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ABSTRACT

The low-temperature, magnetic entropy of certain tingle-cryital
paramagnetic material!, rach as DyPO,, changes dramatically as the
crystal rotates in a magnetic field. A new magnetic refrigerator design
based on the anisotropic nature of such materials is presented. The key ad-
vantages of the rotational-cooling concept are (1) a single, rotary motion it
required, (2) magnetic field shaping is not a problem because the entire
working material is in a constant field, and (3) the refrigerator can be small-
er thitn comparable magnetic refrigerators because the working material is
entirely inside the magnet at all times. The main disadvantage of the
rotational-cooling concept is that small-dimension single crystals are re-
quired.

I. INTRODUCTION

Jeffries1 and Abragam* suggested in 1963 that
nuclei could be polarized simply by rotating a
suitable crystal in a magnetic field at low
temperatures. The proposed technique involves
cyclically transferring a large paramagnetic-ion
polarization to nuclear spins without the use of
microwaves and with no constraint on the unifor-
mity of the magnetic field. It requires a very
anisotropic g-factor for the paramagnetic ion. The
rotational-cooling method has successfully produced
polarized proton targets.'

In the magnetic refrigerator to be described here,
the temperature changes associated with changes in
the large paramagnetic-ion polarization are used
directly to heat or cool a heat-exchange fluid.

I!. MAGNETIC REFRIGERATION DESIGN

A. Principle of Operation

The material chosen to illustrate the design is
PyPO4, r readily available, stable compound, the
magnetic and therm? 1 properties of which have been
studied previously.4'* DyPO« has the tetragonal
zircon-(ZrSiO«)-type crystal structure with unit-cell
dimensions of a * 6.917 A and c * 6.063 A. The pure
material orders antiferromagnetically at 3.39 K. The
lowest Dy*+ state is a Kramers doublet of almost
pure | J,> - ±15/2 character with the first excited
state about 120 K above the ground state. The
crystalline electric field produces a highly
anisotropic Zeeman interaction in the ground-state
doublet.



The Hamiltonian representing the Zeeman in-
teraction between an external field B, and the ionic
magnetic moment, g • 0g, H is

(1)

when 0 is the Bohr magneton, g, is the Laade g-
factor, and jF is the total electronic angular-
momentum operator. With pure Russell-Sanders
coupling, gj = 4/3 for the "Hun term of Dy*+. F°' an
isolated Kramers doublet, Eq. (1) may be written in
the effective spin S = 1/2 formalism

"Zeeman " £ * 5 * 5 . (2)

where £ is now a tensor. The magnetic properties of
the ion7 including anisotropy, are contained in the g-
tensor, which has the following components in a
principal-axis system

j I J2|r i

(3)

where |r+
t> and |P-,> are symbols for eigenfunc-

tions of the ground doublet. The experimental value
of g, (along the tetragonal c-axis) is 19.32 with gx =
0.3 ± 0.1 (Ref. 4).

As the crystal rotates in a constant magnetic field,
the Zeeman splitting will vary as cos 6 {9 is the angle
between B, and the c-axis) modulated by the g-
tensor. The magnetic entropy changes that occur as
the crystal rotates are shown in Fig. 1. The curves in
Fig. 1 were calculated for the crystal-field plus
Zeeman interaction. The Hamiltonian can be writ-
ten as

B B • J •

B44

where BM, B«,, etc., are the crystal-field splitting
parameters and T,* T«,, etc., are tensor operators
that describe the tetragonal crystal field.' The

crystal-field parameters for DyPO4 are reported in
Ref. 4, but two of the parameters in Table I of Ref. 4
have incorrect values. The values used for the
calculations of Fig. 1 are: B* « -3.391960 K, B«, =
-7.1184281 X 10-* K, B«, « 1.6387877 X 10"1 K, B,,
« -4.0017428 X 10-* K, and B,, « -7.7915092 X
10"4 K. The angle between the c-axis of the crystal
and the magnetic field was varied from 0° to 90° in
the plane formed by the c- and a-axes.

