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Abstracts:

The effects of the A (3-3 resonance) components on the

binding energy of He are studied within the framework of

the reaction matrix theory. In this approach, the A configurations
4

in He are introduced in terms of the NA transition potential

by solving the reaction matrix equation and thus it goes

beyond perturbation theory with the NA transition potential.

Not only the two-body cluster energy but also the three-body

cluster energy containing A configurations are calculated.



1. Introduction

It has been realized for many years that protons and

neutrons are not the only constituents of nuclei. Above

all, the introduction of the so-called isobar configurations

in nuclei through the transition potential approach has

received many authors' attention because of its appealing

simplicity. (Although the transition potential approach

was recently criticized by Durso et al., we may use it in

the present investigation because its qualitative feature is

expected to remain.)

Explicit calculations of isobar configurations have

been done mainly for the deuteron. The theoretical predictions

on the double-A probability in the deuteron range from 0.3

to 1.0%. (Remember that in the deuteron the one-A configuration

is inhibited by the isospin selection rule.) On the contrary,

few works have been reported for nuclei heavier than the

deuteron. The one-A probabilities in H and He were

estimated to be about 3.5% compared with the very small

double-d probability in the deuteron. '

Unfortunately, besides the deuteron, all these works on

finite nuclei have been done within the perturbation approximation

with the NA transition potential. Moreover, in such approaches,

the study of the A effects on the nuclear binding energy has

been entirely left behind. (This is not true for nuclear

matter as is stated later.) One might think that one can

treat the problem in the best way by solving Faddeev type

equations with interactions containing the NA transition
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potential. Such equation have recently been solved for the

three-particle systems, but it is difficult to extend such

an approach to heavier nuclei. Nevertheless, we might expect

that the effects of the A are more important for nuclei heavier

than He and H since they as well as the deuteron are

exceptionally weakly-bound nuclei.

Turing our eyes to nuclear matter, some techniques to

treat the many-body nature of the problem have been developed.

Among others, several authors applied the lowest order

Brueckner theory to investigate the A effects on the binding

energy of nuclear matter. ^ (Note also the different

approach taken by Green and Haapakoski. ) They found that

the effects of the A work repulsively on the binding energy

of nuclear matter. This is because the attraction induced

by the transition potential iterated to second order is

considerably reduced in nuclear matter by the "Pauli effect"

and the "dispersive effect". The above two effects are

typical examples of many-body effects which appear only in

nuclei with A=3. However, these are not the only many-body

effects of the A configurations. For instance, we may

consider such processes as illustrated in fig. 6(a) and (b).

These were called by Kouki et al. the three-body cluster

diagrams containing the A configurations. According to

the terminology of conventional nuclear physics, these processes

contribute to the three-body forces. ' Note, however, that

these processes can be described as repititions of the two-body

interactions in the transition potential approach. Such many-

particle correlations are not included in the lowest order
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Brueckner theory. Kouki et al. estimated the contributions

of the diagrams in fig. 6(b) to the binding energy of nuclear

matter by using third order perturbation theory. They

found that these processes increase the binding energy by

about 1 MeV. A more exact method to treat such three-particle

correlations would be the Bethe-Faddeev formalism in the

framework of the "hole-line expansion method." ' Using

the hole-line expansion method, we can in principle calculate

the two-body cluster energy, the three-body cluster energy,

etc. term by term.

The hole-line expansion method was successfully applied

to light nuclei, H and He by Akaishi and Nagata. They

succeeded in taking account of the short range correlation

and the D-state mixing by the tensor force. Taking account of

the similarity between the tensor force and the NA transition

potential, it is easy to extend their calculation to include

the A components.

The aim of this paper is to apply the hole-line expansion
4

method to the calculation of the binding energy of He including

the A degrees of freedom explicitly. In addition to the

two-body cluster energy, the three-body cluster energy including

the A configurations will be calculated by using Day's

approximate solution of the Bethe-Faddeev equation.

In sect. 2, we specify the potentials used in our

calculation. In sect. 3, we briefly describe the framework of
A

the calculation. In sect. 4, the theory is applied to He and

the lowest order energy of the theory is calculated for various
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potentials. In sect. 5, we will estimate some corrections to

the lowest order energy evaluated in sect. 4. Concluding

remarks will be made in sect. 6.

2. Specification of the potential

In this section, we specify the forms of the potential

used in the calculation. Among the various couplings between

the NN and NA configurations, it is known that the coupling

DQ(NA) + SQ(NN) is the dominant one. In the present

calculation, therefore, we adopt the Green and Haapakoski

potential for the two-body interaction in the SQ channel

and use the conventional Reid soft-core potential" for all

other channels. For the S., channel, the elastic term of

the potential is of the form (in MeV)

<1S0(HN) |V|
1SQ(NN)>

in qexp(-0.7r) .,exp(-2.75r) ,exp(-3.9r)
" 1 U- 3 0.7r " J 2.75r A 3.9r

(2.1)

The coupling potential for the transition DQ(HA) 5 S

is of the form

<5D0(NA)

(2.2)

The elastic potential <5D0(NA)|v|
5DQ(NA)> is simply assumed

to be equal to V , i.e.
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<1SQ(NN)|V|
1SO(NN)> (2.3)

This approximation was shown by them not to be crutial.

