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Abstract 

Recently a way of implementing the dual-topologicai 
unltariaation program has been found, in which baryons and 
other multiquark hadrons are put on the sphere and appear at the 
same topological-complexity level as ordinary qq mesons. This 
permits one to have a lowest-order "spherical bootstrap", within 
which unitarity, duality and crossing can be consistently 
satisfied. In the present paper we use this framework to calcu
late hadron masses by imposing duality on an infinite sum of 
ladder graphs generated from spherical unitarity. By making a 
certain simple dynamical approximation, we derive an explicit 
generic Regge-traject.ory formula for any given process. If we 
then make certain reasonable dynamical assumptions and require 
simultaneous consistency for entire sets of processes, we are 
able to calculate the masses of all the lowest qtj, qqq, qqqq» 
qqqqq* qqqqqq states with q » u*df and the Regge trajectories 
associated with each of them. The only arbitrary parameter 
is the mass of the p , which merely serves to set the mass 
scale. 



I. Introduction 

1 21 Dual Topological Unitarization (DTU) *'*' is a 
promising approach ta S-matrix theory, which attempts to cal
culate hadron spectroscopy and scattering using only crossing 
and unitarity, and the maximal analytieity consistent with 
these properties. This approach, which is particularly suitable 
for small momentum transfers {and hence large distances), can 
be regarded as a way of dealing with quark confinement. The 
confining part of tne interquark interaction is known to play 
a dominant role in n^dron mass calculations. 

3 J 4) The DTU program, involves two stages t 
(i) In lowest order one assumes that the full amplitude J can 

be written as a linear combination of a set of functions 
T with simpler properties. In the case of the four-point 
amplitude, f->x example, one has a structure similar to 
that of the Veneziano model 

Handelstam variables. The "amplitudes" T (s,t) have simple 
s-t crossing, but, unlike the Venesiano amplitude, also 
satiFfy a form of reduced unitarity which does not incor
porate exchange effects. This situation can be generalized 
to any n-point amplitude, if we now combine this reduced 
unitarity and crossing with maximal analyticity, we are led 
to a system of self-consistent (bootstrap] equations, 
whose solution would give a lowest-order hadron spectrum. 

(ii> In higher orders one systematically brings in exchange 
effects through a topological expansion. 

Earlier attempts to implement the DTU program were 
1—41 — generally based on a I/N-, expansion ; qq mesons 2 tiavor _ 

tH ) were taken to be planar and baryons to be non-planar . 
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This was quite successful in the case of the mesons, for which 
the lowest order in i/N-, did in fact lead to a set of 
consistent unitary bootstrap equations. In the case of baryonsf 

however, no way was found for fully satisfying any kind of 
reduced unitarity at the lowest level. 

Recently a way of implementing DTU was found , in 
whir h bar yon s and all other multiquark hadrons appear at the 
same topological-complexlty level as ordinary (M ) mesons 
By putting them all on the sphere it was found possible to 
satisfy a reduced form of unitarity (spherical unitarity) in a 
self-consistent way. This should then permit us to make 
self-consistent (spherical bootstrap) calculations of the 
hadron spectrum. 

In this paper we introduce a way of applying the 
spherical bootstrap for the purpose of explicitly calculating 
hadron masses. Duality, an intrinsic feature of the spherical 
bootstrap, is imposed on an infinite sum of ladder graphs 
generated from spherical unitarity. This leads to a generic 
Regge-trajectory formula. By demanding simultaneous consistency 
for entire sets of processes we are then able to calculate 
a large sector of the hadronic mass spectrum in terms of only 
one mass-scale parameter. 

In sect.2, we review the spherical bootstrap and 
introduce a quasi-planar description which la a natural 
generalization of the usual Harari-Rosner duality-diagram 
picture. In sect. 3, we use this to generate a ladder approxima
tion to the spherical bootstrap. In sect.4, a more explicit 
version of this is combined with semi-local duality tc* obtain 
a simple generic Regge-trajectory formula. 

