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FINITE-ELEMENT METHOD
FOR ABOVE-CORE STRUCTURES

by

J. M. Kennedy and T. B. Belytschko

J ABSTRACT
i
; Three-dimensional finite-element models for the treat-
i ment of the nonlinear, transient response of a fast breeder
' reactor's above-core structures are described. For purposes
: of treating arbitrarily large rotations, node orientations are
! described by unit vectors and the deformable elements are
\ treated by a corotational formulation in which the coordinate
j system is embedded in the elements. Deformable elements may
- be connected either to nodes directly or through rigid bodies.
; v The time integration is carried out by the Newmark β method.
'-, These features have been incorporated to form the finite-element
I program SAFE/RAS (Safety Analysis by Finite jElements/
I * Reactor Analysis and Safety Division). Computations are pre-
! sentedfor semianalytical comparisons, simple scoping studies,

"\ and Stanford Research Institute (SRl) test comparisons.
i

'i
T

•i I. INTRODUCTION
•\

I The upper internals, located above the core and below >e head cover
{ for a loop-type Liquid Metal Fast Breeder Reactor (LMFBR) shown in Fig. 1,
\ may play a significant role in the hydrodynamics of an energy excrrsion by
j mitigating its response. A finite-element program, called SAFE/', AS (Safety
•\ Analysis by Finite Elements/Reactor Analysis and Safety Division), has been
\ developed for this investigation. The upper internal structure (UIS) is essen-
$ tially a massive, perforated rigid body connected to the reactor head by

support columns with a cylindrical cross section. The model developed for
the upper internals is a finite-element model capable of treating material
nonlinearities and geometric nonlinearities arising from large displacements
when subjected to dynamic loads. The time integration is carried out by the
Newmark P method,1 which is similar in stability and convergence properties

•*• to the central-difference method.2 The finite-element model consists of three
types of elements:

"" 1. Spring elements.

2. Beam elements.

3. Rigid-body element or rigid linkage.

i.
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Fig. 1. Loop-type Liquid Metal Fast Breeder Reactor. ANL Neg. No. 900-79-682.

Spring elements are deformable elements with only axial stiffness.
These elements have been incorporated for the purpose of modeling the hold-
down bolts for the reactor head.

The beam elements have axial stiffness, torsional stiffness, and
bending stiffnesses in two planes. These quantities may be related directly
to deformation modes of the beam, or they may be related to the deformation
modes indirectly through strain-displacement and stress-strain laws. Although
the latter may at first appear a more rigorous approach to the treatment of
elastic-plastic response, it is expected that the columns supporting the upper
internals may undergo substantial changes in the shapes of their cross section;
in this case it will be more convenient to treat the behavior of the element
stiffness in terms of moment-curvature relations which account for the
changes in flexural rigidity with change in the cross section.



The rigid-body elements have been incorporated in order to treat the
upper internals and perhaps the head cover. Because of the very high stiffness
of these structures, if they were treated as deformable, the stability limits for
the explicit integration law would require a very small time step. Since the
deformation of the upper internals should be negligible, it has therefore been
decided to treat them as rigid bodies.

In the following section, we will describe the computational methods
developed for this structural model. Each element is described in detail.
The time-integration procedure is then described. It is an explicit Newmark
method, and stability limits and methods for estimating these stability limits
are given.

The concluding section describes some sample computations, which
were made to validate the method. The first group of problems were elastic
problems with large displacements for whicA semianalytical results were
available. These results enabled us to check the capability of the program
to handle geometric nonlinearities. The -nethod performed quite well, though
at times we encountered small discrepancies. These were attributed to the
sensitivity of nonlinear problems.

Scoping studies were then made for a model of the above-core struc-
tures. The most important mechanism in their response was found to be
the buckling of the fupport columns. Although we originally w^re concerned
with the possibility of asymmetric buckling modes, the scoping studies show
that, because of the large mass of the upper internals, the buckling pattern
of the system is symmetric. In the scoping studies, our attention was con-
fined to elastic-response calculations in which we were able to make com-
parisons with analytic solutions; these comparisons show that the analytical
results can be duplicated quite well with a degree of nodalization that can be
computed with acceptable CPU times. This finding was quite satisfying, in-
asmuch as the final objective of this program is to couple the upper-internals
model with the ICECO code.3 If very fine nodalization were required in the
upper-internals model, the computational expense associated with such
coupled analysis would have been exorbitant. The elastic-plastic response
behavior of the model has also been compared to the Stanford Research
Institute (SRI) tests simulating highly energetic core-disruptive accidents
(CDA's). The model predicts the magnitude of the axial displacement quite
well.
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I

II. MATHEMATICAL FORMULATION . I
j

A. Coordinate Systems and Nodes j

In this finite-element model, each node is associated with six degrees j
of freedom--three translations and three rotations--so that complete three-
dimensional structural-response phenomena can be studied. For the purpose
of implementing the rigid-body elements, two types of nodes are defined:

1. Master nodes (primary nodes).

2. Slave nodes (secondary nodes).

Each slave node must be associated with a primary node and is considered to
be rigidly attached to it; thus no degrees of freedom are associated with slave
nodes. Each master node may be associated with an arbitrary number of
slave nodes.

The displacements of the model are described by the displacements
and rotations of the primary nodes. We denote the original position of each
node I by X"jj, i = 1 to 3 representing the x, y, and z coordinates, respec-*
'.ively. The current position of a node, XJJ is then obtained by adding the dis-
placements 'Ujj. Thai is,

t

uij. (1) \

The rotation of the master node is described by the orientation of
three orthogonal unit vectors bn, b2I» and b3i, which rotate with the node.

To describe the system, we will define three types of coordinate
systems:

1. Fixed, global set of coordinates (x,y,z), or x .̂

2. Body coordinates (x,y, z"); a set of body coordinates is associated
with each primary node so that x, y, and "z coincide with the unit vectors bj,
b2, and b3, respectively, for each node.

3. Element coordinates (x, y,z); a set of element coordinates is as-
sociated with each element, and the element coordinates are defined so that
they rotate and translate with the element in a manner to be specified later.
The x, y, and z axes are associated with unit vectors ej, e ,̂ and ê , respec-
tively, for each element.

These coordinate systems are shown in Fig. 2.
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Fig. 2

Coordinate Systems and Nomenclature.
An element connected to a master node
at tight, slave node at left, is shown.
ANL Neg. No. 900-79-469.

B. Nomenclature and Coordinate Transformations

The unit vectors bjj and ê  immediately define the transformation laws
for vector components between the various coordinate systems. Thus, if we
consider a vector v with global components (vx, Vy,vz), body-coordinate com-
ponents (vx, v'y.'vj;) and element-coordinate components (vx,vy,vz), we have
the transformation

blx

bi,.

