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IV.A. ADIABATICITT 

R. H. Cohen, I. A. Cutler, and J. H. Foote 

The degree to which magnetic moment is conserved for A-cell ion proves 
to be an important consideration in magnet design. The A-cell is the only 
component of MFTF-B that required changes in preliminary field designs to 
satisfy adiabaticity requirements. We discussed adiabaticity in the plugs in 
the MFTF proposal ; the present plug magnetic field design adiabatically 
confines 400-keV ions even at 3 • 0.5. Adiabaticity of ions confined in the 
solenoid is also satisfactory (as discussed at the end of this subsection). 

We know that particles in mirror fields experience jumps in their mag
netic moments; these jumps usually occur near the minimum of the field 
strength B along a field line. For a highly nonaxisymmetric magnetic field, 

2 
these jumps are almost always stochastic, and hence give rise to pitch-
angle diffusion-

In the MFTF-B A-cell, 80-keV ions injected partway up the mirror (at 
mirror ratio R •= 2) fall through a potential drop of about 50 to 100 keV be
fore reaching the bottom of the magnetic well. The issue is whether the re
sulting 130 to 180 keV ions nonadiabatically diffuse in pitch angle on a time 
scale short compared to the desired collisional lifetime (about 1 c). A use-

3 ful measure of adiabaticity is the adiabatic energy limit W ., defined to be 
the energy at which the nonadiabatic diffusion time is equal to the desired 
(collisional) lifetime. Because of the otrong dependence [~exp(const * W 1 
of the nonadiabatic diffusion time on energy W, an energy limit W . signifi
cantly below the mid-machine ion energy of 130 to lfiO keV would imply signifi
cant enhancement of pitch-angle scattering over the collisional rate, and 
hence signficiantly increase neutral beam and barrier pumping requirements. 

A-cell adiabaticity was examined using both the TIBRO orbit code and the 
analytic theory. Since theory predicts that the magnetic moment jumps per 
bounce Ay should be umall for field lines whose minimum-field radius is smal
ler than v/Sl (where fi is the minimum gyrofrequency), we concentrate on 
field lines far from the axis. According to theory, Au is given by 

AH £K « Max {£- , ll x A £ - ) exp(-K/e) cos * (1) 
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where the subscript o refers to values at the minimum of B on a field line; 
e " mcv/qB L (the specific choice for L is unimportant so long as it is 
self-consistent); and A is a weak function of energy and field line chat has a 
numerical value of about 4. The quantity ic/e scales as BL/i'S, where L is 
an axial field scale length and ia found as followsr Consider the gyrophase # 
as a measure of position along a field line for particles of fixed W,u in 
between one pair of bounces. Analytically, continue the function B(<JJ) into 
the complex ifi plane end find the set of complex zeroes {i{i.} of B that lie 
over the portion of a field line between bounce points (i.e., their projection 
onto the real axis lies in the range of * incurred in a single transit). 
Identify ip̂ , the i|i. with smallest imaginary part. Then ;/e 
* r - Re^. 

We obtain analytic estimates for Au from the numerically computed design 
field by least squares fitting the field strength by a polynominal in S, the 
arc length along the field line. We do not attempt to fit the entire line, 
but only the portion with mirror ratio less than 3.2, since we are in fact 
only interested in particle* that turn at mirror rate of about 2. As shown in 
Fig. IV.A-1, the fitted field is a good approximation to the numerical field 
in the fitted region. The solid curve in Fig. IV.A-2 shows (Au/u) calculated 
from Eq. (1) caking A - 4 and cos ifr • 1. 

The circles in Fig. IV.A-2 denote numerical values obtained from the 
TIBRO orbit code. The code calculates an average u of the instantaneous 

2 u = (mv^/2B) over the last several gyroperiods before each bounce. An 
orbit is followed for several bounces, and the largest change in v is 
selected to pick out Au for |cos * | =1. Agreement between TIBRO and 
analytic results is seen to be quite satisfactory. 

3 The adiabatic energy limit tf . is determined using the formula 

1,0 x 10" 3 (K B Q L Z ) 2 / M 

Wad " (l - 0.636 In A ) ( 2 ) 

where 

, L - 2 v 2 r 1 5 ( v H 2 / v 2 ) < V 1 / V ) 2 " 1 / 2 I* M 50 keW *p 0 .5 1 0 _ l _ s e c \ f n__ o X o j 
* 2 W \170 cm <v,|>/v T / | A 0.59 <COBI)I r > J ' 

(3 ) 
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Fig. IV.A-1. Magnetic field strength B vs arc length S 
for field line and quartic fit. 
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lVE<MeV» 

Fig. IV.A-2. Analytic (solid line) and numerical ((x)'s) values 
of &W V for field shown in Fig. IV.A-1. 
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Here, L is the plasma length (used to calculate a mean transit time L /<v >), 
which might be chosen as a definition for the field scale length L, ? is the 
desired lifetime, M is atomic mass, Z the charge state, and <cos Ji > the 

-1/2 rms value of the gyrophase (taken here to be 2 ). Here, L is in cm, T is 
in s, and B is in kO. Determining KBL from our analytic expression for 
K/E, we find, from Eq. (3), an energy limit of 350 keV for the design 
studied. Hence, in vacuum, the magnet studied appears to give good adiabatic 
confinement. 

The gross scaling properties of the energy limit may be seen from Eq. 
(2). A change in midplane magnetic field made, holding the peak magnetic field 
and the distance between mirrors fixed tends to make the energy limit scale 

2 3 
faster than B ; more typically as B , since the effective scale 
length L tends to increase with B . 

A subtler effect is the dependence of the energy limit on the shape of 
the magnetic well. The field profile shown in Fig. IV.A-1 is fit by a poly-
nominal containing all orders of s through quartic. If v-i consider a class of 
fields that has the same minimum field strength and the same field strength at 
z = +1-35 m, but vary the ratio of the quadratic and quartic coefficients, we 
find that there is an optimum ratio between all quartic (steep-edged, flat-
bottomed well) and all quadratic (gentle well). In fact the optimum is very 
close to the shape of Fig. IV.A-1. The energy limit at the optimum is about 
360 keV; for no quadratic, it is 200 keV; and for no quartic, it is 220 keV. 

Finite 8 lowers the energy limit; but because of the off-midplane peak
ing of the hot ion distribution and the relatively broad pitch-angle distri
bution of hot electrons, 8 should be not especially peaked at the minimum of 
B. Hence, in contrast to the situation in charge-exchange-dominated, perpen
dicular-injection, neutral-'i>sam mirror machines such as 2XIIB or the plug 
cellB of TMX or HFTF-E, the effect of finite B on the energy limit should be 
mainly to lower B (as opposed to also producing a dramatic drop of scale 

° 1/2 
length). If the field depression is (l-p) , the energy limit may be 
expected to drop by (1-B). At 6=30% the energy limit would be 240 keV. Even 3 a B scaling would only drop the limit to 210 keV. 

Another deletereous effect arises from the presence of the axial vari
ation in ambipolar potential. A change in ambipolar potential over many 
(e.g., 10) gyroperiods along a particle orbit produces only small cor-3 rections to A|i, while a change in a small fraction of a gyroperiod would 
produce algebraically, rather than exponentially, small y jumps and hence 
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produce low energy limits. An evaluation of in between cases is straight
forward once an explicit potential profile is specified. 

T1B&C studies of particle orbits in the solenoid of an earlier MFTF-B 
design that had a 0.5-T solenoidal field indicated [again, using Eq. (3)] an 
adiabatic energy limit of about 400 keV. Scaling up to 0.9 T (1-T vacuum 
field at 6 = 0.2), one finds an energy limit of at least 1.5 raeV, which is 
well above any contemplated deuterium energies in the machine-

Finally, we note that while it is not a problem in the present design, 
nonadiabaticity is a consideration in the design of tandem mirror solenoids 
even though solenoid ions are supposed to be electrostatically confined, since 
an adiabatic energy limit small compared to the confining potential would im
ply rapid pitch angle scattering at energies comparable to the potential ener
gy. Hence, one would have to replace the Pastukhov-type formula for end-
loss ' by the somewhat more pessimistic result for loss of particles trap
ped in an isotropic potential well. 
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SECTION IV-B. MHD STABILITY 
T. B. Kaiser 

INTRODUCTION 

In a tandem mirror, two distinct sources of guiding-center drift motion 
are potentially capable of driving MHD instabilities. The more serious of 
these is negative field-line curvature, which unavoidably occurs in certain 
localized regions of the machine. The other, which does not strongly impact 
design considerations, is the radial gradient of the ambipolar potential, 
which is responsible for drifts of the E x J variety. 

The choice of machine configuration and operating parameters is con
strained by the requirement of stability of the nodes of principal concern, 
i.e., the ballooning-interchange modes. The appropriate stability criteria 
have been employed extensively to guide the design of the magnetic fiell coils 
as well as to test whether or not required performance parameters can be 
achieved. 

A necessary condition for MHD stability is provided by the stability 
criterion for low-&flute-interchange modes- The latter criterion is particu
larly simple and convenient to apply and, as such, has proven to be an ex
tremely useful tool for assessing the acceptability of proposed coil designs. 
Configurati ns surviving the flute-mode stability test have been analyzed fot 
satisfaction of the more stringent requirement of ballooning stability by 
solving the appropriate eigenmode problem. 

A brief derivation and description of the use of the flute-interchange 
stability criterion in the case of curvature-driven modes it given f.n "Flute 
Interchange," below, followed by the results of its application to MFTF-B. A 
similar treatment of ballooning-inLerchange stability is giv:=n in the sub
section, "Ballooning Interchange." Rotation-driven modes are .discussed in 
"Rotational Instabilities." "Discussion and Sunmary" contains a discussion of 
the most important factors affecting the MHD stability of tandem mirrors and 
the most likely evolution of -oil design toward configurations of greater 
stability. 

Although extensive stability calculations have also been performed for 
the internal thermal barrier configuration, the A-barrier design is emphasized 
throughout in order to focus the discussion. 
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CURVATURE-DRIVEN MODES 

Assumptions and notation 

In this section we state the explicit assumptions and notational de
finitions common to the subsequent stability analysis of curvature-driven 
modes. 

First (and foremost), the entire analysis is made within the context of 
a large-aspect-ratio expansion. That is, t'ne ratio X = (scale lengths perpen
dicular to B)/(scale lengths parallel, to B) is assumed to be a small param-
eter, and terms of relative O O ) are systematically omitted. 

Where convenient, the magnetic field B » B £ (where B = JiJ and b is a 
unit vector in the direction of B), is represented in terms of flux coordinates 

B = V* * Va , (1,1 

where ^ is the axial magnetic flux, and a is an angular coordinate measured 
azimuthally around the magnetic axis. The triplet ("?' , a, H) (where s- is 
distance measured along a field line, en which i|J and a are constant) forms a 
nonorthogonal coordinate system (Fig. IV.B-1). In a vacuum field, the trans
formation to Cartesiin coordinates (ij- , a, A) *+ (x,y,z) is based on the 

3 familiar paraxial approximation: 

f2* 1 l 

["BTSTJ 

1 1 c(«) 

e CK ' SIN a, (2) 

The f i e l d - l i n e curvature vector K = b *" b can be expressed in terms of 
i t s covariant if) and a e "aponents as 

•5 = ^ !* + K a ? a . (3) 

where 

<, = B~ < * Va x VJ8. = B K » V a x b , 
y ~ ~ ~ ~ ~ 
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Fig. IV.B-1. Schematic depiction of one octant of a surface of constant 
axial flux i> in a conventional tandem mirror. A thermal-barrier region is 
not shown. Flux surface cross-sections are shown dashed, field lines 
solid. 

IV-17 



and 

K a = B _ 1 K • VS. x Vi|i = B - K • b x Vty , (4) 
are called the normal and geodesic curvatures, respectively. 2 Omnigenity of the system is assumed. This implies that the plasma 
pressures perpendicular and parallel to B can be written as functions of B and 
a single flux coordinate: p̂ ,.. = P , , M ( ^ ,B). In many cases of in
terest the pressure functions are to a very good approximation well re-2 presented by the sapsrable form 

p (î ,B) = v(0) p. „(B) , C5) 

and this representation, with the assumption that dv/di^ ̂  0, is assumed 
throughout. 

Flute Interchange 

Stability Criterion- The criterion for stability to flute interchange 
mode s is 

the integration running between the endpoints of the machine, i = +L, where 
~ 2 
p.. vanishes. Use of the equilibrium identity p, = -B 3(p,./B)/3B and the 
low~g identity K = B~ 3B/3i|j, together with the relation 3(d£)/3(f> = -K,d£, 
allows Ineq. (6) to be put in the more convenient form. 

r(L) > 0 , 

r<»>- f f ^ i ^ N • < 7 > 
—L 

Inequality (7) is more useful because, even though it provides a global test 
of the stability of the system, it is evaluated on a single field line that 
may be chosen arbitrarily. That this is the case follows from the large-
aspect-ratio results that to 0( X), B, and >c. are independent of iji, and the 
latter can be expressed in the form 

ic = g x(z) + g 2(z) cos 2a , (8) 
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where g, (-z) = g, (z), and g 2 (-z) • - g 2 (z). Because p^ j| are 
functions of B, therefore, T(L) is independent of (if),a), so that the field 
line on which it is computed is immaterial, as long as the large-aspect-ratio 
ordering is not violated. 

The pressure model used to evaluate T had the following forms, depending 
on the machine configuration under consideration: 

Internal Thermal Barrier Mode 

Pl + PH 

2n (T + T. ) 
c ec IC 

2n (T * T. ) (8/B )' 
c ec ic mb 

I 
2n. (T + T. ) * ep ic 

, solenoid 

, barrier 

j transition 

v v L cp p cp p \ / 
. pl"g> 

(.9) 

where B is the field stength at which the mirror-confined plug plasma 
pressure vanishes, and T is a constant of order unity; and 

A - Barrier Mode 

2n (T + T. ) c ec ic 

(B B ' P P 78 7.) 
B - B 

2_cp_ 
B - B B - B cp p cp p 

In 

solenoid + transition 

O)] ' *<* 
P. + o * 
1 Pll 2n (T + T. ) exp (-A4 /T ) c ec ic r *pc ic 

(10) 

, plug - A cell transition 

* \ \ 7 8 T) 2 
B c b - B _ _ B 
B . - B. B . - B. cb b cb b 

in m , A-ce l l 

where ^ is the potential difference between the solenoid and the midplane 
of the plug, and B . is the field strength at which the mirror-confined 
A-cell electron pressure vanishes. The mirror-confined pressure model used 
for the plugs is consistent with Fokker-Planck calculations. 

IV-19 



The magnetic field strength B(z) and normal curvature were obtained from 
the computer code EFFI, with tc. computed as 

2 
K * = 3 2x 

as.2 ' 

= 
3 

- S T 

(11) 

Application of the Stability Criterion. Inspection of Criterion (7) 
makes it clear that it is advantageous to stability to -<»ht regions of posi
tive curvature with high pressure. Since the average curvature of the central 
cell is negative, and that of the A-cell varies with coil design (while that 
of the yin-yang cells is positive), high pressure in the latter regions serves 
as an anchor for MHD stability. 

Inequality (7) is a low-S criterion; it is insensitive to finite-6 modifi
cations of the vacuum field. Furthermore, r is a linear functional of the plas
ma pressure, so that its algebraic sign is unaffected by multiplication of the 
pressure by a (positive) overall constant. Therefore, Criterion (7) depends 
only on ratios of plasma pressure, or (3, in the different regions. 

A computer code has been written which determines the maximum ratio 
3 /£ for which T (L) >0 for a given ratio, f5. / S . Diagnostics 

generated by the code Chat are useful in coil design include plots of the in
tegrand in Ineq. (7), dTfdz, and the running integral, r(z). A typical A-bar-
rier case is shown in Figs. IV.B-2 and IV.B-3. Because of omnigenic symmetry, 
only the half-space o <_ z £ L need be considered if the a = ir/A field line is 
used [recall Eq. (8)]. Figure IV.B-2 shows B(z) and p^ + pu [Eqs. UO)j 
as functions of z, while in Fig. IV.B-3, dr /dz and r(z) are plotted. The 
regions driving flute-interchange instability (dr /dz < o) and those 
stabilizing the mode (dr /dz > o) are clearly distinguishable. Note in 
particular that the net effect of the A-cell on flute modes is stabilizing. 
This is in direct contrast with its effect on ballooning modes (see "Bal
looning Interchange," below). 

Use of the code to determine the maximum value of B / !i and other 
c p 

performance parameters, such as the c e n t r a l - c e l l fusion power, 

p c c = 2* B

P

 r

P

2 < E > < a v > (TS- r r r ) / - | - < 1 2 > 
r ic ec 
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Fig. IV.B-2. Magnetic field strength, B(z), and axial profile of 
pressure, pĵ  + pii 8 used to evaluate interchange-stability Criterion (7) 
for a typical A-barrier configuration. Only the half-space z > 0 is 
shown- Boundaries between the various regions: central cell, yin-yang 
cell, and A-cell, are indicated by vertical dashed lines. 
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U -4 -

Fig. IV.B-3. Integrand, dr/dz and running integral V(.z) of flute-interchange 
stability Criterion (7) for the same A-barrier configuration shown in Fig. 
TV.B-2. Note r(L) = 0, implying marginal stability. Vertical dashed lines 
have the same meaning as in Fig. IV.B-2. 
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as functions of various design variables—such as B , B, , B, / 6 and coil 
c b b p 

geometry parameters—made it possible to identify the factors having the 
strongest influence on flute-interchange stability and to calibrate their ef
fects. Three examples of suca studies are shown in Figs. IV.B-4 to IB.V-6. 
In Fig. IV.B-4, 6 / 2 and central-cell fusion power are plotted as func
tions of B (the central-cell field strength) for a particular value of 
6. / 6 , while Fig. IV.B-5 gives similar plots with 6. / 6 varying and 
B held fixed. Figure IV.B-6 shows the effect of varying the sweep angle of 
the A-c,ll barrier coil. 

It was also found that flute-interchange stability can be particularly 
sensitive to the axial profile of B in the central cell. In a calculation 
relevant to the internal thermal-barrier mode of operation (in which the cen
tral cell is axisymmetric), an expression for the optimal magnetic-field-
strength profile was derived from a variational calculation. The resulting 
values of 3 / B and central-cell fusion power were enhanced by factors 
of 2.2 and 3.5, respectively, over those obtained with the unoptimized field 
profile. The analogous calculation for the A-barrier configuration is much 
more complicated due to the nonaxisymraetry of the central cell, and has not 
yet been made. 

Ballooning Interchange 

Eigenmode Problem. While minimization of the effects of flute inter
change-instability is useful as a coil-design strategy, the high - 3 perform
ance of tandem mirrors is limited by ballooning-interchange modes. Analysis 
of the stability of these modes begins with the large-aspect-ratio expansion 
of the guiding-center energy principle due to Newcomb. This can be used 
with Hamilton's principle to derive an Euler-Lagrange equation for the bal-
looning-mode eigenfunctions. The latter equation is analytically tractable 
only in the short-perpendicular-wavelength limit, in which an eikonal approxi
mation perpendicular to the magnetic field is assumed for the waves. This has 
the effect of localizing the mode to a single fiald line, so that the eigen
value problem reduces to a one-dimensional differential equation of Sturm-

7 
Liouville form. This simplifying approximation is directly analogous to 
the large-toroidal-mode-number expansion on which tokamak ballooning codes are 
based. In the case of axisymmetric tokamaks, it can be demonstrated that the 
most unstable modes have the largest mode number. While an analogous proof 
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Fig. TV.8-4. Maximum beta ratio Bc/6p (solid curve) and central-cell 
fusion power P c c (dashed curve) allowed by flute-interchange stability 
criterion, as funcLions of central cell field strength B c. P c c is 
plotted in arbitrary units, and g c/$ p is relative to the indicated 
scale. The A-cell beta ratio was Bt,/Bp = 0. 
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Fig. IV.B-5. Maximum beta ratio 8c/Bp allowed by flute-interchange 
stability Criterion (7) a3 a function of the A-ceil beta ratio Bb/Bp. 
The central-cell field strength was B c = 1.0 T. 
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Fig . IV.B-6. Maximum beta ra t io 6 c/@p allowed by f lute - interchange 
s t a b i l i t y Cr i ter ion (7 ) as a function of the A - c e l l barrier c o i l sw 
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for the nonaxisyimnetric tandem geometry does not exist, the same dependence of 
stability on wavelength is assumed to hold-

In the ( *, «, A ) coordinate system, the eigenvalue equation has the form 

3 f |gsl 2 _p_ J v l . [po? JVs] 
I B fi2 3JL J L B 2 B 

J ^ _ L M 4"- ( . . . - S„K > 
(13) 

3t|) B ' a * * « 

B 2 
where V_S = S^V ifi + S a V a i s the wave vector. P = ^^- + p^-pn , 

p is the mass density, to is the eigenfrequency or growth rate (depending on 
the sign of <u ), and the eigenfunction V( i; \j/, a, T) is related to the per
turbed electrostatic potential $ by 2, c(i " By. (V/B>. The appropriate 
boundary conditions at insulating (free) ends are dV/dZ) = o. 

The various terms in Eq. (13) have simple physical interpretations. The 
first term represents the restoring force that arises from the energy required 
to bend field lines; it is the stabilizing term in the equation. The second 
term is an inertial term that accounts for the kinetic energy of the perturbed 
plasma motion. The third term represents the driving force, which is stabil
izing or destabilizing, depending on whether the plasma-pressure gradient is 
parallel or antiparallel to the local centrifugal force on guiding centers 
that arises from the curvature of magnetic field lines. 

The effect of the various terms on stability can be more clearly seen if 
Eq. (13) is multiplied by V and integrated along a field line. Then, if the 
eigenfunction is normalized so that 

' • / > • 4 I S S I 2 

B 

v 2 

i find that 

2 _ / d* | | 2 s | 2 p 
R 9 

/ dV 

3 ( P l + I 1 l ) - ' (S K, - S„K ) f I . ( 1 4 ) 3i|/ a v o a i> t(f a 
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Stability corresponds to <u >_o. Therefore, because the first term in the 
integrand, the line-bending term, is always positive, it is thereby always 
stabilizing. The sign of the second term is the same as that of the quantity 
2t|flc, - <a TAN T, where T = TAH - 1 (2tySjSa) is an angle specifying the 
direction of V S, and can therefore be either stabilizing or destabilizing. 
The stabilLty of the system is determined by the delicate interplay of the two 
terras, with the eigenfunction assuming the shape that gives the minimum energy. 

The parameter space available to Eq. (13) has several more degrees of 
freedom than the one over which the flute-interchange stability Criterion (7) 
Is defined. Whereas r (L) is independent of ty and a, the coefficients in Eq. 

2 (13) are not, which means that UJ varies from field line to field line. 
2 Furthermore, u depends on the direction of the wave-vector, specified by 

the angle T- Finally, since plasma pressure modifies the vacuum magnetic 
field, Eqs. (13) and (14) have a nonlinear pressure dependence. Consequently, 
stability depends on the values of £ in the various regions independently, 
rather than on (3-ratios. 

The pressure models used to define the coefficients in Eq. (13) were 
essentially the same as those used to evaluate T(L) Eqs. (9)-(10) , i.e., 
Maxwellian ions and electrons in the central cell, mirror-confined ions in the 
yin-yang cells, and mirror-confined electrons in the A-cells. The only dif
ference was in the B-dependence of p̂  M for the mirror-con fined particles. 

g 
In the ballooning calculation, an ideal distribution, 

* 2 2 
"i " B m " B • 

(15) 

H - <Bm " B ) 2 • 
(where B is the field strength at which the pressure vanishes) was used 
because it is essentially unconstrained by the mirror-mode equilibrium con
dition. The dependence on the flux coordinate I|I (recall Eq. (5) ]was taken to 
be 

v (*) = vQ e B , (16) 

where <l> is a parameter characteristic of the plasma radius, and v is 
related to the value of S on axis and the vacuum mirror ratio that confines 
the particles. 
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A simple madel was adopted for the equilibrium magnetic field. To C(A) 
the f-niteg field strength is given by 

B 2 + 8itP 1 (IJJ,B) = B 2
a c , (17) 

where B = B (z) is the vacuum field strength. Finite 8 correcticns to vac vac 
the field-line geometry are more complicated. At finite 0 , plasma currents 
parallel to B cause deformations of the simple vacuum-flux surfaces described 
by Eqs. (2), 

which have elliptical cross sections with principal axes v2ijJ /B exp (tc). 
Thus,the finite (5 field-line geometry, rather than being given by Eqs. (2), is 
determined by the solution to the very complicated equations 

3 (x,y) 
3 (*,«) 

= B" 1 

I T (* * + y 
3i[j zz a zz 

' a > " -H ' « 
r 3 ( Xz, X) , 3 ( y z / ) 

3(i|i , a) 3(i|i , a) 

(19) 

where subscripts denote partial differentiation, and the usual notation for 
Jacobian determinants has been used. 

An alternate to solving Eqs. (17) and (19) would be to use the computer 
10 2 

code MCGUS, ' which was developed to solve the three-dimensional, aniso
tropic, finite-pressure, guiding-center equilibrium problem. The equilibrium 
equations solved by this code are more general than Eqs. (17) and (19) in that 
they are valid for arbitrary aspect ratio. Unfortunately, the extra dimen
sionality that this entails requires more computer memory than is presently 
available to treat the complicated geometries encountered in tandem mirrors. 

He are therefore forced to proceed in an approximate way. For guidance, 
we rely on the observation that the flux-surface deformations deduced from 

Q 

Eqs. (19) scale with & and with 1(1 / <Ji„ ; thus, very near the axis or at 
low B they retain an elliptical shape. We make the simplifying assumption 
that the flux surface cross sections are indeed elliptical, so that the form 
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of Eqs. (2) may be used. We then aake use of the fact that MCGUS calculations 
show the polar angle of a field line, TAN (y/x), to be the same 
at finite 6 as in the vacuum for all values of z. This implies that the 
function c(z) in Eqs. (2) is unchanged by the plasma: c(z) = c (z). 
Finally, because B depends on 'J' through Eq. (17), Eqs. (2) must be generalized 
to 

• • [» /„* WSfrr ] '" • M - «• 
(20) 

»- [«/;whr]"! •-",—• 
they reduce to Eqs. (2) in the low-S limit, when B ('I' , z) •*• B (z). 

One further simplification was necessary in the A-barrier configur
ation: The A-cell plasma is not long and thin, hence Eqs. (17) and (19) are 
not rigorously valid in that region. This precludes use of the model equili
brium field embodied in Eqs. (17) and (20). Since the planned value of g 
is relatively low (6. < 0.3) however, the vacuum A-cell field should furnish 
an adequate approximation to the equilibrium field, and we assumed this to be 
the case. 

There is evidence that the finite gfield-line geometry described by Eqs. 
(20) may be pessimistic by overestimating the unfavorable effect of plasma 
pressure on field-line curvature. Calculations with MCGUS for a single high-8 
yin-yang trap with a steep radial well indicate that the principal effect of 
finite plasma pressure is to moil , B in accordance with Eq. (17) while leav
ing the curvature only slightly changed from its vacuum configuration. In 
fact, the plasma currents run on closed elliptic paths very much like a long 
set of yin-yang coils: the peak plasma current occurs near the peak pressure 
gradient. Field lines that run below the peak current are pushed inward and 
can locally improve their curvature, while those running outside the peak 
current are pushed outward, but not very much, since the plasma magnetic field 
falls off rapidly with radius, even at (3 = 0.60. 

Therefore, a simpler model that embodies this picture, i.e., one in 
which Eq. (17) is used to correct B and the vacuum field-line geometry of 
Eqs. (2) is retained was also used in computing the coefficients in Eq. (13), 
in order to estimate the sensitivity of ballooning stability to the model 
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equilibrium. If Eqs. (20) present a pea 'mistic picture of stability, the 
perspective offered by the latter model is probably somewhat optimistic. 
Results of both calculations are presented in the next section. 

Application of the Stability Criterion. A computer code has been writ
ten to numerically solve the ballooning-mode equation Eq. (13) for the 
lowest perturbed state in its spectrum. Since the equation is of Sturm-

2 Liouville form, the lowest eigenvalue tiiQ is identified by the absence of 
nodes in the associated eigenfunction. The code was used to map the marginal 

2 
stability hypersurface min u (t|J, a, T, 8 b, & , 8 ) = 0 in the 
six-dimensional parameter space over which the eigenvalue problem is defined. 