The parameter A and B were determined in order to fit the

S. NN phase shift. Here the parameter B is thought to

simulate the cut-off effect of p-meson exchange in the transition

potential and the smaller value of B means stronger cut-off

of the transition potential. Their results are quoted in

table 1.

Recently Durso et al. criticized the form of the conventional

transition potential and proposed a new shorter ranged transition

potential. However, the question of the proper transition

potential is not yet settled. Moreover such a change

can be partly incorporated by variation of the phenomenological

cut-off parameter B. Therefore we will simply use the Green

and Haapakoski potential with three different cut-off parameters.

Considering the situation, we think that the potential 1

(i.e. B=1.4 fm~ ) is best among others.

Besides the calculation including the NA tcansition

potential, we also perform the calculation using the Reid

soft-core potential in all channels, and the two results are

compared.

3. General framework of the calculation

In this section, we briefly describe the framework of

the calculation. In the case of nuclear matter, the reaction
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matrix theory is cleanly formulated and there is no ambiguity

about how to define energy denominators and about what terms

occur and so on. For that, the umambiguous assignment of the

single particle states is essential. The same treatr.:nt is

also possible in finite nuclei. In this case, the single

particle basis are usually taken to be the eigen-states of

the harmonic oscillator shell model. The very exact shell

24)model treatment is now available, but the calculation is

generally very enormous. Therefore we follow somewhat

different approach, which was proposed by Akaishi and Nagata

to treat light nuclei in a very simple manner. Although their

formalism has a little umbiguity about the energy denominator

due to avoidance of the shell model treatment, the resultant

error is expected to be very small. Therefore, for the first

investigation of the A effects on the binding energy of He,

we think that the following approximate treatment may be

justified.

We start with the intrinsic Hamiltonian

H " Tintr + HA

where T. stands for the intrinsic kinetic energy operator

of the system and V.. is a two-body potential containing the

NA transition parts. The mass operator H^ is defined as

HA|N
4> = 0 and Hfl|N

3A> = AM|N3A> for the four particle

system, where AM = M& - M is the N-A mass difference. The

reaction matrix G is introduced as the solution of the

equation

n



where Q^. is the Pauli projection operator specified later and

the definition of the energy denominator is

with

EM ~ Tintr " HA " V

V = I G U-Q,-,) . (3.4)
(ij) ij 1 :

The model ground configuration is defined as the lowest energy

eigen-states of the equation

HM*M = EH*M ( 3 l 5 )

with

HM = Tintr + * • <3-6'

The operator G.. is defined to comprise the diagonal part of

G.. and the non-diagonal part with which the operator V compensates

the non-diagonal elements of T ^ n t r between the model ground

state and any other model eigen-states.

It must be noted that in our definition of the model

Hamiltonian (3.6), the center of mass motion as a whole system

is excluded from the first. Therefore our model ground

configuration is not many-body Slater determinants of the

shell-model states but it is represented by the internal

coordinates only. In the model ground configuration, the

motion of the any pairs is thought to stay in a certain ground

state. Thus we also define the Pauli projection operator Q. • as

£>



if the pair motion
of the particles
i and j is
unexcited (3.7)

This definition is far from strict and causes an ambiguity about

the energy denominator (see the next section). But in

compensation for such an ambiguity, which was shown to bring

a fairly small error to the total energy, we can avoid an

enormous shell model calculation.

The general procedure of the reaction matrix theory is

to solve eqs. (3.2) and (3.5) self-consistently. By solving

them we obtain E^, the model ground state energy, which is

a good approximation to the true ground state energy of the

original Hamiltonian because in nuclei the two particle

correlation is the dominant one. Roughly speaking, this

corresponds to the lowest order enrgy in the Brueckner theory,

(of course, the strict correspondence is not obtainable

because of our somewhat unusual definition of the Q operator.)

To take account of many-particle correlation as well,

we introduce the multiple scattering operators '

Q i i+ I e G H F i i ' <3-8>
(i j) e 1 ] i J

F. . = 1 + I -—• G. ,F V . (3.9)
^ <k«)!<(ij) e k!L k l

Using these, the model wave function * can be improved as
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¥ = F*M . (3.10)

Then E, which is determined by the approximate eigen-equation

Hf = EV , (3.11)

is a better approximation to the true ground state energy than

E . From the equations defined so far, we obtain

m = H F*M

with

To derive the above equations, we have made use of the identities

Projecting eq. (3.11) on the model ground wave function, we

finally obtain

E = E M + AE

with

AE = I (4 ,1. F..* ) . (3.17)

(ij) M ^ ^ M

Here AE, the correction to the model ground state energy, in

general includes higher correlation energies than the two-particle
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one. Namely, AE can be expanded as

AE = E ( 3 ) + E < 4 > + . (3.18)

Here, for example, E is called the three-body clu.cter energy.