J 2 X

J2Z

J 3 X

3y = [GB]{v}, (2)

where bix, bjy, and biz are the global components of the body vector i. The
notation [GB] for the transformation between global- and body-coordinate sys-
tems is designed to serve as a mnemonic device to simplify the understanding
of subsequent equations. Similarly, the transformation of vector components
in the global and element systems is given by

v x e2X e3X

eiy e2y e3y

e iz

• = [ G E K V } , (3)

where eix> eiy, and eiz are the global components of the element vector i.
Since the matrices [GB] and [GE] are orthogonal, it also follows that

{v} = [GB]T(v} (4a)

and

{v} = [GE]TW. (4b)
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i = GBijVJ = byvj; v£ = GBjiVj = bjiVjj

Transformations between element and body components of a vector can
then be obtained from the above to be

{v} = [GE]T[GB]{v} = [EB]{v}. (5)

The above equations can be written in indicial notations as

_ (6)
Vi =

Henceforth, the coordinate system in which a vector is expressed will
always be designated by superscript bars designating nodal (body) components
of a vector and hats designating element components of a vector. Thus, the
components of a vector v in terms of the body coordinates of a rigid body I
are denoted by vy, with i equal 1 to 3 denoting x, "y, and ~z, respectively.
Furthermore, the three Cartesian components of a vector in any of these sys-
tems will often be written as a column matrix, as illustrated in Eq. 2, for they
are treated in that form in the computer program.

Time derivatives are denoted by superscript dots, so that velocities of
the nodes are denoted by xi^j and the accelerations of the nodes are denoted by
Ujj. The angular velocities and angular accelerations of a node are always ex-
pressed in terras of nodal coordinate components and are designated by cû j and
Oil, respectively. The forces and moments at a node are denoted by fjj and
respectively, and may be divided into externally applied forces and moments,
f?jxt and m?^, a/id forces and moments due to the resistance of the deformable

elements, £ n t and m^*.
il il

Three unit vectors--b^j, b2i, and b3j--are stored for each master node
to describe the orientation of the node. This method thus employs nine numbers
(three components of three vectors) to describe the three rotational degrees of
freedom. Although this may appear at first to be a waste of computer storage,
note that the alternative description of the orientations of tJ.e body nodes by
Euler angles has serious shortcomings:

1. The Euler angles are not linearly independent for all their values.

2. The generalized moments corresponding to Euler angles are not
easily interpreted in a physical sense.

3. The equations of motion and the transformations between body and
global coordinates in terms of Euler angles are complex and computationally
more involved than those developed here because they involve the evaluation
of more trigonometric functions.
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It would be possible to store only three of the nine components of three
unit vectors, with the remaining components computed from the orthogonality
and normality conditions of the unit vectors. This would be trivial for the
three components of the third unit vector. However, the remaining three com-
ponents would then have to be determined from equations involving; square
roots, and the signs of these components could not be readily determined. This
leads to considerable programming complexity.

The inertial properties of the rigid bodies are described by the transla-
tional masses of the master nodes, pj, and the principal moments of inertia of
the rigid body (master node) I^ , Ivj, and Izj. The angular momenta of the nodes
are then given by

L i l = hl^il (no sums). (7)

The element nodal variables are extracted from the global nodal vari-
ables in the usual manner by a connectivity matrix -t-j^, so that

where £^1 = * ^ *ke ^-h. -iode of element e corresponds to primary node I;
otherwise, -t^j = 0. We will use the superscript e whenever there is any
possibility of confusion between element and global quantities; otherwise, it
will be omitted.

The matrix multiplication in Eq. 7 is not actually performed, but the
above equation is useful for the theoretical developments that follow.

J C. Equations of Motion

The formulation used here is basically a finite-element formulation,
with the equations of motion developed from the principle of virtual work with
the inertial forces included in a d'Alembert sense.

The equations of motion are then

Q ;: _ fext fint (n-\
pIuiI - *il " fil ' ' - 9 a '

(i = 1,2,3; j = 2,3,1; k = 3,1,2),

fint
f
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and

= z _(e)intm i A , (9d)

where f£j^int and m£j^mt are the element internal nodal forces and moments,
respectively.

D. Elements: Corotational Procedure

The element relations are developed in a corotational framework which
was presented for two-dimensional problems by Belytschko and Hsieh4 and for
three-dimensional problems by Belytschko et al.5 In this procedure, a rigid,
Cartesian-coordinate system (x, y, z) ie embedded in each element so that it
rotates with the element. The displacement field of each element is then de-
composed into rigid-body displacements and deformation displacements

= uf *« + Uj

It can then be shown that a corotational strain can be defined by

The important feature of a corotational formulation is the linearity of
this strain-displacemenft equation. Other treatments of geometric nonlinear-
it.ies, i.e., the nonlinear ities arising from large displacements, usually use
lonlinear strain-displacement relations. This adds significan.ly to the com-
putational expense. The strain corresponds to the stretch matrix of contin-
uum mechanics, so the normal strain- correspond to "engineering" strains.
For example,

(12)

where if and -tj are the original and deformed lengths of a line segment
aligned with the xx coordinate.

The corotational stress O^ is defined as the conjugate of the corota-
tional strain, so that

W i n t = ij dV. (13)
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The corotational stress in a case of uniaxial stress can be related to
the Cauchy (physical) stress T u by (see Belytschko and Glaum6)

(14)a u = T n .

Thus, the corotational stress in a uniaxial case is identical to engineer-
ing stress. Therefore, for any stress-strain laws used with these elements,
the uniaxial stress-strain curve must be expressed in terms of engineering
stress versus engineering strain.

Another feature of the corotational formulation used here is that the
deformation modes are separated from the rigid-body modes. The deformation
modes are nodal degrees of freedom or combinations of nodal degrees of free-
dom. Because of the linearity of Eq. 11, the corotational strains can be ex-
pressed linearly in terms of the deformation nodal displacements in the form

{c} = [B]{adef}. (15)

A set of conjugate nodal forces {fde*} can then be constructed so that
work is given by

Substituting Eqs. 15 and 16 into Eq. 13 yields

{gdefyTtfdef} = Qdef}T / [ B jT{ d } d V .

Since Eq. 17 must hold for arbitrary {ddef}, it follows that

(18)/
V

The advantage of using a corotational formulation with only deformation
modes is that the integral in Eq. 18, which is usually evaluated numerically, is
reduced in size (the matrix [B] is smaller because it only relates to deforma-
tion modes) and involves only linear terms.

E. Spring Element

The spring element is used in the head-cover models for representing
the holddown bolts. It can be used for line elements wherever flexural effects
are unimportant.
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A spring element has two nodes, which for a generic element we will
designate one and two. The corotational coordinate x is defined by always
requiring it to pass through the two nodes. The UJJ displacement is assumed
to be linear in x, so the strain is constant in the element.

The only deformation mode of the spring is the elongation 6 of the
element

6 = I - l0, (19)

where I and t0 are the current and undeformed lengths of the element. In
Belytschko et al.,5 the formula given for 6 is

6 = TTT"'-Z^X 2 l U x 2 J + VZlUY21 + Z2IUZ2l) + UX21 + Uy2i + ulzi]. (20)

The axial strain is then given by

t =

The stress a can be evaluated from e and its history by any consti-
tutive law. The nodal force conjugate to 6 is the tension, fx2, so, by Eq. 18,

V *

= AoldS = A n e w T, (22)

where A is the cross-sectional area.

The remaining nodal forces are found by equilibrium and vector trans-
formations. From equilibrium, it follows that

?xi = -^α (23)

and that

? y l = ?y 2 = fzl = fZ2 = 0 . (24)

The global components may then be found by Eq. 3.