The structure of the stability hypersurface deduced in this way is as 
follows: Its projection on the three-dimensional space spannec by (.i>,a. ,T) 
is a single point: i(i = ty* =\Ji „, a = 0, T = 0; that is, the least stable 
field line lies near the plasma surface and in a symmetry plane, and the least 
stable orientation of the wave vector is T = 0, which corresponds to 
s,i, = IZ? X V. oc| = 0. The projection on the three-dimensional subspace 
8. X 0 X S is the two-dimensional surface min w?<0 „, 0, 0, 3. , $ , 8 ) = 0. 
D p c U O o p c 

Cuts of the latter surface for the base-case coil design and two different 
values of 8, are given in Figs. IV.B-7 and IV.B-8, whose detailed features 
we discuss below. 

The curves in the two figures are marginal-stability boundaries appli-
2 cable under various different conditions; along each curve bi = 0, while 

in the stable region to its left, w Q
 > 0. The curves plotted with solid 

circles were obtained by using the model equilibrium magnetic field of Eqs. 
(17) and (20) (finite-g field line geometry); those with open circles used the 
simpler equilibrium model described in the last paragraph of the previous 
section (vacuum field line geometry). The open-circle curve labelled 
"a = TT/4" is the stability boundary for the unstable field line with a = ir/4. 
Note that the latter line is more stable than the line at a=0. The dashed 
curve in Fig. IV.B-7 is the line 6/6 =0.70 obtained from the flute-

c p 
interchange stability Criterion (7). 

Perhaps the most striking feature of the plots is the divergent pre
dictions of the two equilibrium models at high values of B . The eauili-

P M 

brium that includes model finite-B corrections to field line geometry is 
unstable for 8 > .50, while the stability of the equilibrium that uses the 
field line geometry of the vacuum field continues to improve up to the mirror 
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1.0 i—I—i—I—I—I—l—I—I—I—i—:—r 

Fig. TV.B-7. Marginal stability boundaries for the A-barrier configuration, 
with 3b/3-> = 10" 3. The curve plotted through the solid-circle points 
was obtained using the model finite-g field line geometry, while those 
through the cpen-circle points resulted from the vacuum field line geometry 
model equilibrium. The dashed curve is the flute-interchange limit. 
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1.0 

0.0 1 • • • 

0.0 0.1 0.2 

Fig. IV.B-8. Marginal stability boundaries for the A-barrier configuration, 
with P5/60 = 0.3. The curve plotted through the solid-circle points 
was obtained using the model finite-8 field line geometry, while those 
through the open-circle points resulted from the vacuum field line geometry 
model equilibrium. 
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mode limit at 8 = 1 . The cause of the discrepancy lies in the deleterious 
effect of finite plasma pressure on field-line curvature that results from use 
of Eqs. (17) and (20). As B increases in this model, field lines in the 

P 
yin-yang cell bulge outward, ultimately reversing the average positive 
curvature they have in the vacuum field. When this happens, the yin-yang 
cells become ballooning-unstable and are therefc-re unable to act as MHD 
anchors for the rest of the machine. In the vacuum-field-line-geometry 
model, on the other hand, the average good curvature of the field lines in the 
yin-yang cell is not allowed to reverse, so there is no limit—oth=r than the 
existence of equilibrium—on its ability to stabilize ballooning modes driven 
by bad curvature elsewhere. 

Since calculations with the KCGUS code indicate only a mild deterior
ation (if any) of curvature at finite-6, we believe the vacuum-field-line-
geometry model to be more accurately representative of the true behavior of 
the equilibrium, and therefore conclude that the actual stability boundaries 
lie much nearer to the open-circle curves than to the solid-circle curves. 

Mote in Fig. IV.B-7 that, at low @, all the stability boundaries con
verge on the flute-interchange limit. This behavior follows straightforwardly 
from the eigenmode Eq. '13). It can be shown from a perturbation analysis of 
that equation that, as 3 + 0, its only solutions are flute modes, for which 
dV/dS.= 0. Furthermore, at low B,& " —lig-tz) sin 2a, where g 2 is the 
same odd function of z that appears in Eq. (8) . Thus, with Eq- (5), the 
variational form Eq. (14) reduces to 

co 2 = (VS a) 2 |V| / (dZ/B) (p + P ) ^ 

so that the stability criterion is identical to Eq. (7). 
Note, finally, from Fig. IV.B-8 that with finite plasma pressure in the 

A-cells, there is a minimum pressure that must be maintained in the yin-yang 
cells in order to stably confine any plasma in the central cell. 

Just as plots of T(z) and dr/dz [Eq. (7)1 are useful for locating 
regions of the machine that drive flute-interchange modes, plotB of the inte
grand in Eq. (14) and its separate terms provide useful information on those 
regions most harmful (and beneficial) from the stand-point of ballooning- The 
study of a particular typical case, illustrated in Figs. IV.B-9(a-f), is in
structive in this regard. The calculation was made at the parameter point: 
IJFI(;B, a- 0, T= 0, B b = 0.30, B p = 0.59, B c = 0.16. 
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Fig. IV.B-9. Several functions of z pertinent to the ballooning stability of 
the A-barrier configuration. The various plots are described in the text. 
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Fig. lV.B-9(a) shows B(z) in order to provide a framework for interpret
ing the other plots. The central cell, symmetric ebout z = 0, is flanked by 
the yin-yang cells, whose midplanes are at z = + 2000 cm, and these in turn 
are bracketed by the A-cells, whose centers are at z ^ 2400 cm. Vertical 
dotted lines in all the plots mark the minima and maxima of B(z). 

The field-line trajectory, x(z), is shown in Fig- IV.B-9(b). Since 
a = 0, y(z) 5 0 recall Eq. (2). Bote that the vertical scale in this plot 
is magnified by a factor of approximately 20. Regions of negative curva-

2 2 
ture (d x/dz < 0) are readily apparent, but their relative importance is 
not. 

Figure IV.B-9(e) shows the line-bending coefficient F(z) = B~ |V. S | P-
Recall that this function occurs in a positive-definite terra in Eq. (14), so 
that it is always stabilizing. The driving coefficient 
H(z) = B_1(2<|)K. -K^ •/-: T) [3 (p x + P||)/3<('] is pl-tted in Fig. IV.B-9(d). 
This terra enters with a negative sign in Eq. (14) so that H > 0 is destabiliz
ing, and H < 0, stabilizing. Here the bad curvature regions appear properly 
weighted. The stabilizing influence of the yin-yang cells is obvious, but the 
effect of the A~cells and central cell is less apparent without the weighting 
provided by the eigenfunction. 

The eigenfunction V(z) appears in Fig. IV.B-9(e). Its gross structure 
becomes apparent from inspection of Figs. IV.B-9(c) and (d), if it is re-

2 membered that the eigenfunction assumes the shape that minimizes (l) . Thus, 
Fig. IV.B-9(c) shows that the stabilizing sffect of line-bending will be 
minimized if F(z) is flat in the regions -L < z < -2000 and 1500< z < 2000. 
Large derivatives near z = -1700 and z = 2300, on the other hand, are toler
able because F(z) is very small there. From Fig. IV.B-9(d), we see that the 
left end of the machine is much more stabilizing than the right end, hence V 
will be larger at the right end than at the left. The function whose shape is 
determined by these rough constraints is clearly very similar to the exact 
eigenfunction shown. Note in particular that although line-tying (V-> 0) 
occurs at the very stable left end of the machine, it does not occur at the 
right end, despite the stability of the yin-yang cell there, because the cost 
in line-bending energy would be too high. 

Finally, in Fig. IV.B-9(f) the integrand of Eq. (14) is shown. Here all 
the stabilizing and destabilizing regions are weighted to depict their true 

2 contribution to u . As is clear from the figure, the dominant net drive for 
instability comes from two regions: the transition region at the end of the 
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central cell and the A-cell midplane. (There is no sigaiiicance to the fact 
that both regions are at the right end of the machine. On a field line at a 
= Tr/2 the entire picture would be reflected about the midplane.} Efforts to 
improve stability must concentrate on these locations. 

ROTATIONAL INSTABILITIES 

Because of the high positive potential of the solenoid of a tandem 
mirror, we must expect a radial potential variation of several T . The 
extent to which this potential drop occurs inside or outside the plasma 
column—or is localized in a thin surface layer—depends in detail on the loss 
and transport processes. However, short of elaborate attempts to control the 
radial profile by controlled profiling of the end-wall potential, we must 
expect a radial (outward directed) electric field causing E X B rotation and 
acting as a potential drive for instability. 

Ryutov and Stupakov have argued that, due to nonomnigenic behavior, 
electrons in the plugs will exhibit rapid radial particle and energy flux, 
leading to constant T and a radial Boltzmann potential 

T [a (r)l 

as well as the familiar axial equivalent. This provides a model for the 
potential variation, once it is referred to the solenoid, 

* - [ # ] • <j>c(r) - <t>c<0) = ^r 1" I r V . r l . (22) 

which is used below. 
Rotation of the solenoid is similar to that of a 6-pinch, provided the 

mode can balloon away from the plugs. For a 9-pinch, Freidburg and 
1 ? Pearlstein, find that the worst mode (m - 2, n = 0) has 
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and it is stabilized by k v. i \ y. Here ft , P„, r„, and V. „ are the 
Z A,C C C ^ C A|C 

solenoid gyrofrequency, gyroradius, radius, and Alfven speed, respectively. 
Taking k * /̂I. , to put a node at the plugs, gives a 6 limit 

T / r 2 \ Z 

M *2 r IT • ( 2 * > 
e c'c ' 

_2 Although $ formally scales with L as expected, the length ratio is 
near unity for all applications, accordingly, this is in fact no constraint. 

Flute modes of low-m involve the plug geometry in a complicated way, 
which has not yet been solved. For localized modes, the centrifugal force 
adds an effective gravity to curvature, making the interchange condition more 
severe: 

A.c 

In practice, this reduces the & ratio for interchange, but by so little that 
curvature-driven ballooning remains the more restrictive constraint. 

DISCUSSION AND SUMMARY 

MHD stability has been a primary consideration in Che design of the 
MFTF-B experiment since its inception, serving as a guide in planning the 
configuration of both the plasma pressure and the magnetic-field coils. On 
the basis of equilibrium and stability theory that are well in hand, and a 
computational facility that accounts for the principal physical phenomena 
involved, we feel that the major factors influencing the guiding-center MHD 
stability of the machine are known and understood. 

Of course, MHD stability is only one of a large number of (sometimes 
conflicting) demands imposed on any experimental design. The scalings of 
performance parameters with design parameters obtained from our computational 
work have provided flexibility in achieving a compromise among such various 
other constraining requirements as microstability, high-Q operation, beam 
access and potential reactor scaling. 
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The base case design and all of its variations are stable to flute-
interchange modes. Although it would appear from Fig. IV.B-8 that bal
looning- interchange modes preclude attainment of the nominal operating point 
B. = 0.3, 6 = 0.4, (5 • 0.2, this conclusion is mitigated by the fact 
that the latter point was chosen largely on the basis of the finite-g 
field-line geometry model equilibrium (solid-circle curve in Fig. IV.B-8), 
which is now thought to be pessimistic. Use of the more realistic vacuum 
field-line geometry model (open-circle curve in Fig. IV.B-8) makes it clear 
that achievement of 6 = 0.2 should be possible simply by raising 6_-
Furthermore, finite gyroradius effects, which are potentially stabilizing, 
have not been included in calculations to date. Such effects are expected to 
average the short-wavelength modes between the least and most stable field 
lines at a = 0 and a = IT/4, respectively. 

There remain at least two "knobs" for improving MHD stability at our 
disposal: optimization of the magnetic field coil designs in the A-cell and 
in the solenoid-yin-yang transition region. A dramatic improvement was 
achieved in just this way in the internal thermal barrier case by tailoring 
the axial profile of |B|, and we expect similar improvements to be possible 
in the A-barrier configuration. 

Finally, we point out that the stability boundaries predicted by theory 
lie well within the range of variation of parameters accessible in the ex
periment. MFTF-B will consequently provide very valuable experimental data on 
the existence and location of these boundaries, and, therefore, on their 
implications for tandem mirrors yet to be designed. 
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iv. c- RAD:;AL TRANSPORT 

M. E. Rensink, R. H. Cohen, A. A. Mirin 

RADIAL TRANSPORT IN NONAXISYMMETRIC TANDEM MIRRORS 

In a tandem mirror central cell the problem of transverse losses is o£ 
special importance because longitudinal losses are strongly inhibited by end 
plugs. The theory of transverse losses from a nonaxisymmetric tandem mirror 

1 2-4 
has been given in a series of papers by Ryutov and Stupakov and others. 
Most importantly, they have shown that these losses can be much larger than 
classical estimates because the magnetic field is not axisymmetric, for 
example, in the transition regions between the uniform solenoid and the 
niininium-B end plugs. 

The enhanced transport is associated with the radial drif-s arising from 
the azimuthal components of the nonsymnetric field. The quadrupole field 
present in a transition region produces a radial displacement proportional to 
cos2iJ/, where ^ is the azimuthal angle. In most tandem mirror designs, includ
ing MFTF-B, the quadrupole fields in tUe transition regions at opposite ends 
of the solenoid are rotated by 90 , so that successive radial displacements 
experienced by a particle with negligible azimuthal drift nearly cancel . This 
cancellation is not complete, however; a small residual displacement propor
tional to cos4l(J remains. 

An important parameter that determines the character of the transverse 
losses is the azimuthal drift, A\p, of an ion in one axial transit of the 
solenoid. This guiding-center drift is produced by radial gradients in the 
central-cell magnetic field due to finite beta, and by electric fields due to 
the radially non-uniform ambipolar potential. Three modes of diffusion have 
been identified, depending on the magnitude of Ai//-' 

• Those ions for which AiJ; « 1 diffuse radially in the neoclassical 
diffusion mode. 

» Those ions for which Aij> > 1 diffuse radially in the resonant dif
fusion mode. 

• Those ions for which Ai|j » 1 diffuse radially in the stochastic 
diffusion mode-

All three types of diffusion may be occurring in a given device in different 
regions of ohase space. 
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The magnitude of the diffusion for each of these modes depends on the 
degree of colliBionality of the ions in the solenoid, on the plasma beta, and 
on the structure cf the magnetic field in the transition regions. 

Neoclassical Diffusion (Aifr « 1) 

This form of diffusion derives its name from the anology with neoclas
sical diffusion in tokaaaks and is associated with the residual (cos4lJ)) com
ponent of the radial drift. Ion drift orbits viewed at the midplane of the 
tandem mirror solenoid exhibit the same general features (e.g., banana-shapea 
orbits) as the ion drift orbits in the poloidal plane of a tokama'.. The form 
of the neoclassical diffusion coefficient as a function of collision frequency 
and plasma beta is sketched in Fig. IV. C-la-

Here v is the 90 scattering frequency for ion-ion collisions; t. 
is the time required for an ion to drift azimuthally around the solenoid once; 
r is the mean radius of the plasma in the solenoid; and a is a small c ' 
parameter that characterizes the deviation of the vacuum field drift surfaces 
from circles. The order of magnitude of ot is 

4 
r c , 
c tr 

where L is the uniform solenoid length, and L is the scale length of the 
transition regions. The order of magnitude estimate for t is 

2 
r 

il p c c 

where p is ion gyroradius, and n is the ion gyrofrequency in. the solenoid. 

Resonant Diffusion (Aft ~ 1) 

This form of diffusion derives its name from resonant ions that drift 
azimuthally in such a way as to receive additive, rather than cancelling, suc
cessive displacements from the cos2i|; component of the radial drift at opposite 
ends of the solenoid. The form of the resonant diffusion coefficient as a 
function of collision frequency is shown in Fig. IV. C-lb. Here t. = L /v 
is the longitudinal transit time for an ion in the solenoid, and a is the 
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Fig. IV.C-1 (a) Neoclassical diffusion and (b) Resonant diffusion. 
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maximum radial displacement of an ion due to a single bounce off the asym
metric transition region at the end of the solenoid; the order of magnitude 
estimate for a is 

P r 

— £ • 
The quantity [3/3r(&Ji)]~ is the radial distance between resonant points for 
an ion with specified energy and magnetic moment; when a > [3/9r(Aij;)]~ , the 
resonances overlap, and the diffusion becomes stochastic. 

Stochastic Diffusion (&\|J » 1) 

This form of diffusion derives its name from standard terminology in non
linear oscillation theory, wherein ions diffuse radially independent of the 
presence or absence of collisions. The diffusion coefficient in this ca.e is 

2 
D ~ r » 

ii 

where a and t.( have the same meaning as in the previous paragraphs. 

Order-of-Magnitude Estimates 

We estimate A0 as 
**~ V'dr 

to determine the dominant mode of diffusion (neoclassical, resonant, or sto
chastic). In Table IV. C-l we give numerical values of the parameters that 
define transverse losses for TMX, MFTF-B (with A-cell barrier), and TMR (a 
reactor). He see that Aiji ~ 1 for all o.f these systems, and that they fall into 
the resonant plateau diffusion regime. Since the lifetimes t = r /D 
against transverse loss are less than or comparable to axial confinement times 
t., , a more careful evaluation of radial transport is indicated. 
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5 * 10 1 3 3 * 10 1 3 8 x 10 1 4 

x 10 1 3 1.7 x 10 1 3 1 x 10 1 4 

0.08 15 30 

0.2 14 40 

Table IV. C-1. Parameters for order-of-magnitude transport estimates. 

Parameter TMX MFTF-B TMR 
-3 

Plug density, n (cm ) 

_3 
Solenoid density, n (cm ) 

Solenoid ion temperature, T (keV) 

Electron temperature, T (keV) 

Solenoid radius, r (cm) 30 70 120 
c 

Solenoid length, L (cm) 300 3000 10,000 

Transition scale length, L (cm) 100 200 500 

Solenoid magnetic field, B (G) 500 10,000 24,000 
c 

Azimuthal drift, Aij) 1-2 1.2 1.2 

Collisionality,vfc. 0.7 0.0004 0.0015 

Transverse lifetime,^ (s) 0.03 0.1 6.8 
Longitudinal lifetime, t, (s) 0.03 8.0 
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RADIAL TRANSPORT IN MFTF-B 

We describe herein a more refined analytic examination of resonant trans
port as it relates to MFTF-B. 

Transport Equations and Coefficients 

Ryutov and Stupekov derived formal expressions for the particle flux V-

and energy flux Q. from drift-kinetic theory. The transport equations 
satisfied by V. arad Q. are given in the next subsection. An approximate 
analytic evaluation of the Ryutov-Stupakov expressions has been given by 

A 
R. Cohen : 

an. n. , 3T. n.Z. 3* 
- r »= D i. + _ i . TD - 3 D 1 - 1 I D *• l c ( ] ) i o Sr T. L 1 2 V 3r "oT. 3r ' U J 

l I 

3n. 3 3T. 3$ 
~Qi " T i D i - & T + n i C»2 - I Di3 -57 • V i Di"sT • C 2 ) 

where the diffusion coefficients D. depend nonlinearly on the radial electric 
field, 

» , - • £ I U ^ l 5 \ \ gi expC-V^^^TT^V' 
J ™ % k - 0 ( • £ « £ * A > = 0 A ! ^ 

where 
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[ C 2 k + 1^drJ 
and the average transit and drift times are 

t | | = L C ^ V 5 - . 

'*- 2t'27" & ) • 

with the radial electric field given by 

eEr " " W • 
The radial step size parameter is 

3 " f>iv V L t r » W 

where 
piv = >/ 2V"i 'fiiv 

is the average midplane ion gyroradius in the solenoid vacuum field, and 
r is the vacuum field radius of a flux tube whose radius is r with plasma 
present. The detailed form of the nonaxisymmetric magnetic field in the 
transition regions enters the diffusion formula via the a. , which define the 
pitch angle dependence of the radial displacement of an ion between successive 
midplane crossings in the vacuum magnetic field, 

ArCr^.v^v,,) = ̂  K(vJ/v2) sin 2̂ , , (5) 

where p is the midplane ion gyroradius determined by the total velocity, L 
2 2 

is an axial scale length for the transition region, and K(v.i/v ) is a com
plicated integral which we approximate by 

L v W ) ] = l ^tvj/v2)* - (6) 
We determine the ct„ by fitting values of (fir) generated by numerical inte
gration of the guiding center equations. 

The sum in the expression for K should start with Z~ 2. That state
ment is true so long as, for small B-fl , B-B rises faster with distance 
from the solenoid midplane then do the <•. adrupole field components B_ of the 
transition region recircularizing magnets. Recent experience with MFTF-B 
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solenoid designs indicate Zm 0 and 1 terms are sometimes required. A field 
in which B_ extends into a strictly constant -]Bj solenoid would exhibit Ar ~ v.. 
for small VM ; i.e., £ = -2.. Z = 1 or 0 can easily be accommodated in the 
present approximation by using the above equations as they stand. For negative £„, 
the sum over resonances diverges, and one must introduce a. cutoff; physically, 

3 such a cutoff arises from overlap in velocity space of resonance layers. 

Lifetime Estimates 

While detailed, quantitative information on lifetimes and radial profiles 
requires use of a transport code, such as described in the next subsection, we 
can obtain estimates of transport that are more accurate than those given in 
the preceding subsection by examining the transput coefficients given above. 

We approximate 

(r IT) = (1-S ) 1 / 4 (6a) 
v c 

and 
3<f> T 

and then define the following two estimates for lifetime 

1 c o 
2 

r 2 5^-5 . (9) 
D x - - | - ^ q r c E 

1 

The choice in Eq. (7) corresponds to the large-electron-transport approxima
tion of Ryutov and Stupakov , in which highly noncircular electron drift 
surfaces in the plugs laad to radial isothermality and a radial potential 
profile determined from a Maxwell-Boltzmann relation. In evaluating Eq. (3), 
we truncate the sum over resonances at k = k , chosen such that higher k 

max " 
terms contribute less than 0.12 to D-. We note that T. includes only the 
density gradient contribution to the flux but is most closely related to the 
order of magnitude estimates previously given. The estimate T_ incorporates 
all three gradients. 
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It should be emphasized that a T, or T , value less than the axial 
confinement time should be taken only as an indicator of significant trans
port, not as a quantitative measure of lifetime, since transport can 
cause the density, temperature, and potential gradients to be significantly 
different than those assumed (3/3r ~ l/r c) in Eqs. (8) and (9). 

The estimates T, and T, are more refined than the simple estimate of 
radial lifetime in that they take into account the size of the distribution 
function and the particular (pitch-angle dependent) value of the radial step 
Ar at the resonant points in phase space. This distinction — in particular 
the incorporation of the pitch-angle dependence of Ar — can be extremely im
portant, as the following examples illustrate. 

MFTF-B Examples 

We have estimated the lifetimes T, and x„ for two different sets of 
2 2 2 MFTF-B solenoid fields and plasma parameters. In the first, K (v /v ) 

(14) 
was fit to computational results from an old 1.5 kG solenoid design (see 
Fig. IV. C-2a); then the Ar expression is scaled up to 4.5 kG according to Eq. 
(5), keeping K and L constant (this is equivalent to scaling the entire 
field, including the transition region field, by a factor of 3). Lifetimes 

4 
were estimated for the following parameter set: T. = 2.3 keV, T = 2.7 
keV. B = 0.083, r c = 83 cm, L c = 25 m, n c = 1.1 x 1 0 1 2 cm - 3. One 
finds T = 530 s, T„ = 490 s. 

2 For the second example, we calculate and fit (Ar) for a more recent 
1-T solenoid design as shown in Fig. IV. C-2b. For the parameter set: T. = 15 keV, 
T f i = 14 keV, 6 = 0.2, r c = 54 cm, L c = 32 m, n c = 2.1 x I 0 1 3 cm" 3. 
One finds T. = 72 ms, T, = 32 ms. 

This huge difference in lifetime estimates does not follow from rough 
scaling expressions such as those given previously, but is, in fact, easily 
understood. The field that produced Fig. IV. C-2a rises significantly from 
its mid-solenoid value to a mirror ratio of about 1.4, before any significant 

2 2 quadrupole field is present. Consequently, particles with v /v <, 0.25 
experienced extremely little radial drift. The azimuthal drift per bounce ^ 
of a thermal particle due to ExB drift alone is, using the estimate in Eq. 
(7), approximately 

\ = i- x 2.28 VJL" -« , ( 1 0 ) 
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Fig. IV. C-2a. Square of radial drift per bounce at i|i = 45° for 1.5-kG MFTF-B 
solenoid from drift calculations and polynomial fit. Data is for 100-keV 
particle at r = 47 cm. 
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Fig. IV. C-2b. Square of fractional radial drift per bounce at ty = 45° for 
1-T MFTF-B solenoid. Data is for 100-keV particle. Guiding center code cal
culations were done by J. A. Byers. 

IV-55 



where A is atomic mass, and where T is in keV, B is in kG, and all 
lengths are in meters. For the first example we find 

Alt = 0.46 — , 

2 2 and hence, to obtain the Aty « ir/2 resonance, one must have v../v ^0.09 at 
the thermal energy. As shown in Fig. IV. C-2a, Ar is negligible at this pitch 

o 
angle. Lower energy particles are resonant at larger v /v, but the (&r) vs 

2 2 v /v curve and the phase space volume per unit energy increment both 
scale downward with energy, and so the transport is correspondingly smaller. 
Hence, the total resonant transport is small. We note that if one estimated 
3<j>/3r *<ti It with A ra 13 keV for the first example (such an estimate would 
perhaps be appropriate if radial electron transport were negligible), instead 
of using Eq. (2.7), then one has Ai|i =2.2 v/v..; the distribution function now 
contains a copious supply of resonant (AiJ> ̂  3TT/2) particles with large Ar's; 
in fact we then find T = 2.1 s, T 2 = 0.24 s. 

For the second example, the plasma parameters are such that Ai|fr ~ 1.28 
2 2 v/vii so that Al|i = 7T/2 resonance occurs for v.. /v « 0.66 where Ar is large; 

the magnet design is such (no axisymmetric portion in the solenoid mirror) 
that Ar is not small at small Vn/v. Either of these differences alone is suf
ficient to reduce T, and Tj from the large values of example 1 to values 
of the order of those cited for example 2. 

These considerations suggest that a way to obtain a reasonable lifetime 
in MFTF-B is to introduce an axisynmetric rise in the field to a mirror ratio 
of order 1.5-2 before significant quadrupole field components are introduced. 
Using the estimate in Eq. (8), one would conclude that (v.. /v) = 1 so 
that there is an appreciable number of resonant particles; however, since 
bty is only of order 1, (not much bigger than 1), transport acts to reduce the 
density and hence potential gradients to the point where the resonant parti
cles are mostly those with small v.. /v. Since only a modest reduction of 
3<|>/3r is required, the self-consistent state should be one in which the radial 
transport rate is of order of the axial loss rate. There will be a sheath at 
the outer edge of the plasma in which there are sizeable gradients, but the 
effect of this sheath should be no more serious than for a case where order-
of-magnitude estimates of radial and axial lifetime are comparable, as end 
loss from the sheath probably governs both cases. 

The axisymmetric rise region is essential in this scheme since otherwise 
transport would not be significantly reduced by decreasing (y, /v) . More ^ res 
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detailed estimates of, for example, the mirror ratio of axisymmetric portion 
of the mirror required to achieve a given lifetime require running a transport 
code, such as described in the next subsection. 

RADIAL TRANSPORT CODE 

Order of magnitude estimates of the radial loss indicate that it may be 
comparable to axial loss in both existing and proposed tandem mirror devices 
and in reactors. For this reason we are developing a computational model for 
tandem mirrors that includes an accurate description of both radial and axial 
losses. The system is governed by a set of moment equations for the densities 
and temperatures of the various plasma species. He reduce these to a one-
dimensional (radial) form by averaging over a magnetic flux tube both 
azimuthally and longitudinally, with the flux tube labelled by its radial 
position, r, at the solenoid midplane. Thus, the independent variables for 
this model are radius (r) and time(t)- The dependent variables are the plug 
ion density (n ) and temperature (T ) at the plug midplane, the solenoid 
ion densities (n.) and temperatures (T-), and the electron temperature 
(T ) which is presently assumed to be uniform over the entire length of a 
flux tube, including both plugs and solenoid. 

The electron density is set equal to the local ion charge density cm 
each flux tube. Plug ions and solenoid ions are coupled only by their energy 
exchange with the electrons that move freely between the plugs and solenoid. 
A modification of this electron model to incorporate the thermal barrier con
cept is in progress. In addition to the densities and temperatures of the 
plasma species, we also compute self-consistent ambipolar potentials in both 
the plug ($_) and central cell ($ )• This is a very important feature of 
the model, because the potential difference between the plug and solenoid 
governs axial ion loss; the potential of the central cell relative to the end 
walls governs axial electron loss; and the radial variation of the potentials 
governs transverse diffusion of ions and electrons in both the plugs and 
solenoid. 