Under the definition (3.7) of the Q operator, which is different

from the usual definition in nuclear matter calculation

1 if k. > k and k. > k
Q!j = {

 X F D P (3.19)

0 otherwise ,

the second order diagrams in G have also non-zero contribution

to E . However, such processes are inhibited to a large

extent because of the high-momentum nature of the interaction,

due to the short range repulsion. Therefore the contribution

from such processes to the ground state energy is generally

expected to be small. (Remember that in nuclear matter case,

the contribution of the second order processes in G to the

three-body cluster energy is exactly zero because of the Pauli

principle and the momentum conservation.) Therefore the

dominant contribution to the three-body cluster energy comes

from higher order diagrams than the third order ones. Thus

we obtain

E<3> = X ' < V W P " C I > ] '

where V ' is the three-particle connected part of the

wave function
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which obeys the equation

'™ • •» \ L > ="•-'
with the condition that p,q,r,s 6 {i,j,k}. Introducing the

functions Z ( 1 ), Z ( 2 > and Z ( 3 > as

Z *M *M *23

( 3- 2 4 )

Z<3'*M " *M " *IV- (3-25)

the three-body cluster energy E can be expressed as

(3.26)

whore A is the nucleon number of the nucleus. The functions

Z , Z and Z introduced here are essentially the same

quantities as Bethe and Rajaraman's. Since we know an

19)approximate analytic solution for them given by Bethe or

Day, the calculation of E is tedious but straightforward.

The contribution of the four-body cluster can, in principle,

be calculated in a similar way but we neglect it since it is

known to give only a small correction. In light nuclei such

as He, the hole-hole correlation (see fig. 4) was shown to

have important effects. Although the hole-hole correlation

effect is not properly taken into account in the aforementioned

formulation, we will estimate it in the spirit of the linked

diagram expansion. '
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4
4. Application to He

4.1. Derivation of the reaction matrix equation

According to Akaishi and Nagata, the model ground state
4

wave function for He is taken as

<t>M(u,v,w,spin, isospin) = *Q (U,V,W) | {0,0) A
> , (4.1)

with

<J>0(u,v,w) = N exp[-|v(u
2 + iv2 + |w2) ]

(4.2)

The internal coordinates u, v and w are defined in fig. 1.

The kinetic energy operator is also represented in internal

coordinates as

(4-3)

Here we leave the possibility of the A excitation to the

definition of Tu< T v and T . For simplicity, we confine

ourselves to the case of one-i configuration in He and

neglect the less important double-6 configurations. Then

the reaction matrix equation for the pair of particles 3

and 4 (we denote the pair (34) by a, the pair (12) by a

and the other four pairs by 6) is given by

Ga (w) = (Va + V ag^ Ga)y(w) (4.4)

with

Here the projection operator Q consists of two parts, Q
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and Q , because of our inclusion of the NA configuration.

By the definition (3.7) of the <"" operator, in the states

projected out by Q^N , the pair motion of the two nucleons

3 and 4 must be excited. On the other hand, in the states

projected out by Q' , either of the two nucleons must be

in a A state. Remembering the definition of e,

6pairs
e " EM - Tintr * HA - I 2T(1-QY)

6pairs 6pairs

= <TU>+<T2>+<TJ?>+ I <G > - V V V H A " I V ^ V '
(4.6)

(where < > .means the expectation value in the model ground

state), we first estimate the probable value of e in the NN

intermediate states projected out by Q . In these

intermediate states, only the pair a is excited in the kinetic

energy terms so that we can approximately set

- - - - - (4.7)

On the other hand, the interaction energy part is not so simple.

Actually we get

Q ( N N , £ g ( 1 _ Q )Q = Q h Q + Q Y ^ ^
(4.8)

but the second term of the above equation does not generally

vanish. This is because the wave function of the pair 6 in

the intermediate state is partially excited and partially

unexcited although the pair a is entirely unexcited. This

ambiguity is unavoidable because we do not use the single
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particle description. In the following, we neglect the second

term of eq. (4.8) since it was shown to give only a small

correction. Then we approximately get

By similar considerations, we obtain

(4.10)

where \x = 2MM&/(M+M.). Using eqs. (4.7)^(4.11), the reaction

matrix equation to be solved is written as

with

(4.14)

The model energy, or the lowest order energy of the theory

is given by

6pairs
EM = < T u > + < T v > + < T w > + ^ <5 y>, (4.15)

after the expectation value of the reaction matrix is obtained.

— 15 —



Before ending this subsection, we want to make a comment.

Because of our definition (3.4) of the potential operator V,

its expectation value in the intermediate states is very small

(see eqs. (4.9) and (4.11)). Roughly speaking, this corresponds

to the prescription in nuclear matter calculation that one put

the potential energy of particle states equal to zero. It is

necessary to avoid double-counting if one want to calculate

19 ithe three-hole-line diagrams following Bethe's theory.