The corotational formulation for the spring is valid for arbitrarily
large rotations and large strains. If the strains are large, however, as indi-
cated previously, the stress-strain law must be the curve of engineering
stress versus engineering strain.
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F. Beam Element

The beam element is developed in terms of a corotational formulation
as described by Belytschko et al.5 In a corotational formulation for beam ele-
ment, displacements and rigid-body rotations of each element may be arbi-
trarily large, but the deformation of each element relative to the corotational
coordinates must be small. This does not limit the formulation to small de-
formations, but imposes the requirement that the number of elements used in

the model be sufficiently large so that the de-
» formation of each element relative to its rigid,

Cartesian corotational system be small.

Standard engineering beam theory, often
known as Euler-Bernoulli beam theory, will be
used. This theory assumes that plane sections
normal to the midline remain plane and normal.
As a consequence, the midline of the beam at the
nodes must rotate with the nodes; if two elements
are connected in a straight line, the midline must
remain continuous and continuously differentia-
ble. Warping of the beam cross section will be
neglected.

UNDEFORMEO CONFIGURATION

OCFOHMED CONI MIRATION

Fig. 3. Beam Element. ANL
Neg. No. 900-79-468.

Consider a gener ic beam element w ; th
nodes 1 and 2 as shown in Fig . 3. The coro ta -
tional coordinate sys t em (x, y, z) for the element
is defined by requir ing the x axis to always pass
through the two nodes with i ts origin at node one.

The y axis is defined by the average rigid body rotations about the x axis and
the z axis is defined by its normal i ty to the x-y plane.

The deformation displacements a r e then u£ef, u ^ e f , u<*ef, and the r o -

tation §xe** F r o n i the definition of the corotat ional coordinate sys tem, it fol-

lows that uJJ vanishes at node 1, while uS e* and uge* vanish at both nodes .

The deformat ion-displacement fields a r e chosen to be polynomials ,
and the lowes t -o rde r polynomials consistent with Euler-Bernoul l i beam theory

y ^ mus t be contin-a r e used. Since the t r a n s v e r s e d isp lacements , Qy and
uously differentiable, cubic polynomials a r e used for these deformation d i s -
p lacements . The axial d isplacement u^ e* and the rotation 0^e^ need only be
continuous, so a l inear field is used. Thus,

ftdef _ fiu x uxz (25a)

17

3 Z 1 Jzz>
(25b)
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Sdef _

?2 - I 3 ) e y l +1{%2 - §3)§y 2 (25c)

(25d)

and

(25e)

where I is the length of the element and 9xzi the relative rotation between
nodes two and one. The rotations 9yj and 0zj are defined by

and

§zl = ~
ox

(26a)

(Z6b)

1 = 1 , 2 .

The deformation nodal displacements are then

= [6,9x21>§y l ,§z l ,9y2 ,§z2],

•where 6 is the elongation of the beam given by Eq. 20.

(27)

For computing 9yj and 6zi in the deformed configuration, nodal com-
ponents of S"JJ e ?j and e*2j = ŝ j in the undeformed configuration are stored
for both nodes of the element. The nodal (body) components of the vectors r̂
and ij are considered invariant; therefore these vectors rotate with the nodes.
Consequently, the angle between r" and ej in the deformed configuration gives
the magnitude of the rotation of the midline relation to the corotational x axis
of the element; if r* and e*j are coincident in the deformed configuration, the
deformation rotations 9y and 9Z vanish for the element. For small deforma-
tions, the magnitudes of 9y and §z may be found by

§y?2 x r". (28)

The element components of r* may be found in Eq. 4b. Expressing the
right-hand side in element coordinates, we find
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= det 1 0 0 fye3. (29)

rx ry rzj

Thus, by equating components, we obtain

= V (30)

The torsional deformation rotation is found by taking the cross-product
of s\ with s*2 and projecting the results on the unit vector along the x axis.
This gives

9x2i = Si * (si x s*2) = det

' 1 0

SIX (3D

to

_S2X S2y S2Z

For this case, the strains in a corotational formulation, Eq. 11, reduce

(32)
6x

For an iEuler-Bernoulli beam, the assumption rtiat normals to the mid
line remain straight and normal gives

> y > z) = ux
et(x, 0,0) -

Substituting the above into Eq. 32 gives

(33)

& u x
e f ( x , 0 , 0 ) b z u | e f ( x , 0 , 0 )

_ y
&S *2

0, 0)
Z (34)

\

For the purpose of determining the shear strains due to torsion, we
consider polar coordinates r, 9 in the y, z plane. Then

!r6 = be br '
(35)
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We assume that u!j}e* = 0 and that Uge* varies linearly with r; this as-
sumption is consistent only with cylindrical cross sections. Equations 25d
and 35 and the above assumption, along witV our neglect of warping, then give

(36)

Substituting Eqs. 25 into Eq. 34, we then obtain the strain-displacement
equation for the element to be

1 0 2(6? - 4) y(4 - 65) £(6| - 2) y(2 - 6?)

L0 r 0 0 0 0
(37)

The above relation defines the strain-displacement matrix [B], If we use
Eq. 18, it follows then that the deformation nodal forces are given by

{?def} = (38)

where V is the volume of the element and the deformation nodal forces are
conjugate to the deformation nodal displacements in the sense that their
scalar product gives work, so that

(39)

In order to minimize computational expense, it is often desirable to circumvent
the volume integration of Eq. 38 by working in terms of generalized stresses

dA,

m y = / zaK dA»
A

(40a)

(40b)

and

ySxdA. (40 c)

These generalized stresses can then be directly related to the twist
and curvatures.
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G. Rigid-body Element

The rigid-body element or rigid linkage serves as a means of modeling
comparatively inflexible portions of a structure. The availability of this fea-
ture is particularly important when the equations of motion are integrated by
an exp'icit method, since the size of the stable time step is inversely propor-
tional to the stiffn- - 3. Thus, including very stiff portions of the model as de-
formable would drastically reduce the stable time step. On the other hand, the
use of rigid linkage has no adverse effects on the time step.

The rigid linkage can interconnect an arbitrary number of slave nodes
with a master node. However, each rigid linkage may have only one master
node, which must coincide with the center of mass of the rigid body.

To develop the modifications of the governing equations due to a rigid
linkage, consider a rigid linkage with master node I and a generic slave
node A. We note that the angular velocities of all points on - rigid body are
identical, so that

The nodal velocities of node A are given by

where

(41)

(42)

[0] = -z ,IA

VIA

ZIA

0

-XTA

(43)

and double subscripts, as usual, designate a difference in no^ai coordinates.

It can be then be shown by the principle of virtual work that the total
force at master node I is given by

fiA' (44)

where the summation is taken over all slave nodes. The moments at the mas-
ter nodes are given by

"HI = (45)

Thus, the nodal forces at the master node are simply the sum of the
nodal forces at the slave nodes, while in the nodal moments, an additional mo-
ment results because of the moment a rm between the master and slave nodes.
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III. TIME INTEGRATION AND STABILITY

In this investigation, time integration was performed by the Newmark
p method with p = 0, which is an explicit time-integration method with stability
and convergence properties that are almost identical to the central-difference
method. The Newmark p method is sometimes more convenient than the
central-difference method because all nodal variables and their time deriv-
atives, i.e., velocities and accelerations, are defined at each time step, whereas
the central-difference method defines velocities only at times equidistant
between time steps, often called half-time steps.