IV-57 



Plug Ion Model 

The plug ion density n (r,t) in the plug midplane is given by an equa
tion of the form 

dn n 

where J is an ionization source current density for hot ions due to neutral 
P 

beam injection. The second term on the right represents axial loss with con
finement time, T.. . £t the present time we do not include a radial diffu
sion term for plug ior.g. The plug ion energy E (r,t) is given by the 
equation 

-4r(n E ) - J [E + (—) (E - E )] - -^-Ek - P 3t p p' > ps 0i P a P T.. „ P -t-e 
P " r 

where E is thu energy of the hot ion neutral beam source; the second term 
in brackets is a heating term due to charge exchange between plug ions; and 
the energetic neutra. beam source U~.J is the ratio of the charge-exchange 
and ionization cross sections for the energetic neutrals; E . is the energy 

pL 
of the plug ions bei ig lost axially; and the last term represents the 
classical energy transfer from plug ions to electron?; 

n iz - I T > P =_£-JL_LJL, 
p + e Tpd 

where the electron-ion drag time is 

3 C T 3 / 2 

V t , 2 4 &JTir (k n )Z e e P p P 

In the definition of T , we uae the orbit-averaged dsnsity (k n ) rather pd P P 
than the midplane density n . For a Gaussian axial density profile the 
orbit-averaging f. ctor is k = 1/SI . 

The plug io model is completely defined by specifying the source 
parameters [J , E , (—) ] and the axial confinement parameters (S ., t. ) 
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Two axial confinement models are presently used: 
• (E , T.| ) are fixed parameters. 

* (E Ti|D) described classical, drag-dominated ions in the 
presence of charge exchange: 

n.. E 
I (—) £n J£ 

pL 'p e p , 

where n is an input parameter that defines the loss energy E . at which 
ion-ion scattering competes with electron-ion drag. The code can also be run 
with fixed plugs; i.e., we directly specify n (r) and E (r) as input and 
hold these quantities fixed while the electrons and central-cell ions evolve 
in time. 

Solenoid Ion Model 

The solenoid ion density n.(r,t) is obtained from the continuity equa
tion 

on. n. . „ 
!Tt i " T.. ± ~ 7 3r 1 

where J. is an ionization source current density; the second term on the 
right represents axial loss with confinement time x,. • ', and the last Cerm 
represents the effect of radial diffusion with radial particle flux r.. If 
there is more than one ion species in the solenoid, an equation of this form is 
BOlved for each species. The solenoid ions are assumed to have an approximate
ly Maxwellian energy distribution with a temperature T.(r.t) given by the 
energy balance equation for each species, 
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St 

+ fp . + y p. . 1 + p. 8* - z.r. J.* , 
e-ti 4 j+i j i i 1 3r rc * 

where E. is the energy of the ion source for the solenoid; (a /oT) is 
the ratio of the charge exchange; and ionization cross sections fp» the sole-

3 
noid source (if E. > -s-T- c'aarge-exchange represents a heating mechanism, 
and if E. < —T. it is a cooling mechanism for solenoid ions); E-, is is 2 i ik 
the energy of the solenoid ions lost axially. In the radial diffusion terra, 
Q. is the radial ion energy flux; it can be written an the sum of convection 
and conduction contributions 

Q. = | r.T. • q. , 

where q. is the radial heat flow. The energy exchange terms for solenoid 
ions and electrons are given by the classical Spitzer formula, 

P , 
a-»-b 

where 

T 

°b(j Ta - I V 
Tab 

3 Ma Mb 

^ " 8 ^ vS^-b \ Ma \ ) 

For TMX applications we have included an RF heating term for solenoid ions, 

pRF _ „ /~c \"i | ERF! >?-m 
which represents the effect of RF electric fields in the solenoid generated by 
DCLC instability in the plugs; B and B are the magnetic fields at the 
solenoid and plug midplanes; L is the effective uniform solenoid length; 
IE-pi is the electric field strength; and a; is an adjustable coupling 
parameter. 

The solenoid ion mode1, is completely defined by specifying the source 
parameters [J., E. , (a A O . ] , the KF heating parameters (a-, E__), the axial 
confinement parameters (E.,, T,,.), anj the radial fluxes (r., q.). We define 
the axial ion confinement time for out model so as to be correct in both the 
long and short mean free path limits for solenoid ions, 
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Pastukhov . coll isional 
L l ' l 

In the long mean free path limit the dominant contribution is the Pastukhov 
6 7 confinement term: ' 

T. Pastukhov = ~ g(R Z.) hi T. J, 
2Z. p c * * l / 

1 
with 

n.Z? In A.. 1 1 i i 
M . 

1 
1 1 L 

I n.Z? In A.. 

J M j 

Yn.Z?£nA. . 
Z. = 4 J-l " 2 r M. . 

/ j;i-n.Z.^nA. J Mj J J ij 

and the summations run only over the ion species in the solenoid. The ion-ion 
collision time is 

1 1 /Tim.zV'.&iA.. i i n 

R is the mirror ratio from the solenoid to the plug midplane, 

R = B /B , pc p'"c' 

A<t> is the axial potential difference between the plug and solenoid midplsnea, 

p c' 

the Pastukhov mirror ratio function is 

/S ,;' . _-l„_ /l + x"1 + 1 g(x) = j - /I + x ±la 
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and the electrostatic end-plugging function is 
x 

a 
11x7 ' 

lux) = 

where 

I ( x ) = 1 + J-^- e" erfc( x). 

In the short mean-free-path l i m i t the dominant contribut ion to T|| . i s the 

c o l l i s i o n s 1 confinement term 

„ . . , PET" /ZM\ 
collisional J i / i \ 

ri jrT Lc Rpc c x p^ T. / 
These formulas have been verified in the long mean-free-path limit by Fokker-
Planck computations and in the intermediate and short mean-free-path limits by 
Monte Carlo simulation of ions in a tandem mirror. The axial loss energy for 
solenoid ions is given by 

Pastukhov JPastukhov ._collisional -collisional 
_ _ l iL I lL 

where 

iL Pastukhov J ...collisional 
T , + T . 

1 1 

.Pastukhov _ Z i ^ . 3 _ 
EiL = - T O I \ + ~ T -/Z.W\ 2 i * 

collisional ^ + 2 T 

iL l i 

Three different radial ion-diffusion models have been used. The 
simplest of these is the diagonal, constant-diffusion-coefficient model for 
which the ion particle and heat fluxes are given by 

So. 
r. = -D.-*i , 
l l 3r -- KJ*Ti 

qi ~ " i"i gr * 

where (D., K.) are constants. 
The second model is classical ion diffusion,for which the fluxes are 
8 given by 

r _ , 0 2 " : T3 (n,(T + T.)) - | n . 3 T e l Fi = - ( me ne Te ) L ^ L e x 2 x~J ' 
2 - 1 3 T i q. E -2<Q.JJ.T.> n.T. -jj , 
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where 

ft 
eB c 

e m c ' 
e 

3 / 5 ~ T 3 /2 
e 

l e 4r^iT n Z?e 4£nA. e I l e 

&£ 
eZ.B 

_ i c 
M.c 

3 /MT T . 3 / 4 

_ i l 
T i /*t n.Z?e*£nA.. 1 1 n 

The third radial diffusion model represents resonant ion diffusion in the 
plateau regime. This is likely to be the dominant form of diffusion for most 
nonaxisymmetric tandem mirror devices, as indicated previously in Table IV. 
C-I. We use the approximate analytical expressions for the fluxes given 
previously and the approximation Eq. (6a). 

Contributions to radial ion fluxes from all three of our diffusion models 
may be added together to represent situations in which several types of ion 
diffusion occur simultaneously. 

Electron Model 

The electron density is set equal to the local ion charge density every
where in the system; i.e., in the plug we have 

n « n Z , ep p p' 

and in the solenoid 
n • 7 n.Z. . ec J i i 

The electron temperature T (r,t) is determined from the line integral, 
J ---, of the electron energy balance equation. We assume axial magnetic-
square-well models for the plugs and the solenoid, so the electron line density 
is simply 

2L L 
Ne " <T^ *ep + <TT> »ec > 

p r c 
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where L is the equivalent square-well length for one plug, L is the equiva
lent uniform solenoid length, and B and B are the magnetic field strengths 
at the midplane of the plug and solenoid, respectively. The line-integrated 
electron energy balance equation is 

£ < k T e } * [ ( ^ ) J ep E e P s + ( ^ ) J e= E ecs] 

N E T 

e eL 
Tlle 

p 
The first term on the right side of this equation represents electron source 
currents in the plugs and solenoid, given in terms of the ion currents by 

J e P - J
P V 

Jec " I Ji Z: • 
The electron source energies, E C D_ and E , are usually set equal to zero. 
The second term on the right side of the electron energy balance equation rep
resents axial loss; the axial confinement time is denoted by x, , and the 

It e 
axial loss energy by E ,. The third term in the energy balance equation 
represents radial electrc-i energy flow. The energy flux Q can be written 
as the sum of convection a m conduction contributions, 

% = 4 Pe Te + *e 

in both the plug and solenoid regions, where r is the particle flux and 
q is the electron heat flow. We note that the flux tube radius. R, at the 
plug midplane is related to the radius, r, at the solenoid midplane by 
magnetic flux conservation 

B p R 2 « B c r 2 , 
where we have assumed that the magnetic fields are approximately uniform in the 
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radial directicn. The fourth term in the electron energy balance equation ia 
the classical energy transfer between electrons and ions. The last term in 
the energy balance equation is the change in electron kinetic energy due to 
particle flow along the radial electric field. 

The electron model is completely defined by specifying the axial confine
ment parameters (E T, T„ ) and the radial particle and heat fluxes in the 

eL || e 
plugs and solenoid (T , a , T , a ). r ep' Hep* ec' Mec 

The axial confinement time for electrons is given by a modified Pastukhov 
formula, which accounts for the averaging over the plugs and solenoid: 

THe " ̂ f-^mcV h ( W 
e 

where the mirror ratio between the solenoid midplane (B ) and the external 
c plug mirrors (B ) is m 

R = B /B 
mc m c 

The effective electron collision time is 

T = T 
e eec 

""(£)fe)& 
1 + lLc A n-A v l n -J 

where the local electron-electron col l is ion time is 

, / i T T 3 / 2 

/2TT n e e £n A e e 

The overall effective Z is 

Z = Z 
e ec 

where the effective Z of the solenoid and plugs is given by 
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, / L. n.Zf Jin A. 
Z - M i l 1 1 1 x e 

ec 2 I X + n It 1 ec 

2 

eec 

ep 

, / n Z Jin A 
2 \ l n &nA \ ep eep 

The electron axial loss energy is 

2 e eL I(* /T ) c e 

Two radial diffusion models are used for electrons. The simplest of these 
is the diagonal, constaat diffusion coefficient model for which the electron 
particle and heat fluxes are given by 

r = -D 
ep ep 

3n 

8T 
q = -K n —T7T » 
^ep ep ep 9R 

r = -D 3 nec , ec ec — 5 — dr 

3T 
ec ec ec 3r ' 

where (D , K , D , K ) are constants. Our second electron diffu-
"P **P CC 6C 

siou model assumes classical ambipolar flow with fluxes 
r = 0 , 
ep 

q = 0 ep 

lTi h ' 

-1 
a = -(m U T ) ec e e e 4.66 

ST 1 

vVi>f-4Te!r^cVl.niV 
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Arobipolar Potential 

On each flux tube we determine the value of the ambipolar potential at 
the plug midplane, <Ji (r,t) and at the solenoid midplane, <f> (r,t). We 
assume a Maxwellian electron distribution with uniform electron temperature 
along the flux tube, so <f> is given in terms of A by the Maxwell-
Boltznann relation 

p Tc e ep ec 

To determine $ (r,t) we have used two different models. The simplest model 
is based on the assumption that there is rapid radial mixing of electrons 
between flux tubes so that the electron temperature is axially and radially 
uniform and the radial distribution of potential obeys a Maxwell-Boltzmann 
relation, 

:) - |.c(0) + T e An [n e c(r>/n e c(0)j. 

The value of the central potential, <|> (0), is determined by equating the 
line-integrated ion and electron axial loss rates on the flax tube at r - 0: 

2L n Z 

r=0 

L n.Z. 

C 1 II 1 

N 

r=0 r=0 
where T|ie(r=0) depends exponentially on <f (0). 

The other model for determining <t> (r) equates the total line-integrated 
loss rates (radial plus axial) for ions and electrons on each flux tube: 

2L n Z L 

P Up 
£> i z . rpL+ijUrf.)] 
c i x h i r 3 7 L j 
2L 

^~ + <=-*>£ 4 <BT_) • (=£) i i - (rr ) R olR ep 

3* 

7 37 

In this equation T. may depend on jr- (for example, in the resonant-plateau 
ion transport model) and T., depends on <i> . A realistic model for electron 
diffusion in the plug would also yield T as a sensitive function of poten-

ep 
tial, but such a model is not incorporated in our code at present. 
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Boundary Conditions 

The boundary conditions on the densities, temperatures, and potentials at 
the outer radius, r , of the computational domain are: 

r»r 
max 

max 
constant (usually, a very low value) , 

3T 
3r 

3* 
37 

r=r max 

r»r 
max 

constant (usually, zero) , 

constant (usually, zero) . 

The sensitivi " of the code results to these boundary conditions depends on 
the diffusion movlel and has not been thoroughly tested at the present time-

SAMPLE CODE RESULTS 

We illustrate the possible effects of large radial transport with an 
q example using parameters from the TMX proposal. This corresponds to a 

strongly plugged solenoid in the sense that solenoid ions are confined for 
hundreds of collision times. In this case we expect radial transport to have 
a significant effect on confinement (see Table IV. C-l). Table IV. C-2 sum
marizes the input data and steady state code results for two cases. In the 
first case only classical transport is included; in the second case a simpli
fied form of the resonant plateau ion transport model has been added. The 
effect of this is that the overall confinement time decreases by about a 
factor of 2. Radial profiles for these two cases are compared in Figures IV. 
C-3 through IV. C-6. The effect of the resonant transport is to carry ions 
radially outward from the axis toward the edge of the plasma where they rapidly 
escape axially. This is illustrated in Figure IV. C-l where the axial loss 
current is plotted as a function of radial position. 
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TABLE IV. C-2. Input data for TMX problem. 

Fixed parabolic plug ion density 
Solenoid magnetic field 
Plug magnetic field 
Mirror field 
Solenoid square-well length 
Plug square-well length 
Transition scale length 
Peak plug ion density 
Gaussian plug ion radius 
Plug ion energy 
Solenoid source current 
Total solenoid current 
Computational domain 

Transport model 

Peak solenoid ion density,n (cm ) 
Peak solenoid ion temperature,T (eV) 
Peak electron temperature,T (eV) 
Peak solenoid potential,$ (eV) 

c -
-3 

Axial ion confinement,n T„ (Cm a) 
Transverse ion confinement,n T. (cm s) _§ c 

Met ion confinement,n T (cm- s) 

"JR> = n (1-0.9 R W ) 
B 
c 
B 

P 
0.5 kG 
10 kG 
20 kG 
550 cm 
40 cm 
125 cm 
5 x 10 
10 cm 

f E = 27 keV P 
J = 4.64 x 10 c 
I = 260 A c 
0 < r < 45 cm 

R = 

„13 

15 „ -3 -1 cm s 

Case 1 Case 2 
Classical CI. assical and resonant 

1.77 x 10 1 3 1.29 x 10 1 3 

90.7 86.5 
280 322 
1830 2140 

7.32 x 10 1 1 1.22 x 10 1 3 

7.48 x 10 1 2 2.95 x 1 0 U 

6.67 x 1 0 U 2.91 x 10 1 1 
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IMPROVEMENTS AND MODIFICATIONS 

The physics model used in our computational studies could be made more 
realistic in several areas. A few of these improvements are mentioned herein; 
others may arise as we learn more about the behavior of a tandem mirror from 
the TMX experiment. 

The resonant-plateau ion transport model needs to be supplemented by 
similar models for the resonant-collisional and stochastic regimes, since it 
appears that these are the most relevant for tandem mirror devices. 

It has been suggested that neoclassical electron radial transport in the 
plugs may lead to a uniform electron temperature throughout the entire 
plasma. This proposition needs to be tested with a more realistic model 
for the electron transport. Order-of-magnitude estimates of the electron 
diffusion coefficients have been given by R. Cohen. These could be used 
for an initial test. 

A major addition to the code is required to properly model the particle 
and energy sources in the plugs and solenoid. At the present time the ion 
source shapes and magnitudes are simply fed into the system as input data. A 
more realistic approach would be to specify the flux of cold gas or neutral 
beams at the edge of the plasma and self-consistently compute the density of 
neutrals and ions produced by ionization and charge-exchange processes. Com-

11 12 
puter codes for performing these calculations already exist ' ; incor
porating these into the radial transport code would seem to be very straight
forward. 

With neutral beam injection into the solenoid there is a non-Maxwellian 
ion population which is not properly represented in our model. These ions are 
primarily trapped by the magnetic mirrors rather than the electrostatic poten
tial so their axial confinement time differs appreciably from the Fastukhov 
form now used in the code. The radial transport of these ions may also differ 
significantly from that of the bulk ions in the solenoid. A separate model for 
these ions would be especially important for tandem mirrors operating in the 
two-component mode, and for the treatment of alpha particles in a tandem mirror 
reactor. 

The thermal barrier concept needs to be included in our model since it 
could significantly modify the operating mode of a tandem mirror. To 
incorporate this feature in the code one could specify a barrier potential 
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iji. and introduce a separate temperature T for electrons trapped in the 
13 plugs. Simple rate equations, derived by Cohen and Doming, could then he 

used to determine T and the potential difference between the plug and 
solenoid, previusly given as £{J = T £n ( n

e t / a
e c ) - A more elaborate 

model might include a description of barrier ions and a self-consistent 
barrier potential. 
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IV.D. BARRIER PHYSICS 
D. E. Baldwin 

BARRIER FORMATION 

The development of the thermal barriers (see Sec. IV,D) concept 
introduces the prospect of tandem mirror reactors that have a much reduced 
plug-to-solenoid density ratio. The advantages for a reactor scenario are 
described in Sec. II-; this subsection describes some of the physics issues 
associated with establishing and maintaining these barriers. 

Barriers allow enhancement of the plugging potential by heating elec
trons in the region of the potential rise to a higher temperature than elec
trons in the solenoid. By this means, the potential is increased by the 
temperature differential over that for a uniform temperature, according to 
the Boltzmann relation. The barrier has the important function of isolating 
the plugs, preventing these higher-temperature regions from being swamped by 
the colder solenoid electrons. 

Qualitatively, this isolation requires a negative dip in the potential 
between the solenoid and the final plugging potential- A model barrier has 
the z-profiles shown in Fig. IV.D-1, where the solenoid lies to the left. 
The two mirrors ml and m2 may have different peak fields. Between the peaks 
is a pronounced dip in field intensity. We assume that the potential also 
has a dip, and then examine the requirements for it to exist. 

The essential idea is that, by making the ion density dip in the bar
rier, quasi-charge-neutrality will Bet up a potential dip to reduce the 
electron density there. This effect needs to be enhanced by the addition of 
magnetically trapped electrons between the mirrors, serving to offset some 
or all of the ion-charge density. Once this potential dip exists, electrons 
on the two sides are at least partially isolated, and proper application of 
heating power on the right—which raises the temperature there—causes the 
potential there to vary on the scale of the higher temperature. In fact, by 
this means the potential can be made to rise to higher values on the right 
than on the left, even though the density rise on the right may be less. 

It is this last peak of potential that ultimately plugs the solenoid. 
The magnitude of the required difference in the potential maxima, right to 
left, is that required for good plugging of the solenoid. The advantage 
gained with the barrier lies in the extent to which the needed densities (or 
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Pig. IV.D-1. Profiles: (a) magnetic profile for model barrier; and 
(b) barrier profiles for potential $, ion density n^, and hot 
electron density a^. 
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really power) can be reduced by the barrier-plug combination, while re
taining the required potential difference. 

The four most important physics issues are how deep the dip must be, 
how to prevent its filling with warm ions, how stable are the resulting 
equilibria, and how much power is required to maintain the whole configur
ation. It is found that different magnetic geometries can be u?ed to gener
ate the desired potential profile, with the final choice determined by a 
number of considerations, principally microstability and the achievab'e beta 
values. To some extent, several physics issues are common to all these con
figurations, and it is useful to describe them before examining the details 
of particular cases. 

In all applications of interest, particle mean-free-paths will be long 
compared to the system size, so that parallel-pressure balance is assured 
with distributions that are functions of energy E and magnetic moments, y. 
Describing equilibria consists of choosing distribution functions consistent 
with the assumed profiles. 

Collisions cause slow relaxation in the jpace of e, U, e.g., electrons 
that scale the barrier potential to enter the plug have only a small prob
ability of trapping. The power necessary to maintain the required distri
butions against ion trapping in the barrier and electron-power transfer from 
the pluE t o solenoid can be analyzed as bounce-average Fokker-Planck prob
lems, with exchanges appearing as flukes in velocity space-

Beyond the left mirror ml in Fig. IV.D-1, are Maxwellian ions of 
temperature T. and electrons of temperature T , both with density n ,, l e ml 
which is independent of B(or z) up to the mirror peak. 

For simplicity, we assume that the distribution of solenoid electrons 
between the peak ml and the field minimum at z, are locally Maxwellian, 
having scattered in pitch angle between ml and the minimum. There also will 
be a population of hot, anisotropic electrons trapped between the mirrors. 
At the very least, these can come from the right of the barrier minimum. 
Their temperature and number density must be enhanced by ECRH applied at the 
barrier minimum, if their number density is to offset the local ion density, 
thereby forcing <ty to near ground potential. Their density n vanishes 
at the mirror peaks. 

There are two classes of ions between the mirror peaks: those un-
confined to the barrier region (called "passing") and those locally trapped 
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in the barrier. The barrier midplane velocity space v. , v.. is shown in Fig. 
IV.D-2. Due to their assumed Maxwellian distribution, the density of pas
sing ions can be calculated explicitly, 

a/2 
( i ) n (B,<f>) = n — f dxe~X (x + q. ̂ | ] 

Pass c ^ JQ ^ -*i T. J 

where allowance has been made for equal rightward and leftward fluxes due to 
reflection from the potential on the right, * is the potential at the 
left irdrror, and q. is the ion charge. The increasing area of the flux 
tube due to B's dropping causes the density of passing ions to drop. Pro
vided there were no trapped ions, the electron density must :lso drop; for 
the assumed electron distribution, the self-consistent potential would then 
be given by 

eU . -$ I e ( * m i - n _ „ exp f Hi = n (B,<j>) - n . (B) . (2) 
c * I T I pass ' eh 

When the drop in potential satisfies <j> . - $ » T./q-> the passing ion 
density obtained from Eq. (1) assumes a simple form that can also be ob
tained from simple flux conservation: 

~ B / ^ 
n * n =— «f 

p a S S c Bm \ *q.( t 

(3) 
ml - •> 

The accumulation of warm ions in the barrier must be prevented by 
their removal (pumping), and the density of these trapped ions will depend 
sensitively upon the effectiveness of the pumping method chosen. However, 
to obtain a figure of merit for the limit on the trapped ion density for a 

prescribed minimum barrier potential $., we normalize the total, ion den
sity at the barrier minimum to the n at that point, given by 
Eq. (3), i.e., 

1- J ^ 
*b \ ^ W 

^\K \ ^ - ( ^ - *b) • M 
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(a) Trapped 

Passing 

( 2 { 0 M 1 - * b ) / m j ] 1/2 

<b) 

Pump beam 

Fig . IV.D-2. Barrier- ion v e l o c i t y space showing (a) passing and trapped 
regions; and (b) cross-hatched region acces s ib l e to gas-pumping and 
locat ion of in jec ted neutral beams. 
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where R.r B /B. , and g, = 1 corresponds to zero trapped ions. Again, 
provided the electrons remain locally Maxwellian, quasi-neutrality leads to 

" (»,1-Vl_«b J Ti °eh(Bb) 

r R

b \ w*i^«i -

For T = T. and n . = 0, achievement of $ ~ 4>K * 2.5 T /e requires e i eh m D e ^ 
R./g. = 4.4, which calls for a large mirror ratio and sufficiently effective 
pumping that the trapped ion density not greatly exceed the passing density. 
The implied required range of g, from 2 to 4 for practical R. would 
place a fairly stringent requirement upon any pumping technique. When n , 

eh 
is nonzero, this restriction is relaxed. If n . is sufficient to com
pletely neutralized g Kn at the field minimum, Eq. (5) fails, for b. is 

D PaSS O 

then driven to near zeio, the confining wall potential. 
To the right of the minimum in the barrier field, the passing ion den

sity begins to rise with B and $. At the point where $ = $ ., the passing 
density is reduced from n 1 only by the drop in B from B ,. This ion 
density is to be increased by the density of neutral-beam-injected energetic 
ions that transfer the axial pressure to the magnetic field. These latter 
ions may either be held totally within a relatively shallow magnetic well 
(shown dashed in Fig. IV.D-1) or may bounce between the two peaks m. and 
m,. The potential will rise with ion density on the scale of the local 
temperature T , This rise with B is faster than to the left of the mini
mum, so that 4 = $ ,at a B-value less than B . . The eventual drop to 
zero at the peak m2 results from the ion density dropping to zero at that 
point; this is the end pc.At of the tandem configuration. The dependence of 
the rise on density and the ratio of temperatures is a critical function of 
how electrons are supplied to the right of the minimum and how they are 
heated. It is necessary to treat separately the cases where <f>, either is 
not or is reduced to ground potential. 

When <K 4 0 the principal source of electrons to the potential peak 
is due to the trapping of those electrons that stream past the barrier $, . 
The potential A - *. adjusts such that, for given streaming density and 
temperature »-atio, the electron density ac B_ equals the local ion den-2 sity. Cohen, etal., find 

T eh „ JSn 
e A " "He VeJ J ' 

(6) 
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where v depends on the mirror ratio seen over the extent of the confining 
potential. When this mirror ratio is <1, as it is for B^ < B_, then 
v = 3/2. For more usual mirrors, for which the cold electrons are restricted 
in pitch angle, \) =* 1/2. Any nonzero value of M increases the density ratio 
required to achieve a given potential difference beyond that obtained from 
Boltzmann's law. Values of v * 1/2 are sufficiently severe, based on this 
scaling, that it appears necessary to force $ b to near the ground po
tential, and cut off this source of electrons. 

As ifb becomes very close to ground, the potential 4>̂  will be 
determined by whatever is the alternate source of electrons; for if this 
source is small, <j>_/T . rises to high values in order to retain th<_ 
necessary neutralizing electrons- Assuming that these electrons are pi J-
duced at an effective source density S p at low energy by ionization of 
background gas or neutral beam atoms at the potential peak, the resul ant 
potential will be given by 

l^T*p n Tee J ^ - T ^ la | = - , = : £ - * I , (7) 

where 
ml/2 T3/2 

n T = _£ ^ - in A , (8) 
ee & Tre 

and S-nA is the Coulomb logarithm. This differs from the Pastukhov life
time for combined electrostatic and magnetic confinement in that the mirror-
confinement contribution is lost because of the drop in magnitude of B 
from B to B. , i.e., these hot electrons are potentially confined on a 
magnetic hillside. This result holds also for a double-' ;ak field shown 
dotted in Fig. IV.D-1, for then it is the net drop in B that is dominant. 

The effective source S in Eq. (7) is made up of a contribution from 
ionization of background gas, if significant, and frcnr ionization of neu-
tral-beam-injected atoms at B_, if present. This latter source of elec
trons can be eliminated, if desired, by injecting neutrals at the conjugate 
point where B again equals B_ to the left of the ba-rier peak. Here, there 
is no potential, because of the local absence of e.ectron heating, and 
ionization-electrons mix with those of the solenoid. 
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At whichever point the ions are injected, they will generate a peak, in 
ion density at B only so long as they are not allowed to collisionally 
fill in larger pitch angles. This will lead to the necessity of pumping, 
i.e., the removal of those ions that do scatter to large pitch angles (as 
discussed in "Barrier Pumping," below). Their velocity space distributions 
must be such that, when combined with those of the passing ions and hot 
electrons, they remain stable to instabilities of the general ion-streaming 
type. This topic is discussed in "Microstability of Pumped Regions," below. 

DRIFT ORBITS IN 3ARRIER 

The magnetic fields of most current barrier designs are such that they 
generate nonomnigenic drift surfaces. In the interest of keeping barriers 
small, these designs have not allowed for recircularization of the magnetic 
flux between the barrier and the minimum-B plugs. For the particular ex
amples of inside barrier and outside, or A-cell, barrier for which drift 
surfaces have been calculated, the drift surfaces are found to be closed but 
to have a considerable dependence on pitch angle. 

Sample drift surfaces for the magnetic field of the A-cell barrier are 
shown in Figure IV.D-3. Shown are the crossings of the minimum-B surface 
for a selection of particles having pitch angles giving mirroring at 
B/B = 4.0, 3.0, 1.7, and 1.2. Note that these surfaces are elongated in 
the direction of the A-cell magnet, but that pitch angle variation gives 
rise to ~25% variation in excursion in the large direction for equal ex
cursion in the small direction. Also, these are a class of particles that 
do not encircle the origin. The description of such an equilibrium at 
finite P would be very difficult, certainly beyond even the numerical 
techniques developed to date for quadrupole-symmetric mirror fields. 