If the heat of magnetization is removed by ex-
change fluid at some high temperature, e.g., 20 K,
the crystal will cool when it is rotated such that the
c-axis is perpendicular to g. If another stream of
heat-exchange fluid flows by the crystal when it
reaches a specified lower temperature, e.g., 4.2 K, a
constant lower temperature will result as heat is
transferred from the 4.2 K source to the crystal. If
the crystal is then further rotated without any ex-
change fluid, it will warm to 20 K and the cycle is
ready to be repeated. The cycle is a Carnot cycle and
is also shown in Fig. 1. The angles required for the
different stages can be read from the curves and are
summarized in Fig. 2. Hot heat-exchange flmd must
be in contact with the crystals between ~115° and
180° and ~295° and 360° (0°); coW heat-exchange
fluid must be in contact with the crystals between
~80° and 90° and ~260° and 270°. Note that each
segment of the wheel executes the Carnot cycle twice
during each revolution.
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Fig. 1.
Entropy-temperature curves of DyPOt single
crystals as a function of 0, the angle between
the c-axis of the crystal and g, the magnetic
field. Dashed line shows the Carnot cycle used
for the refrigerator calculations.



270*

• 2.95 v W/cm3 (8)

ISO*

Fig. 2.
Plot of the wheel areas available for the flow of
hot and cold helium exchange gas. The plot
was derived from the cycle illustrated in Fig. 1.

B. Design Calculations

1. Cooling Power. The cooling power for a
rotational refrigerator operating in a Carnot cycle is
given by

Q c = T c A S 2 v (5)

where Tc is the refrigeration temperature, AS is the
entropy change at that temperature, and v is the
rotation frequency. The factor of 2 is required to ac-
count for the double execution of the cycle during
each revolution and the resultant doubling of the
cooling power. If AS is taken as 0.4 R (which is con-
servative according to Fig. 1), Tc as 4.2 K, with the
molar volume of 49.5 cm'/mol (Ref. 5), then

5.64 x 10" 1 v W/cm3 DyPO- (6)

The rate of heat rejection at 20 K will be given by

TH

where TH is the rejection temperature and ASmR is
the rate of irreversible entropy created in the cycle.
At this stage of the calculation a reasonable estimate
of ASIBB is ~10% of Q/T c and, if TH = 20 K,

2. HeUum G«s Flow Required to Provide Ke«t
Transfer. To avoid any internal thermal load
caused by entrainment, helium gas at 1-atm pres-
sure is used as the heat-transfer fluid. If the cold-
bath temperature is always kept slightly higher than
4.2 K, no condensation will occur and no large
latent-heat load will occur. The mass flow rate of the
helium near 20 K is given by

ftH-QH/CpAT . (9)

where mH is the mass flow rate through the 20 K
crystals, Cp is the heat capacity of helium gas at con-
stant pressure, and AT is the temperature difference
between the input helium gas and the exit helium
gas (before and after passing through the DyPO4

crystals). If we take AT as ~10% of the reservoir
temperature,* Cp = 5.2 J/g-K at 20 K, and Cp = 9.7
J/g-K at 4.2 K (Ref. 8), and QH from Eq. (8), then

mH * 2.84 x 10"1 v g/s . (10)

The corresponding cold-bath mass flow rate is

mc « 1.38 x 10"1 v g/s . (11)

These mass flow rates convert to the following
volume flow rates:

Vu * 1.16 x 102 v cm3/s.

Vc • 8.20 v cnT/s (12)

3. Wheel Size. The volume of DyPO* required for
a certain cooling power can be obtained from Eq. (6)
once a frequency is chosen. However, in the design
presented here, the volume of the magnet was
chosen to be as small as possible, so the inside
diameter of the magnet dictated the wheel diameter

•If heat flows (cross • temperature (radiant AT at rate dQ with
an average temperature T, then the rate of entropy creation is ap-
proximately dS - d$AT/F, which for the ~10% AT at 120 K
give* dS - 6.7 X 10"V W/K/cm* DyPO,. Such a •mall entropy
creat'on rate is insignificant compared to the coM-bath Mrtfepy
change, §JTC » 1.34 x 10"'» W/K/cm' DyPO,.



of ~2.5 cm. If the porosity of the crystals is 75%, the
volume of the wheel will be 4 cm* for every 1 cm* of
DyPO4. if the thickness of the wheel it ~1 cm, the 4
cm* can be accommodated in a wheel with a 2.5-cm
o.d. on a ~0.64-cm shaft. These dimensions may
seem arbitrary uow but should be established as a
practical lower limit as the calculations proceed.
The s in could easily be increased!