In the Newmark p formulas, the velocities and displacements are
updated in each time step by

(46a)

and

(46b)

where At is the time step and the superscripts denote the time-step number.

For the rotational degrees of freedom, Eqs. 46 cannot be used directly
because the orientations are described by the nodal (body) vectors bjj, and
the rates of these vectors are not equivalent to the angular accelerations and
velocities.

The counterpart of Eqs. 46 for the unit vector b is

(47)

and

(48)

From vector analysis, it follows that

— = a , x b i (49)

and

(50)
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To obtain the updated components of the unit vectors, we temporarily
fix the x"i coordinates and consider a particular unit vector; we then dot Eq. 47
with the unit vector corresponding to the component of Si to be updated, and
substitute Eqs. 49 and 50 into the resulting expressions. For example, the
updated x component of b3 is found by letting i = 3 in Eq. 47 and taking the
scalar product with bj. After some simplification, this yields

= Attoj, + i (51)

Similarly,

aM " 4) (52a)

and

(52b)

Normality and orthogonality of the unit vectors are used to find the
remaining components. The rotations during a time step are assumed to be
small so that second order-terms can be neglected. From normality, it
follows that

,1/2

(53)

and if we assume that bjx
L

bJ+1 = -
°iz

1, orthogonality yields

(54)

Finally, the component bJ"*"1 can be fotind by the normality condition

1/2
(55)

The vector b^ is then found by the cross-product.

The components of the bj and b3 vectors given previously are in terms
of the xi coordinates (nodal coordinates) at time step j . These components are
then transformed to global components by the transformation relationship,
Eq. 2.

In explicit time integration, unless the time step is sufficiently small,
numerical instabilities will render the results worthless. Although stability
analyses cannot be performed for the fully nonlinear case, experience indicates
that a linearized analysis gives useful estimates of the stable time step. The
destabilizing effects of nonlinearities can usually be overcome by reducing
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the time step that is used by 10-20% below the linear-stability limit. Although
this does not always ensure a stable computation, stability can be checked after
the computation by examining the energy balance as described at the end of
this section.

To perform a linearized stability analysis, we begin with the linearized
homogeneous equations of motion

[M]{u} + [C]{u} + [K]{u} = 0. (56)

The undamped frequencies of this equation a r e given by the eigenvalue
problem

[K]{X} = U)Z[M]{X}. (57)

Transformation of Eq. 56 to the basis of the eigenvectors (natural modes) of
Eq. 57 gives a set of uncoupled equations

x + 2n<ox+ (u2x = 0, (58)

where j* is the fraction of cr i t ical damping in the frequency w. The aquation
of interest in stability analysis is that associated with the highest frequency,
( u m a x . A Fourier stability analysis of Eq. 58 with the Newmark $ operator
( p = 0 ) gives the stability limit

(59)

where μ is the fraction of critical damping of the maximum frequency «>max-
This stability limit is identical to that of the central-difference method, but
is based on the use of a backwards difference formula for the velocity of the
form

u j + 1 = -^(uJ+ 1 - J ) . (60)

Equations 46, i.e., a direct application of the Newmark β method, yield

which has less desirable stability properties. This is elaborated in the
appendix.

No provisions are made in the program for directl/ computing the
maximum eigenvalue D m a x . for it would require considerable programming
and computer time, and it would only be of marginal usefulness in nonlinear

'•$«-,
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problems because [K] and [M] can change dramatically with time. Instead,
we have developed formulas for estimating tomax> These are based on
Rayleigh's theorem, which allows us to bound the maximum frequency of the
system by the maximum frequency among all of the elements of the system
(see Hughes et al.7), i.e.,,

u)
m a x

maximum (<"^ax); e = * t o u u r n D e r °* elements, (62)

where uo^^. is the maximum frequency of each element in the system.

The maximum frequency of any of the elements can be obtained exactly
or approximated sufficiently accurately for our purposes. First we will
consider a spring element with a cross-sectional area A, elastic modulus E,
and length t. The element stiffness and mass matrices, [k] and [m], re-
spectively, are given by

[k] =
, E r i -n

" L-I lJ
r ,

and[m] = , (63)

j
where mj and m2 are the lumped masses at the nodes. The maximum frequency,
i.e., the maximum eigenvalue of [k]{X} = coE[m]{x}, is given by

( 6 4 )

Whenever the system consists of a system of springs connecting rigid
bodies, all springs in parallel between any two rigid bodies should be summed
to obtain Mie total spring constant between the two rigid bodies. For the
purpose of using Eq. 64, half the lumped masses at each node of the spring ele-
ment should be used. Although in principle the entire lumped masses at the two
nodes of an element could be used to obtain a frequency for that element, note
that the same mass cannot be ascribed to two elements in estimating the maxi-
mum frequency. Therefore, if all the mass is used in estimating the frequency
for ai; 7 one element, the adjacent elements will have no mass. This will in-
crease the element frequency or even make it infinite. Thus Eq. 62 must be
used judiciously with insight to attain the largest possible time step, but it can-
not attain time steps greater than the actual stability limits.

When the lumped masses arise from the density of the element itself,
then

m, = m2 = jpAl, (65)

where p is the density. Substituting these values into Eq. 64, we fini

'"max = ^ Γ = 7T (66)
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o r

2c
"max = l '

(67)

where c, given by

c2 = £ (68)

is the elastic waves peed in the material. Substituting this result into Eq. 59,
we obtain

(69)

so that, when ji, = 0, the stability limit on the time step corresponds to the
time for the elastic wave to traverse the length of the element.

When an element with flexural stiffness connects two nodes, its effects
on stab.lity must be considered separately. For this purpose, it is sufficient
to consider bending in one plane. The stiffness matrix (if the shear effect is
neglectet) [k] then is (see PrzemieniecH8)

(70)
EI

lz

12 bl

Uz

symmetric

-12

-U

12

U

2-t,2

-bl

41*

and we will consider a mass matrix

210 0

α-t,2

I symmetric

0

0

210

0

0

0

α-t2

(71)

For a = 17.5, which is the lumping we use whenever the mass arises
from the density distribution of the element itself, the maximum frequency is

so that

At * 0.1443— (73)
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For a typical model, either the frequency associated with axial re-
sponse, Eq. 64, or the flexural frequency, Eq. 72, may be the }argest. In
choosing the time step, we must use the largest frequency. In comparing
Eq. 66 and 72, we can see that the axial frequencies increase inversely with
I, whereas the flexural frequencies increase inversely as tz. Hence, for
sufficiently refined models, the flexural frequency will govern the time step.

The frequency associated with a torsional mode is given by

4k"
"max

(74)

where k* is the torsional stiifness. This frequency should also be checked in
obtaining a stability, but it is generally smaller than the axial xrequencies.

To ensure post facto that the computations are stable, energy-balance
checks were made as follows. The kinetic energy at each time step j is
defined by

+ i ^ ^ i

that

and

( s u m o n i a n d

The external work is defined by a trapezoidal integration in time, so

wext,o = 0

wext,j _ wext,j-i + 1 / j _ u j -

(sum on i and I).

The internal work is similarly defined by

w int-° = o

and

wint,j = v . .nt,j-i +

(sum on i and A).

(76)

(77)
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Energy balance then requires that

wint,j T j _ wext,j e(Wint,j
lytica

If e is greater than about 0.05, a solution is considered unacceptable. Since
The source of the energy error may be an arrested or incipient numerical *n *" e

instability, or excessive truncation error. selec

A. B

as sh

1

Fi

end w
sum
beam
term
and r

42
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e.