Drift surfaces for the inside barriers are even more nonomnigenic, 
with changes in pitch angle giving rise to an entirely different topology. 
In fact, such extremely nonomnigenic magnet wells are very poor confiners of 
particles on the drift timescale, and this is the basis for Kesner's sug
gested drift (or passive) pumping (see "Earrier Pumping," below). Shown in 
Fig. IV.D-4 are four particles in a mirror ratio = 5 inside barrier designed 
for TMX, starting at r = 15 cm, e = 0 at the barrier midplane and reflecting 
B/Bn = 4.9. 4.6, 2.9, and 2.0. Particles reflecting near the lip of the 
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well see an average negative curvature and have closed, regular drift sur
faces which enclose the origin. Deeply trapped particles initially see a 
positive curvature, drift upward and outward, and finally close due to a 
contribution to the field which is of higher order than quadrupole (presum
ably octopole). 

The calculated drift surfaces for both sample fields are equally valid 
for ions and electrons, provided this eneigy is sufficiently high to justify 
the neglected effects of the electric field. 

BARRIER PUMPING 

General Considerations 

An important ingredient in the barrier concept is that of pumping; 
specifically, the method employed, its effectiveness in terms of achievable 
density depressions, and its effect on the untrapped particles. 

The most basic question to answer first is the trapping rate against 
which any pumping scheme must compete. Passing ions are trapped in a bar
rier by classical diffusion in energy and pitch angle. Because the distri
bution of passing particles is sharply cut off at the velocity-space boun
dary between trapped and untrapped particles, a prepared state having no 
trapped particles would experience rapid trapping until the sharp gradients 
in velocity were removed. After this, further trapping occurs at a rate 
typical of the scattering time appropriate to the angle change necessary to 
trap. 

If most trapped ions are localized in velocity space near the passing 
particles, two immediate results follow from the beam-like character of the 
distributions. First, the axial density profile for the combined trapped 
and untrapped ions will be close to that of the untrapped ions themselves. 
Thus, the normalization of the total density to that of the passing density 
by the introduction of g. in this section is useful for profiles, as well 
as for a point measure at the midplane. Second, care must be taken not to 
generate distributions that are unstable to ion-beam instabilities. These 
would greatly enhance the trapping rate. In general, the requirement of 
stability places a lower limit on the number of trapped ions that is not 
severe (see "Microstability of Pumped Region," below). 

IV-91 



Techniques for pumping that have been analyzed include charge-exchange 
on injected neutral beams and/or gas, reliance on ion drifts in the nonaxi-
symnetric field, and application of external rf at the ion axial bounce or 
cyclotron frequenices. Of these, a combination of charge exchanges and 
drifts appears the most promising to date, and Section IV.H is devoted to 
the calculation of the requirements for HFTF-B. 

The numerical tools that have bren used to study the rate tit which 
passing ions are trapped in a barrier include two Fokker-Plenck codes: 
Hybrid II, a. 2-D velocity space code that models the barrier as a square 
well, and a bounce-averaged code that describes diffusion in the constants 
of the bounce motion. Also used has been a single-spatial-dimension Monte 
Carlo code that follows guiding-center particles along magnetic lines, sub
ject to electrostatic and magnetic forces, while randomly changing energy 
and magnetic moment approximately to model Coulomb collisions (see Sec. 
IV.G). 

These codes have all been used to calculate the filling rate from a 
passing-particle distribution ttu.t must be balanced by a charge-exchange 
loss. An approximate expression for the trapping flux is given by 

2 n pass 

2.3 x 1 0 9 T w 

Jt~p - , , : 3 T 3 / 2 1 1 - °-2 s i - <» 
c i 

where R, is the barrier mirror ratio and T •, and n are the b ci pass 
temperature in keV and the local density of the passing, or untrapped, ions. 

Equation (9) can be used to estimate the effect of loss to a pair of 
barriers from the solenoid. For this, take R. » 1 and relate n to 

D pass 
its value at the barrier mirror (where B • B. ) by 

pass 1/R,, 

(in so doing we overestimate n , having neglected the drop due to ac
celeration of ions in the barrier potential.) Integrating over a flux tube 
and accounting for two barriers gives for the loss per flux tube from the 
solenoid of length L to the barriers 

(10) c dn _ 2 L b dn 2L 2 

b Dm B dt c B, dt c b b Bbm 1 0 1 0 T 3 ' 2 

c i 
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which is independent of the barrier mirror ratio. L, is Che effective 
barrier length, less than the barrier mirror-to-mirror lengch due to the 
potential. 

It is important that the barriers not severely increase the loss from 
the solenoid. In the solenoid, due to the potential confinement of the 
plugs, the ion confinement produced nr exceeds that for 90 scatter 
m . by a factor ci ' 

A = n t c / m u 

that for a reactor is about 50. If ions lost to the barrier from the sole
noid are removed from the system by the pumping process (e.g., by drifts), 
then in order for the loss rate into the barrier not to exceed that through 
the plugs requires 

L. , B. n 2 

b 1 Dm c c • i \ 
- i l A B 2 • C H ) 

c c n. Dm 

In the event that ions lost to the barrier are returned to the sole
noid with an increase in energy AE (e.g., by charge-exchange on an axial 
beam), Che correct basis of comparison is power flow, for there is a risk 
that the pumping process might heat the solenoid. Noting that each ion-
electron pair removes • + $ + T + T from the solenoid, the additional 
input power from the pumping of the barrier will be small, provided 

2 
_b 1_ bm c Tc ye c e . . 
I J 2 A B 2 AE " V ' 
c e n . 

Dm 
Equations (11) and (12) emphasize an important difference between so-

called inside-barriers and outside-barriers. In the former, where the bar
rier is between the plug and solenoid, n. = n . In the latter, where 
the barrier is beyond the plug, n. is reduced by a factor of 3 or so by 
the intervening plug. This relaxes each of these conditions by an order of 
magnitude. 
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Charge-Exchange Pumping 

One of the most promising means for pumping appears to be the use of 
controlled charge-exchange of barrier-trapped ions on neutrals. In the 
simplest version, the neutrals are injected nearly parallel to the magnetic 
axis with an energy greater than the well depth. [See Fig. IV.D-2(b).] After 
charge-exchange, the injected neutrals are passing ions, and the neutralized 
ion has a high probability of loss to the walls. The promise of the method 
lies not only in the fact that a sufficient ratio R

b/g b can be achieved, 
but also that the role of charge-exchange in shaping ion distributions in 
mirror machines is thought to be well understood. 

Two-side effects of any charge exchange method are immediately ap
parent. First, under reactor conditions, the ion energies would be in the 
range of 20-40 keV, where the charge-exchange cross section is about three 
times the injection cross section. This ionization current is a source of 
particles to the solenoid that must be accounted for. Second, charge-
exchange works on both trapped and passing ions. For g. _< 2, the process 
becomes inefficient in the sense that more passing ions are charge-exchanged 
than trapped ones. 

Assuming the charge-exchange cross section to be energy-independent, a 
simple estimate for the required charge exchange rates v can be obtained 
by equating n. v to the fill rate of passing particles given by Eq. (9), 

vcx*b = n p 3 8 9 3/2 ° * °'2 V • < U ) 

2.3 x 10 X '. ci 

A more power-effective use of charge-exchange employs gas or neutral 
beams injected into the nonuniform well in a way that localizes the result
ant charge-exchange to critical regions of phase space. For example, in the 
process of filling from the passing particles, the phase-space density is 
highest near the boundary between trapped and untrapped ions. By injecting 
gas just to the right of that location [in Fig. IV.D-Kb) ], where the po
tential rises again to its value in the central cell, charge-exchange can be 
limited to the cross-hatched regions of the phase space shown in Fig. 
IV.D-2(b). This is just that region of phase space occupied by recently 
trapped ions. The charge-exchange product is a passing particle because it 
is born at a potential above that of the solenoid and because it has a 
small magnetic moment. The associated neutral will have an energy *= T .. 
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There will also be a small number of ions in the low v,, region of 
phase space resulting from diffusion through this region, or diffusion 
through at small v., or large angle scattering. These must be charge-
exchanged away by neutrals injected along the axis as in the first change-
exchange technique described above. The current required for these ener
getic neutrals is much reduced because of the selected charge-exchange near 
the loss boundary. 

In all charge-exchange pumping approaches, the important effects on 
the central cell, other than the accompanying ionization current mentioned 
above, are those relating to power flow, as opposed to particle loss. In 
principle, at least, this influence can be made very small. Each ion be
coming trapped in the solenoid is replaced by another one by charge-
exchange. Provided that the gas and neutral •••xms are injected with an 
energy $. + T . relative to the bottom of the potential well, the ex
change of ions also brings about no heating of the solenoid. As long as the 
ionization current is less than what is required to fuel the solenoid, it 
can be used as a partial particle source. 

If all of these ideal conditions could be met, the only external pump
ing power required is that of the axially injected neutral beams at a cur
rent per volume well below that given by Eq. (13). The power lost by 
charge-exchange on the gae-fed ions, equal to T . times the flux given by 
Eq. (13), is supplied by the solenoid and ultimately by the fusion alphas. 
(This method of pumping has been analyzed in detail for MFTF-B; a des
cription is contained in Sec. IV.H.) 

DRIFT PUMPING 

Kesner (4) has emphasized the important role played by particle drifts 
in removing ions trapped in a barrier, even to the point of suggesting this 
means as a "passive" pumping method. The role played by particle drifts is 
certainly important in analyzing barriers, and the removal of ions that 
drift outside the principal flux tube reduces the demand on charge-exchange 
or other active pumping methods However, the technique has its undesirable 
aspects. 

The central idea follows from the recognition that the drift surfaces 
of ions trapped in a barrier are in general different from the surfaces of 
passing ions (see Section IV.0); the latter maps the principal flux cube o£ 
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solenoid plasma. To the extent that trapped ions experience wide excursions 
beyond this principal flux tube, they could be removed by a limiter. How
ever, not all ions experience such large excursions, and problems are raised 
by their removal and even by the fact that large drift excursions exist. 

Ions bouncing in the entire solenoid, those which are passing in a 
barrier, drift on surfaces that are in the solenoid are circular to 0(r ). 
This follows from the basic symmetry z -+ -z, 8 + TT/2 - 6, imposed by the 
magnetic field when the end fans of the solenoid have a 90° mutual orien
tation. Expanding a J-surface near the axis 

2 4 
J(r,6,2> = JQ(Z) + r J x(a) cos 26 + r J 2(z) cos 46 , 

rhe symmetry requires J,(o) = 0. THe principal flux tubes of the plasma 
constitute the field-line mappings of circles at the solenoid midplane. In 
fact, a convenient set of magnetic coordinates is 

drr B (r) 
c 

where B = Vip x V8, and r Q, 6Q are field-line coordinates at the solenoid 
midplane where B = B (r). To the extent that the paraxial approximation 
is valid (which says that B , B, « B„) the level surfaces of t|* in the 
barrier form a set of nested ellipses. Use of a limiter would work only if 
these elliptical surfaces were quite different from the similarly shaped 
drift surfaces of trapped ions and if the differences were greater for deep
ly trapped ions. Qualitatively, the reverse is true. Nearly 90 pitch-
angle particles drift on mod-B surfaces. To assure azimuthal uniformity, a 
barrier would be designed with a e-independent mod-B. Thus, the tendency is 
for deeply trapped ions to drift on a constant-9 surface. 

The most apparent problem occurs in barrier designs that rely on mag
netically confined anisotropic electrons to enhance the potential depres
sion. Because of their required high energy, these electrons would be lit
tle affected by the electric fields,, and their drift orbits would be even 
more extreme than those of the trapped ions. These electrons would be just 
as susceptible as the ions to drift-pumping schemes. 
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Other foreseen difficulties in the passive barrier (not discussed in 
detail here) include: 

• The azimuthal drift of ions due to a lji-dependent potential tends 
to reduce the separation of drift surfaces. 

• Any 8-dependent method for removing particles from the barrier 
will ultimately introduce a 6-dependence to the potential in the solenoid, 
which in turn, enhances radial transport. 

It is not clear at this time whether particle drifts should or should 
not be accentuated in trying to design a barrier. However, they certainly 
exist, and their properties must be understood, whether they be employed or 
designed around. 

MICROSTABILITY OF PUMPED REGIONS 

Assuming that barriers can be maintained at densities of trapped ions 
comparable to those of passing ions, the possibility exists of instabilities 
of the general two ion-stream variety. 

In an inside a barrier, the distribution is composed of passing ions 
and trapped ions that presumably are localized near the loss boundary, as 
sketched in Fig. IV.D-2(a). Depending upon the success of the pumping 
scheme, there will also be a low phase-space density of trapped ions of 
large pitch angle and/or lower energy. In the complete absence of these 
latter ions, the system is ripe for ion-streaming instabilities; it will be 
stable for a sufficient density. Because instability would greatly increase 
the trapping rate of passing ions, its required absence sets a minimum on 
the number of trapped ions, or g, above, although there will be 
a great sensitivity on the velocity-space distribution of these ions. The 
following is a preliminary attempt at obtaining an estimate for this density. 

In the outside barrier maintained by sloshing ions, the velocity-space 
picture is complicated by the addition of another set of ions at high energy 

-1/2 and pitch angle greater than arcsin R ' in Fig. IV.D-2(a). The 
stability of this compound distribution of ions to this class of modes has 
not been analyzed. 

The simplest modes to analyze are those with k, = 0, so that the mag
netic field can be neglected. Because all distributions are monotonic in 
v., finite k. does not Cap an increased source of free energy; but it could 
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conceivably allow instability by opening another degree of freedom, in par
ticular at Doppler-shifted cyclotron frequencies. We discuss in detail only 
the k. ™ 0 modes-

For k^ " 0 it is sufficient to consider only the distribution of 
parallel velocities 

r 
f(v||) = 2TT I dV| Vj^ f(Vj_,Vj|) . 

(14) 

An extreme example of a distribution susceptible to instability occurs for 
g. = 1, Treating each of the beams as zero temperature and density n,/2 
and assuming the electrons to have temperature T with ID << kj| v , the 
dispersion relation for longitudinal waves is 

1 + s.2 

••4 
• 

X , 1 1 
H2 ••4 (u - h V 2 ^ + V b

) Z . 
(15) 

where M j \ = ^ e 2 / ^ , k ] ) e = 4*1^ - r^J e /T^, and u f c - 2e* b /m.. 
Plot t ing the r ight and lef t sides of Eq. (15) vs io shows that there is an 
unstable zero-frequency root if 

2 

When 

"he T -Sie e 

"b " e * b 

such a root seems precluded even for such an extreme distribution. 
This hopeful conclusion is subject to the warning that stability of 

the zero frequency mode aa derived was based as a significant population of 
thermal electrons. In barrier designs requiring a large population of mag
netically confined electrons, this simple stability is lost. The very hot 
electrons cannot shield out the potential variations; and stability must 
come from the response of the hot electrons, the trapped ions, or the ener
getic neutral injected ions not yet considered. 

Of more concern is the negative energy mode that occurs at finite fre-
2 2 2 2 

quency when k, + lc_ > oi •/%• These real modes are de
stabilized by electron Landau damping and for stability require Landau damp
ing on trapped ions. The frequency of this wave is given approximately by 
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ID = k,i "b 

-1/2 
(17) 

In the frame of one ion beam, it is the ion-acoustic mode associated with 
that beam. 

When the distributions assumed are broadened and resonant particles 
are included, the imaginary part of the dispersion relation becomes 

IraD 
H2 l " p e *" "̂  a v "J 

(18) 
u/k„ 

where u is given approximately by Eq. (17), and ImB < 0 is required for 
stability. 

the density of trapped ions required to give sufficient Landau damping 
for stability will depend very much upon the Vj,-dependance of the trapped-
ion distribution function. However, by equating Eq. (18) to (near) zero, we 
can obtain an estimate for the minimum density required, 

3f . ( trapped) m. H 
l e 

m 3v,| 
e II 

m. J m ' 
|_JL W _ e 
,3/2 T 2 

. T . e c i 
nc ryfni -fc v« f o r v « < K ^ ce ' - e • ( 1 9 > 

R.T ' TT ~yb 
1> ec 

f. (trapped) > n i " c V i /VciV / 2 
(2C) 

The passing ion distribution has the form 

K3/2 
exp f ( pass Vl' vll ) = n c ( l i T — ) 2r:<- 2 - 2 V 

ci 
{V'IX-')-^). 

(21) 

where 6(x > 0) = 1 and e(x < 0) = 0. When integrated over v I this gives 

2 „ , „ , _ , 2 
f ( 

pass 

1 r / m ^ v ^ V \ / toi(vll ' 2 V \ ] / 2 , \ 
V " nc 2 , l Tci [•^^ 2T- j " eXP ^ I^.tR, - 1) jj^ll " 2*bj 

(22) 

IV-99 



This has a maximum at 

m.v 2 = 2(4. + T .(R. - 1) In (R./C& - 1)1 * 2(*, + T .) . 1 || [ b ci b b b J 0 ci 

Integrating £q. (22) out to this point, we obtain an estimate for the mini
mum trapped-ion density required for stability of this ion-accoustic branch 

J/2 ,A . „ v3/2 
(̂trapped) = (̂  - l).c {- ̂ -£i = § ^ 8b (^J (-^J ,(23) 

" b J TTd> 

\l/2 /•„ + » A 3 7 ' 
3/7 \ B i / V T « / 

which is well below that likely v be obtained by any foreseen pumping 
scheme. Less optimal distributions would require more trapped density, but 
there is a considerable margin of safety. 

Electrostatic modes with k^ 4 0, electromagnetic modes, and modes at 
the ion-bounce frequency remain to be analyzed in detail for a harrier. The 
first two modes, which occur in infinite medium theory, have been investi
gated in connection with the counter-streaming-ion torus; and we use those 
results. The bounce modes, where existence has been speculated by 
Rosenbluth, remain to be investigated. 

The counter-streaming-ion torus study by Foots and Kulsrud ' as
sumed drifting Maxwellian relation velocity U and temperature T. in a 
background of electrons of temper-Lure T . They found stability to elec-

5 e 

trostatic modes (including k^ t 0) for 

0.3 for 0 < U < 3f 1 

X- _ 
1 ^ ' (25) 

.3 (u^^|- - 2) for 3 <U < 10 . 
i 

Electromagnetic stability was measured in terms of 

BT0T E 3 ~2 ( N E )T0T ' ( 2 6 ) 
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where (NE)_-_. is the total local energy density of the electrons and 
streaming ions. In terms of the equivalent barriers treated locally at the 
barrier midplane, this becones 

e_.T - 2l „ ( T + i + \ t ) . 
TOT „/ o ce ci J o 

h 
In the range of interest they found the following limits on &__.- for 
stability 

U(m i/2T i) 1/ 2 MAX B^QJ 

1 1.4 
2 0.32 

3 0.26 

The waves are Alfven-like, with ID = u . = kV..- . Based on this 
model, we would expect barriers to be limited to 6 T 0 T ~ 0.3 for the anti
cipated potentials. Finite geometry effects should have some stabilizing 
effect on this mode, particularly because of its convective character. 
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(Received 22 May 1979) 

It Is shown that the Introduction of barrier potentials between the plugs and solenoid 
nf a tandem mirror substantially reduce Ion energy and density required in end plugs. 
Several means for creating barriers and some of the Important physics issues are dis
cussed. 

In tandem mirror (TM) confinement of fusion 
plasma, ions in a magnetized solenoid arc con
fined axially (plugged) by electrostatic potentials 
of denser mirror-confined plasma. 1 , 2 For a uni
form electron temperature T„ an ion-confining 
potential <pc requires a plug-to-central-cell den
sity ratio1 

B/« c=exp(v> c/r,). W 
i/i c varies only logarithmically in the density ra
tio, vrtiereas the ratio of central-cell fusion pow
er density to the injection power density required 
to maintain the plugs varies as n e Yn, 2 . Increas
ing Te by auxiliary heating permits a decrease of 
nt/nc for fixed ipc, improving the reactor pic
ture. Even with this, however, a conceptual TM 
reactor has severe technological requirements.3 

To plug a central cell of density = 10" cm"3, 
temperature = 40 keV, and magnetic field » 2 T 
requires plugs of density a 10'5 cm"3 having peak 
fields = 17 T and neutral-beam injection energies 
of order 600 keV with, or of order 1-2 MeV 
without, auxiliary electron heating. In the follow
ing, we describe a means by which, for the same 
central-cell conditions, the density of the plugs 
might be reduced to a few 101 3 cm"3 requiring 
peak fields £.10 T and beam injection energies as 
low as 200 keV. 

The essential idea is to raise the plug-electron 
temperature Tt, above the central-cell electron 
temperature Tec by auxiliary electron heating in 
the plugs alone. Consider the magnetic field, po
tential, and density profiles shown in Fig. 1. 
Electrons from the central cell pass through the 
plug and mix by weak collisions with those trapped 
in the higher potential. In TM reactors as pre
viously conceived, the inixing is sufficient to 
allow only relatively small electron temperature 
differences between plug and central cell, even 
though considerable neutral-beam and auxiliary 
neutral-beam and auxiliary heating are applied 
to the plug. Introduction of a potential dip cpt 

2 T,c markedly increases achievable tempera
ture differences by having <pb act as a thermal 

barrier between the plug and solenoid electrons. 
Because plug electrons are then confined by a 
potential y>t + <pc, the power per volume trans
ferred between the plug and transiting central-
cell electrons can be estimated4 to ba 

P*-C,W/m„)(Ttl-T,c) 

xexp [-(*>„+ 9C)/T,t), (2) 

where 

nT„= {m',1:)4iie' lnA}(2r.^3 / 2 

= (8.2xlOVlnA)T„3 / 2 cm' 3 s , 
where T„ is expressed in keV and G t of order 
unity is a weak function of potential and mirror 
ratio. (Accurate determination of this transfer 
rate is important for detailed reactor calcula
tions and is being pursued by analytical and num
erical means.) The power applied to the plug 
electrons transfers to the central-cell electrons 
and contributes to their total power balance. 

FIG. 1. Sample magnetic field, potential, and density 
profiles for a thermal barrier. 

<B 1979 The American Physical Society 
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The b a r r i e r density n t is re la ted to n e and it, 
by 

ni=nc exp(-<i>, / r , c ) (3a) 

<*n,exp[-(<p,+ <pe)/T„ 1 (3b) 

or , replacing Eq, (1), there resu l t s 

n , /n , .=exp l -<p > / r«+(<p»+¥>< l ) / r „ ] . (4) 

[The approximate equality in Eqs . (3b) ar.d (4) is 
used because the potential depth <p,+ tpe is to be 
determined by equality of the trapping and ail- 4e-
trapplng of electrons in the plugs, r a the r than by 
a s t r i c t Boltzmann relat ion.] 

The depression in the b a r r i e r density required 
in Eq. (3a) is limited by the minimum density 
r e p a s s i n g ) of cent ra l -ce l l ions s t reaming through 
the locally negative potential . Assuming that this 
drop in potential is accompanied by a drop in the 
magnetic field by a factor Rs^Bnl/Bt and that 
<pb> Tic, we obtain 

n t (pass ing) = ( r e , . / f l j H r , t A < p , ) 1 / s . (5) 

Added to this will be the density of ions trapped 
in <pb, and it will be most important that their 
accumulation be prevented. If the total b a r r i e r -
ion density n„(passing plus trapped) is no rma l 
ized to the density of pass ing ions , i .e . , nt 

=£i,n 6 (passing), then from Eqs . (3a) and (5) we 
find 

( T ( ( ; / < P t ) v 2 e x p ( v , / r , J = fl.i,/V^. (6) 

This resu l t points up the importance of a large 
m i r r o r ra t io RL, and a nearly complete pumpout 
of the trapped thermal ions from this region (for 
which g„- 1). In a s se s s ing reasonable es t imates 
for gt, two considerat ions a r e important: (i) the 
degree to which specific pumpout mechanisms 
can compete with collisional trapping, and (ii) the 
questions of microstabil i ty of the resul t ing d i s 
tr ibutions. 

Several schemes for maintaining a thermal b a r 
r i e r have been considered. The f irst three d e 
scr ibed requi re strengthening the field a t the end 
of the solenoid to generate a local mi r ror - f ie ld 
peak. The ba r r i e r region would then lie between 
this peak and the end plug [see Fig. 1(a)], The 
field peak throt t les flow toward the plug; without 
coll isions the density and potential in the b a r r i e r 
would dec rease with B giving Eq. (5). 

As a first pumpout means, we propose t rans i t -
t ime pumping of locally trapped ions by means of 
a para l le l force applied at the ion bounce f r e 
quency. Examples a r e a paral lel electric field 

(difficult a t high density) o r smal l oscillation of 
the position, depth, or axial extent of the local 
magnetic well . The former was used to eject 
e lec t rons from the Phoenix m i r r o r machine, ' 
c rea t ing a r i s e in the ambipolar potential. The 
absorbed power density for this heating, which 
ends up as heating to the whole central cell, is 
that which competes with the trapping ra te for 
pass ing cent ra l -ce l l ions into the potential we'l: 

« . a ( p a s s i n g ) ( £ . , / B j 
fpmp 'X ' l ( B T ) J ( Tic, 1 

where (nT) ( ) = 5 x l O " r , {

3 / V l n / \ cm" 3 s ec , and G, 
*:3. Determination of the degree to which therma 
ions can be pumped out by this means against col
lisional filling and the amplitude of the required 
fields depends upon detai ls of the e lect ros ta t ic 
and magnetic well shapes, resonance frequencies, 
the i r widths and overlap, the applied frequency 
spec t rum, island formation in phase space, e tc . 
Modeling of this p rocess in both the diffusion, or 
Fokfcer-Planck, limit and by single par t ic les with 
a Monte Carlo collision p rocess is underway at 
L ive rmore . 

In a second pumpout scheme, the minimum of 
the b a r r i e r region in Fig. 1(a) would periodically 
be ra i sed to the peak m i r r o r value, so that al l 
trapped the rmal ions would escape. When r e 
turned to i t s minimum value, the b a r r i e r regions 
would remain empty of trapped ions for a fraction 
of a collision t ime , a t which t ime the cycle would 
be repeated. The potential b a r r i e r offered by 
such a b a r r i e r region would not be constant in 
t ime, so that this method might requi re a pa i r of 
such b a r r i e r s , operating out of phase. 

A third pumpout method would be the injection 
of a neutral beam of energy < ipb in to the b a r r i e r , 
a t an angle 0<a rc s in ( l - /Rb) with respec t to the 
magnetic axis , so that ionization of beam a toms 
by charge-exchange, ion-impact, and e lec t ron-
impact collisions would form pass ing ions. 
Charge-exchange coll isions between beam atoms 
and trapped b a r r i e r ions would convert those 
trapped ions to neut ra ls , permit t ing their escape 
from the ba r r i e r . The beam a toms thereby con
verted to passing ions would then contribute to 
fueling the center -ce l l ion losses . 

Microstability due to beam-type modes does not 
appear to pose a se r ious limit of the density in 
the b a r r i e r region. We have examined ion-ion 
two-s t ream, ion-acoustic, and ion -beam-cyc lo 
t ron modes" and find that g„ 2: 2 is sufficient for 
stability. Accordingly, we liave taken gt = 2 in 
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reactor evaluations. 
Potential magnetohydrodynamics (MHO) modes 

in the barrier region are the firehose, requiring 
for stability 0„ - Six% 2, and the flute interchange, 
requiring for low-0 stability that 

/ * ( ' f f •>*«><), (8) 
where K^ is tlK component oi the line curvature 
normal to the constant-pressure 'lux surface and 
the integration runs the entire TM length. We 
rely on higher-pressure, positive-curvature plugs 
to stabilize the negative-curvature regions join
ing the plugs with the uniform central cell, as In 
the conventional TM.7 Of possible concern is the 
added destabilization of the barrier region. Using 
model fields and pressure profiles, we find that 
minimum-B plugs of mirror ratio 2 and elliptic-
ity 30 can line-average stabilise a mirror-ratio-
10 barrier region of (J[t,= 2(3J.,. This curvature 
constraint is more stringent than the firehose, 
but is easily satisfied. Local ballooning ultimate
ly sets a (3 limit,7 and is currently being evaluat
ed. 

In the stream-stabilized mode of VCU.B opera
tion,8 it frequently occurred that the density out
side the mirror on the upstream side exceeded 
the hot-ion density between the mirrors by a fac
tor of 3 or more and the density in the mirror 
throat by a factor of 10 to 20, with Tc inside 
twice that outside. (The potential profile was not 
Lieasured.) We believe residual ion-cyclotron 
fluctuations precluded accumulation of ions at the 
magnetic maximum by (J • VB forces induced by 
perpendicular ion heating. If this interpretation 
proves correct, it might be possible to extend 
this technique to reactor conditions, either by in
ternally or externally generated rf, at either the 
plug or auxiliary mirror peak. 