4.2. Method of solving the reaction matrix equation

To treat the Q operator in eq. (4.12), we introduce the

reaction matrix G as

The relation between G and G is easily obtained as

The scattering wave functions i> and ty , which respectively

correspond to G and G , are defined by

G a? = Vaty , (4.18)

G ^ 0 )
? = V ^

( 0 ) . (4.19)

Under the definition (3.7) of the Q operator, <Ga> and ifi

can be algebracially expressed in terms of <G^ '> and t|i* '

(see ref. 21)). Therefore we will first solve eqs. (4.16) and

(4.19). From eq. (4.2), the unperturbed wave function of the

pair a is
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= jR(r) | (N 2) 3 4(TLSJ)>, (4.201

R(r) = N'r exp(- jvr 2), (4.21)

where (TLSJ) = (1000) or (0011) in the obvious notation.

The partial wave expansion of IJJ is given by

i3us(r) | (N
2)3f4(0011)> + i3UD(r)|(N

2>3(4(0211)

(1.22)

(4.23)

Here |(NA), (1220)> = -i {|(N,A.)(1220)> + |(A,N.)(1220)>}
•5,9 ^ 3 3 1

and the other complicated configurations are simoly neglected

since they would have minor effects. Substituting ecjs.

(4.20)^(4.23) into the equation

(e - V )ty = e f. (4.24)

which is derived from eqs. (4.16) and (4.19). we get the coupled

equations for the T=0 channel as

{_ _ Y — — V (r) 1 U (r) — — /8 V (r) U (r)

d r )/i )fc

,2 ,
= f5-, - YQ )R(r) , (4.25)

dr

~ ^j /f VT(r)
3Us(r) = 0 , (4.26)
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and for the T=l channel

dr X p

5-T - Y 2] R(r), (4.27)

dr r H

- ^ VTT(r)
1U_(r) = 0, (4.28)

where

+<G( So)>]}, (4.29)

(4.30)

Here we have replaced < 5 Y
> by its average over the two

3 i 5pairs
eigenstates, Sĵ  and SQ, namely we put I < Gv >

| 3 1

Solving eqs. (4.25)^(4.30), the matrix element of the

reaction matrix G is obtained as follows:

= - i- /dr xSSJ(r) (£j - Y0
2)R(r) (4.31)

where

XLSJ ( r ) " 6L,0 R ( r ) - U L S J ( r ) ' ( 4- 3 2 )

with ULSJ(r) b e i n ^ equal to one of 3U s(r), ^ ( r ) , 3UD(r)

and U (r). The expectation value of the true reaction matrix

and the true scattering wave functions are given by the method
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of ref. 21) as

<G(3S1)> =
 3C<G ( 0 )( 3S 1)>, <G(1SQ)> =

 1C<G ( 0 )( 1S Q)>, (4.33)

with

3 _ -(5-3d)+/(5-3d) z+80d 1- _ 8 3_
lOd ' ^ 5 " '

(4.35)

d =
2<G(0>(1S0)>

Since eqs.- (4.25)^(4.30), which must be solved to obtain

<G( s + Sj)>, contain <G( s Sj)> themselves, those must be

solved iteratively until self-consistency for <G( ST)>

is obtained. By solving these equations for various values

of v, we obtain the model energy E., as a minimum of E.,(v).

For later use in the calculation of the three-body

cluster energy, we further introduce several on-shell correlation

functions, n's, as

1ns(r±j)P
1B(ij)

Vrij)Sij

(4.36)

where P and P are respectively the projection operators

for the triplet-even and the singlet-even states, S.. is the

usual tensor operator, and Si- is the analogous operator for

the MN * NA transition. Then we can show that
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{4-37>

(4.38)

(4-39)

(4-40)

Here and hereafter the effect of the Q operator is introduced

by eq. (4.34) although we

scattering wave functions

by eq. (4.34) although we do not use the new notation for the

T

4.3. The lowest order binding energy of He

The calculation of the binding energy was performed for

four types of potential. One is the usual Reid soft-core

29)
potential without the NA transition parts and the other

three are potentials including the NA transition parts with

different cut-offs.15) (See sect. 2 and table 1.) The model

energies were calculated self-consistently for various values

of v. The calculated energies for the various potentials

are shown in fig. 2 as functions of v. We also show the

minimum energies in table 2.

For the Reid soft-core potential, the minimum of E is

about -22 MeV and this reproduces the calcualted value of

ref. 21) very well. The experimental binding energy of He

is -28.4 MeV. Including the A degrees of freedom through the

potentials 1^3, the binding energy decreases by 2^3 MeV.

This feature qualitatively agrees with the nuclear matter
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calculations including the A components. They have shown

that this arises because the attraction of the twice-iterated

transition potential (which is thought to replace a part of

the intermediate range attraction described phertomenologically

by the o meson) is suppressed by two kinds of many-body effects,

i.e. the "Pauli effect" and the "dispersive effect". The

density dependence of the A effect is clearly seen in fig. 2.

Namely the repulsive effects of the A become generally large

as the density increases. (Note that larger value of \i

corresponds to higher density.) With regard to this fact,

the equilibrium density shifts to lower density as the transition

potential becomes stronger.

As is seen from table 2, the parameter \> at minimum is

about 0.45 fm . Using the simple wave function (4.2) and

taking into account the finite size of proton, 0.78 fm, the

above value of v corresponds to the charge radius of about

1.8 fm. This is somewhat larger than the experimental value

34)
1.63 fm. But more presice calculation should use the

correlated wave function (4.42) given later. We have not

performed such a calculation because our method and aim are

mainly concerned with the binding energy.