4. MagMt Deeifa. A magnetic field of ~7 T is
required for the rotational-cooling magnetic
refrigerator. In addition, the crystals must be able to
rotate with respect to the axis of the magnet. Of a
number of possible configurations, one of the
simplest is shown in Fig. 3. The magnet was
designed with a current density of 26 000 A/cm1 and
consists of two coils (~3-cm i.d., ~10-cm o.d.) that
are axially separated by a ~l-cm spacer. The spacer
provides access for the drive shaft and hot and cold
gas ducts. The magnetic-Held volume of this magnet
is a small fraction of the total magnet volume. Un-
fortunately, the scaling laws for optimum-size
magnets (which use 25 000 A/cm* to produce 7 T) do
not allow much reduction in the size of the magnet.*
However, if state-of-the-art magnets with ~50 000
A/cm* are made, the magnet volume then will
decrease to 100-200 cm* for the same field volume.
The rotational-cooling refrigerator size is dominated
by the magnet size at very low cooling powers. As the
cooling-power requirements increase, the ratio of the
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Fig. 3.
Side and end schematics of the wheel ofDyPO4

tingle crystals inside a 7~T magnet.

magnetic-field volume to total magnet volume in-
creases rapidly. Table I shows the ratio of field
volume to total magnet volume for optimized 7-T
magnets having different inner diameters and using
25 000 A/cm* current density.

5. Orifice Pressure Drop. The helium gas must
be forced through the small ducts leading into the
DyPO« wheel. The kinetic energy of the gas will in-
crease as the gas flows through the smaller orifice.
The additional kinetic energy u later dissipated-and
produces an orifice pressure-drop loss.

If the orifice ana is several times smaller than the
duct leading to the orifice, the pressure drop through
the orifice can be calculated from

dP - 1 / 2 p (13)

where p is the helium density, V is the volume flow
rate, A,, is the orifice area, and K is a constant
related to the discharge coefficient; K has a value of
~2 (Ref. 9). On the high-temperature side of the
wheel the pressure drop through the ~0.6-cm* orifice
will be

dPu 9i v2 dyn/cm2 9.1 v 2 P« (14)

TABLE I

RATIO OF MAGNETIC-FIELD
VOLUME TO TOTAL MAGNET VOLUME

Inside
Diameter

(cm)

1
2
3

4
4.45
8.9

22.3

VoLFteld/Vol.
Magnet for 7 T

(%)

2.1
5.2
9.6

13.0
14.9
27.0
47.6



The corresponding loss is given by

VHd?H « 1.1 x 10" 3 v 3 W . (15)

Equation (15) shows that the orifice loss is complete-
ly negligible at 1 Hz and becomes comparable to the
cooling power at ~10 Hz. Only one orifice has been
considered, so a factor of 2 may have to be added
into the calculation.

6. Pressure Drop Through DyPO« Crystals. If
we assume that the crystals can be fabricated into a
porous bed with an effective particle diameter of
~0.5 mm, we can calculate the pressure drop
through the bed. The assumption of a 0.5-mm effec-
tive particle diameter is not unreasonable, as will be
described in the next section. The pressure drop
through a porous bed is proportional to the kinetic
energy of the fluid in the channels of the bed. The
calculation can be done using

= l/2Pv2(jj-)f , (16)

where A' ia the surface area of the crystals in the
bed. A' can be calculated using

6(1-a)V,cont (20)

If we take a = 0.75, as assumed in Sec. II-B-3, then
A' = 120 cm* for the whole bed of dimensions as
given in Sec. II-B-3. Using Fig. 2, we can calculate
that the cold fluid has A' = 8.4 cm* and the hot fluid
has A' = 43 cm*. Now using Eq. (19), we obtain RH =
2.50 X 10-* cm. This result can be substituted into
Eq. (18) to give a Reynolds number of 734 on the hot
side of the wheel and 3630 on the cold side of the
wheel. The first of these Reynolds numbers indicates
laminar flow of the 20 K helium gas through the
DyPO4 crystals and turbulent flow of the 4 K helium
gas through the DyPO, crystals. If we substitute the
superficial velocity, vtf = v/a, into Eq. (16), we ob-
tain the following expression for the loss:

VdP (21)

where v is the fluid velocity in the channels of the
bed, L is the length of the bed, RH is the hydraulic
radius of the channels in the bed, and f is the friction
factor.1 The friction factor for the whole range of
Reynolds numbers can be described by10

f = 1.75 + 150/Re (17)

Equation (17) is a best estimate made from the data
of several workers. The equation for the Reynolds
number for porous beds is

(18)

where A,, is a fraction of the frontal, cross-sectional
area of bed (see Fig. 2), a is the porosity, /i is the
viscosity of the fluid, and the other terms are as
previously defined." The hydraulic radius of a
porous-bed channel is calculated by

aLA
cs (19)

The flow losses for the hot and cold segments of the
wheel can now be calculated. The results for the hot
segments are

VRdPH - 1.27 x 1 0 ' 2 v 3 W (22)

where the exponent of v is weakly dependent on
l/Re, thus slightly reducing the exponent from 3.
The cold segments give

VcdPc » 8.86 x 10" 4 v 3 W . (23)

The results of Eqs. (22) and (23) show that the
pressure-drop losses through the DyPO, crystals are
not significant at 1 Hz but would become significant
at ~5 Hz.

7. Heat Transfer in the Porous DyPO4 Wheel.
A correlation for porous-bed heat transfer by Eckart
and Drake11 gives the following equation for the con-
ductance h:

h • £ 0.80 (Re)°*7(Pr)0*33 • (24)

5



where k is the thermal conductivity of the helium
gas and Pr is the Prandtl number. In this correla-
tion, the Reynolds number is defined as Re = ihdp/
MA«.. If the numbers for helium gas are substituted
into Eq. (24) and the cold and hot contact areas are
used, then

6.86 v°-7

and

v ° * 7
W/K

(25a)

(25b)

This correlation may overestimate the conductance
by a factor of 2 but should be approximately correct.
If Eqs. (6) and (8) are divided into Eqs. (25a) and
(25b), respectively, then ATC = 8.2 X 10"' »'•' K and
ATH = 0.25 v"* K. The original assumption in Sec.
II-B-2 of the design calculations was that AT was
large enough to give ASIW, ~10% of AS. This infers
that AT is 10-20% of T. Such a large AT between the
DyPO« and the helium gas should be more than ade-
quate for heat transfer at low frequencies. The heat-
transfer calculations indicate that an operating fre-
quency of several Hertz is possible (for 1 cm' of
DyPO4, rotation at 10 Hz gives 5 W of refrigeration
at 4.2 K).

Another point should be made about the thermal
conductivity of the DyPO« crystal bed. The crystals
must be <0.5 mm in diameter because the bulk
thermal conductivity of paramagnetic salts is so
poor."

III. DISCUSSION

High reliability is an important requirement for
airborne and space refrigerators. Magnetic
refrigerators have the potential for high reliability
because only a few slow-moving parts are required.

The wheel-type magnetic refrigerator14 has a sim-
ple axial drive but a complicated magnetic-field
profile problem, at least for low-power systems
where the top of a small wheel needs high fields and
the bottom needs low fields.1'1* One solution to the
magnetic-Held profile problem is to use a wheel that
rotates (with a rim drive) through a solenoidal

magnet." The latter wheel design has a more com-
plicated drive and requires that the wheel rotate out
of the magnet during part of the cycle.

The use of reciprocating magnetic refrigerators at
low temperatures is also possible."-" The key
problem with that design is the mixing of fluid
across a temperature gradient in the regenerator.
Disadvantages also include the relatively large size
of the refrigerator and the complicated system of two
moving parts (magnet and magnetic material,
magnetic material and regenerator fluid, magnet
and regenerator fluid, or magnet plus displacer).