Although a complete TM reactor design employ
ing thermal barriers awaits a more careful evalu
ation of the efficiency and stability of specific ion-
pumping mechanisms, we can get a rough idea of 
the impact of thermal barriers by estimating the 
densities, fields, and powers for the plugs and 
the barriers for gb -2. Let us take a central-
cell density n s = 10" cm"3, temperature T l c =Ta. 
= 40 keV, field B e= 2.1 T (t<c=0,7}, and radius rc 

= 100 cm (giving = 20 MW fusion power/m). At 
<pc cZTie and tpe -1Tec, fusion a particles will 
sustain central-cell energy losses at nc T ^ ^ I O 1 5 

cm"3 s obtainable by electrostatic confinement,6 

neglecting radial los >. For a maximum MHD-
stable barrier mirror ratio R, = 10, Eqs. (3) and 

(5) give«„ =n c/14 ^ ? x l 0 " cm' 3 at <?„ = 2.6r«. 
Choosing the maximum T„=<p6 + <pc=:230 keV con
sistent with our assumption of plug electrons be
ing Maxwellian up to their confining potential, we 
haven,/n b =2.7, orn,=2xlO i 3 cm"3, 5 times 
smaller than n c. For plug ions to be mirror con
fined they must be Injected above (<pt + ipe)/(fit 

- 1 ) , which equals 150 keV for plug mirror ratios 
R, =BM,/B,{1 - 0,)V2 =3.7; so take £,„, = 200 keV 
for adequate confinement. Ion scattering with 
small electron drag {high T„) leads to mean plug-
ion energies E,=* 25^ = 400 keV, requiring plug 
fields B >"2.7 T at B^O.1, mirror fields B w 

=5.4 T for Rp=i.1, and maximum conductor 
fields Bna.^8 T. Flux conservation gives r.. 
=r c(2.1/2.7) 1" ~90 cm; so with spherical pi. as 
Vt =*3xl0» cm 3, and using Eq. (2), we find an 
auxiliary electron heating power Pcl,Vp<=S.i MW 
per plug. The required injected-neutral-beam 
power per unit volume is 

with1 0 

^)^6x i y ° E ^Mog 1 0 [ 1 + ( p c f^ / £ J 
^ l . S x l O ^ c m ^ s (10) 

being the particle confinement for hydrogen plug 
ions with the above parameters, giving a neutral-
beam power PneVp = 2.5 MW per plug. For the 
barrier parameters we have a barrier field Bb 

= 0.5 T for an MHD-stability-limited 0n t-1.4 
with Ps.^0.5 (TIL^Tlc/Rb in the barrier); so at 
fl, = 10, fl.d-j?,)"2^^ T, and 5^=3.5 T. 
Flux conservation gives r» = 1.8 J-,.^180 cm; ap
proximating the bar-ier volume as a sphere of 
this radius and using Eq. (7), we have P;mvVb 

=0.6 MW per barrier. Thus the total required 
plasma input power 2tpcPVp +PmVf+PpamVt>) 
would be in the range of 25 MW. Since the center 
cell produces 20 MW fusion power/m, the TM re
actor Q (central-cell fusion power)/(plug+barri-
er input power) would be approximately Q = 40 for 
a central-cell length of 50 m, and would increase 
proportionately at higher powers and lengths. 

An addition that might be necessary in some 
situations is the confinement of anisotropic, hot 
electrons in the barrier region. When added to 
the right side of Eq. (3a), the presence of such 
electrons would give a larger q>t for a given nb, 
further reducing the power transfer between the 
plug and central-cell electrons. However, the 
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power necessary to sustain these hot electrons 
can be comparable to the bulk plug-electron heat
ing estimated above. 

Finally, we see a number of issues concerning 
conventional TM confinement to be little affected 
by the addition of a barrier cell. This would 
certainly be true for the drift-cyclotron-loss-
cone mode11 in the plugs. Various drift modes In 
the solenoid would be forced to fit parallel wave
lengths between the barrier regions. Neoclassi
cal and related transport" would be reduced, 
roughly by a factor Bc(l - &)m/Bml, duo to that 
fraction of the solenoldal ions being confined by 
an axisymmetric field. 

In summary, thermal barrier potentials can 
substantially reduce plug power in TM reactors. 
Of crucial importance are the questions of how 
the barrier is formed and how completely the ac
cumulation of thermal ions can be prevented. 
Methods of forming thermal barriers may repre
sent rather small changes to the conventional TM 
geometry. We seek to apply electron heating pow
er selectivity La such a way as to improve con
finement. The degree to which this can be done 
will take time to evaluate, and probably we have 
not yet found the best scheme for efficiently pump
ing thermal ions. The potential improvements to 
be gained from this approach are so great as to 
warrant a thorough theoretical and experimental 
study. 

This work was performed under the auspices 
of the U.S. Department of Energy by the Lawrence 
Livermore Laboratory under Contract No. W-

7405-ENG-48. 
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IV.E. LOSS-COSE INSTABILITY 
L. D. Fearlstein, G. R. Smith, and W. M. Nevins 

INTRODUCTION 

The effect of the presence of microinatabilities on tandem-mirror con
figurations and in particular in MFTF-B has been discussed in the physics 
section on microstability of plugs and barriers (Sec. I.F). In this sec
tion, we describe the tools used to ascertain the properties of loss-cone 
modes and discuss the stability properties of the main HFTF-B scenarios: the 
stream-stabilized mode and t. A-cell configuration with and without thermal 
barriers. First, we review the iheoretical and experimental resultB relevant 
to plugs and A-cells that have helped to delineate these scenarios. 

We begin with a brief review of the mode classifications in mirror 
traps. In these adiabatic traps, the incomplete population of velocity 
space introduces energy sources in addition to that of expansion. For 
electrons, which are electrostatically confined, the departure from a local 
Maxwellian is weak and as a source for instability electrons are believed to 
be unimportant. On the other hand, it has long been observed that fluctu
ations in the ion gyrofrequency (and harmonics) range, driven by the non-
Max we H i an ions, adversely affect confinement and frequently dominate the 
microscopic behavior of the plasma. These ion free-energy sources, 
anisotropy and the inverted energy population, produce drives on the ion-
cyclotron frequency time scale (or faster) and lead to instabilities with 
the generic name "loss-cone" instability. To categorize how all the drives 
interact with plasma waves and just what instabilities are present, it is 
useful to delineate, within the "infinite-medium" model, the various modes 
of the composite system. Later, we shall describe the effects of finite 
geometry on such instabilities. 

There are the electron waves, the drift wave and the electron plasma 
oscillations. There are the ion Bernstein waves, the lower-hybrid wave, and 
the Alfv£n wave. In addition to waves, there are dissipative processes— 
those due to electron Landau damping and ion-cyclotron (and harmonic) damp
ing. This dissipation can be driven negative due to anisotropy, inverted 
energy population, or ion density gradients. Various combinations of these 
waves and dissipative mechanisms produce the instabilities listed in Fig. 
IV.E-1. Included in this figure are the principal controlling features. It 
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Fig. IV.E-1. Waves, dissipative processes, and the resulting instabilities. 
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should be remarked that although infinite-medium theory classifies the modes, 
exact properties and most importantly the stability boundaries are often 
dominated by geometric constraints such as fitting the vave into the bounded 
medium. These latter constraints (l) determine whether a given mode is 
"flute-like," (2) can produce other dissipative mechanisms (energy loss due 
to wave radiation), and (3) can generate composite modes due to coupling 
between regions. 

The most dangerous of these modes are now believed to be: 
• The drift-cyclotron loss-cone mode (DCLC); 
• the axial loss-cone mode (ALC), which is the absolutely un

stable version of the convective loss-cone mode (CLC); 
• the negative-energy wave (NEW); and 
• the Alfven ion-cyclotron (AIC) instability. 

* To date, only the DCLC mode has been positively identified and it 
has become clear that successful confinement in high-density mirror experi
ments requires the near elimination of DCLC-induced fluctuations. With suc
cessful stabilization, associated losses are eliminated and confinement be
comes near classical-

Stability to DCLC can be attained by satisfying a radial-scale-length 
criterion. Also, since this instability is driven by the hole in the per
pendicular-velocity distribution (the parallel-velocity average of the dis
tribution function), warm plasma dwelling in this region will also stabilize 
the DCLC mode. Without warm plasma, the required radial scale length is 
generally too large to be interesting. Moreover, in that regime the other 
loss-cone modes (ALC, NEW) that are insensitive to the radius remain un
stable. On the other hand, all these modes are eliminated if the reservoir 
of warm plasma is sufficient to fill this hole. Even with a filled hole, 
the AIC mode, which is driven by anisotropy of the ion distribution func
tion, may remain-

Filling the loss hole is the stabilizing mechanism that operates in 
most experiments. Indeed, it is observed that while a flux of unconfined 
ions impinges on the trap, stability is maintained. This source must be of 

*For a review of the experimental evidence, see Sec. 2.4 in Status of Mirror 
Fusion Research 1980, B. I. Cohen, Ed., Lawrence Livermore Laboratory, Rept. 
licAR-10049-BO (1980). 
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sufficient strength to maintain a stable distribution in the face of the 
streaming loss of the unconfined plasma. In the standard, stream-
stabilized, tandem configuration, this flux can be provided by the loss 
current from the central cell (see Fig. IV.E-2 for a schematic of the plasma 
configuration in the rair.imum-B plug and Fig. 1-5 for a comparison of the 
three operating scenarios). 

Adding an A-cell to the tandem configuration improves plug performance 
because of two effects. First, the potential drops that accelerate low-
energy ions out of the plug are reduced, which tends to increase the warm-
plasma density in the plug. Second, the plasma confined in the potential 
well established between the plug and the A-cell provides an additional 
source of stabilizing plasma for the plug (see Fig. IV.E-3 for the plasma 
profile in this configuration). The A-cell now has the more stringent 
microstability requirement since only the loss current is available to pro
vide stability there. However, because the trapped density is lower in the 
A-cell than in the plug and because the ambipolar potential drop is smaller, 
the current required to provide stability is reduced. 

A further improvement occurs if the A-cell operates as a thermal bar-
riar. Now, the A-cell can be stabilized without any net current since warm 
plasma can be trapped in the potential well established near the midplane of 
the A-cell (see Sec. II.B for a description of this equilibrium and note 
Fig. III.B-4, where a schematic of the A-cell plasma profile is drawn). 
This stabilizing mechanism has been demonstrated in the PR-6 experiment 
wherein the potential well was achieved by electrons, heated by electron 
cyclotron resonant heating (ECRH), in the midplane of the trap. A further 
bonus provided by this configuration is an increase in the warm-plasma level 
in the plug itself, -which further alleviates its stability constraints. 

He now summarize the results of the calculations described in the re
mainder of this section. We state separately the constraints arising from 
ALC and DCLC/KEW instabilities. The DCLC and NEW instabilities are con
sidered together since near marginal stability the DCLC mode evolves into 
the NEW mode. 

• Consider the proposed stream-stabilized mode of operation in 
MFTF-B (no A-ceil). Here we find that the ratio 5 of streaming warm-plasma 
density to hot-plasma density at the midplane of the yin-yang cell must 
exceed 6 = 0.005 to be stable to DCLC; to eliminate ALC instability, the 
ratio rises to 6 = 0.01. Results from the quasilinear DCLC code lead to 
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Fig. IV.E-2. Profiles of magnetic field (solid line), hot-ion density 
(dashed line) and warm-ion density (dotted line), normalised to the 
magnetic field and hot-ion density at the center of the plug. The center 
cell is off the figure to the left, while the A-cell (when present) is 
off the figure to the right. 
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electron temperatures in the 300- to 400-eV range for the stream current 
necessary to maintain this density. 

• In the A-cell mode of operation without thermal barriersf all 
modes are stable in the yin-yang cell provided the ratio of warm density at 
the mirror throat to the peak hot-ion density exceed* 0.25 to 0.5. This 
constraint is dictated by DCLC/NEW. The ALC mods does not dominate. How
ever, to stabilize the A-cell still requires a streaming plasma (supplied by 
the central cell), but values are reduced from the preceding case since both 

2 2 the ion epsilon (o> ./us ,) and the ambipol&r potential are reduced. 
At this time, there have been no quantitative surveys of the actual require
ments . 

• With the A-cell functioning as a thermal barrier, we find that at 
the base operating point the yin-yang cell is well within the stable regime 
for all modes. Preliminary calculations for the A-cell have been unable to 
generate any instability for the DCLC/NEW mode. Also, the base operating 
point falls within the stability boundary dictated by the ALC mode. 

We have also attempted to assess the validity of the theory by com
paring stability requirements with that observed in the PR-6 experiment. 
This experiment is of interest because a potential well was created by ap
plying ECRH power near the midplane and warm plasma was trapped in the well 
and observed to have a stabilizing influence on DCLC. Such a potential well 
and warm-pl:;.rma trapping also occurs in MFTF-B operation with A-cells. For 
the purposes of this section, the PR-6 experiment is interesting because it 
provides the best opportunity to compare theory and experiment. Our model 
correctly predicts stability to DCLC when the ratio of the warm-plasma to 
hot-plasma density has the value estimated in the experiment. Howaver, the 
model predicts that ALC is the dominant mode (requiring more warm plasma), 
while DCLC is dominant in the P3-6 experiment. 

LINEAR THEORY 

Model 

The linearized equations governing loss-cone instabilities have been 
discussed in many places. Baldwin has given a good review of anomalous 
loss processes in mirrors. Another good review is found in Baldwit et 

2 . . . 
al. . Linear infinite-medium theory has been examined in the local limit 
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by Mikhailovskii, ' Lindgren et al., and many others. The important 
linear aspects of the addition of warm plasma to loss-cone distributions 
have been investigated by Gerver and by Berk and Server, the latter 
including finite-beta corrections. Some radislly nonlocal theory of loss-

a 
cone modes has been presented by Gerver et al. Some of the essential 
microinstability issues associated with the nonuniformity of the mirror 

9 magnetic field have been investigated in the papers ot Berk ct al. and 
Gerver. * This .section assumes familiarity with the main results in 
this literature; ve use standard notation. 

The "quation governing the vnriatioii of the perturbed potential <t 
along the magnetic field may be written as 

^-cii^b-^f-l2j^V-i^J- • <» 
1 pe ci 

wherein the Eikonal approximation is made for variation of $ across the 
magnetic field. All quantities in Eq. (1) except for u> are functions of the 
position s along the magnetic field. The first term of Eq. (1) is the fluid 
electron response parallel to the field, which goes over to tha standard 
electrostatic response when c -+ =>. In the opposite limit {« •* 0), we have 
the familiar E.. * 0 response. 

The electron response across the field is 

2 U 

e 2

 w

2 k 2c 2 k2x2 « L1 2 T ^ e J - (2) 
(i) w k , c 
ce ce 1 J. ue 

where the first term is the electron polarization, the second term is an 
12 electromagnetic contribution due to compression of the magnetic field, 

and the final term is the perturbed E x B response that results from the 
2 density gradient. In this final term, S c 8iip/B (0J enters as a 

measure of the radial magnetic-field gradient. 
An important simplification arises in the ion response term F.[$]; 

namely, F. becomes proportional to $(e) rather than being a functional of 
$[s(t')] where t' represents earlier times that appear in a time-history 
integral [see Eq. (4b) 1. This simplification is possible because thermal 
effects due to the s-dependence of <t generally are small compared to thermal 

Q 
e f f e c t s due to the s-dependence of B. We time have 
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n 

If u is not near nu> ., ion thermal effects along the magnetic field can be 
ignored and the matrix element M n evaluated aa 

M
n . Z£L I I m , ". . i£_ J- I " x x c i )

 d
2v, . (4a) "fluid .2 / I ei ^ ax, . . I u • mi . vl V H a j .2 I ei „ 2 ax, w . I (a - nu . 

k i J \ 3 v i ^ c 7 C 1 

Note that we uae the subscript "fluid" to label the matrix element when the 
parallel kinetic effects are ignored but the full perpendicular kinetic 
effects are retained. 

When oj » nu ,{s), ion thermal effects along the field are important 
and the matrix element must be evaluated with a more accurate time-history 
integral 

k* J Uvf C1 3 X 1 <*ciJ a i L C 1 

x f at' exp Si f dt" [u - nio .Ct")] j . (4b) 
-'—> f A ' C 1 j 

Note that v, is the local perpendicular velocity whereas f is a function of 
constants of the motion (specifically the midplane values of v, and VII ) . 

Before proceeding, we discuss the earlier treatment of the flute modes 
in which the magnetic field was assumed uniform. The effects of mirror con
finement and/or anisotropy occurred only in the distribution functions. This 
so-called infinite-medium theory may be obtained from Eq. (1) by ignoring 
derivatives with respect to a, while evaluating the remaining terms at a 

13 single value of s. This analysis led to the DCLC stability criterion 

at • m \ 

14 Earlier work considered a Maxwelllan velocity distribution and obtained 
the less restrictive stability criterion to drift-cyclotron instability, 
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(' 2 \l/2 
Co . m \ 
P 1 / 

At the stability boundary of this latter drift-wave instability, the fre
quency satisfies u • io . and must be less than the diamagnetic drift fre
quency u^. . 

The next refinement in the theory of DC1X was flute-averaged theory in 
which the magnetic-field variation vas included by averaging the second term 
of Eq. (1) along the field. The electromagnetic contribution due to the 

12 compression of the magnetic field was also included. A further stage of 
refinement is to solve the differential equation iEq. (1)] subject to the 

q boundary condition of outgoing waves at the plasma ooundary. 
We now discuss our evaluation of the resonant (to * ncu .) term in 

ci 
F-. For a resonance away from the midplane, the contour along which the 
differential equation is integrated can be deformed into the complex s-plane 

q so that the fluid response, Eq. (4a), can be used. On the other hand, for 
resonance at the midplane the contour is squeezed between the two resonances 
and no such deformation is permitted. In this limit, the combination 

V " ("fluid " «res) kl «> 

has a short range it. s, relative to <f>(s), since away from the resonance 
M rapidly goes over to the fluid form M f. ... Now, by adding 
and subtracting the fluid form of the resonant matrix element, we obtain 

Lfluid* ( 8 > " " V * ( 8 ) 

Since $ is slowly varying compared with V, the right-hand side can be 
treated as a delta function so that for all s we solve, 

Lfluid*< s ) = ° ( 6 a ) 

subjec t to the jump condit ion 

[ 
, 2 2 T0+ 
k l c 1 d» 

. 2 2 ^ 2 ID . ds 
ki c + u c i pe 

ITTST WJ v d 8 • < 6 b > 
CI " - a t 

This a integration greatly simplifies the evaluation of the resonant matrix 
element. 
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In evaluating /V da, the following approximations are made: 

(2) B(s) - B(0) and 

(1) The velocity distribution is separated into the product 

, .1/2 
2 2 /"l lV 2 

f < v V • s ( v i ^ — ) e x p ( ^ . V : 

H> 
(3> Either |u> - a) .(0)| » &)_. (the ion bounce frequency) or 

tun . » uij,., where Ao> is the mean spread in the bounce-
averaged cyclotron frequency, allows us to replace VII (s) by V M ( 0 ) 
since the s integral cuts off very rapidly. 

With these approximations, we obtain 

(-rh—Yt1* 
\2aV \ Uci ( 0 ) "/ J 

exp Ji [ui nu>c.(0)]t[ 

1 * it3 <A(0) exp (£ *) . (7) 

It will be shown in the discussion mi quasilinear theory that there are 
terms involving derivatives of f in addition to the two shown in Eq. (7). 
These additional terms do not change the basic character of Eq. (7) but do 
impact detailed answers. Embodied in Eq. (7) are the effects of dissipation 
and dispersion arising from the variation of the cyclotron frequency along 
an ion orbit. This dissipation is necessary for validity of a quasilinear 
analysis of a single wave. It Bhould be emphasized that for this dissi
pation to occur either of conditions (3) must be valid. 

In evaluating the v. integral in Eq. (7), we approximate f by 

[ 2 2l R al u< xl^ 

exp l - V l ) - exp (-^RvjJ g T T T nUy - 0) • 
(8) 

n(x^) being the midplane density at guiding-center position x^. 
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We now review the features of the full differential Eq. (l). First, 
we see the origin of the flute-like (K * 0) response by noting that the 
term inside the second derivative is of order 

2 2 
u <ii m . _E£ = _E£ -L » i . 2 2 m Id . (d e ci ce 

Because this term can be much larger than the other terms in Eq. (1) (for 
the lowest axial mode of a sufficiently short system), dif/d : is small. 
Added features are: 

• The solution becomes an electron plasma oscillation near the axial 
plasma boundary. The physical boundary condition of outgoing waves adds 
some dissipation since wave energy leaves the system. 

• This electron plasma wave can reflect and amplify at the ion 
resonances where u = nu .(s) producing an unstable normal mode. In 
infinite-medium theory, such waves were marginally stable. 
What are the consequences of these added features? 

• The CLC becomes absolute. 
• In infinite-medium theory, drift-cyclotron instability requires 

that u - UJ+. be less than zero. The added dissipation and the additional 
terms referred to after Eq. (7) alter this resonance relation with the net 
effect that the mode changes from an absolute to a convective instability as 
the hole in the distribution function is filled in. 

• At a radial density scale length large enough for DCLC stability, 
the mode evolves into a negative-energy wave (ID < o> . ) , destabilized by 
the outgoing wave-energy flow. 

Stability boundaries are obtained by numerically solving the eigen
value equation Eqs. (6) subject to the constraint d(imu)/dk£ = 0. To 
simplify the handling of the higher frequency modes, u > 2<d ., we treat 
the perpendicular motion of ions in the straight-line orbit approximation 
(for justification see Ref. 17), viz: 

/ •« (£) • nut >H « . Z....2 jo 8f 1 
TTsT , 2 V 0 V 1 T2~2 2.1/2 ~"2 ~P l 3v, ' ( k j ^ - u ) ' avĵ  /IT 

a l R - = " T * l Z l n ) - Z W ' ^ l . <9> 
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where 

Z is the Fried Conte function, and for f we use Eq. (8) 
One further spatial complication is a direct consequence of rainimum-B 

geometry and particularly the fanning of a field line. A function 
c(a) = -c(-s) appears in 

11/2 
K ( 0 )(fr?y) exp [c<s>] , 

the equation of a field line in the paraxial (also called long-thin) limit 
of the vacuum field. This results in an additional spatial dependence in 
the perpendicular wavenuraber 

k*(s) = k*(0) | [ ^ {exp[-2c(s)] cos 26 0 + exp[2c(s)] sin^} . (10) 

It is this effect which eliminates the possibility of the Bessel function 
having a unique value everywhere a 
the Dory-Guest-Harris instability. 

18 having a unique value everywhere along the field, which is necessary for 

Results 

Typicti behavior without warm plasma iB seen in Fig. IV.E-4, wherein 
we have plotted the stability boundary for DCLC in the fluid and flute-
average approximations (no negative-energy instability and no ion-
thermal effects). This boundary is compared with the stability 
boundary to ALC from the differential equation. In Figs. IV.E-5 and IV.E-6, 
we plot stability boundaries for plasma parameters typical of 2XIIB and 
MFTF, respectively. Several features are noteworthy. 

• If the temperature of the warm-plasma component is too low, a 
19 two-component instability develops. 

• The drift-cyclotron mode can be stabilized by the addition of warm 
plasma. This result arises from the dissipation and dispersion seen in Eq. 
(7) and the dissipation by the outgoing-wave boundary condition. 

• In both cases, the ALC mode is unimportant because less warm 
plasma is required to stabilize the ALC than the DCLC mode. 
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He conjecture that the plasma will evolve towards a marginally stable 
point to the right of the nearly vertical two-component boundary. This 
suggests that the mode ultimately dominating the stability would be the 
resonant u = <u . mode. Along the vertical stability boundary, the eigen-
function is highly localized at the midplane in contrast to the nearly 
flute-like nature of the resonant mode; this result suggests that the only 
way to observe this mods is by direct contact with this region. 

To assess the validity of our theoretical model, we compare pre-
20 dictions of the model with the PR-6 experiment. In this experiment, a 

dip in the floating potential was produced at the midplane by ECRH- Harm 
plasma could be trapped in the potential dip, and it was estimated experi
mentally that a warm-plasma fraction of .J5Z was sufficient to product a 
stable plasma in PR-6. We have studied this configuration [see Fig. 
IV.E-7(a) for the plasma profiles] and show stability boundaries in Fig. 
IV.E-7(b). The figure shows that over a substantial range of T we 

warm 
predict stability to DCLC at a warm-plasma fraction <5X.* However, this 
level of warm plasma is insufficient to stabilise the ALC mode, according to 
our model. The theory of the ALC mode thus seems to be contradicted by the 
experiment, since DCLC was apparently the dominant mode in PR-6. However, 
despite the failure of our model for the ALC mode, we will continue to map 
out stability boundaries to ALC in all the MFTF-B configurations-

Next we present the results of our calculations for two operating 
scenarios of MFTF-B. 

Stream-Stabilized Operation without A-Cells. The operating scenario 
for MFTI-B that does not utilize A-cells is characterized by a low electron 
temperature T . This fact has two important consequences for micro-
stability calculations. First, the ambipolar potential that confines elec
trons in the plugs is small relative to the plug potential drops in the 
A-cell operating scenario. The region of ion velocity space corresponding 
to loss from the plugs is therefore relatively small, and the confined-ic^ 
perpendicular-energy distribution in the plugs has a fairly weak departure 

*In evaluating the DCLC stability boundary, we have avoided NEW instability 
by choosing a plasma profile that causes wave reflection at the mirror 
throat (ni,ot •+ 0 linearly with the distance away from the throat). 
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from a stable, monotonic distribution. Second, low T implies that elec
tron drag plays an important rule in determining the shape of the ion dis
tribution. In particular, the pitch-angle distribution and the radial 
density profile may be determined by aiming of the neutral-beam injectors. 

The microstability of the plugs was investigated by using Eqs. (6) and 
(7). Some typical ion density and magnetic field profiles employed in our 
calculations are shown in Fig. IV.E-2. Both the hot-ion density and 
magnetic field strength are taken to be symmetric about the midplane of the 
plug, while the warm-ion density decreases monotonically from the center-
cell ion density (n.) at the left of Fig. IV.E-2, to the density of 
ions (n.) that reach the outside end of the hot plug plasma and escape 
along field lines. The warm-ion density helps to fill the hole in the hot-
ion distribution, and hence is stabilizing. We find that the strength of 
this stabilizing mechanism is primarily determined by the minimum value of 
the warm-ion density (n.) . 

In Fig. IV.E-8, we show stability boundaries for two important nodes. 
We present the boundaries as curves in the plane with horizontal axis 
R(T. /E- ), where T. is the central-cell ion temperature and E- is IC ip IC r ip 
the mean ion energy in the plug; the vertical axis is the fractional density 
of warm plasma, 

(n.) 
«• _ i e 
6 - j^-y - , 

i confined in plug 
where the denominator in & is the peak hot-ion density in the plug. 

The curve labeled DCLC in Fig. IV.E-8 is the stability boundary of the 
DCLC mode, which has <i> near OJ ., and an axial eigenfunction (j>(s) with 
no nodes. The ratio R

c / P i v of density scale length to mean vacuum gyro-
radius was chosen to be nine for computation or this boundary. The DCLC 
curve in Fig. IV.E-8 shows that this mode requires 

6 >, 0.005 

for stability, and that the value of 6 increases with increase of T. /E. . 
The curve labeled ALC in Fig. IV.E-8 is the boundary along which the 

growth rate of the axial loss-cone mode is 0.05 u .. (For technical 
reasons it is simpler to calculate the boundary along which the growth rate 
has a positive value.) This mode has an axial eigenfunction with one node 
(modes with more nodes are more stable) and has been studied in considerable 
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detail in Refs. 9, 10, and 21. To ease the comfatatiunal work, we treat the 
ALC mode in the approximation of straight-line ion orbits. The ratio IL/p. 
was taken r.o have the relatively large value of 30 for this mode, to illus
trate th- importance of the mode even in regions of weak density gradient 
(the boundary is rath-:r insensitive to this parameter). The ALC curve in 
Figure 1V.E-8 shows that th« mode has a high growth rate unless 

6 > 0.01 for T. /E. > 0.03 . ~ IC lp ~ 

For lower T. /E. , a much larger 6 is required to approach stability. 
The expected operating range on Fig. IV.E-8 in the stream-stabilized 

mode can be deduced from information in Sec. II.A. 
A much lower value of 5 is required to reduce the growth rate of the 

ALC mode to 0.05 w . if the dpnl^tion of the low perppTî i ™1 ar-ef~-"" i m"-
is less severe. This effect is illustrated in Fig. IV.E-9, which plots 5 vs 
the parameter R [see Eq. (8)]. 