The energy shift due to the inclusion of the A is

qualitatively explained by using the approximate method of

Green and Haapakoski (see also refs. 11) and 12)). In

the following qualitative discussions, for simplicity, we

neglect the "Pauli effect", since it gives at most one-fifth

of the total energy shift. Applying their method in the

case of He, it is easily shown that the energy shift by the
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"dispersive effect" is approximately given by

AE(D) = - O I {<G( S.)> + <G( S_)>) K ,

(4.41)

C = (1 + IK)"1 ,

where < = 1 K g +
 1 < i +

 3 K S +
 3tcD with 1<S = 3< 1

X s|
1x s>,

(The wave function x's are defined in eq. (4.32).) In eq. (4.41),

the factor C comes from the renormalization of the single

particle energy by the inclusion of fir ' Substituting

the appropriate values in the right side of eq. (4.41), in

the case of potential 1, we obtain AE(D) = +1.9 MeV. This

qualitatively explains the difference between the minimum

energies for potential 1 and the Reid soft-core potential.

Therefore we confirm that in the lowest order energy of the

theory, the effect of the A is not attractive but repulsive
4

for He as well as for nuclear matter.

The probabilities of the D-states and the N A configuration

are calculated as follows. In the first order approximation

for F in eq. (3.7), we obtain

'• «• j^v^-^ir^*

Then, using eq. (4.36), we can write

P(D) = 6-i-J dr[3UD(r)l
2 , (4.43)

P(N3A) = 6-v| drf-O. (r) ] ' . (4.44)
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It must be emphasised that the above derivation is entirely

different from a simple perturbation approximation in terms

of the potentials although it still involves an approximation

for F. The probabilities P(D) and P(N A) are shown in table 2.

For all the potentials, the D-state probability is about 16%.

The probability of the N A configuration ranges from 4.7%

(potential 1) to 7.3% (potential 3). Such a large probability

comes from the relatively large number of pairs (= 6) in He.

Using the lowest order perturbation theory, Horlacher and

Arenhovel estimated the probability of the one-A configuration

4 Bl

in He to be about 1.5^2.0% per nucleon. Multiplying by the

nucleon number 4, their result is qualitatively consistent

with ours. In fig. 3 are also shown the various scattering

wave functions obtained from the reaction matrix equation.

Fig. 3(a) is for the Reid soft-core potential and fig. 3(b)

is for potential 2. Because of the high excitation energy,

it is seen that the peaks of the D-state and NA-state

scattering wave functions lie in the inner region compared

with those of the S-state scattering wave functions.

In the recent work. Smith and Pandharipande argued

that using Green and Haapakoski's transition potential (with

pion range) takes into account also cross-pion effects. If

this is the case, it is not exact to say that the above P(N A)
3 4

is the probability of finding the N A configuration in He.

Therefore our estimate here must be considered as an upper

limit. But our calculation points out the possibility that

the admixture of the A configuration is considerably larger

in 4He compared with 3He.

In this subsections, we have seen that the inclusion of
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the A gives a repulsive contribution to £'. The calculated

binding energy is somewhat smaller in absolute value than the

experimental value -28.4 MeV, What we want is therefore some

mechanism to give attractive contributions to the binding

energy. In the next section, we will estimate several

corrections to the lowest order energy EM-

5. Higher order corrections to the model energy

5.1. Hole-hole correlation energy

Before we estimate the three-body cluster energy in the

next subsection, we calculate the correction energy from the

hole-hole correlation, which was shown to be important in

4 21)He. The hole-hole correlation energy E., is given by the

diagrams shown in fig. 4(a)Mc). The second and third diagrams

are the new ones which first appear in consideration of the

A configurations. The energy E. . is expressed as

E h h = \ I I <jn|G2-<Hm|G|jn>.2G|£m-mI!>

" \ \m ^ X j n l X f c n f V

= \ I U-(-l)S+T}<2T+l) (2S+l)<xSfTlxS(T><S,T|G|S,T>
S,T

" Ehh(3si> + Ehh ( D ) + Ehh(lso' + Ehh ( i ) '

(5.1)

where K'S are the quantities defined below eq. (4.41). In

eq. (5.1), indices £, m, j and n stand for state labels. The

relatively large attractive contribution of E. . is known to
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, 3 21,28)
come from the large defect parameter K of the D. state.

Considering the similarity between the tensor force and the Nfl

transition potential, we expect that the appearance of K. also

acts to increase the binding energy.

In fig. 5 are shown the model energy plus the hole-hole

correlation energy, E M
+ Ehh' a s f u n c t i ° n s °f v- W e also show

the minimum energies in taLle 3 and the different contributions

to the hole-hole correlation energy in table 4. For all the

potentials, the hole-hole correlation energy is fairly large.

For the Reid soft-core potential, the sum of E and E,, amounts

to about -25 MeV compared with the experimental value -28.4 MeV.

in

28)

A
In He, E,, per nucleon is about -0.8 MeV. This is larger in

absolute value than the value -0.48 MeV in nuclear matter.