IV. RESULTS

To validate this finite-element method, we first compared it to ana-
lytical solutions or solutions obtained numerically by other procedures.
Since buckling of the columns is considered an important response mechanism
in the UIS, several problems with linear material behavior and buckling were
selected.

A. Bailey Problem

The first problem is the dynamic bending of an elastic curved beam
as shown in Fig. 4. One end was axially displaced toward the other at a pre-

scribed constant velocity. Bailey9 previously
solved this problem by directly deriving the
governing equations and then solving the
equations numerically. The problem was
solved for two slenderness ratios, 66 and
144, where the slenderness ratio is defined
as the ratio of element length, L, to the
radius of gyration. Beam elements were
used. A constant velocity was prescribed
at the right-hand end, and the left-hand

Fig .4 . Elastic Ci.rved Beam. ANL
Neg. No. 900-79-450.

end was pinned. The geometric, material computational parameters are
summarized in Table I. Figures 5 and 6 compare the deflected shapes of the
beam with Bailey's. The nondimensional time variable used is expressed in
terms of t/L = ct/L, where c is the speed of sound in the material, H = L,/r,
and r is the radius of gyration.

TABLE I. Elastic Curved Beam

Case 1-1 Case 1-2

Slenderness Ratio, L/r

Dimensionless Forcing Velocity:

66 144

ux = U x / C

Dimensionless Initial Deflection:

H = H/r

Young's Modulus

Density

Radius of Gyration

Area

Number of Elements

Tine step, s

2.25 x 10

0.25

2.07 x 105 MPa

8021 kg/m3

2.54 cm

81.07 cm2

22

10.0 x 10"6

1.00 x 10 J

0.25

2.07 x 105 MPa

8C21 kg/m3

2.54 cm

81.07 cm2

48

10.0 x 10"6
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22 33 44

AXIAL DISTANCE, 7= x/r

Fig. 5. Deflected Shape for Axially Loaded
Curve Beam (Case 1-1). ANL Neg.
No. 900-79-465.

B. Snap-through Problem

48 72 96
AXIAL DISTANCE, » = x/r

Fig. 6. Deflected Shape for Axially Loaded
Curve Beam (Case 1-2). ANL Neg.
No. 900-79-466.

The second problem is one of large deflections of a shallow circular
elastic arch subjected to uniform dynamic-pressure loading (see Fig. 7). The
arch is loaded by a uniform pressure which is a step function in time; no im-
perfections were considered in the arch shape. Humphreys10 obtained a solu-
tion for this problem by using a Galerkin approach in terms of the modes of
the arch in space and then solving the temporal equation for the Galerkin
parameters by an analog computer. The problem was solved for the condi-
tions listed in Table II. The pressure is normal to the x axis and expressed
in nondimensional form as p0 = R2q/h2E, where T̂  is the elastic modulus.

Fig. 7

Geometry of Shallow Circular Arch.
ANL Neg. No. 900-79-451.
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TABLE II. Elastic Shallow Circular Arch

Inner radius, R

Thickness, h

Depth, d

Length, L

Rise, H

Young's Modulus

Density

Half of subtended arch angle, B

Shape factor, A = B2R/h

Number of elements

Time step, s

Case 2-1

38.100 cm

0.254 cm

2.54 cm

13.231 cm

0.579 cm

2.07 x 105 MPa

8021 kg/m3

10 deg

4.569

10 and 20

1.0 x 10"6

Case 2-2

83.312 cm

0.254 cm

2.54 cm

28.933 cm

1.265 cm

2.07 x 105 MFa

8021 kg/m3

10 deg

9.991

20

1.0 x 10"6

Case 1 is a simply supported shallow arch and •was run for pressure
loadings, p0, ranging from 0.200 to 0.270. Time histories of the displacements
for Humphreys' results are shown in Fig. 8, where the deflection ratio =
average deflection/average rise. Humphreys' results indicate that early
dynamic instability occurs for values of p0 between 0.210 and 0.215. For
values less than 0.210, dynamic instability apparently does not occur. Once
the arch snaps through, the arch oscillates about an equilibrium value dis-
placed from its undeformed shape, and a further increase in loading will not
appreciably change the maximum deflection, but will simply make the insta-
bility occur sooner.

Fig. 8

Humphreys' Results for Dynamic Buckling of
a Simply Supported Shallow Arch (Case 2-1).
ANL Neg. No. 900-79-461.

Results based on the three-dimensional beam element are given in
Figs. 9-12 for 10- and 20-element models. These results generally agree
with those of Humphreys, except that more sensitivity to dynamic instability
was observed. There is some difference in the time at which instability oc-
curs and in the prediction of complete snap-through for various values of p0

between the 10- and 20-element models. Complete snap-through is not indi-
cated by Humphreys in his discussion of the results. The sensitivity of the
problem to nodalization is indicated by the discrepancy in p0, which was
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0.200 and 0.205 for the 10- and 20-element models, respectively. However,

if the 10-element model with p0 = 0.205 and the 20-element model with p0 =

0.200 are run further in time (TIME = 70.0), dynamic instability was found

to occur in a form similar to that shown for the 10-element model with

ft. = 0.200.

10 15 20

Fig. 9

Results for Ten-element Model for Dynamic
Buckling of a Simply Supported Shallow Arch,
p0 = 0.200 to 0.240 (Case 2-1). ANL Neg.
No. 900-79-453.
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0200, \
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' 1 1

V X \ / "
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T - 1

15 20
TIME, CI /H

2b

Fig. 10

Results for Twenty-element Model for Dynamic
Buckling of a Simply Supported Shallow Arch,
p 0 = 0.200 to 0.240 (Case 2-1). ANL Neg.
No. 900-79-456.
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i
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i
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/ 0.260 v

0.250
1

10 15 20

TIME. tt/R

Fig. 11

Results for Ten-element Model for Dynamic
Buckling of a Simply Supported Shallow Arch,
p 0 = 0.240 to 0.270 (Case 2-1). ANL Neg.
No. 900-79-458.

Fig. 12

Results for Twenty-element Model for Dynamic
Buckling of a Simply Supported Shallow Arch.
p 0 = 0.240 to 0.270 (Case 2-1). ANL Neg.
No. 900-79-459.

In Case 2, a clamped shallow arch is subjected to pressure loading,

p , ranging from 0.160 to 0.400. Humphreys' results, with imperfections in

the arch shape, are shown in Fig. 13. The results obtained here for a
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20-element mods', -rs given in Fig. 14; no imperfections were included.
Good agreement i;> 9 .en for the two larger values of pQ. A difference again
was observed, 0.165 as opposed to 0.180, in the value of p0 initializing dynamic
instability. Of interest in the three-dimensional beam results is that three
types of response were observed for the three values of p0. For p0 = 0.175,
dynamic instability does not occur; for p0 = 0.200, complete snap-through
occurs; and for p0 = 0.400, the arch snaps through and oscillates about an
equilibrium value.

10 20 30 40
TIME, ct/R

Fig. 13

Humphreys' Results for Dynamic Buckling
of a Clamped Shallow Arch (Case 2-2).
ANL Neg. No. 900-79-470.