Another conceivable microinstability is modified negative-mass in-
22 stability, which can occur if the hot-ion pitch-angle distribution is 

sufficiently peaked, or equivalently, if the plasma is short enough. This 
instability is possible only if the plasma length L satisfies L < 8 p. L , 
where L is the axial scale length of the magnetic field. This condition 
is easiest to satisfy at low (3, for example during buildup. Since this con
dition on L„ is only a rough guide, we have made a detailed numerical study 
of modified negative-mass instability. The instability requires a hot-ion 
distribution with an increasingly severe depletion of low-energy ions as the 
mean ion energy E. decreases, as shown in Fig. IV.E-10). At E. < 100 keV, 
the instability should not occur at all. 

Operation with A-Cells (no Thermal Barriers). The microstability 
picture of the minimum-B plugs is improved by the presence of A-cells due to 
both the reduced drop in the ambipolar potential and the presence of warm 
plasma electrostatically trapped between the minimum-B plug and the A-cell. 
These effects are included in our theoretical model through the choice of 
the parameter R [see Eq. (8)] and by requiring that the warm-ion density 
vanish at the peak of the ambipolar potential. Hence, the warm-ion density 
vanishes at the center of the plug and increases towards the mirror throats 
as shown in Fig- IV.E-ll(a). Figure IV-E-ll(b) shows the stability boundary 
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Fig. IV.E-9. Dependence of stability boundary for the ALC mode on 
Here R(Tjc/Ei„) • 0.28, while other parameters are held fixed at 
their values in the previous figure. 
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of the minimum-B plug to DCLC. The vertical axis is again a measure of the 
warm plasma density, 

(n.) 1 warm a = 
i confined in plug 

The numerator in A is the warm-plasma density measured at the mirror throat. 
The horizontal axis is T, /E. «3 before. We see that the minimum-B plug is 
stable to DCLC for A ;> 0.45 for the plotted temperature range and that the 
fractional density of warm plasma required for stability to DCLC increases 
with increasing T. ,E. . Also, we see that above RT /T. ^ = 0.25 (well *̂ ic/ ip warm hot 
below the anticipated operating regime) the DCLC mode, rather than the ALC 
mode, determines stability. Thus, we predict stability of the plugs in a 
possible operating regime for MFTF-B. 

These improvements in the microstability of the plug have been ob
tained by transferring the drop in warm density, and hence the micro-
stability problems, to the A-cells. While we have not yet made any quan
titative evaluations, it appears that the A-cell will require a plasma 
stream in addition to the loss current from the center cell for stability 
against DCLC. The current required to stabilize the A-cells is less than 
that required to stabilize the plugs in the absence of the A-cells because 
of the reduced density in the A-cell, and because of the smaller drop in the 
ambipolar potential. 

Operation with A-Cells Functioning as Thermal Barriers. The micro-
stability investigation of the operating scenario for MFTF-B that includes 
A-cell barriers differs from the corresponding investigations for the 
stream-stabilized and A-cell without barrier scenarios due to the novel 
equilibrium described in Sec. II.B, which includes several electron and ion 
species. We find it helpful to examine the microstability of the tL'tnimum-B 
plug and A-cell separately. 

The theoretical model used to investigate the microstability of the 
minimum-B plug in the presence of the A-cell is similar to that employed 
above in analyzing the stream-stabilized operating scenario. There are two 
ion species in the plug—hot, magnetically confined ions and warm ions that 
penetrate the plug from the center cell. The warm-ion density again de
creases monotonically along a field line passing through the plug from the 
center cell towards the A-cell, as shown in Fig. IV.E-2. 
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Since the warm ions are largely confined by the smbipolar potential 
barrier formed in the A-celi, the ratio 6 at the minimum warm-ion density in 
the plug (n.) . to the peak hot-ion density in the plug is two orders 
of magnitude larger than it was for the stream-stabilized operating scenario. 
In Fig. IV.E-12, we show the stability boundaries for the DCLC and ALC modes. 
Uhile these stability boundaries are qualitatively similar to those obtained 
for the stream-stabilized scenario, the projected operating point is now 
well within the stable region. Stability of the plug is achieved for this 
A-cell barrier operating scenario primarily because of the high density of 
warm plasma. 

The theoretical model used to investigate the A-cell when it is func
tioning as a thermal barrier is sketched in Fig. IV.E-I3(a). Important 
features of the A-cell equilibrium such as the doubly peaked hot-ion density 
and asynmetric magnetic field are included. The ambipolar potential {which 
is determined self-consistently) has a depression near the minimum of the 
magnetic field which forms the thermal barrier, followed by a peak vhich 
reflects the warm ions penetrating from the center cell. 

Our preliminary results show that DCLG is stable for interesting values 
of the warm-plasma density. The improved stability to DCLC is due to filling 
of the lose cone by the warm-plasma density at the magnetic field minimum 
[see Fig. IV.E-13(a)]. 

The stability boundary of the A-cell barrier to the ALC mode is shown 
in Fig. IV.£-13(b). The vertical axis is the inverse scale length of the 
magnetic field measured in units of the design magnetic scale length. The 
horizontal axis is the ratio of the warm-ion temperature (i.e., the center-
cell ion temperature) to the size of the hole in the hot-ion distribution 
function. The projected operating point is well within the stable region. 

The results of this section can be summarized as follows. The 
stream-stabilized mode leads to a rather low value of T , the exact value 
depending on how much stream is actually required. The A-cell configur
ations allow much more favorable stable operating ranges. In our model, the 
ALC and NEW instabilities are the most worrisome because they require the 
virtual elimination of the hole in velocity space. Theoe modes have not 
been identified in experiments, and ihere are some questions as to the 
validity of the theory of these modes. One possible source of error for the 
ALC mode is the neglect of electron Landau damping. Also, the NEW in
stability has a growth rate « ID and is susceptible to model details 
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Since the warm ions are largely confined by the ambipolar potential 
barrier formed in the A-cell, the ratio 5 of the minimum warm-ion density in 
the plug (n.) . to the peak hot-ion density in the plug is more than 1 nin 
two orders of magnitude larger than it was for the Btream-stabilized oper
ating scenario. In Fig. IV.E-12, we show the stability bounda-ies for the 
DCLC and ALC modes. While these stability boundaries are qualitatively 
similar to those obtained for the stream-stabilized scenario, the projected 
operating point is now well within the stable region. Stability of the plug 
is achieved for this A-cell barrier operating scenario primarily because of 
the high density of warm plasma. 

The theoretical model used to investigate the A-cell when it is func
tioning as a thermal barrier is sketched in Fig. IV.E-13(a). Important 
features of the A-cell equilibrium such as the doubly peaked hot-ion density 
and asymmetric magnetic field are included. The ambipolar potential (which 
is determined self-consistently) has a depression near the minimum of the 
magnetic field which forms the thermal barrier, followed by a peak which 
reflects the warm ions penetrating from the center cell. 

Our preliminary results show that DCLC is stable for interesting values 
of the warm-plasma density. The improved stability to DCLC is due to filling 
of the loss cone by the warm-plasma density «,_ the magnetic field minimum 
[see Fig. IV.E-13U)]. 

The stability boundary of the A-cell barrier to the ALC mode is shown 
in Fig- IV.E-13(b). The vertical axis is the inverse scale length of the 
magnetic field measured in units of the design magnetic scale length. The 
horizontal axis is the ratio of the warm-ion temperature (i.e., the center-
cell ion temperature) to the size of the hole in the hot-ion distribution 
function. The projected operating point is well within the stable region. 

The reselts of this subsection can be sumnarized as follows. The 
stream-stabilized mode leads to a rather low value of T . the exact value 

e' 
depending on how much stream is actually required. The A-cell configur
ations allow much more favorable stable operating ranges. In our model, the 
ALC and HEW instabilities are the most worrisome because they require the 
virtual elimination of the hole in velocity space. These modes have not 
been identified in experiments, and there are some questions as to the 
validity of the theory of these modes. One possible source of error for the 
ALC mode is the neglect of electron Landau damping. Also, the NEW in
stability has a growth rata « u . and is susceptible to model details 
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(like the rate of density fall off at the ends of the hot plasma). Accord
ingly, we take the point of view that DCLC, which has been observed to 
degrade confinement, should be studied in more detail than the other modes. 
These considerations motivate our work with the quasilinear model and code, 
which is the subject of the next section. 

QDASILINEAR THEORY OF DCLC 

Model 

For flute-like modes such as DCLC, it is efficient to derive the 
quasilinear diffusion equation from a formalism based on constants of the 
motion. This approach is sketched here; an alternative approach is that of 

23 Berk. Earlier work on quasilinear theory for mirror machines appears in 
Refs. 24 and 25. 

To derive the hierarchy of equations that describe distribution-
function evolution, we use the Hamiltonian 

K » K Q + K' , 

K n » uu .(0) + ju (ii) , (11) 
U Cl D 

K' » e<(> =* e* exp (ik*x - iut) + cc. , 

where P and J are proportional to the familiar first and second invariants, 
respectively. The Vlasov equation written as a continuity equation then 
becomes 

- • F - - f e ( i f > + i j ( S f ) + T y ( i f ) + fe<6£) 

1 ' ' 36 3u 3u 36 3? 9J 3J 9? ' k J 

where 8 is the bounce-averaged cyclotron phase angle and £ is the bounce 
phase angle. 

Next, by the standard perturbation techniques of weak turbulence theory 
we generate the necessary hierarchy of equations by repeated iteration of 
the Vlasov-Maxwell equations in powers of 4>. Limiting considerations to a 
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2 2 parabolic magnetic field [B • Bn(l + s /L )], we have the following u n 
relations (mass is set equal to one): 

n ' o) . ( 0 ) 
c i , 

J fds v, = 

"•B 
_ ( 2 y f l ) 1 / 2 

L 
m 

3 

e « 
3 K o « 

a + I u ^ 

i-
3K0 , 

Now noting that 

(13) 

/
t OLJ 

to c i(s")dt" - B(t - f ) + jjjj- (sin 2(^t - sin 2t^t') , 
we write the perturbed Hamiltonian in action angle variables as 

K' - e$e iG X) VklP> Jm O *** ( i n 6 * 2 i m ? > * C ' C ' ( 1 4 ) 

n,m 
for a single wave. Here 

Q = la - u , G ' 

where a is the flux function that appears in 

Va. x e 
*ti<« )

 ~-:LT— ' < 1 5 } 

and the subscript G refers to the guiding-center position. 
Inserting Eq. (14) into Eq. (12), the lowest-order term emerges and is 

given by 

M l J ( k i P > J (lT-\ 
f U J - - i £ e*exp (+in6 + 2imS + iS) - 2 - J r ° ' V f h f„ , (16) 

m,n Dn,m n ' m ° 
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with 

V . " * i + 2 " ic r + *TEr; • < 1 7 ) 

G 
and 

D - 01 - nfi - 2m(f& - t o

7 B • (18) 

With the next iteration restricted to the zero-frequency response, we obtain 
the quasilinear equation 

I? ,2„ „. T2,nJ, 8 f0 , ~ , M l W > J»W - In E^n. V ~ Ln,»f0 • ( 1 9 ) •jr-
n,m "' n,m 

At this point, we note that the restriction to a single wave with w=ft is 
dictated by both the 2XIXB experiment in which such a single wave was 
usually observed and the linear theory which suggests that the fundamental 
w = £2 requires more warm plasma than the harmonics for stability and there
fore should be observed at marginal stability. The propriety of the quasi-
linear theory in this limit is due to the overlap of resonances with adja-
cent values of m, which leads to stochastic motion in y-space. If these 
resonances do not overlap in the important region of yJ space, the model 
lacks rigorous justification. 

To proceed with the derivation of the working quasilinear equations, 
consider the expression 

Transforming to (e,fi,a) space, this term becomes 

5"^rK« 55M) (5 "}^ ^-l^'iT (20) 
Jm 5u ' / a 1 a \ ... n 1 1 3*n 
5 
r.,m 

Now the last term, being real, does not contribute to Eq. (19). Next, 
transforming the remaining terms and retaining only one term of the sum over 
n (usually n • 1) we obtain the quasilinear equation 

ST " W o ' ( 2 1 ) 
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where 

( £ * U ) - $ - n ) i + * 4 . (22) 

D = | e O | 2 T J ^ P ) . (23) 

and 

.2 ,nj> 

T - -!• £ - . 
in n»m 

With the approximations discussed prior to Eq. ( 7 ) , T becomes 

J/. 0 0 - 1 / 2 

~ [1 + i t 3 n 3 ( 2 c L 1 L 2 f l 2 n ) ~ 1 / 3 ] exp [ i ( w - nSWtl , 
0 /t " 

(24) 
where the VB drift has been neglected. To incorporate this latter effect 

1/2 
is replaced by [t(l + ik,<V~> t)] ' where <> is an appropriate aver
age. 

The second term in Eq. (22) is proportional to the product of the 
anisotropy and the frequency shift u - nS,. The contribution from this term 
along with the contribution from the outgoing waves improves the stability 
picture of the drift-cyclotron instability. At present, this term is not 
present in the quasilinear work since we set ui - nil to ease the computation. 
As a consequence> to avoid having the results dominated by an improper 
treatment of drift-cyclotron instability, we discard the ion density 
gradient also. 

Results 

He have finished two surveys with the quasilinear code. In one we 
compare steady-state parameters as a function of stream current and H, where 
nT is the energy removed by each escaping electron. This parameter is 
used to describe the external environment seen by the electrons. The moti
vation for this survey was the experimental observation (see Sec. 1II.F.6) 
that in the 2X1IB experiment the ionization current from the neutral beams 
was roughly linearly proportional to the theoretical quasilinear current, 
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independent of the stream current. This suggests that the stream is not the 
dominant source of the stabilizing current. In fact, when making the same 
comparison with the data from the code we generate a very similar graph (see 
Fig. IV.E-14 ). The horizontal axis on this graph is the theoretical quasi-
linear current density 

2T 1 / 2 T , 
JQL " * (mT*J "hot IT" F^T • i ion 

which agrees with the expression in Sec. III.F.6. In Fig. IV.E-15, we see 
that at fixed steady-state density there is a significant increase in the 
mean ion and electron energies with increasing stream input; the ion energy 
behaves similarly. At a large enough stream level, this trend will reverse 
since n can be no smaller than 3 to '•. Also on the figure, we see the ef
fect of varying n. Obviously, the stream improves the confinement in the 
simulation. It is important to emphasize that in all these runs the hole in 
the distribution function at steady state was essentially completely filled; 
consequently, it was not possible to separate the stream from trapped plasma 
as a source of stabilizing plasma. 

The second survey investigated the seeling with the electron density 
gradient. However, before discussing these results the following points 
must be made. FirBt, in the earlier version of the quasilinear code, plasma 
parameters did not improve as the radial scale length was increased. That 
is, the quasilinearly induced steady state was one in which the hole in 
velocity space was always nearly filled. This behavior was recognized to be 
due to a defect in the stream penetration model. In this original model, 
the turbulence only heated the stream—the input current was held fixed. To 
see how this model always forced the same final state, consider the 
stability boundary to DCLC shown in Fig. IV.E-5. Now, if the hot-ion den
sity rose above the marginally stable point, the fluctuation level would 
rise, resulting in heating of the unconfined warm plssma. This then made 
the system more unstable since the operating point slipped to the right on 
the figure. This process would continue until the fluctuations rose to a 
level sufficient to diffuse confined plasma into the hole in velocity space. 
This response prevented the establishment of a stable steady-state configur
ation with the phase velocity of the marginally unstable wave matched to the 
thermal velocity of the warm plasma, which is a requirement to obtain the 
improvement with radial scale length. 
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Fig. IV.E-15. A comparison of the ionization current vs theoretical 
quasilinear current for the indicated stream currents in a 2XIIB 
configuration. 
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However, we rote that by heating the stream, more plasma could pene
trate the potential barrier ($.), and because this effect occurs in an 
exponential, 

j e t *exp (-e<f>A/Te[|*|2]) , 

this response should dominate. 
With this model in the code, we monitored the steady-state plasma 

parameters for the radial scales listed in Table IV.E-1. In all cases 
reported, the plasma volume was fixed. As yet, we do not have enough data 
points to extract a parametric dependence; still, ve see a marked improve
ment with increased density-gradient scale length. 

TABLE IV.E-1. Plasma parameters vs plasma radius. 

R P R p / a H "H " w ^ T H T 
a 

. « - % 

(cm) <10 1 4cm" 3) CkeV) (eV) 
20 11.7 1.9 0.01 28 363 0.62 

30 17.2 2.5 0.004 29 534 1.1 
40 21.9 3.4 0.0015 32 824 2.0 

IV-147 



REFERENCES 

1. D. E. Baldwin, Rev. Mod. Phys. 49, 317 (1977). 

2. D. E. Baldwin, H. L. Berk, J. A. Byers, R. H. Cohen, T. A. Cutler, L. 
L. LoDestro, H. Maron, L. D. Fearlatein, M. E. Renaink, T. D. 
Rognlien, J- J. Stewart, D. C Watson, and M. J. Gerver, Present 
Status of Mirror Stability Theory, Lawrence Liveroore Laboratory, 
Rept. UCID-17038, Rev. 1 (1976). 

3. A. B. Mikhailovskii, Rev. Plasma Phys. 2> 166 (1967). 

4. A. B. Mikhailovskii, Theory of Plasma Instabilities, Vol. 2 
(Consultants Bureau, New York, 1974). 

5. N. E. Lindgren, A. B. Langdon, and C. K. Birdsall, Phys. Fluids _19_, 
1026 (1976). 

6. M. J. Gerver, Phys. Fluids l^. 1581 (1976). 

7. H. L. Berk and M- J. Gerver, Phys. Fluids JJ?, 1646 (1976). 

8. M. J. Gerver, C. K. Birdsall, A. B. Langdon, and D. Fuss, Phys. Fluids 
20, 291 (1977). 

9. H. L. Berk, L. D. Pearlstein, and J. G- Cordey, Phys. Fluids 15, 891 
(1972). 

10. M. J. Gerver, Phys. Rev. Lett. 42, 981 (1979). 

11. M. J. Gerver, Phys. Fluids 22, 1510 (1979). 

12. J. D. Callen and G. E. Guest, Phys. Fluids _14, 1588 (1971). 

13. R. F. Post and M. N. Rosenbluth, Phys. Fluids 9, 730 (1966). 

IV-148 



14. A. B. Hikhailovskii and A. V. Timofeev, Zh. Eksp. Teor. Fiz. 44, 919 
(1963) [Sov. Phys.— JETP 17, 626 (1963)]. 

15. W. H. Tang, L. D. Pearlstein, and H. L. Berk, Phys. Fluids J_5, 1153 
(1972). 

16. H. H. Rosenbluth and R. F. Post, Phys. Fluids 8, 547 (1965). 

17. H. L. Berk and L. D. Pearlateiti, Phys. Fluids 14, 1810 (1971). 

18. D. E. Baldwin, Phys. Fluids r7_» 1346 (1974). 

19. L. D. Pearlstein, M. N. Rosenbluth, and D. B. Chang, Phy3. Fluids £• 
953 (1966). 

20. B. I. Kanaev, Nucl. Fusion J^, 347 (1979). 

21. M. J. Gerver, Critical Lengths for High Density Mirror Machines, 
Laboratory of Plasma Studies, Cornell Univ. Rep. LPS 264 (1979), to be 
published in Phys. Fluids. 

22. J. D. Callen and C. W- Horton, Phys. Fluids J£, 2306 (1972). 

23. H. L. Berk, J. Plasma Phys. .20, 205 (1978). 

24. D. E. Baldwin, H. L. Berk, and L. D. Pearlst in, Phya. Rev. Lett. 36, 
1051 (1976). 

25. H. L. Berk and J. J. Stewart, Phys. Fluids £0, 1080 (1977). 

26. G. R. Smith, J. A. Byers, and L. L. LoDestro, Phys. Fluids 23 (1980) 
(to be published). 

IV-149 



IV.F. EFFECT OF GAS RECYCLING AND SECONDARY ELECTRON EMISSION 
G. D. Porter 

Introduction IV-153 
Equilibrium Cold Planu and Neutral Gas Densities IV-154 
Secondary Electron Emiasion. IV-158 

IV-151 



IV.F. EFFECT OF GAS RECYCLING AND SECONDARY ELECTRON EMISSION 
G. D. Porter 

INTRODUCTION 

In an open-ended device, such as a mirror machine, the primary power 
losses appear as flow out the ends. In a single-cell machine plasma ions 
are scattered into the loss cone. In a tandem machine the plug plasma ions 
are scattered into the loss cone, and the center cell ions must acquire suf
ficient energy to overcome the plug potential before flowing out the ends. 
In either case the interaction of the flowing plasma with the end wall af
fects the power balance in. the device. 

We consider here an energetic plasma flowing into the end region of an 
open-ended device and analyze the effect of two phenomena on the axial power 
flow. It is assumed the plasma potential is positive as would be expected 
in a mirror device. The first phenomenon considered is deuterium recycling 
from the end wall. A fraction of the escaping plasma ions reappears in the 
end region as room temperature gas after interacting with the end wall. The 
electrons that arise from ionization of this gas are trapped by the positive 
potential and must be heated before escaping. Furthermore, the ions re
sulting from re ionization fall down the positive potential and arrive at the 
wall with significant kinetic energy. Thug, reionization of the recycled 
gas produces a secondary plasma with cold ions and is a power drain on the 
flowing plasma. An additional power drain is created by secondary electron 
emission from the wall. To maintain a zero net current flow, each cold sec
ondary electron must be replaced by an additional hot flowing electron, 
which escapes. Hence, secondary emission increases the power flow through 
the electron channel. We consider here the upper limit of secondary emis
sion that is created by space-charge limited flow. This space-charge limit 
is affected by the cold plasma arising from neutral gas reioniiation. 

We consider a zero-dimensional model of the end region to estimate the 
equilibrium cold plasma and neutral gas densities resulting from deuterium 
recycling. We also consider space-charge-limited secondary electron emis
sion in the presence of a cold plasma. Finally, we consider the effect of 
these two phenomena on the axial power flow in MFTB-B. 
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EQUILIBRIUM COLD PLASMA AND NEUTRAL GAS DENSITIES 

The axial potential profile for an open ended mirror machine is shown 
qualitatively in Fig. IV.F-1. Region II, the volume from the mirror peak to 
the end wall, is the region of interest here. The sheath potential at the 
end wall will be calculated in the next subsection. To estimate the amount 
of cold plasma created by raionization of recycled gas, we assume the pres
ence of two plasma ion species in Region II. The first, with density n, , 
is a hot species created by plasma escaping from the confinement volume. 
The average axial flow energy of this plasma component is at least 
A<(> + 1/2A4J_. The second species is created by ionization of the re-
fluxing gas. The axial flow energy depends on the potential at which ion
ization occurs, but an average energy of A$_/2 is used here. The free 
electron created by the ionization is trapped by the potential well, and 
hence must be heated to escape. Thus, the electron temperature of the cold 
species is sufficient to further ionize the refluxing gas, and a cascading 
process is possible. He assume a single electron temperature T . 

Since the plasma ions are freely flowing down the potential, the con
finement time for the cold (hot) species, T

c(>,)» *-s J u s t t h e transit time. 

where L, is the fan length, and E ,.•. is the average cold (hot) ion energy 
in Region II, 

c 

The equations describing the buildup of the neutral gas (molecular) density, 
n_, and the cold plasma density n are 

dn 0 f fa • n c Q ) fh % n„ 
d T " 2 T + r XT " — " n O ( V n c O H o v ) c " n o V o v ) h ' U ) 

c n p 

a r " 2 n o ( n c + n c o ) ( a v )

c

 + 2 n h n o ( c v ) h - r > ^ 
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i—i—i—r 

" Region I Region II 

Fig. IV.F-1. Axial electrostatic potential profile in an open-ended 
magnetic confinement device. The potential A $ H occurs between the 
peak potential and the magnetic mirror point, and the potential drop 
A<t>p occurs from the magnetic mirror to the end wall. 
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where 
f( h) * reflux coefficient (atomic) of the cold (hot) 

plasma ions. 

T » pumping time for the neutral gas molecules. 

(ov) /. » « total (ionization plus charge-exchange) reaction 
rate for the neutral gas in the cold (hot) plasma. 

CO 
box stabilization with single cell operation. 

The critical parameter for the secondary electron emission analysis, 
presented later, is the ratio of axial current of cold plasma to that of the 
hot plasma. In terms of these parameters, Eqs. (4) and (S) are: 

d n0 £c Jc , fh Jh , { a v ) c f
 ( o v ) h n0 r o 

dt" =2~ei: + ~eL" Vc ~i7~ " Vh ~eT T ' W 

c b p 
dn (ov) (crv). J - J _ 
_ £ - 2n.J £ + 2n„J. ± - c - c 0 . (7) dt 0 c ev Oh ev. eL c n 

where 

J h = % r • ( 8 ) 

n 

Jc = < V»«*> * • ™ 
c 

The equilibrium solution of Eqs. (6) and (7) is 

«0 " let K Jh T ( V n Jc + Jco| ' <10> 

1/2 
= 0 , (11) 
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where 

The parameter of primary interest here is the power loss incurred by 
the generation of this cold plasma. The most obvious power loss arises from 
ionization and electron heating of the cold plasma electrons. This occurs 
only for ionization reactions. A second power loss, which occurs for both 
ionization and charge exchange reactions, is the kinetic energy picked up by 
the cold ion in falling down the potential- The later loss is included in 
the calculation of the secondary electron effects, which will be presented 
in the next subsection. The ionization losses are given by 

P"" -2V. lOBS f 
T J UT /E. ,\ /b V " p h e / ion 3\ I _jc \ 

T. 2L \^Te l)\bJ 

fj (ov) i o n /b.\ 1 / 2 ( o v ^ l f J J.l 
(13) 

where V f is the plasma volume in Region II. 
Equations (10), (11), and (13) are evaluated in detail for MFTF-B in a 

foregoing subsection. It is somewhat instructive to examine Eq. (13) to 
determine qualitatively how severe the power losses due to reionization of 
refluxing gas can become. Consider Eq. (11) with f = 1. The ratio of 
the cold to hot plasma current densities becomes infinite when 

J n T. /b. \ 1 / 2 (ov). 

h p \ c / c 

For values of f. greater than (or equal to) this, the net ionization rate 
of the refluxing gas is sufficiently high to prevent the gas molecules from 
being pumped. Rather, the gas is continuously recycled between the end wall 
and the cold plasma. The cold plasma density then increases with time, and 
there is no equilibrium solution. The limitation to this process is that 
the ionization power loss also increases, thus cooling the plasma until the 
reionization rate is small enough to allow an equilibrium. Several tech
niques improve this scenario. First, wall preparation reduces Che values of 
f and f. , and thus reduces the recycled flux. Secondly, expansion of 
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the fan before it gets to the end wall reduces n, and hence increases 
t.. This increases the allowed values of the reflux coefficients f and 
f. . Fortunately, these techniques are sufficient to prevent significant 
ionization power losses in MFTF-B. Before demonstrating this, however, it 
is useful to complete the analysis of the power flow in the end region by 
considering the effect of secondary electron emission. 

SECONDARY ELECTRON EMISSION 

The effect of secondary emission is analyzed here by the techniques of 
Hall and Bernstein*; however, ve consider a different operation scenario in 
that the amount of cold plasma is assumed to be determined by gas recycling, 
as calculated in the previous subsection. Furthermore, the secondary elec
tron current is assumed to be limited by space-charge effects. This permits 
us to consider only one type of solution for the potential sheath that forms 
at the wall. We consider first only three particle species: Maxwellian 
primary electrons with temperature T , Maxwellian secondary electrons with 
temperature T , and monoenergetic ions with total energy E. . (The ef
fect of a cold ion species (energy E £) will be added later.) The sheath 
potential is assumed to be of the type illustrated in Fig. IV.F-2 in which 
the potential decreases from aero in the fan to a minimum tj>g. The po
tential shown in Fig. IV-.F-2 assumes space-charge-limited secondary electron 
emission. The figure is basically a detailed view of the potential in the 
region near the end wall (see Fig. IV.F-1). It is assumed that all elec
trons have a Maxwellian distribution with cutoffs appropriate to the po
tential shown in Fig. IV.F-2. For example, there are no secondary electrons 
with negative x-velocity; and to the right of the potential minimum, the 
secondaries must have a total energy greater than - e $ 0 . Reflection of the 
primary electrons at the wall can be considered, but is ignored here. 
With these assumptions the charge densities (p = ne) of the three species 

for x > x can be written as o 
"irM 

"I'^ir Jp e x p ( T i o" n ) I 1 + e r f ( , / v ^ | • ( 1 5 ) 

*Hall, L. S. and Bernstein, I., "Modification of the Electrostatic Sheath by 
Secondary Emission of Electrons," UCID-17273, October 1976. 
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Fig. IV.F-2. Detail of the axial electrostatic potential profile irsar the 
end wall of an open-ended magnetic confinement device. It is assumed that 
secondary electron emission from the wall Cx « 0) is space-charge-limited. 
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> J™. 
e G 

(^)-(V^)->lm\TT — «PHTH«*(1 | -V )• <"> 

TIM J . 
' 2^Tb7 ——2-r-r? , (17) 

2 T e h h (l +b hn> 1 / 2 

where n - - e*/Te>8 = T s/T e, b h - T e/E h, <*h - Mh/4*Me, and J.. » q^vf j(v)dv 
is the net current der;ity of species j. Note that the secondary current 
J is not restricted to secondary emission due to electron bombardment. 
We are simply saying that the secondaries are being emitted from the vail 
with temperature T and current J . Since we are interested in time 
independent solutions 

J > + J* + J. = G . (18) 
p s h 

Using the charge densities expressed in Eqs. (15), (16), and (17), 
Poisson's equation is 

a2. 2 77 .—T/2 " PX | 2 e * p ( n o " n ) " y{no " n ) l + m t y(±T~) ' d s ' ( l+b u n) A ' l ' /e 
h. 