According to Day's estimate for nuclear matter, the hole-hole

correlation energy per nucleon is approximately given by

E. ./A = KU/18 , where < and U are respectively the defect parameter

and the average single-particle potential energy in nuclear

? 81
matter. The small factor 1/18, which comes from a kinematical

restriction, is the reason why the hole-hole correlation

energy in nuclear matter is smaller in absolute value than

that in 4He.
A

Including the A components, the change of Ej, in He is

approximately given by

EhhtA> = S ^ ' V * (5.2)

(Strictly speaking, this is not true because < s decreases

a little after inclusion of the i.) Comparing eq. (5.2) with

eq. (4.41), it is seen that E n h(A) compensates about one-fifth
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of the positive energy shift by the "dispersive effect" if we

neglect the factor C =(1 + §K) in eq. (4.41). (Note,

however, that this compensation becomes more pronounced since

the factor C becomes much smaller than unity as the density

increases.) Thus, the difference between the minimum energies

for potential 2 and for Reid soft-core potential becomes slightly

smaller by the inclusion of the hole-hole correlation.

As is seen in fig. 5, the inclusion of the hole-hole

correlation shifts the equilibrium density to a higher value.

This is the case for all the potentials because the absolute

magnitudes of <G( S.)> and <G( S.)> increases with increasing

density. However, such a shift is more pronounced for potentials

including A components. This is because, as the density increases

the probability of the A configuration becomes larger and E,. (A)

more nearly compensates the positive energy shift due to the

"dispersive effect". As a result, for potentials 1^3, the curves

of E
M
+ E _ n and the curves of EL, as functions of v show very

different behavior at higher density.

5.2. Three-body cluster energy

The three-body cluster energy (or the three-particle

correlation energy) is given by eq. (3.26). Following Bethe,

-2 G-, is replaced by the off-shell correlation function

C(r23) (which is specified later), because it operates on

highly off-shell intermediate states. Dahlblom found that

the main contribution to E ( comes from the tensor force.

He estimated the contribution of the tensor force by introducing

it in the final and initial states of the three-particle

scattering diagrams. Namely the effect of the tensor force
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was included in G,, a n^ Z in eq. (3.26). This is not a complete

calculation because the effect of the tensor force in •— G 2 3 is

not properly included. (See the discussion at the end of this

subsection.) However the complete treatment of the tensor force

is not so easy if we consider seriously the highly off-shell

nature of the intermediate states. Therefore, we simply follow

Dahlblom's prescription here. The effect of the NA transition

potential is taken into account in exactly the same way. Among

the various three-body cluster diagrams containing one-i

configurations, which are taken into account by the above

approximate procedure, we show the lowest order diagrams in

fig. 6 (a) . Within the approximations stated so far, the

three-body cluster energy is written

E " 24j dr12rl2J
 dr23r23J d r31 r31 d"

0 0 Ir12-r23l

* ;(r23)<{00}A|G12Z
(1)|(00}A>|$0(r12,r23,r31)|

2, (5.3)

where

2 3/2
(-̂ ] exp[-| v (r^+r^+r^) ], (5.4)
3TT

and the on-shell reaction matrix G,2 is expressed as

Gc(r12)

l'i2S12 ( AlV +-l*-2 t si2 ( Nl A2 n- (5-5>
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Here the effective central force G_, the effective tensor force

GT and the effective NA transition force G, can be expressed as

Gc(r) = i {
3Vc(r)tl-

3ns(r)] +
 Xvc(r)(l-

1ns(r)]}, (5.6)

GT(r) = VT(r)[l-
3ng(r)] + {

3Vc(r)-2VT(r)-3VLS(r)}
3nD(r),

(5.7)

GA(r) = — Vl:.{r) [l-
1ns(r)l - WTIJ (r)

 1 n A (r) , (5.8)
4/2~

in terms of the on-shell correlation functions defined in

eqs. (4.37)~(4.40) . Using Dahlblom's prescription means to

take 2 ( 1 ) as follows;

nc(r13)f2 -

S12 3"D ( r12 ) fl + S13 3 nD ( r13 ) f2 " S23

(5.9)

where the on-shell correlation function nc(r) was simply

taken to be the average of ns(r) and n s(r), and

£1 = 1 - C(r13) + 5 £(r13)c(r23) (5.10)

f2 = 1 - C(r12) + | 5(r12)c(r23) (5.11)

f3 = C ( r 1 2 ) + C l r 1 3 ) " ? < r12 ) ? ( r13 ) (5.12)

f4 = c(r12)C(r13) + |(c(r12)+c(r13))c(r23) - \t, (r12) c (r23) c (r

(5.13)

— 28 —



Here £(r) is the off-shell correlation function given la te r .