Fig. 14

Results for Twenty-element Model for Dy-
namic Buckling of a Clamped Shallow Arch
(Case 2-2). ANL Neg. No. 900-79-471.

30 40
TIME, Ct/R

These results indicate the complexity and difficulty of definitions
associated with dynamic buckling. For an arbitrarily shaped initial mode of
vibration, and with no internal damping, the coupling caused by the inherently
nonlinear nature of these problems will eventually result in the concentration
of energy in a critical mode. If this energy is sufficiently large, snap-through
can occur. However, the time of snap-through, as shown by these results,
depends on a variety of features, which include the initial impulse, the impulse
distribution, and the model. The fact that the use of the three-dimensional
beam element provides results that indicate this sensitivity and provide
reasonable agreement •with the work of others constitutes verification of this
aspect of the code.



34

C. Elastic Response of UIS

In the third example, a l/20th-scale model employed by SRI11 in their

tests was studied. However, only the elastic response was considered and

the loading was simplified so that comparisons with semianalytic results of

Hoff12 were possible.

The purposes of these studies were fourfold:

1. To determine the required degree of nodalization.

2. To determine whether any initial imperfections are necessary to
trigger buckling in this numerical procedure.

3. To study the sensitivity of the results to the magnitude of the

imperfection.

4. To ascertain whether asymmetric buckling modes are possible.

Hoff reported results in the form of midpoint column deflection

(Fig. 15) and column compressive force {Fig. 16) for a simply supported

column compressed with a constant end velocity, u. The Euler buckling

load is defined as P^, which is given as P ^ = nzEl/lz, where E is Young's

Modulus, I the area moment of the cross section, and t the column length.

An initial curvature as defined by y = a sin(nx/-L), was considered. The eccen-

tricity is defined by e = a/r, where r is the radius of gyration. An additional

parameter used to describe the column response is the buckling index. Columns

are defined as dynamically similar if the nondimensional buckling index 0

and initial eccentricity are the same. If the prebuckling displacements are

small, the buckling load only depends on Q. The buckling index is expressed

5.5
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4.5

4.0

3.5
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1.5
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l i i i i i
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Fig. 15

Hoff's Results for Midpoint
Column Deflection. ANL
Neg. No. 900-79-454.
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Fig. Iβ

Hoff's Results for Compressive
Force in Column. ANL Neg.
No. 900-79-455.
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as Q = nzej;(u/c)z where the Euler strain is defined by e^ = n2(r/>t,)2 with u
the column end velocity and c the speed of sound in the column. Rewriting
gives n = TT8(u/c)2(r/-t)6; Q, is 2.25, while e = 0.25 for this problem.

The finite-element model consists of 10 (in some cases 20) beam
elements for each column and a rigid body which represents the upper internal
structure. A quarter-symmetric model is shown in Fig. 17. As can be seen,
the beam elements are all interconnected by primary nodes, except at the
junction with the upper internal structure (UIS), where the primary node is at
the centroid of the UIS. The interconnection at the UIS is fully rigid. The
material, geometric, and computational parameters are given in Table III.

SUPPORT COLUMN

UPPER
INTERNAL STRUCTURE

Fig. 17

One-quarter-symmetry Model.
ANL Neg. No. 900-79-467.

o MASTER NODE

• SLAVE NODE

TABLE III. Dimensions and Material Properties

Support Column-Nickel 200

Wall thickness 0.127 cm

Column diameter 1.778 cm

Column length 20.320 cm

Young's Modulus 1.93 x 105 MPa

Density 8888 kg/m3

UIS Mass-Aluminum

Head Cover-533-B Class I Carbon Steel

Diameter 40.958 cm

Height 2.794 cm

Young's Modulus 1.93 x 105 MPa

Mass 70 kg

Holddown Studs-Steel

Diameter 0.432 cm

Length 14.859 cm

Young's Modulus 1.93 x 105 MPa

Density 7860 kg/m3

Diameter 14.732 cm

Height 14.097 cm

Young's Modulus 7.17 xlO4 MPa

Mass 5 kg

Time Step for 10-element Model - 2.0 x 10"6 s

Time Step for 20-element Model - 5.0 x 10"7 s

The quarter-symmetric model is only applicable to symmetric
buckling, which is shown in Fig. 18. For asymmetric buckling, also shown in
Fig. 18, a full model as shown in Fig. 19 was used. At the head, the support
column was clamped for the models shown in Figs. 17 and 19; in a few cases,
we also considered a model of the head and holddown bolts as shown in
Fig. 20. The head was modeled as a rigid body, the studs by spring elements
connected to the head.
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SUPPORT COLUMN

SYMMETRIC BUCKLING ASYMMETRIC BUCKLING
UPPER
INTERNAL STRUCT'JSE

Fig. 18

Symmetric and Asymmetric Buckling
Shapes of Support Columns. ANL
Neg. No. 900-79-477.

Fig. 19

Full Model. ANL Neg.
No. 900-79-457.

HEAD COVER

J_

STUDS

UPPER
INTERNAL STRUCTURE

Fig. 20

One-quarter-symmetry Model
with Head Cover and Holddown
Studs. ANL Neg. No. 900-79-478.

o MASTER NOOE

• SLAVE NODE

The cases considered in these studies are summarized in Table IV.
First, a. study was made (Case 3-1) to see if lateral motion (i.e., buckling)
could be achieved in the absence of an initial imperfection by this computa-
tional technique. The response in the absence of an imperfection was found
to be perfectly axial with no buckling, even for unrealistically large axial
strains like 10%, Round-off error was not sufficient to trigger the buckling
mode.

In the next studies, an initial imperfection was included by displacing
the coordinates of the nodes from a straight line by the amount y =
a(l - cos Znx/t) where e = a/r is the eccentricity of the column and
r is the radius of gyration. This corresponds to the shape of the lowest mode.
Eccentricity values of 0.00435, 0.0435, and 0.435 were considered. Since the
column has clamped-clamped end conditions, the Euler strain is e^ =
4n2(r/lf, the Euler buckling load is P E = 4TT2EI/£E, and the buckling
index is Q = 64Trz(u/c)2(r/-t.)6; fi is 225 for these cases.

The results are given in Figs. 21 and 22 for Cases 3-2a, -2b, and -2c.
Though Hoff's results are for a different boundary condition, buckling index,
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and eccentricity, the results compare well qualitatively, and regardless of
the magnitude of the imperfection, in this range of imperfection magnitudes,
buckling always occurs.

TABLE IV. Upper-internal-structure Models; Constant-velocity Loading of UIS

Model
Symmetry

Initial Column
Shape

Column Column Boundary
Eccentricity Elements Condition

3-1

3-2a

3-2b

3-2c

3-3

3-4a

3-4b

3-4c

3-5

3-6

3-7

3-8a

3-8b

3-8c

3-9a

3-9b

3-9c

1/4

1/4

1/4

1/4

1/4

1/4

1/4

1/4

1/4

1/4

full

full

full

full

full

full

full

straight

y = a(l - cos

- cos If)

straight

y = ad - cos -f)

y - a(l - cos IE,

y = a(l - cos

straight

y = - cos M )

y -

y -

y =

y =

y =

y =

y =•

- cos — )

- cos f)
TTXv

- cos r >

- cos %*>

0.00435

0.04350

0.43500

0.00435

0.04350

0.43500

0.00435

0.00435

0.00435

0.04350

0.43500

0.00435

0.04350

0.43500

Response mode is symmetric for all cases.
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Fig. 21

Ten-element Results for Mid-
point Column Deflection. ANL
Neg. No. 900-79-440.
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1.75

1.50

1.00

075

0.50

0.25 -

Fig. 22

Ten-element Results for Com-
pressive Force in Column. ANL
Neg. No. 900-79-439.