(19) 

where 

J 

p 

s —— v ^ i x 

Y(X) - e X erfc(^X) 

Note that since the secondary and primary currents are in the opposite 
directions) X < 0. 

The first integral of Eq. (19) can be obtained in the standard way by 
multiplying by 2 dn/ts and integrating from n • 0 to n• The result is 
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<!-.-"> ( £ ) 2 = = V 5 K " > 1 , 2 - I I - ^ K ° 
+ 1 

We now consider the case in which the plasma is neutral in the region 
outside the wall sheath, i.e., for n = 0. This is equivalent to setting the 
right-hand side of Eq. (19) equal to zero and gives a relationship between 
the parameters b. , ru, and \ . This relationship is plotted for 9 = 0 in 
Fig. IV.F-3. Because of the small values of T , the 8 variation has very 
little effect on these results. 

We consider here the energy flow across the sheath for conditions in 
which the secondary emission from the wall is limited by space-charge ef
fects. This condition is equivalent to setting dr,/ds = 0 at n = n 0, where 
dn/ds is given by Eq. (20). The two conditions of space-charge-limited iflow 
and charge, neutrality determines a unique relationship between ru and 
b This relationship is plotted in Fig. IV.F-3 for 9 = 0 and 6 = 0.02. 
Specifying b. then determines both the potential n 0 and the space-charge-
limited flow \ . . The dependence of A . on b. is shown in Fig. IV.F-4. 

To determine the power flow across the sheath, we define the power 
flux for species j, Q., as 

Q. = ~ K. f v3f.(v)dv . (21) 

The total power flow is then found by summing over all species- For the 
particle distribution functions assumed here, we find 

¥^ \il*W + 2 m "•"o-^ + 2 T^T l 1 +^-H • ( 2 2 ) m] • 
The factor of 2 for the electrons "represents 1/2 kT in each of the two 
transverse degrees of freedom as well as kT for the weighted electron energy 
normal to the wall per incident electron." The effect of secondary emis
sion on the power flow at n = ru is then found by evaluating 

O + M J +(TT=re—I » • » . . , e) .V +(m~)< 
Q(X=O) Li+bhn0U=0)j+ 2bh • l " J 

QCb,X .) v h"0' ll+X .)" scl ^ scl _ ' s'-1' 
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Fig. IV.F-3. Normalized sheath potential for a deuterium plasma vs the 
ratio of the primary electron temperature to the ion energy. The three 
curves labeled QN are the potentials imposed by the assumption that the 
plasma is neutral outside the nheath. The parameter n is the ratio of 
the secondary electron current to the primary electron current. The 
curve labeled SCL is the sheath potential imposed by the assumption of a 
neutral plasma and the secondary electron emission is apace-charge-
limited. These curves are drawn for secondary electron temperature 
8 = 0 . 
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Fig. IV.F-4. The space-charge-limited secondary electron emission coef
ficient vs the ratio of primary electron temperature to ion energy. The 
parameter 8 is the ratio of the secondary electron temperature to the 
primary electron, temperature. 
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This parameter is plotted in Fig. IV.F-5. This figure indicates that for 
values b. in the range expected for a mirror machine, i.e., b. « 0.1, 
secondary electron emission from the walls increases the power flow across 
the sheath by about 30%. To understand why it is this low, note that the 
main effect of secondary emission is to increase the loss current of primary 
electrons [|j /J, | * 1/(1 + X)]. However, for small values of b h, the 
primary electrons carry only a small fraction of the power across the Bheath. 
Hence, the primary electron current must be increased substantially before 
there is a large increase in the power flow. Space-charge effects then 
provide an upper limit to the increase in the primary current. 

These simple calculations ignore the effect of a cold plasma. Basic
ally, this plasma adds a second ion component with energy that is signifi
cantly lower than the mirror confined ions. We estimate these effects by 
adding a second monoenergetic ion species with energy E , mass m , and 
current J . The modification of Eqs. (19) and (20) is straightforward, 
and the results for the secondary current required for neutrality, X , 
and space charge limit, A - , are 

, i ll*W l^-vV + " ^ 1 ) ( 2 A ) 

*scl = - j 1 - < 1 + W [1-T(n0> + ZCeVi ) ] 

i 1/9 ,rj„ •V* (i+b n n) 1 / : !-i l / j \ rnrl-n 
( U b . n n ) 1 / 2 - l c h c c 0 . • „ + 1 + 4(l + -£ W-£ J, 8 % / b h 

(25) 

where 

M /4irM , b = T /E c e c P c 

(Note we have considered only the case 6 = 0 ) . As before, the dependence of 
Ti„ and X on b, is found by equating X , and X-„. The result is shown in 
Fig. IV.F-6 for J h - J c and b - 1. 
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Fig. It/.F-5. The effect of space-charge-limited secondary electron emission 
on the total axial power flow across tha wall sheath. For a mirror machine 
bjj ~ 0.1. (It is assumed that there is no cold plasma component.) 
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Fig . IV.F-6. The e f f e c t of cold plasma Cbc = 1) on the space-charge-
l imited secondary emission c o e f f i c i e n t and the sheath p o t e n t i a l . 
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The power flow across the sheath, including the presence of cold plas
ma ions, is given by: 

e « * W • -AT1 «*b n„) * c h h 
V o ' J.b " c"0' 1+X n c 

(26) 

and, finally, the total power flow is 

1_£2_ + i p i o n ) 
(JhEh W lo") ' 

pio 8 8 - 2Af Vh j ^ + W - * - - ' • ( 2 7 ) 

where P* o n is given by Eq. (13). Note that V./A_ » L, the fan length. 

AXIAL POWER FLOW FOR MFTF-B 

Operation of MFTF-B is envisioned to be in two categories- The first, 
stream stabilized operation, is characterized by electron temperatures in 
the range of 1 keV and maximum potentials of the order of 10 kV (Af in 
Fig. IV.F-1). The second category, thermal barrier operation, is character
ized by a high center cell electron temperature (T ~ 10 keV) and a po
tential in the range of 90 kV. He demonstrate here that recycling of gas 
and secondary electron emission do not have a major impact on the axial 
power flow in either operation category. It is necessary, however, to con
trol the characteristics of the end wall in stream stabilized operation. 

Consider first the stream stabilized operation, where the hot plasma 
component is determined predominately by ions escaping from the center cell. 
They arrive in Region II (see Fig. IV.F-1) with a kinetic energy of Aif> + T-
where T. is the center-cell ion temperature. The parameter b, = T

e / E h is 
thus approximately 0.1. The effective cold plasma energy E is approximately 
AiL/2. We assume A<(iF to be about T , so b » 0.5. Finally, the hot ion 
density n, is determined by examining the total loss current density from 
the center cell: 

a = " ^ JSli . (28) 
n (m) f2eAF c c */ m 

1 m 
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The ratio B .,/B is the mirror ratio between the end vail and wall c 
the center cell and characterizes the expansion of the flux tube before 

13 12 
reaching the walls. For a central-cell density of 2 x 10 , CUT) ~ 10 , 

9 - 3 L c ~ 2500 cm, and B w a l l / B c ~ 0.05, we find n^ ~ 10 cm . 
The characteristics of the plasma in the end region for this operating 

mode is shown in Figs. IV.F-7, 8, and 9. In all cases the abscissa is the 
gas reflux coefficient for the hot plasma f. . The parameters are plotted 
for five values of f ; 0, 0.25, 0.5, 0.75, and 1.0. The cold plasma current 
density J /Jh and the gas density in/nu are plotted in Figs. IV.F-7(a) and 
7(b), respectively. The wall sheath potential ru is plotted for space-
charge-limited secondary electron emission in Fig. IV.F-7(c) and for A = 0 
in Fig. IV.F-7(d). The space-charge-limited secondary emission coefficient 
Ascl i s s h o w n i n F i 8 - IV.F-8(a). The remainder of Fig. IV.F-8 and -9 
showt the power flow under various conditions. In each case the ratio of 
the power flow to that expected for a benign end wall (f = f. = A = 0) is 
plotted. Figure IV.F-8(b) shows the power flow for space-charge limited 
secondary emission, and Fig. IV.F-8(c) shows the power flow with A = 0. Both 
of these figures include the power loss due to the cold ions falling down 
the potential, but do not include losses from reionization (P^011 ). r loss 
The reionization losses are plotted in Fig. IV.F-8(d). Finally, the total 
power loss for space-charge-limited emission and for A = 0 is shown in Figs. 
IV.F-9U) and -9(b), respectively. 

It is evident that as f and f. become larger, a singularity oc
curs. This is the point at which the recycled gas is completely reionized 
and the cold plasma density does not reach an equilibrium. If this is per
mitted to occur, the power losses in the end region will be very large in
deed, as expected. However, if the end wall is conditioned so that f < 0.5 
a c K i ty. i. 0.3, then the effects in the end region will enhance the axial 
power flow by less than 50% over that expected for a benign wall. These 
conclusions are the same as found for TMX, where the end wall is gettered 
with titanium, and hence f and f, are small. For MFTF-fl it may be 
necessary to use a titanium sheet to achieve sufficient storage capacity. 
He do not expect the end wall effects to be any worse for the stream 
stabilized operation of MFTF-B than it currently is on TMX. 

For the thermal barrier mode, the expected electron temperature is 
much higher. We assume here that the electron temperature in the end region 
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is similar to that of the center cell. In this case the hot ion density is 
significantly lower because of better confinement (nx) -* 10 and higher 
potential. 

The end region parameters are shown in Figs. IV.F-10, -11, and -12. 
Because of the low hot ion density, the singularity evident in Fig. IV.F-7 
is never reached for this operating mode. In this case ionization losses 
are negligible. Secondary emission effects will be limited to increasing 
the power flow by about 25% by space charge effects. 
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Te=l.eSE+03 

£h=l. 6BE-01 fllpha_c=2. 92E+02 
Si qtns_c_i on = 2. 10E-08Sigma_h=l. 20E-67 
Kh=1.00E+e? Egas=2.50E-02 
Eion=3.00E+ai 

fti|>ha_l-i=2. 92E + &2 
Si gida_h_i on=2. 40E-0L 
L=5.00E+02 

Fig. IV.F-7. The effect of gas refluxing from the end wall. In all cases, 
the abscissa is the ratio of the number of gas atoms off the wall to the 
number of hot ions in Cf^)- The ordinates are: 

(a) The ratio of the cold plasma current density to the hot plasma 
current density. 

(b) The ratio of neutral gas density to hot plasma density. 

(c) The normalized sheath potential for space-charge-limited 
secondary electron emission. 

(d) The normalized sheath potential for suppressed secondary 
electron emission U = 0 ) . 

In each case the parameter f c takes on the values 0, 0.25, 0.5, 0.75, and 
1.0. This figure is calculated for parameters consistent with those 
expected in the stream-stabilized operating mode of MFTF-B. 
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Sigma c=4.6PE-08 Si gma__c_i on=2. 10E-Q8Si gma_h = l. 20E-0? 
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Te=1.00E+03 Eion=3.00E+61 
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-Lambda VS Fh (a) .Qscl VS Fh 

— M f O ' i r m t f l r > - o o m — < —« <M 

Q0 VS Fh (c) 

0:-...'.....: ; L....;...J.: :.....: J : B i . ...... . . to r t 
CO <T| - < 

Fig. IV.F-8. Further effects of gss refluxing for the stream-stabilized 
operating mode of MFTF-B. As in Fig. IV.F-7, the abscissa is fn, and f c 

is used as a parameter. The ordinates are: 

(a) Space-charge-limited secondary emission coefficient (-X). 

(b) The ratio of the axial power flow across the sheath with 
r?ace-charge-limited emission to that for f c = fj, = X = 0, 

(c) The ratio of the axial power flow across the sheath for A = 0 
to that for f c = fh =• A= 0. 

(d) The ratio of the power IOSB due to ionization of the refluxing 
neutral gas to the axial power flow for a benign wall 
<fc = fh = A = Oh 
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Fig. IV.F-9. The effect of gas refluxing on the tota l power loss for 
space-charge-limited secondary emission (a) and for suppressed secondary 
electron emission (b) for the stream stabi l ized operating mode. In both 
cases the power losses are normalized to that calculated for a benign 
wall (f c = fj, = X = 0) . The abscissa is the same as used in F ies . 
IV.F-7 and - 8 . 
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Fig. IV.F-10. The effect of gas refluxing on the thermal barrier operation 
mode of MFTF-B. This figure corresponds to Fig. IV.F-7 except that the 
plasma parameters are consistent with those expected for the thermal 
barrier mode. Because of the low hot ion density, the variation of the 
parameter f c does not have a significant effect. 
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Fig- IV-F-11. Further effects of gas refluxing on the thermal barrier 
operating mode. This figure corresponda to Fig. IV.F-8. 
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Fig. IV.F-12. Further effects of gas refluxing on the thermal barrier 
operating mode. This figure corresponds to Fig. IV.F-9. 
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IV. G. MONTE CARLO CIMULATIONS OF TANDEM MIRROR PHYSICS 
T. D. Rognlien 

DESCRIPTION OF THE CODE 

The problem of shaping the axial profiles of ion density and electron 
energy to produce better electrostatic confinement in tandem mirrors is 
studied by solving the Fokker-Planck equation. The general form of the equa
tion is 

where C is the Coulomb collision operator. A typical approach to solving this 
equation for mirror sycterns is to assume that the magnetic and potential wells 
can be approximated by square wells where all the variation occurs abruptly at 
the ends of the system. For this case, the magnitudes of the magnetic and 
potential wells simply define the loss-cone boundary in velocity space where 
f = 0; i.e., all particles reaching this boundary can escape the system. A 
typical calculation is described by Futch et al. A second approach is to 
include the actual spatial variation of B and $ and then average Eq. (1) over 
the orbit of the particle, obtaining a so-called bounce-averaged equation. 
This is valid as long as the particle orbit is not greatly perturbed by the 
collisions over one bounce period. Details of this approach are given else-

2.3 where. 
The technique to be described here is a direct solution to Eq. (1) for 

an ensemble of test particles, that is, a Monte Carlo solution. The distri 
bution function f is assumed to be a delta-function in configuration space and 
velocity space to represent a single particle. Equation (l) is then advanced 
for a small time At in two steps. First the collision is ignored and the 
left-hand side of Eq. (1) is solved for the particle orbit. Taking the 
appropriate moments of Eq. (1) assuming only z variations and using V-B = 0 
gives the simple equations of motion 

d£ 
dt (2) 

dv 
3t q al " u ta ' ( 3 ) 
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£-0. U) 
Here m is the particle mass, v is the velocity along the magnetic field B, 

z 2 
q is the particle charge, 4> is the electrostatic potential, and y • mv. /2B 
is the magnetic moment. The conservation of \i implies that magnetic field 
gradients are weak. 

The second part of the solution is to scatter the particle in velocity 
space simulating the collision over the time At. At this point, one must 
specify the collision operator C. The basic assumption of our Monte Carlo 
calculation is to evaluate C as though the distribution of background par
ticles responsible for the scattering is locally a Maxwellian . The collision 
operator then becomes linear and takes on a simple form when one translates to 
the H velocity coordinate where W,, = y,. This yields 

C = <AW„> f + -&j 
3W„ aw. 

•^Awif> 

a 2 a 2 \ <Aw2> 
— + — — — f - ( 5 ) 

* y / 

Here W and W are orthogonal to Wn and each other. The scattering coef-
* y 4 

f icients are given by Spitzer and depend on the local density and tempera

ture of the scattering background. Specifically, 
m -

<AW,|> = -A„ 2 (1 + — ) a . n G(l.W), (6) 

<AW,|> - g£ g B j 6 ( 1 ^ ) , (7) 

<A«£> = ^ S n j HCKW), (8) 
A. 

where W = |WHI = I v | . The other quantities are 

GU) = [erf(x) - xerf ' (x)] /2X 2, (9) 
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H(x) = er f (x ) - G(x) , (10) 

A t = 8TTe4lnA/m^ , (11) 

I2. = ( 2 T . / m . ) _ 1 • (12) 
J J J 

The subscript t refers to the test particle, and the index j runs over assumed 
background species. The species density and temperature are in general a 
function of position. 

The collision of the test particle as described by Eq. (5) can be repre
sented by che following change of the velocity in the W coordinate frame: 

W|| = W|j„ + ^ u * At + (3 <m2>htf12 Rv (13) 

W = (1.5 <.m2> At) 1 / 2R, , . (14) 
x,y \ 1 ' 2,3 

Here R, „ , are random numbers chosen from a uniform distribution from -1 to 
1. The velocities are then translated back to the v coordinate frame, and one 
can advance the particle orbit for the next time step-

Data concerning the time a particle spends in a given region and its 
parallel and perpendicular energy are stored on a spatial grid. These data are 
summed for a large number of time steps, giving the solution of the moments of 
f in Eq. (1), i.e., density, parallel energy, and perpendicular energy. The 
information to construct the solution f(z,v..,V|) is also available, although we 
choose to gather these data at only two values of z and to use it as a diag
nostic. Since the collision terms depend only on density and temperature, the 
resulting test particle profiles can be used to change the background scatter
ing profile of the species being followed. In this way, the calculation can 
be iterated to produce a self-consistent steady state where the resulting test 
particle profiles are the same as the background scattering profiles. 

The electrostatic potential $ is determined from the inertialess momentum 
equation for the electrons: 

0 = - -£ n T -(T - r ) - £ - 2 5 + n - £ - e * (15) 
3 2 e e|| eH el B \ e h 
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It should be noted that in this equation the temperatures are to be interp
reted as 2/3 times the appropriate average energy of the distribution. Ho 
assumption is made in Eq. (IS) that the distribution is Maxwellian, and the 
mean energy of the distribution is precisely the quantity calculated by the 
cade. Consequently, when one solves for electron test particles to produce 
self-consistent electron mean energy and density profiles, the potential is 
also self-consistent. For the case where one uses ion test particles, the 
electron energy profile is assumed, and $ is consistent with that assumption 
and with the quasineutrality condition n " n.. 

There are several advantages to solving the Fokker-Planck equation by 
the Monte Carlo technique- First, it is valid for any ratio of mean-free-
path X , to other axial scale lengths such as density or potential gra
dients. It thus allows one to bridge the gap between fluid equation calcula-

1-3 
tioas and long A f models. Second, it allows one to include the 
effect of coherent electric and magnetic field fluctuations by simply intro
ducing them into the equations of motion. Third, it is straightforward to 
include additional effects such as localized charge exchange or radiation 
energy loss. The use of a localized charge exchange is also being considered 
as a means of pumping out a barrier region and is described below. 

The limitations of the code lie primarily with the approximate way in 
which the collision term is treated. When the distribution function of test 
particles is significantly distorted from a Maxwellian, the collision process 
may be quantitatively, and in some cases qualitatively, incorrect. 

APPLICATIONS 

Ion Pump-Out with Charge Exchange 

A scheme for keeping the density in the barrier region low is to charge 
exchange the ions which become trapped. One method of doing this is to inject 
a neutral beam nearly along the magnetic axis from outside the plug. The 
neutral beam is assumed to miss the plug but to be on axis in the barrier 
region. The beam's energy is such that when charge exchanged, it has suffi
cient parallel energy to escape the barrier potential. The barrier is taken 
to be about a mean-free-path long for charge exchange. Thus, trapped barrier 
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ions are replaced with passing ions by charge exchange. The charge-exchange 
neutral product is assumed to be lost from the system, constituting an energy 
loss. This process is modeled in the Fokker-Planck equation by adding two 
tanas to the right-hand side of Eq. (1); namely, 

-v f + J <5(z - z„) i5(vN - v.. ) . ex ex 0 II NO 

The charge-exchange rate v is assumed constant, which is a fairly reason
able approximation for deuterium below 20 keV. The source tens represents the 
neutral beam where the charge-exchange event is assumed to take place at zQ 

in the center of the barrier. The source velocity v„ 0 is sufficient to 
allow the source ion to escape the potential well. 

We have performed several sample calculations for charge-exchange pump
ing using the magnetic field profile shown in Fig. IV. G-l. The left-hand 
boundary is the center of the solenoid. The mirror region at the right is the 
barrier, and the plug region is simply modeled by a wall potential that re
flects ions having an energy insufficient to overcome the plv.g potential. A 
typical potential profile with a pumped-out barrier is also shown in Fig. IV. 
G-l. These parameters are chosen so that the ion mean-free-path is longer 
than the system, but not so long that a Monte Carlo calculation which follows 
individual orbits is impractical. These cases have not been iterated, so the 
densities and potential are not self-consistent. The background ion density 
in the central cell is 5 x 10 cm and decreases to 9 x 10 '* cm - at 
the center of the barrier. The ion temperature is 400 eV in the central cell 
and a maximum of 930 eV in the barrier. The barrier potential well is 1 keV. 
The results are given in Table IV. G-I for mirror ratios of 5 and 20. The 
confinement time is still nearly the Paatukhov rate. The last column in Table 
IV. G-I gives the ratio of the charge-exchange-loss current to the end-loos 
current. 

The charge-exchange current could represent an unacceptable power loss if 
too much charge exchange is required to pump-out. An alternate method which can 
reduce the power loss is to charge exchange with low-energy neutrals by having 
them impinge radially in a mirror throat fan region. In this region, one needs 
to simply exchange a trapped particle with small parallel velocity for a particle 
born at zero kinetic energy at a potential such that it can escape the wel! The 
energy loss in such a situation is smaller than with the neutral beam. In the 

IV-183 



Table IV- G-1. 
Resul ts of charge-exchange pumping with a f ixed background. 

T„[eV] T i[eV] h ?£- 6 b ^ J 
cc cc p 

f 5 x icr 

1 x 1 0 3 

1.5 x 1 0 3 

1 x 1 0 3 

2 x 10 

3 x 10 3 

5 1220 

5 1790 

5 1960 

20 1880 

20 2640 

20 2440 

500 0.68 

300 0.35 

240 0.26 

270 0.21 

190 0.09 

110 0.07 

2 .5 9 .5 

2 .5 4 .9 

2 .5 3 .7 

2.5 12 

2.5 5.0 

2.5 3 . 9 

0 .74 10 

0.73 15 

0.79 19 

1.3 14 

1.0 14 

1.2 24 



{ 

Fig. XV. G-1. Sketch of the geometry and profiles for the calculation. 
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charge exchange schemes one must also take care that the ionization of the 
neutrals \s not so great as to be larger than the particle loss rate. Ioni
zation wil.'. be smaller with the low-energy charge-exchange scheme. 

The resulting distribution for the neutral-beam case of H * 20 and 
3 -1 v " 2 x 10 s is shown in Fig. IV. G-2. The loss cone is shown by 

the solid line, and the arrows denote the potential needed to escape the 
barrier and that needed to escape the plug. An important point is that the 
distribution is quite non-Maxwellian, whereas the code still scatters particles 
as though the distribution were an isotropic Maxwellian. There may then be an 
increasing e ;ror as the amount of charge exchange increases and distorts the 
distribution function. We plan to partially remedy this by generalizing the 
scattering so that the case of shifted Maxwelliana can be treated since this 
appears to be the form of ".he distribution in Fig. IV. G-2. However, it is 
important to point out that since the density is high near the mirror throat 
and low at the midplane, most of the scattering takes place nearer the mirror 
throats than the midplane, aed in these regions the distribution function is 
more isotropic than the one shown in Fig. IV. G-2. 

Application to Electron Heating and Potential Enhancement 

For this application of the code, we assume an ion density profile and 
take the electrons as test particles. The basic goal is to heat the plug 
electrons, say by electron cyclotron resonant heating (ECKH), in order to 
produce a higher electron temperature in the plug than in the central cell; 
according to Eq. (15), this results in a higher plug potential for confining 
the central cell ions. 

We use a more detailed magnetic field profile than shown in Fig. IV. G-l 
because we want to include the coupling between central-cell electrons, 
barrier electrons, and plug electrons. The specific magnetic field profile 
shown in Fig. IV. G-3 is taken from a early design for KFTF-B. Also shown is 
the assumed ion density profile with the punp-out barrier region. Again, the 
electron temperature is chosen to be 1 keV so that the mean-free-path is much 
longer than the system but not so long that the Monte Carlo calculation is too 
time consuming^ 
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Fig . 1V.G-2. Barrier d i s t r ibut ion function for neutral-beam charge exchange: 
3 -1 v = 4 x 1 0 s , R = 20; neutral-beam locat ion given by the data po int . 

Lo6S cone i s shown by s o l i d l i n e . 
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Fig. IV. G-3. frofiles of magnetic field and ion density used for electron 
heating problem. 
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The electron heating in the plug is assumed to come from ECRH. This 
heating is modeled by using a quasilinear diffusion operator for the elec
trons in the presence of an electrostatic wave propagating perpendicular to 
B. He take the form 

Dl . «;(fi) llV £* 2 , ( 1 6 ) 
•L 1 \ (i) / I m I / \ Z . Z x ce ' ' e (w n-w. ) + A" u ce 

where J, is a Bessel function of the first kind, k is the wave number, <J> is 
the wave potential, Aco is a correlation frequency, to is the electron cyclo
tron frequency, and uu is the applied wave frequency. He typically assume 
4u = 0.1 x a . ce 
(11) in the form 
Aw = 0.1 x u) . The diffusion term is added to the right-hand side of Eq ce 

— — D — — f . 
1 I 

The effect of D^ on the particle motion in velocity space is a change in < ĉh 
time step given by 

3Di 

a7) 

2 where D. _s evaluated at Vi* a n <^ "5 i-s a random number from -1 to 1. 
We are beginning to produce results with the model described e ove. As 

an example, we show the results of a case after four iterations in ig. IV. G-4 
where w0/u> (0) = 1.3, k = 200 cm" , and if = 1.25 V. The rf power input 

C e 2 2 
is 4.4 kw/cro , and the power lost by escaping particles is 3.3 kW/cm , so 
power balance is moderately close. The temperature profile shows that a 2.5:1 
temperature difference can be maintained because of the presence of the bar
rier. The potential shape is sketched on the temperature plot We shall con
tinue compiling data on this type of run to determine scaling laws and compare 
results with those obtained from approximate analytic formula. 

Effect of Plug Generated rf on Central-Cell Confinement 

Another application of the Monte Carlo code is in •he study of the 
effect of plug ion-cyclotron fluctuations on central ce 1! confinement for the 
Tandem Mirror Experiment (THX). The fluctuations are ' slieved to be generated 
by the drift-cyclotron loss-cone (DCLC) instability ii. the plug, to propagate 
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Fig. IV- G-4. Plug electron distribution at plug midplane (a),and (b) electron 
profiles for ECRH heating in plug. 
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into the central cell, and to heat the ions where u - = 00 This is ' rt ci 
modeled by imposing an rf field on the Monte Carlo test parKcles that modifies 
the equations of motion, Eq. (2) through (4). The numerical scheme is given 
elsewhere. There is experimental evidence for TMX that central-cell con-g finement time is reduced by at least a factor of two when rf is present. 
With the aim of quantifying this effect, we have calculated the decrease in 
confinement time with increased rf electric field for typical TMX parameters: 
T = 150 eV, T. = 100 eV, n . = 3 x 10 i 3 era"3, n = 1 x 10 1 3 cm"3, e 1 plug c 

and plug and central-cell magnetic fields of 10 kG and 1 kG, respectively. The 
results are shown in Fig. IV. G-5. WiLh a small fluctuation level, the con
finement time T is approximately the sum of the collisional and Pastukhov T'S 

9 as discussed elsewhere. Moderate levels of rf decrease the confinement time 
by a factor of 2 to 3. A detailed comparison of this calculation with TMX is 
now underway. 
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Fig. IV. G-5. Effect of r£ on central-cell confinement time for typical TMX 
parameters. 
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IV. H. CHARGE-EXCHANGE PUMPING OF THERMAL BARRIERS 
G. Hamilton 

INTRODUCTION 

The required low plasma density in Che thermal barriers (g. not much 
larger than unity) can be maintained by pumping ouc crapped ions by means of 
charge-exchange, with neutral atoms injected for the purpose. Conditions must 
be arranged so Chat after the charge-exchange, the ions trapped in the barrier 
go to the wall as neutrals and ions derived from che injected neutral go into 
the central cell to become passing particles Crapped between the ambipolar plug 
potentials. In effect, the injected neutrals have pumped out the trapped ions. 

