and participating foils, we list under "value" the derived outcome
of the measurement as obtained by applying Eq. (5) for all but the
first experiment. In the case of the measurement of the average
2 3 5 U fission cross section in the 2 5 2 C f field the corresponding equa-
tion is:

a-' C 77 f(k)/n*(r) . (9)
k /

The total relative standard deviation of each experiment is listed as
the "combined relative uncertainty". In experiments 1, 2, 3, 5, 8,
this is just the "traditional" value. The situation is slightly more
complicated in the other experiments. In Eqs. (5) and (6) we kept
the nuclei number ratio Nj/Nj. This ratio was measured directly (in
a thermal neutron beam) only for N 2 3 5U/N 2 3 8U in experiments 2 and 5
and in all other cases each N. was determined from a mass measurement
of the corresponding foil in reference to a standard foil of the same
isotope. The relative uncertainties in the standard reference masses
and the relative uncertainty in the corresponding mass determination
experiment are listed as "reference mass:l and "counting statistics
in mass determination" respectively. The relative uncertainties in
the reference masses were reported by the experimentalists to have
some correlation. Let us determine ./ jl// "i \ when the reference

w/Wvmasses are partially correlated. The nuclei number N. is proportional
to m., therefore ANj Ami , and this in turn is due io the uncer-

Ni " mL r
tainty in the standard reference mass Am. and due to the counting
uncertainty in the m3ss comparison experiment Ar., where m. = r. . m. ,
We obtain

k //N.\ Amf Ar. /Am!" Ar. \
(10)

. \ AmT Ar. /An\ Ar.

- V + -£ - (-7 * -T
i/ m. ' j \ ml ' i

We recognize immediately that Eq. (10) is of the form of Eq. (7)•
The matrix S is just the lx't matrix (1 1 -1 -1). The relative
covariance matrix of the uncertainty components of Eq. (10) can be
constructed from the information in Table I. For experiment 6, for
example, wo see that the only components that are correlated are the
uncertainties in the reference masses, and these according to foot-
note a have a 0.5 correlation coefficient. The relative covariance
matrix is thus (in units of °/?-) ;



m28 r28

0 0.5x1.0x1.5

0.132 0

0 1.02

0 0

The combined relative variance of the number ratio is (according to
Eq. (8)):

(1 1 -I 2.25

0

0.75

0

0

.0169

0

0.75

0

1.0

0

0

0

0.01

Taking this value for the number ratio uncertainty in experiment 6,
the combined relative uncertainty is obtained at once by adding the
squares of the remaining (now uncorrelated) components of the uncer-
ta i n ty

1.3332 + 0.232 + 0.22 + 0.252 = 1.392 .

The combined relative uncertainties of experiments kt 7» 9. 10 are
similarly obtained.

Except for the uncertainties arising from most of the counting
statistics and "fission in other isotopes" which are uncorrelated
for different ratios, all component entries appearing horizontally
in Table I arc fully correlated. (As previously mentioned, the only
vertical correlations arise from the reference mass uncertainties
and these are not fully correlated.) It should be noted that in
addition to frequently having physically the same foils in a few mea-
surements, similar data reduction techniques were used to obtain the
final results. Such common data reduction techniques include for
example the extrapolation to zero pulse height, scattering by the
platinum backing, self absorption and others. All these common
factors lead to nonzero covariances and to the correlation matrix
given in Table II.



Table II,, Combined Values, Relative Standard Deviations and Correlation
Matrix of Fission Measurements in NBS Standard Fields

(Matrix is symmetric, only lower triangle given)

Field

ISNF

Reactions

25

28/25

37/25

49/25

28/25

37/25

49/25

Value

1.205 barns

0.2644

1.105

1.500

0.0920

0.5102

1.155

Relative
Standard

Deviation {%)

2.1

1.1

2.1

1.3

0.62

2.0

1.3

252Cf

25

1.0

0.40

-0.09

-0.19

0.14

-0.14

-0.21

28/25

1.0

0.25

0.13

0.65

0.16

0.11

37/25

1.0

0.32

0.14

O.98

0.32

49/25

1.0

0.0

0.32

0.95

ISNF

28/25

-

1.0

0.09

0.02

37/25

1.0

0-33

49/25

1



Let us obtain one element of the correlation matrix in Table II.
In particular, let us select the covariance of 37/25 in the 2 5 2Cf
field and in the ISNF field. The 2 3 7Np ratio In the ISNF is being
reported here for the first time. It is labeled preliminary since
only one run was performed so far. Once again we use Eq. (8) to get
(in units of % 2 ) :

I.Oxl.O + 1.7x1.7 + 0.3x0.4 + 0.1x0.1 + 0.5x0.2 + 0.2x0 = 4.12 .

Dividing 4.12 by the corresponding combined relative uncertainties
(standard deviations) 2.08 and 2.03, we get a correlation coefficient
of 0.9757.