It is worthwhile to make some observations about these results. The
lateral motion of the column will be retarded by its mass inertia when sub-
jected to a dynamic loading. This explains why the dynamic deflections ini-
tially lag behind those corresponding to nearly static or static loading as seen
in Fig. 21. Once the column is sufficiently accelerated, it will cause the
lateral deflections to increase rapidly. Finally, the deflections will exceed
the static value about which further oscillations will follow. The lag is seen
to decrease rapidly as the initial curvature increases.

The column compressive force shown in Fig. 22 corresponds directly
to the lateral deflection. The compressive force increases linearly until the
lateral deflection starts to increase rapidly, then oscillates about the mean
value in opposite sign with the lateral oscillation. The superimposed oscil-
lations are due to the longitudinal waves in the column.

For checking to see if the lowest buckling mode was attained, the shape
of the deformed column was compared against the initial shape. For the three
cases, the deformed shape was found to have the same form as the assumed
initial shape, indicating that the lowest buckling mode was found.

Case 3-3 is the same as Case 3-1, except that 20 elements were used
to model the column to check element-number sensitivity. Again it was
observed that no lateral motion occurred.

In a further check of nodalization sensitivity, Cases 3-4a, -4b, and -4c
were run; these are identical 3-2a, -2b, and -2c, except that 20-element
models of the column were used. The results for the midpoint column de-
flection (Fig. 23) and the column compressive force (Fig. 24) indicate that
the responses for the 20-element model are somewhat stiffer than the
10-element cases. This is manifested by the time offset in the lateral oscil-
lations and the decrease in column compressive force. However, the magni-
tude of the discrepancy is small enough for engineering purposes to justify the
10-element models.
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Fig. 23

Twenty-element Results for Mid-
point Column Deflection. ANL
Neg. No. 900-79-441.

Fig. 24

Twenty-element Results for Com-
pressive Force in Column. ANL
Neg. No. 900-79-436.

In the earlier cases, the head cover had been eliminated for simplifi-
cation. Cases 3-5 and -6 include the head cover and holddown bolts. Case 3-5
is initially straight, while Case 3-6 has an initial curvature with e equal to
0.00435. The results for Cases 3-5 and -6 are identical to Cases 3-1 and -2a,
respectively, because the inertia of the head cover is so large that it expe-
riences essentially no motion. Thus, when considering only loading on the
UIS and/or the support column, we can neglect the head-cover response.

Case 3-7 is a modeling check in which a full model of Case 3-2a was
used. The response of the four columns of the full model was identical to the
response of the single column of the l/4 model.

All the previous cases involved symmetric response because of forced
symmetry. Asymmetric response, which entails a full model, was studied
using an initial shape of the imperfection given by y = a(l - cos nx/t). Eccen-
tricity values e of 0.00435, 0.0435, and 0.435 were used. The UIS mass is
found to be sufficiently large that it cannot be laterally displaced. By check-
ing the deformed shape, we observed that the column attempts to reach the
symmetric mode. However, since the initial shape of the column was not very
close to the deformed shape, the lowest buckling mode was not found, but in-
stead a higher load was carried by the columns. This is verified by the dif-
ference in the response of Cases 3-4a and -9a; the column midpoint deflection,
and column compressive force are compared in Figs. 25 and 26, respectively.
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Fig. 25

Comparison of Midpoint Column
Deflection for Cases 3-4a and
-9a. ANL Neg. No. 900-79-438.

Fig. 26

Comparison of Compressive Force
in Column for Cases 3-4a and
-9a. ANL Neg. No. 900-79-437.
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D. Comparisons with SRI Scale-model Tests

For validating the structural model in the elastic-plastic range, its

response was compared to experimental results obtained in SRI13 scale-model

tests. Since analytic elastic-plastic buckling results are not available, this

was the only possible means of validation. A schematic of this model is shown

in Fig. 27.

m T i

HEAD

INSTRUMENTATION

Pressure Gages-

P, Core

P2 Core

P j ACS Bottom

P4 ACS Top

Pi Head

SG 1 ACS Column
SG 2 ACS Column
SG 3 ACS Column
SG 4 ACS Column
SG 5 ACS Column

Water Surface Gages.

Vβ I Head
WS 2 Head

Displacement Gdge

L I ACS

ALL DIMENSIONS IN cm

Fig. 27. Schematic of SRI Experimental Apparatus for
UIS Column Tests. ANL Neg. No. 900-79-460.

The model of the UIS cons i s t s of an a luminum model of the UIS and the

four columns that suspend the UIS over the c o r e . The columns a r e m a d e of

Ni-200 tubes that s imulate the s t rength of the CRER UIS columns. Short solid

steel sect ions a r e welded to each end of the Ni-200 sect ions to provide s e c u r e

at tachment to the UIS and the head. The flow passages w e r e plugged to s i m -

ulate conditions in which u p p e r - c o r e m a t e r i a l s have plugged these p a s s a g e s .

The f ini te-element model is depicted in Fig . 17. Based on the p r e v i -

ous s tudies, only s y m m e t r i c buckling was considered. The UIS is modeled as



a rigid body, the support columns by 20 beam-column finite elements. The
dimensions are given in Table III, the stress-strain curve for the support-
beam material in Fig. 28.

The pressure-time history for tests ACS 4 and ACS 3 are shown in
Figs. 29 and 30, respectively. These pressure-time histories were provided
by SRI by taking the difference between gauges P3 and P4 (see Fig. 27). They
correspond to 661- and 992-MW-s simulated energy releases. These pressure-
time histories were applied to the finite-element model of the UIS and support
columns. The axial displacements are compared with experimental results in
Table V. Time histories on the axial displacements are shown in Figs. 31 and
32; for comparison, the final axial displacements measured in the experiments
are also shown. As can be seen, the predicted axial displacement compares
well with the experiment.
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Fig. 28. Stress-Strain Curve for UIS Columns.
ANL Neg. No. 900-79-415.

Fig. 29. Pressure History for SRI Test ACS 4.
ANL Neg. No. 900-79-474.
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Pressure History for SRI Test ACS 3.
ANL Neg. No. 900-79-476.
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TABLE V. Response of UIS Columns to Simulated Energy Releases

Simulation

4-1

4-2

CDA Energy
Release,

MW-s

661

992

Exper imenta l
A x i a l

Displacement,
cm

1.32 and 1.40

2.54 and 2.82

Computed

Axial
Displacement,

cm

1.45

2.44

I.O

1.4

12

" 10
t-"
z
I Oβ

1
5 06

0 4

0 2

1 1

— /CODE RESULT

- /

- /

- /

/ 1 1

1 1
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—

-

-

-

1 1

Fig. 31

Column Axial Displacement: 661-MW-s Simu-
lated Energy Release. ANL Neg. No. 900-79-472.