After the calculation of the spin-isospin matrix element, we

finally obtain

E<3> - E<3> + E^3> + E<3> , (5.14)

where

(3) (m 2 (1)
Ec = 24-j dr 1 2 4nr 1 2 G c ( r 1 2 )P c < r 1 2 , r 2 3 . r 3 1 > (5.15)

0

r 2 in
= 24- dr.., 4Trr, ,G_(r, ,)F_ (r. , , r , , , r , n ) (5.16)

E<3> = M - f d r 1 2 11rr22GA(r1 2)p(1 )(r1 2 , r23,r3 1) (5.17)

with

<» 12 23

rTT I d r23 r235( r23'I ^ S l ' a i ^ c " ( r 12 ' r 12'r31»I »OI '

° lr12"r23l
±Z l i (5.18)

and

, ^ (5.19)

(5.20)

= n C ( r 12 ) f l + nC ( r13> f2 " nC ( r23>£3 + f 4 ' (5.21)
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41' = 4\(r12)fl

- 3r,D(r23)f3[l-3(r12-r23)
2], (5.22)

= " \ ( r 1 2 ) f l + 3

(5-23'

To obtain the off-shell correlation function C(r), we solve

the reference spectrum equation off the energy shell using

the SQ potential for simplicity. The equation is

2

(- - % + Y*f f ) *
 (r) = ^ ^clr^krjotkrj-xtr)}, (5.24)

where x<r) = krC(r) and we have used a plane wave for the

unperturbed wave function off the energy shell, since the

average excitation energy of the off-shell states is very

high because of the short range repulsion. ' ' Following

Bethe's estimate,19'281 ^ f f = | K2 - 3^- E. Here K and k

(in eq. (5.24)) are the average momentum and half the relative

momentum of the interacting pairs in the off-shell intermediate

states and E is the average single-particle energy for the hole

4 -

states. For He we estimate E = -20 MeV. The best values of

K and k used in calculating £(r) in nuclear matter have been

found by Kirson. He found k = K/2 = 0.56/rc . For a core

radius rQ = 0.4 fm, one finds k = K/2 =1.4 fm~ . Although

we expect somewhat smaller values of k and K for He,

unambiguous estimation of them is difficult. Therefore,

in order to see the range of variation of the three-body

cluster energy wit the off-shell quantities, we have calculated

E ( 3 ) for three sets of k and K, i.e. (i) k = K/2 = 1.2 fm"1
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(ii) k = K/2 =1.4 fm"1 (iii) k = K/2 =1.6 fm"1. In our

opinion, the actual situation realized in He would probably

lie between the case (i) and the case (ii).

The results for c(r) are shown in fig. 7(c). For

comparison, we also show graphs of the various on-shell

correlation functions for the Reid soft-core potential and

for potential 2 in fig. 7(a) and in fig. 7(b) respectively.

The calculated three-body cluster energy is given in table 5.

For small off-shell momenta (case (i)), E amounts to about

-4.5 MeV for the Reid soft-core potential. Including the A

components through the potentials 1^3, the attraction is

further increased by 0.5^2.0 MeV due to the contribution

of E . For "large off-shell momenta (case (iii)), the

contribution of E becomes repulsive but very small. For

the most probable case (ii) among the three cases, the total

contribution of the three-body cluster energy for potential

1 is about -1.6 MeV. Comparing this with the result for the

Reid soft-core potential, the energy gain from inclusion of

the A components is about 0.16 MeV. Because we expect that
4

the actual situation in He lies between the case (i) and

the case (ii), the effect of the A on the three-body cluster

energy is not repulsive but attractive. If this is the case,

the effects of the A on E._ and E might cancel a sizable

part of its repulsive effects on E M although the net effect

of the A seems to be repulsive. This menas that if we want

to investigate the effect of the A on the nuclear binding

energy we cannot neglect its effect on the three-body cluster

diagrams.
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Before ending this subsection, we must make some comments

on the important diagrams neglected in our approximate treatment

of the NA transition potential as well as the tensor force. In

our approximate treatment, which follows the similar prescription

for the tensor force by Dahlblom, the NA transition potential

is introduced only in the final and initial states of the

three-particle scattering diagrams. Therefore diagrams such as

shown in fig. 6(b) are not properly included. Remembering that

the main interest in the three-body force problem has been

concentrated on the estimation of the first diagram in fig.

6(b), these diagrams must also be included in the calculation

of the nuclear binding energy.

Ir. the latest work, Kouki et al. estimated the contribution

of the three diagrams of fig. 6 (b) in nuclear matter although

their calculation is based on a simple third order perturbation

in terms of potentials. They found that these processes add

about 1 MeV attraction to the binding energy of nuclear matter.

They also commented that the three-body cluster containing

more than one-A configuration might not be negligible and

could play an important role in the understanding of nuclear

saturation.

In the recent review article. Day pointed out that the

exact treatment of the tensor force (without recourse to

Dahlblom1s approximation) leads to a considerably larger

three-body cluster energy in nuclear matter. Considering the

situration, it is particularly desirable to perform a more

complete investigation of the three-body cluster diagrams

containing A configurations in finite nuclei as well as in

nuclear matter.
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6. Concluding remarks

The hole-line expansion method, which is extended to

include the A (3-3 resonance) degrees of freedom explicity,

has been applied to the calculation of the binding energy of

4 4

He. In this approach, the A configuration in He was

introduced by solving the reaction matrix equation and thus

it goes beyond the usual perturbation approximation. We pointed

out that the probability of the A configuration in He is

considerably larger compared with lighter nuclei. Therefore

it is particularly interesting to design experiment to directly
A

measure such a "probability" in He.