In Table t we have three different measurements of the ratio of
2 3 8U fission to 2 3 5U fission in the ISNF field using natural uranium,
depleted and highly depleted uranium foils. The values reported
earlier in the literature were labeled as preliminary, but after find-
ing no epithermal neutron perturbations in additional experiments in
the ISNF this disclaimer is being removed. The three measurements
were properly combined and only the combined measurement is listed
in Table II. The same applies to the two measurements of the 2 3 9Pu
ratios that were performed with different 2 4 0Pu content in the deposit
foils. What do we mean by "properly combined?" This is just a
weighted average taking into account possible correlations among the
combined measurements. Let yj be the outcome of the i-th measurement
of y and v;j be the covariance of measurements i and j (the ij-th
element of the matrix V). Without elaborating the rationale for !t,
the average y" is obtained by minimizing J^ (y >-y~) (V"1) j j (y .-y) and
therefore is U

-E
i -^V

Yj = > w,Y, . 00 .

In the simple case where all measurements are uncorrelated and the
standard deviation of measurement i is <?•, the weights Wj in Eq. (11)
reduce to the well-known weights 1 l\ A 1 . The combined

value of the measurements y is a linear function of the y.'s and
therefore (according to Eq. (8)) its variance is

<A> Ay ) 'jvjjwj • (12)

ij



Let us demonstrate the combination of experiments 9 and 10
using Eqs. (11) and (12). The relative variance of experiment 9
is (in %2):

0.142 + (l.O2 + 1.02 - 2x0.25x1.0x1.0 + O.I2 + O.I2)

+ 0.32 + O.I2 = 1.6396 ,

and of experiment 10:

0.802 + (l.O2 + l.O2 - 2x0.25x1.0x1.0 + O.I2 + O.I2)

+ O.32 + O.I2 = 2.26 ;

their relative covariance is:

(l.O2 + l.O2 - 2x0.25x1.0x1.0 + O.I2) + 0.32 + O.I2 = 1.61

The relative covariance matrix of these two experiments is

/I.64 1.61 \

\1.61 2.26/

and its inverse is

( 2.028 -l.445\

-1.445 1.472/ •

The corresponding weights are 0.95644 and 0.04356, the average y is
0.95644x1.155+ 0.04356x1.152 = 1.15487, and the relative variance is

(0.35644 0.04356)
" * 1.282

/1.64 1.61 \ /0.95644\

\ 1.61 2.26/ \ 0.04356/

The two experiments are thus replaced by their combined value
and combined relative uncertainty. Each of the different contribu-
tions to the combined variance is treated in the same way using
Eq. (12) but replacing the elements of the total covariance matrix
by the corresponding elements of the partial covariances. This
allows one to determine the cov3riance of this combined experiment
with any of the others.

In conclusion: Our detailed new error analysis leads to slightly
lower standard deviations than reported previously,7"10 and indicates
clearly the correlations between the measurements and hopefully could
serve as a guide for future documentations of experiments.



r
10

ACKNOWLEDGEMENTS

We are grateful to F. G. Perey whose series of lectures on
probability theory and applications to neutron and reactor physics
problems deeply influenced this work and to Y. Yeivin for his helpful
comments in reviewing the manuscript. It is also a pleasure to thank
J. Grundl and his group at NBS for giving every possible assistance
during the period of this work. One of us (J. J. Wagschal) is
indebted to C. R. Weisbin for the invitation to join his group and
for suggesting the topic of this research.



f ,
t •

II

REFERENCES

1. G. Cecchini, U. Farinelli, A. Gandini and H. Salvatores, Proc.
3rd Intl. Conf. Peaceful Uses At. Energy, Geneva, 2, 388 (1964).

2. M. Humi, J. J. Wagschai and Y. Yeivin, Proc. 3rd Intl. Conf.
Peaceful Uses At. Energy, Geneva, 2̂ , 398 (1964).

3. F. G. Perey, "The Data Covariance Files for ENDF/B-V," ORNL/TM-

5938 (1977).

4. J. J. Wagschal, A. Yaari and Y. Yeivin, in "Advanced Ro?viors:
Physics, Design and Economics," Pergamon Press, Oxford, 536
(1975).

5. C. R. Weisbin et al., "Specifications for Adjusted Cross Section
and Covariance Libraries Based Upon CSEWG Fast Reactor and
Dosimetry Benchmarks," ORNL-5517 (1979)-

6. J. A. Grundl and E. D. McGarry, "Compendium of Benchmark and
Test Region Neutron Fields for Pressure Vessel Irradiation
Surveillance," NUREG/CR-0551 (1978).

7. D. M. Gilliam, C. Eisenhauer, H. T. Heaton II and J. A. Grundl
in "Nuclear Cross Sections and Technology," Washington, NBS-SP-
k25, ±, 270 (1975).

8. D. M. Gilliam, in "Neutron Standards and Applications," Washington,

NBS-SP-^93, 299 (1977).

9. J. A. Grundl, D. M. Gilliam, N. D. Dudey and R. o. Papek, Nuclear
Technology, 25, 237 (1975).

10. H. T. Heaton II et al., in "Nuclear Cross Sections and Technology,"
Washington, NBS-SP-425, ±, 266 (1975).