The rotational-cooling magnetic-refrigerator
design minimizes most of these problems. It has only
one simple rotary motion. It operates on a Carnot cy-
cle and avoids the complexity of regeneration. The
rotational-cooling magnetic refrigerator avoids any
field-profile problems because the magnetic
anisotropy of the crystal allows operation inside a
solenoidai magnet. The scaling laws on magnets do
not allow miniaturization of any type of magnetic
refrigerator but the rotational-cooling type will be
smaller than the wheel or reciprocating type because
the working material is enclosed in the magnet dur-
ing the entire cycle. A lower limit on volume is ~ 100-
200 cm* for 7-T magnets.

The major difficulty with the idea of a rotational-
cooling refrigerator is the fabrication of the DyPO4

crystals into a porous wheel. Fortunately, DyPO«
single crystals can be readily grown by the molten
flux method.1* The crystals produced are needle-
shaped with dimensions of approximately 0.3 X 1 X
4 mm (Ref. 20). These dimensions are excellent for
the heat-transfer requirements because the smallest
dimension, 0.3 mm, is less than the 0.5 mm used in
the calculations. Also fortunate is the fact that the
long (4-rara) axis is also the c-, or optic, axis that
must rotate about the magnetic-field axis. Several of
the 4-mm lengths might be placed end to end such
that the 0.3-mm axis was perpendicular to the
helium-flow direction. The wheel would have to be
radially segmented to avoid transverse flow around
the wheel.

The seals to the wheel coald be of a labyrinth type
because the pressure drops across the 75% porous
wheel are extremely small. The ends of the magnet
could also be sealed if necessary.

Consider a persistent-mode magnet (with both
ends sealed) immersed in a liquid-helium bath. The



ducts could be insulated from the bath and could go
to remote sink and source locations. Some of the
refrigeration could be used to maintain the bath
temperature indefinitely. The drive-shaft seal could
be brought above the liquid level and could be a sim-
ple labyrinth seal. The spacer of the magnet that
separates the two coils would have to be made of
strong material of poor thermal conductivity to
avoid thermal short-circuiting of the 4.2 K and 20 K
helium-gas ducts.

The efficiency of the magnetic refrigerator over
the 4 K to 20 K range will be high because the
magnetic entropy changes are large and reversible.
The major irreversible entropy creation comes from
the heat transfer. For 1-mW to 1-W operation, the

temperature gradients for heat transfer should be
«10% of the operating temperatures. Such a small
temperature gradient will yield high efficiency. The
rotational-cooling refrigerator should have 70-90% of
Carnot efficiency.

The cooling power can be varied by simply varying
the rotation rate. The exact rotation rate required
for various powers will depend on the residual losses.
One watt of cooling power should be obtained at ~2
Hz.

Materials other than DyPO, are suitable for
rotational cooling. Several examples, discussed in
the Appendix, illustrate the desirability of a further
search for additional magnetic systems having the
required anisotropic properties.

APPENDIX

Several crystalline systems, such as DyPO4, ex-
hibit anisotropic magnetic properties. Generally,
these systems have a doublet ground state with an
excited state at >100 K. Therefore, the maximum
entropy that can be used in a cycle to low
temperatures is R In 2. A rotational-cooling
refrigerator would be even more attractive if we
could find materials that had more entropy
available at low temperatures. Such systems would
generally be metallic, rare-earth alloys having a
smaller crystal-field splitting than many of the
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crystalline compounds like DyPO4. The entropy
change in three rare-earth systems (Figs. A-l, -2,
and -3) has been calculated as a function of the angle
between the magnetic-field and the fourfold cubic
axis of the crystal. The crystal-field-interaction data
were taken from Refs. 21-23. None of these three
samples is especially suitable for 4 K to 20 K opera-
tion without regeneration, but each could operate
over a reduced temperature span, particularly with
regeneration. The three examples were chosen on the
basis of prior experience, but a serious investigation
might uncover many other superior systems.
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Fig. A-l.
Entropy-temperature curves of TmBea single
crystals as a function of 9, the angle between
the fourfold cubic axis of the crystal and Q, the
magnetic field.

Fig. A-2.
Entropy-temperature curves of HoAj± single
crystals as a function of 6, the angle between
the fourfold cubic axis of the crystal and g, the
magnetic field.
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Fig. A-3.
Entropy-temperature curves of Tb&i tingle
crystals as a function of 0, the angle between
the fourfold cubic axis of the crystal and ft, the
magnetic field.
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