As for the binding energy, the effect of the A on the

two-body cluster energy was found to be repulsive. This is

probably due to the "dispersive effect" and the "Pauli effect"

as is explained in subsect. 4.3. The effect of the A on the

hole-hole correlation energy was found to be attractive and

to have strong density dependence. Its effect on the three-body

cluster energy was also found to be attractive for reasonable

values of the quantitites which specify the off-energy-shell

behavior. However, the calculated three-body cluster energy

depends very sensitively on the off-shell correlation function

?(r), which is difficult to know precisely. Moreover, our

method of including the NA transition potential as well as

the tensor force in the calculation of the three-body cluster

diagrams is not complete. Particularly the contribution of

the diagrams illustrated in fig. 6(b) is not properly included

in our approximate scheme as is states in subsect. 5.2. Therefore

more work should be performed concerning the three-body cluster

diagrams containing A configurations in finite nuclei as well as

in nuclear matter.
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As to H, very interesting works have recently been

reported. They solved the Faddeev equation with interactions

containing the NA transition parts. Particularly, Hajduk and

Sauer showed that the total effect of the A gives repulsive

contribution of about 0.6 MeV to the binding energy of H. This

is very important because solving the Faddeev equation

automatically includes the three-particle correlation as well.

As our calculation shows, the effect of the A is expected to

be more drastic in He. Therefore it is desirable to perform

such a exact calculation also for He. Considering the difficulty

to do such a Faddeev-type calculation for the four-particle

system, we think that an appropriate candidate is the ATMS

method, which is an improvement of the method of ref. 21) by

making use of a variational principle. Compared with the

Faddeev-type equations, the ATMS method would provide a much

economical way to include the A configurations even for He.
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Table captions

Table 1. Potential parameters A and B in eqs.(2.1) and (2.2)

quoted from ref.14).

Table 2. Minimum values of the model energy E ,
M

the probabilities of the D-state and the N A

configuration for various two-body potentials.

Table 3. Minimum values of the model energy plus the hole-hole

correlation energy, E M+ E, . , for various two-body

potentials.

Table 4. Different contributions of the hole-hole correlation

energy E., at the minimum density of E M
 + Ehh'

Table 5. Different contributions of the three-particle

correlation energy E at the minimum density of

(i) k = K/2 = 1.2 fm-1 (ii) k = K/2 =

1.4 fm"1 (iii) k = K/2 = 1.6 fm"1.
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Table 1

Table 2

Potential

Reid

1

2

3

Potential

Reid SC

1

2

3

Table 3

SC

0.

0.

0.

0.

Potential

Reid

1

2

3

SC

V

450

435

425

405

A(MeV)

2500

5000

10000

E!

-21

-19.

-19.

-19.

0.

0.

0.

0.

•4

.8

.9

.e

.0

V

.475

470

460

440

P(D)

16.1

16.2

16.1

15.9

Blfro"2)

1.4

1.8

2.6

P(N

4.

5.

7.

EM+Ehh

-24.9

-23.3

-23.3

-22.5

3A)

73

93

25
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Table 4

Potential

Reid SC

1

2

3

Ehh (

-0.

-0.

-0.

-0.

31

14

18

20

Ehh(i>

-0.41

-0.50

-0.57

Ehh (

-0.

-0.

-0.

-0.

76

78

78

79

Ehh(D>

-2.16

-2.20

-2.16

-2.09

E

-3

-3

-3

-3

hh

.23

.52

.61

.65

Table 5

"momenta1 ^ e n t i a l ^»> E^> , » , , » ,

Reid SC -2.04 -2.48 -4.51

( i ) 1 -0.94 -2.46 -1.61 -5.01

2 -1.29 -2.40 -2.08 -5.77

3 -1.52 -2.28 -2.64 -6.43

Reid SC -0.33 -1.08 -1.42

1 -0.03 -1.08 -0.48 -1.58

2 -0.18 -1.06 -0.63 -1.86

3 -0.30 -1.01 -0.83 -2.14

Reid SC 0.80 -0.17 0.63

1 0.59 -0.17 0.26 0.67

2 0.57 -0.18 0.31 0.70

3 0.52 -0.19 0.34 0.67
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Figure captions

Fig.l. Internal coordinate system for He

Fig.2. Model energy E versus parameter v for various two-body

potentials.

Fig.3. Scattering wave functions (a) for Reid soft-core

potential and (b) for potential 2.

Fig.4. Diagrams which represent the hole-hole correlation.

Fig,5. Model energy plus hole-hole correlation energy,

E + E. . , versus parameter v for various two-body

potentials.

Fig.6. Three-body cluster diagrams including the one-A

configurations. (a) The diagrams included in our

calculation. (b) The diagrams calculated in ref.15).

Fig.7. On-shell correlation functions (a) for Reid soft-core

potential and (b) for potential 2 and (c) off-shell

correlation functions for various off-shell momenta.
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