In this chapter, we deal only with the special problems involved in 
charge-exchange pumping and not with neutral-beam technology that has been 
developed for other purposes. 

PHVSICS REQUIREMENTS 

For the injected neutrals to escape from the barrier into the central 
cell, the pitch angle S after charge-exchange must be sufficiently small, and 
the injected beam energy E_ must be sufficiently large that 

s i n 2 6 <(1 -AiJ>/EB)/S - (1) 

The potential difference At|>(z) and the mirror ratio R(z) are defined relative 
to the potential 9 and magnetic field B . at the entrance of the central 
cell ; i . e . , 

A4>(z) = < * p - <J>(z) , 

and 

R(z) mb /B(z) . (2) 

Equation (1) can be simplified for two special cases applying to the 
charge-exchange beams of MFTF-B: 

• If the neutral beam is injected along the z-axis of the thermal 
barrier, 6 = 0 and it is sufficient that Aifi < E_ . This condition applies 
to the High-Energy Pnmp Beam (HEPB) of MFTF-B. 
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• If a low-energy ion from a pump beam is produced at a location such 
that <f (z) > <p , it will have enough electrostatic potential energy to escape 
from the barrier into the central cell for any value o£ 6. The only other 
requirement is that the transverse velocity component be sufficiently small 
that the low-energy ion is not magnetically trapped. This condition applies 
to the Low Energy Pump Beam (LEPB) of MFTF-B. 

The potential <f> (z) and magnetic field 3(z) are defined at the point 
the charge-exchange occurs. Obviously, the beams for the charge-exchange pump 
must be injected where the values of $ , B, and 6 are appropriate for the 
beam energy used. Also, the neutral atom produced by charge-exchange must 
escape from the plasma to the wall without being reiotiized by collision with 
plasma ions and electrons. This escape probability should be not much less 
than unity. 

Not all of the injected neutrals will be effective for charge-exchange 
pumping. Some neutrals will be collisionally ionized before they charge-
exchange, some will penetrate without collisions of any sort, and some vill 
charge-exchange with passing ions, rather than with trapped ions. Correction 
factors for each of these effects must be included in the design. 

TRAPPING RATE 

Central-cell ions passing through the thermal barrier are trapped within 
the barrier by diffusion through velocity space by ion-ion multiple scattering. 
If the local mirror ratio R(z) is large, the trapping is caused by pitch-angle 
diffusion, which is proportional to R. On the other hand, if R is not much 
larger than unity, the trapping is caused by diffusion of v.., which is inde
pendent of R. An empirical equation combiniug these two effects, scaled from 
Fokker-Planck results, is 

2 
J 

n 
pass 

t r a p 2.26 x 10 9 T. 3 / 2 

1C 

1 + 0.185 R(z) trapped ions/cm3.s. (3) 

This must be integrated over the volume of the barrier, taking into con
sideration the reduction in n _ (z) as the ions are accelerated by the arabi-

pass J 

polar potential and as the area of the flux tube expands in the reduced mag
netic field. The total trapped ion current in each barrier is 
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traj» B iz ) 
( 4 ) 

In t h i s i n t e g r a t i o n , the pass ing - ion d e n s i t y n ( z ) and the poten 

t i a l <j> ( z ) r e l a t i v e to ground can be modelled as f o l l o w s : 

for $*(z) < (j) 
n B. <z) c b 

B 

n ( z ) pass 

mb 

n B. (z ) c b 

T . 
1C 

•jT[d> - A*(sOl + T . l r e r ' IC 

exp - ! * * < « ) - $ e ] / T i c - e x p ( - ^ c / T i c ) 

( 5 ) 

mb 1 - exp(-<j T. ) ::or <f>*(z) > <j> 

and 

tp*Cz) 

4 - T In 
Te ec 

[ "c I f e I 7—r I f o r z, < z < g . n ( z ) b * < 

L°b pass J 'bO 

( 6 ) 

d> + <b - T In r e T c ep g . n C ( z ) l b pass J 
for z . _ > 2 > z bO p 

These p r o f i l e s of d e n s i t y and p o t e n t i a l are shown schemat ica l ly in F i g . I I . 

A - l . 

The result of this computat ion is that the total I will be 5.7 A 
trap 

in both ends of HFTF-B. About half of these ions will be trapped in the poten
tial well and must be pumped out by the HEBP. The other half will be trapped 
magnetically between the C-Coil and the yin-yang at a potential higher than 
The magnetically-trapped ions can be pumped out by the LEPB injected at the 
appropriate part of the potential profile. 

TWO-STAGE PUMPING SYSTEM 

The power requirement for the pump beam, which may be substantial, is 
proportional to the beam energy E_, uhich Eq. (1) shows to be at least equal 
to the potential difference A<j>. A large economy is achievable by pumping as 
many trapped ions a6 possible by the LEPB, which may be injected where A<$> < 0. 
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This philosophy is similar to that of a two-stage gas-pumping system, in which 
most of the gas is pumped at a high pressure. 

The injection speed v. of the LEPB should be chosen on the bases of 
penetration through the barrier plasma and of the available low-energy beam 
technology. It is required that a finite fraction of the LEPB penetrates to 
the center of the barrier plasma but does not penetrate completely through the 
plasma, i.e.,. 

0.5 < nbxa^v/vB < 4 , (7) 

14 -2 where n„X = 1.4 x 10 cm is the thickness of the barrier plasma fan and 
-7 3 

0-v = 1.6 x 10 cm /s is the total rate coefficient for ionization and 
charge-exchange of a low-energy beam penetrating the plasma. This requires 
that v lie in the range between 0.5 and 4.5 x 10 cm/s, corresponding to 
beam energies E_ in the range between 0.03 and 2 keV. 

Several technologies are available that may satisfy the LEPB require
ments. One possibility is to combine a standard plasma source (extraction 

2 area of 10 x 40 cm ) with an extraction grid assembly of 1-mm wires, 
developed for a 1-keV streaming-plasma source. Another possibility is a 2 low-voltage version of a 10-kV extractor engineered for continuous service. 

2 This low-energy ion source will emit 70-mA/cm with a grid transparency 
of (>0%. The total extracted beam current will be 16-A, consisting largely of 
molecular ions at this relatively low beam density- After neutralization and 
dissociation of molecular ions the neutral beam will consist of about 20 A 
equivalent of D atoms at energies of 2.0, 1.0, and 0.7 keV. This will ful
fill the LEPB requirements with a large safety factor due to collimation and 
incomplete dissociation. 

Higher current densities can be extracted by using 10 to 12-kV accel 
voltage, with subsequent deceleration to 2 keV. However, this leads to con
tamination of the low-energy beam with 10-12 keV neutrals produced by charge-
exchange in the accel-decel region. The 10-to 12-keV component will be mag
netically trapped in the thermal barrier. For this reason we propose to 
extract the LEPB at a voltage not greater than 3 kV. To minimize beam diver
gence, the LEPB energy after deceleration will be about 2 kV. The i/e diver
gence angles will be about 2.5 and 5°. 

Ions trapped within the potential well roust be pumped out by the HEPB, 
injected along the z-axis with sufficient energy that the injected particles 
will escape from the potential well after ionization or charge exrhsnge. It 
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must be recognized that the HEPB will consist of a mixture of full-energy, 
half-energy, and third-energy D derived from the primary beam consisting of 
D,, D_, and D,. In this Jesign, the maximum depth of the potential well ^ 
will be 40-kV. Therefore, w'th 80-kV ion source voltage the products of D, 
and D, will be trapped within the well. This will be considered in the design. 

NEUTRAL BEAM CURRENT REQUIREMENT 

For each of the two stages of the charge-exchange pimp, the neutral-beam 
current requirement is derived from the pumping speed lequiremento t T F P E and 
!„,-_„. Four correction factors, F. , F,, F*, and F>, are required to take into 
account the interactions not contributing directly to charge-exchange pumping. 
Since these factors are energy-dependent, they must be computed separately for 
the LEPB and for each of the three components of the HEPB. The neutral beam 
requirement for each component of the HEPB is I = L.pp^/FjFjFoF.. 

• Some of the injected neutrals will be ionized and will not undergo 
charge exchange. Ionization by both trapped and passing ions must be included 
as well as ionization by electrons. However, charge-exchange with passing ions 
is not a loss because another neutral is produced that contributes to the 
charge-exchange pumping. The factor accounting for these effects is defined 
as follows: 

F. = net pumping rate/injected neutral beam (neglecting the losses due 
to beam penetration, reionization, and trapping of injected ions.) 

n a v _ trap ex 
(n + n )(a v + a.v) - n o v trap pass ex 1 pass ex 

1 + «b f fi v 

(gb - 1) a c xv 

where 

(n„ , + n )/n . (8) 
trap pass pass 
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The beam attenuation factor F, is the fraction of the bean; absorbed by 
the plasma in Che barrier when z. < z < z,, where charge-exchange pumping 
is effective: 

F„ - exp 
h z2 y n(z)dz o».v/v - exp - / n 
0 J . •'O 

i(z)dz 0 Tv/v B 

The HEPB entering along the z axis rauBt first penetrate the A-cell 
plasma, about 1 m thick, and Chen penetrate the barrier, about 2.9 m thick. 
Therefore, approximately 

F 2 = exp(-naLa V / v B > - e x p ( _ C n a L
a
 + " b V °T v / vB > 

= exp(-7.1E14 cf v/ v - exp(-20.15E14 0_v/vR) , T""B T v' *B' (9) 

where the subscripts a and b refer Co the A-cell plasma and the barrier plasma, 
respectively. 

• If a finite fraction of the charge-exchange products is reionized be
fore escaping from the barrier plasma, the neutral-beam requirement is 
increased by a factor F, equal to the escape probability: 

F 3 = exp [-(„ + n ) L^v/v], (10) 

where the length of the escape path L depends on the distance from the plasma 
surface X * 10 cm and on the two angles 8 and $: 

L = X/(sin 6 sin <i0. (11) 

The pitch angle 6 of the Crapped ion before charge-exchange is roughly 
-1 -1/2 

squal Co the loss-cone angle sin R . The azimuthal angle $ is a ran
dom variable. We must compute the average value of F, as $ varies randomly 
from 0° to 180°. The result is that for the low density of this reactor 
example (i/4 x 10 cm ) the e'̂ ponent is small and F, is about 0.9. 

In this computation, we neglect the possibility of a second charge-
exchange during the escape from the plasma. The second neutral product will 
contribute to the pumping and is not a loss. 
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• A correction factor F, is required for the HEPB to show the reduc
tion in effective pumping speed because of the 27-keV products of D, 
trapped within the 40-keV potential well. All three components of the HEPB 
make a positive contribution to charge-exchange pumping; however the 27-keV 
component trapped in the barrier also makes a negative contribution. In 2q-
(9), the net pumping rate in the numerator must be corrected appropriately. 

_ m true pumping gate of 27-keV components 
4 net pumping rate in Eq. (9) 

n O v - (n + n K 5 V + a.v) _ trap ex trap pass ex i 

i a v trap ex 

-(e. -Da v 
— 2 £ 2 — (12) 
a v + g.c.v ex °b i 

The velocity distribution of the barrier ions will be very non-Maxwellian 
since the ions consist of two populations streaming through the barrier after 
being accelerated by the 40-kV barrier well potential. Therefore we must com
pute the average rate coefficients av separately for the coatreaming and 
counterstreaming populations. Each population will consist of a Maxwellian 
• 1 /2 A 
ion distribution moving at a speed v. • *_ (2qA<(>/m) = + 1,95 x 10 cm/s 
for 40-keV D + . 

The HEPB injected along the z axis will consist of three neutral compo
nents derived from Dj, D 2 , and D^. The speed v , of each component of the 
HEPB is defined as the difference between the beam speed v_ and v.. 

If v
r e i i* much smaller than the thermal speeds of ions or electrons, 

the rate coefficients will be a function of T. or T and will not depend 
on the beam speed. This condition will apply to the rate coefficients for 
ionization or. -v or charge-exchange n v of the HEPB by the costreaming 
ions. This condition will also apply to the rate coefficients for ionization 
°ie v b v electron collisions. For Msxwellian plasmas with T. = 15 keV and 
T = 220 keV, these are given as follows:^ 

O^v" * 1.2 x 10~7cm3/s, 

o777 = 0.2 x 10~7, 

(Jiev = 0.03 i 10 . 
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For collisions of the HEPB with the counterstreaming ions, the relative 
speed v is larger than the ion thermal speed. A good approximation for 
this case is Cv •» ov ,. rel 

In Table IV. H-l, the rate coefficients are computed and averaged for 
each of the three components of the HEPB. This procedure does not apply to 
the LEPB, which does not interact with the plasma at the bottom of the 
potential well. 

CHARGED-BEAM CURRENT REQUIREMENTS 

The required charged beam for each component of the LEPB and HEPB will 
be computed with the help of three more factors—F5, F,-, and F ?. 

F g is the neutralization fraction, which we will specify as 902 of the 
equilibrium neutralization fractions. 

Fg is the number of D atoms ir each ion (1, 2 or 3), assuming 100% 
dissociation in the neutralizer. 

F- is the composition of the primary ion beam. With an improved plasma 
source this will be 80% D +, 15% ot, and 5X nt. 

Table IV. H-2 shows the requirements for neutral beams and for charged 
beams for the LEPB and HEPB computed by using the seven correction factors, a 
pumping requirement of I u f f l 0 = 2.85 A at each end of MFTF-B, and g. = 4, 
The differences between the three components are important for the HEPB, but 
not for the LEPB. Not included in Table IV. H-2. are the losses due to coili-
mation of the injected beams, which will be geometry-dependent. 

Table IV. H-2 indicates modest requirements for the currents and powers 
of the charge-exchange pump beams The requirements can be fulfilled with 
only 3.6 A of the 1-keV LEPB and 20 A of the 80-keV HEPB. One ion-source 
module will be sufficient for each beam, with ample allowance for collimation 
losses-

The fusion powfcr balance Q will be computed on the basis of power injec
ted into the plasma. Table IV. H-2 shows that this will be about 301 kW at 
each end of MFTF-B. 
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Table IV. H-I. Computation of average rate coefficients for the barrier plasma. 

(10 - 7 cm 3/s) 

E f l for three components of HEPB, keV 80 40 27 

v „ , 10 cm/s 2.77 1.95 1.60 

v r e l = V B - v ' 1 C ) 8 c t c / B 

cost reaming ions 

counterstrearaing ions 
0.82 
4.72 

0 -0.35 
3.90 3.55 

Ionization of HEPB by electrons, a. v 
le 

.03 .03 .03 

Ionization by costreaming ions, O.-v 0.2 0.2 0.2 

Charge exchange with costreaming ions, o y 1.2 1.? 1.2 

Ionization by counterstreaming ions, o. fv 

Charge-exchange with counterstreaming ions, <j v 0.06 
v 

0.61 0.60 0.62 

0.13 0.18 

Averages, co- and counterstreaming 
-7. 3, a..v (10 cm J/s) 0.4C5 0.40 0.41 

a v ex 0.63 0.665 0.69 

Total ionization rate coefficient 
CT .v = u . .V + 0. V 
i ii le 

0.435 0.43 0.44 

Total attenuation rate coefficient 
o_v = a v + a.v 
T ex l 

1.065 1.095 1.13 
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Table IV. H-2. Charge Exchange Pumping Requirements 

LEPB HEPB TOTAL 

E B > keV 
Rate Coefi 

0.7-2 0 80 40 27 E B > keV 
Rate Coefi "icients (10~7cm3/s) 

o.v 
i 

0.3 0.435 0.43 0.44 

°c> 1.3 0.63 0.665 0.69 
0 TV 1.6 1.065 1.095 1.13 

1pump C A ) 1.42 1.26 o.;5 -0.48 

F, ionization 0.685 0.521 0.537 0.540 
F- penetration 0.399 0.300 0.348 0.365 
F, escape 0.9 0.9 0.9 0.9 
F 4 27-keV trapped 1 1 1 -1.18 

total 

1.53 2.95 

Neutral-beam requirements (each end of MFTF-B) 
I" (A) 5.78 8.96 4.44 2.28 15.68 21.46 
E BI°, kW 6.0 717 178 61 956 962 
F,-neutralization 0.81 0.56 0.74 0.76 
F,atoms/ion 2 (average) 1 2 3 
F-.composition 1 0.8 0.15 0.05 

I \ A 

Power, kW 

Charged-bearrj requirements, (each end of MFTF-B) 

3.57 16 3 1 20 23.6 
7.14 1,280 240 80 1,600 1,607 

E BI UF 2, kW 
Power injected into plasma (each end of MFTF-B) 

5.8 215 62 22 299 305 
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IV. I. VACUUM HJMPIHG IH THE A-CELL 

G. E. Gryczkowski and G. D. Porter 

The ability to achieve low neutral-gas pressures in the A-cell thermal 
barrier is particularly important. Ionizing the neutral gas will tend to fill 
the barrier and hence can increase the current requirements on the charge-
exchange pump beams, ft estimate tnat the neutral-gas density on the axis in 

7 -3 the barrier region must be less than 10 cm to prevent t i fill rate from 
gas ionization from being a significant perturbation to the fill rate from 
other processes. Since it is impractical to design a vacuun-puraping system to 
maintain this low density through the barrier region while r.̂ utral beams are 
injected, we rely on the exiatance of a low density, cold-plasma "halo" at the 
plasma surface. The line density of this halo must be sufficiently large to 
attenuate the neutral-gas densities to the value required in t e hot plasma 
volume. 

One possible method of creating this halo is by injecting ,as in the 
center cell. Since the mean free path of the gas in the hot plasma is short 

1 ? 'i (X • 10 cm for Frank-Condon neutrals at a plasma density of 10 cm ), it 
is ionized in the boundary, creating a cold plasma. The confinement of such a 
halo will be relatively poor and the plasma will flow down the ficid lines, 
creating the halo in the A-cell. The amount of gas required to create the 
halo must be small enough that neutral penetration to the axis does not cool 
the core plasma. Although the calculations of this method of creating a halo 
are at an early stage, the results are encouraging and we are optimistic that 
such a halo can be created. 

To date, two separate calculations have been made to investigate the 
creation of this halo. The first was originally done to investigate the 
effect of gas in the center cell on the buildup of a low-density plasma. The 
plug-plasma density was assumed low for microstability. Since there were no 
thermal barriers in this calculation, the center cell-density was even lower: 

12 -3 only 2 x 10 cm . It was assumed that 270 A of cold gas was injected in 
the center cell, and the effect of this gas was investigated. This 1-D calcu
lation concentrated on the details of particle and energy balance in the center 
cell. The plug plasma parameters were assumed fixed, and the physics used to 
model the neutral gas transport was fairly crude. The neutral gas was assumed 
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to be composed entirely of 3-cV FranV-Condon neutrals. With these assumptions, 
it was found that a cool plasma halo was created. The electron and ion tem
perature within this halo was in the range 100-500 eV, and the line density was 
sufficient to attenuate the Frank-Condon neutral density by a factor of 3 x 10" , 
with a total attenuation of greater than 10 to the axis. 

The second calculation emphasizes the physics of the neutral-gas trans
port and only crudely models the tandem mirror physics. In this case, plasma 

14 
confinement in the core was simply assumed to be fixed at ni = 10 , and con
finement in the outer radii (<5R =* 10 CB>) was modeled by simple tandem physics 
with a fixed density ratio between the plug and the center cell. The neutral 
gas was introduced as room temperature, diatomic molecules and all processes 
(dissociation, ionization, and charge exchange) were included. It was found 
that for neutral-gas currents of greater than 100 A, the plasma density reached 
in the halo was sufficient to burn out the molecular and Frank-Condon flux. 
The remaining neutral flux arises from charge-exchange reactions and penetrates 
to the core. The neutral density is low enough to be an insignificant cooling 
effect on the core plasma. 

Both calculations indicate that the neutral penetration into the core 
plasma of the central cell is not excessive for gas currents that are suf
ficient to create a halo. Extrapolating the halo to the A-cell indicates the 
thickness will be approximately three-quarters the thickness in the center 
cell. Thus we expect somewhat less attenuation of the gas. However, it seems 
reasonable to assume attenuation of four orders of magnitude. This permits 11 -3 neutral-gas densities of 10 cm outside the plasma, which are rather easily 
achieved. 
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IV. J. HICROSTABILITY OF THE CENTRAL CELL 

G. R. Smith and D. E. Baldwin 

In this section, we summarize the properties of ndcroinstabilities that 
under some circumstances can appear in the central cell of MFTF-B. In general, 
these do not seem severe in the sense that MFTF-B parameters are such that cal
culated stability conditions are at worst only marginally violated. The full 
nonlinear implications of those instabilities that do appear have not yet been 
investigated; however, they would be expected to enhance particle scattering 
and radial transport. 

DRIFT-CYCLOTRON INSTABILITY 

The drift-cyclotron instability is the Maxwellian-ion limit of the drift-
cyclotron loss-cone (DCLC) instability that is a concern for MFTF-B plugs. 
Drift-cyclotron instability arises due to a coupling of the drift wave that 
propagates in the ion-diamagnetic-drift direction with the stable cyclotron 
waves of a Maxwellian-ion plasma. Instability thus occurs at multiples of the 
gyro frequency, <o * KJ ., with a wave-number k, p * 2R r /p where p = i y« ^ j- c n c "c 
(2T. /m.) /fl . and r is the radial density scale length. It is stable according 
to the simplest theory for 

m SI2. \ -£ + — £ i I 
1 "pi / 

-1/2 

20 . (1) 

At B = 1 T and R = 30 cm, this condition is satisfied in MFTF-B for T. < 6 keV. e n ' IC ~ 
Steeper gradients and/or higher ion energies would violate this condition. 

An extensive theoretical literature on drift-cyclotron instability exists 
in which numerous physical effects are treated. Some of these effects modify 
condition (1) or result in additional, possibly less stringent conditions for 

2 3 stability. Particularly noteworthy are the works of Mikhailovskii * and 
4 5 Gary and Sanderson. ' 
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LOWER-HYBRID-DRIFT INSTABILITY 

The lower-hybrid-drift instability is the continuation of the drift-
cyclotron branch to sufficiently high frequency and wavenumber that the ion 
gyromotion can be neglected. Sufficiently rapid ion-ion collisions allow 
neglect of the gyromotion for modes with perpendicular wavenumber that satisfy 

(k, p > 2 v,. > 2ti. . J. c 11 IC 

Its maximum growth rate occurs with k p ~ 0(1). For stability, it requires 
a density scale length equal to, or perhaps slightly less than, that for the 
drift-cyclotron mode given in (1). 

LOW-FREQUENCY DRIFT WAVES 

Low-frequency drift-mode analysis of the tandem mirror configuration 
shows that there are two potentially unstable waves. First are the 
electron drift waves that have an odd axial wave function with k. ~ TT/L , 
with frequencies extending to 0) ~ c /r , and that rotate in the electron 

max s n 
diamagnetic direction when viewed from the E = 0 reference frame. The stability 
of the electron drift wave is dominated by the resonance of the wave with the 
magnetically trapped electron population through the bounce resonance. 

2 9 2 2 
The growth rate depends on k*p , where p = 0.5 p [1 + n. + (T /T.)] with P the ion gyroradius and T). = d In T/d In n . The second drift mode of c i e e 
importance i3 the low-frequency finite-Lannor-radius stabilized branch of the 
interchange mode. This ion-pressure gradient drift mode has a flute-like axial 
wave function, extends from low frequencies to the ion-cyclotron frequency 
where it becomes the drift-cyclotron mode, and rotates in the ion diamagnetic 
direction when viewed from the E = 0 reference frame. Due to the high 
plasma pressure, the parallel electric field for this mode is negligible, and 
the most important wave resonance is with the electron VB-drift. 

The most dangerous mode with regard to anomalous transport is the elec-2—2 tron drift mode, destabilized when k p < 1. The mode is localized to regions of maximum <u* (r) and is stabilized for £ > 3 .. = 10-202 in this ,, "e crit 
region. The stabilization occurs through the ion VB-drift resonance at 
short wavelengths and through the ion Landau resonance at long wavelengths. 
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Quasilinear analysis for the anomalous diffusion due to this instability shows 
that there are two regimes. For the electron collision frequency V greater o than v. = 0.5(c /r )(P r ) (fJm.m ) , the background electron distribution re-* s n c n 1 e 
mains Maxwellian. For v < v ^ the background electron distribution forms 

e Q 
a partial plateau which substantially reduces the anomalous transport. 
Determining the drift-wave saturation from mode coupling estimates or from the 
Fowler free-energy theory leads to the following formulas for the anomalous 
radial transport in the regime m/m. « B < B £ t : 

iff 
D = 

Vn \vT?) 

for v > v.* e 

for v < v* 

where coefficients of order unity remain undetermined. 
According to these results, the most unfavorable regime occurs when g in 

the gradient region is a few percent and the collision frequency is relatively 
high V < c /r . For such parameters, the anomalous diffusion is of order D ~ o.l 
(P /r HcT /eB). As the system enters the low collision regime v < v., the 

2 2 -3 -2 2 e 

diffusion is given by D ~ V r (m /m.B) < 1° t 0 1 0 vjz„ a n < 3 implies a 
e n e i ^ _i e n 

p a r t i c l e confinement time T = r /D ~ 10 \> . In addi t ion , the magnetic per-
p n e 

turbation of order <5B /B ** k p t/jT(5n /n ) produced by the d r i f t wave leads to an 
l c e e ^ 

enhanced electron thermal conductivity as shown by Callen. 
BEAM-DRIVEN MODES 

There are two taodes, two-component and Alfveh ion cyclotron (AIC), that 
might appear with neutral-beam heating of the central cell such as in two-
component operation-

Two-Component Instability 

If injected ions are peaked in energy well above the energy of the 
thermal background, such as results when they are subject to charge-exchange 
loss, they can drive a two-component mode of the bump-in-tail variety. The 
tendency for this instability is greatly reduced in the absence of charge 
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exchange, when the injected ions are dominated by electron and thermal-ion 
12 

drag. In this case, the net energy distribution can be monotomc. Even if 
two-component instability occurs in the central cell, its main result may be 
merely to spread the energy distribution of the injected ions. 

Alfven-Ion Cyclotron Instability 

Neutral-beam heating of the central cell also maintains an anisotropy 
13 p > p that can drive the AIC mode. This electromagnetic mode occurs at 

the ion gyrofrequency f! . and has k, p « 1, and k„c/ui . — 1. Although it was ci 1 c |j pi ° 
not identified in 2XIIB, detailed theory suggests that it might not be unstable 
in such plasmas of few gyroradii extent. 

For 6 £.0.5, linear infinite-medium stability theory and a quasilinear 13~ simulation indicate that stability requires 

Plii 2 P||i • ( 2 ) 

This result held for bi-Maxwellian distributions. To compare it to the achiev
able anisotropy in the central cell of MFTF-B, we assume an axial pressure pro
file given by 

B - B 
Pi i = Pci + PHi T ^ B * 

m c 
where p . is the thermal-ion pressure, p„. is the hot, anisotropic-ion pressure 
at the central-cell field B c > and B is the peak mirror field. The cor
responding parallel ion pressure is found by integrating 

to give 

, PHi Bc 
P||i Pci B m - B c fe-1"^!2] » 

the anisotropy in the central cell is thus 

Pi _ fci 
1 + 

p„. / In R \ 
rci \ in / 
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The relationship gives the ce[.tral-cell anisotropy generated by a hot-ion 
fraction p„./p . that vanishes at B and has the assumed profile. For an rHr *ci m 
anisotropy of 2 required by condition (2), there is a minimum R for various 
PH-/p ,, as given in Table IV. J-1. 

Table IV. J-1. Minimum Mirror-Ratio to Eliminate Alfven-Ion Cyclotron Losses 
for Various Pressure Ratios. 

WPci 
1.5 
2.6 
4.5 
10 
352 

An injected distribution would be unstable and spread in pitch angle until 
saturation, provided the well depth is sufficient. For example, according to 
the model, the mirror ratio of 4 in the central cell of MFTF-B should with a 
margin of safety hold the anisotropic pressure 10 times that of the thermal 
background that occurs in the two-component mode of operation. 

Kin R m 

1.4 
2.0 
2.5 
3.0 
3.5 
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