2 3
TIME, ms

Fig. 32

Column Axial Displacement: 992-MW-s Simu-
lated Energy Release. ANL Neg. No, 900-79-473.
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Figures 33 and 34 show photographs of the final deformed shape of the
support columns, and Figs. 35 and 36 show the final shape of the finite-element
model. The finite-element model replicates the salient feature of the experi-
mental results. In the 661-MW-s simulation, the beam buckles in the lowest
mode (a two-node mode); in the 992-MW-s simulation, the beam buckles in the
second mode (a three-node mode).

ACS 2

13.7g 90/10 Explosive
Simulated Energy Melease

• 661 MW-sec
Axial Displacement of Columns

= 0.132 cm

ACS 4

19.7g 90/10 Explosive
Simulated Energy Release

= 661 MW-sec
Axial Displacement of Columns

= 0.140 cm

ACS 3
29.5g 90/10 Explosive
Simulated Energy Release

= 992 MW-sec
Axial Displacement of Columns

* 2.82 cm

ACS 5

29.5g 90/10 Explosive
Simulated Energy Release

= 992 MW-sec
Axiat Displacement of Columns

= 2.54 cm

Fig. 33. Deformed Shapes for SRI Tests ACS 2 and
ACS 4. ANLNeg. No. 900-79-G81.

Fig. 34. Deformed Shapes for SRI Tests ACS 3 and
ACS 5. ANL Neg. No. 900-79-C80.
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Fig. 35. Deformed Shape for Finite-element
Model: 661-MW-s Simulated Energy
Release. ANLNeg.No. 900-79-462.

Fig. 36. Deformed Shape for Finite-element
Model: 992-MW-s Simulated Energy
Release. ANLNeg.No. 900-79-452.

The computations reproduce both the physics and the numerical values
of the experiment quite well. Thus the applicability of this finite-element
model for this magnitude of displacements is established.
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APPENDIX

Stability Analysis of Newmark P Method with Damping

We consider here the stability analysis of the Newmark p method,
with 3 = 0 and Y = l/2 in the presence of damping. The intent of the analysis
is to show that if the velocity used in the damping term is taken directly from
the Newmark formulas, the stable time step is smaller than if a backwards
difference is used for the velocities.

A standard Fourier or von Newmann stability analysis of the linear
equations of motion will be considered. For this purpose, the homogeneous
equations of motion can be treated in the uncoupled form

x + Z μ ^ + cu2x = 0, (A.I)

where cu is a natural frequency of the system and μ is tl-e fraction of critical
damping in this frequency.

For the explicit Newmark (3 method with no artificial damping in the
integrator (p = 0, Y = l/2), the difference formulas are

xn+i = x n + &tkn + i ^ n ( A > 2 )

and

x n + 1 = x n + iAt(x n +x a + 1 ) , (A. 3)

where a superscript designates the time step number. The discrete form of
Eq. A.I can be written as

x n + Z\Lwkn~l + tu2xn = 0. (A.4)

Note that the velocity here lags one time step. This is a necessity for
economical explicit computations when the damping matrix is not diagonal. If
the velocity xn were used, as can be seen from Eq. A.6, the displacement xn + 1

would enter through the damping term, which would require a matrix inversion
of the damping matrix, even in an explicit solution. Use of Eqs. A.2 and A.3
shows that

n+i n I -_n-i

and

x n = 2 2 (A.5)

i _-
~ x
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Substituting Eqs. A. 5 and A.6 into Eq. A.4, we obtain

x
n + 1 + foa)At + u>2At2 - 2)xP- + x n _ 1 - ncufitoc11-2 = 0 . (A.7)

In a Fourier stability analysis, we note that the solution to Eq. A.7 is
of the form

x n = enaAt( ( A - 8 )

which can be written as

x n = Xn; X = e«At. (A.9)

If we substitute Eq. A.9 into Eq. A.7 and factor out Xn~2, we obtain the
characteristic equation

X3 + (uiuAt + u)2Atz - Z)\z + X - vwLt = 0. (A. 10)

Stability of the numerical solution is then achieved if the modulus of the
roots of the characteristic equation X (X may be complex) are all less or equal
to unity.

Since the algebraic process of checking the stability conditions for the
cubic equation, Eq. A.10, are quite tedious, we use the usual transformation

The region of stability in the complex X plane is the unit circle with
its origin at zero.

In the complex z plane, as defined by Eq. A.ll, this corresponds to
the entire left-hand plane. Thus, if Eq. A.ll is substituted into Eq. A.10, the
stability requirement becomes that all roots of the polynomial equation ex-
pressed in terms of z must have negative or zero real parts. This substitu-
tion yields

(4 - u>2Atz)z3 + (4 - 4μu>At - u>2At2)z2 + {4]xwLt + cu2At2)z

+ ioEAt2 = 0. (A. 12)

We will now use the method of Hurwitz matr ices to determine the con-
ditions under which all roots of Eq. A.12 have nonpositive real par t s . Accord-
ing to this method, the roots of the polynomial of order n

n
Y C jZ

n-J = 0 (A. 13)
j=0
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have nonpositive real roots if Co > 0 and the leading principal minors of the
matrix C*. given by

p

and

C*- = 0 if 2j - i < 0, 2j - i > n

(A. 14)

are all nonnegative. Among these conditions, the one that limits At is the
third principal minor, which yields

u)2At2 + 2|iu)At - 2 S 0. (A. 15)

Hence, it follows that

(A. 16)

From the other conditions we obtain

At s — , u 0. (A.17)

Both Eqs. A. 16 and A.17 must be met for stability. We obtain the
governing condition when cu is the maximum frequency, cum a x . For a constant
strain element

2c
("max = — . (A. 18)

and we obtain the Courant-Lewy-Friedrichs condition when y, < 0,

At s—, (A. 19)

where t is the characteristic length of the element and c is the elastic wave-
speed of the material.

For Eq. A. 16, the combination of p, and u> that gives the minimum
value of the right-hand side must be chosen. This is usually <um a x and the
associated critical damping in this mode.

As μ-^o, Eq. A. 16 gives

(A.20)
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which is a m o r e restr ict ive condition than Eq. A.18. If the analysis is r e -
peated without damping (p, = 0), then the character is t ic equation, Eq. A. 10,
becomes quadratic and we obtain Eq. A. 19.

Thus the treatment of damping with the Newmark velocity expression
reduces the time step dramatically, even for small values of μ. This, of
course, is highly undesirable, for it adds significantly to the computational
expense.

This effect can be eliminated by using the following difference formula
for the velocity

n n-i
i*-i " * (A21)i (A.21)

in place of Eq. A.6. The counterparts of Eqs. A.7, A.10, and A.12 are then

x n + 1 + (2uu)At + t»2At2 - 2)xn + (1 - 2μU)At)xn-1 = 0, (A.22)

X2 + (2\iw&t + <u2At2 - 2)A + 1 - 2μu>At = 0, (A.23)

and

(4 - 4μu>At - u)2A2)z2 + (2ucuAt)z + cu2At2 = 0, (A.24)

which yields

At - | ( y W

2 + 1 - μ). (A.25)

This condition reduces to Eq. A.17 as μ - ^ o . Thus, the change in the
velocity expression increases the stability limit substantially for small values
of u,. The destabilizing effect of the back-dated Newmark velocity expression
can thus be avoided by simply using a different form for the velocity expres-
sion in the damping t e r m s .
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