In sect.5, we outline a general procedure for 
calculating hadron masses, in which our Regge-trajectory 
formula is combined with certain reasonable dynamical assump
tions, and simultaneous consistency is imposed for entire sets 
of processes, in sect.6, this is applied to mesons, baryons and 
baryonium. Finally, multiquark states beyond baryonium are 
considered in sect.7. 
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2. guasi-Planar Duality Diagrams 

In the spherical bootstrap a given amplitude T is 
associated with a particular division of the sphere into disc 
faces corresponding to hadrons. The process BB -+ BB, for 
example, corresponds to the division of fig.I, where each 
triangle represents a baryon B or antibaryon B~. 
A unitarity product then corresponds to gluing together 
matched (intermediate-state) hadron discs lying on two diffe
rent spheres. For example, we can glue one BB triangle-pair 
in fig.l to a matched BB pair on another sphere to obtain a 
contribution to the absorptive part of a BB + BB process 
involving the remaining (un-glued) baryoas. The main conclusion 
of refs.7 and 8 is that it is possible to have sets of spheres 
and gluing operations such that the surface we obtain after 
each gluing is Itself always a sphere (in the topological sense) 
belonging to the original set. However, hadron discs must be 
given a certain sub-structure, and certain contraction rules 
must be consistently applied. 

The primary topological structure in the spherical 
bootstrap is not itself a hadron. it is a simple triangle 
carrying a topological "color" label a,B, or Y • The same 
triangle "turned over" is then an "anti-triangle" with"color" 
labels 5r (3 or y * These primary triangles can never occur as 
isolated entities, however, but must always be combined to 
form a "basic disc" with a,B,y clockwise, as in fig,2 (a), or 
a basic "anti-disc1' with a. 0, y anti-clockwise, as in fig.2(b). 
A triangle with color label a can always annihilate an 
adjacent anti-triangle with color label a, and similarly for 
6,6 and y, y. If we take this into account, however, we can 
combine basic discs to form compound discs. A hadron would 
then be a basic or compound disc with a quark-flavor index 
associated with each of the peripheral edges. The qgq baryon 
(B ) and antibaryon (B ) thus have the structures shown in 
fig.3, where i,j,k are quark flavor indices ; qqqq baryonium 4 (M ) has the structure shown in fig.4. 
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A baryon and antlbaryon can annihilate to form 2 an ordinary (H ) meson if we have a situation where all pairs 
of colors and .two pairs of flavors can annihilate, as in fig.5* 
The M meson face is a special case in the present framework. 
It is colorless and carries only flavor indices, which can be 
represented by 2-gon "flavor lunes", as in fig.Mb) -

We have not as yet incorporated spin into our 
formalism. In the present paper we will follow a simplified 
approach in which the indices i,j in figs.3,4 will be underst od 
to include quarks spin as well as flavor. The spin of the 
lowest hadron lying on a Regge trajectory is then obtained by 
simply adding these quark spins. This way of introducing spin 
does not affect any of the conclusions of ref.B. 

The spherical bootstrap is a natural generalization 
of the old planar bootstrap for M mesons , which was usually 
described in terms of Harari-Rosner duality diagrams. How 
such planar diagrams clearly cannot describe the full content 
of the spherical bootstrap* since they leave out important 
structures and constraints. However, because of their intuitive 
value, it would be desirable to find a modified version which 
does incorporate the crucial additional features discussed 
above. In the case of processes involving only particles with 
baryon - number = 0,1, we have found that such a "quasi-planar" 
representation of the spherical bootstrap is in fact possible. 

We will represent a. peripheral triangle carrying 
both color a and flavor 1 by a solid line, an internal triangle 
carrying only color by a wavy line and a 2-gon flavor lune 
by a dashed line (see fig.61. Fig-7 then represents the baryon 
of fig.3(a), fig.8 the baryonium of fig.4,and fig.9 the M 2 

2 meson of fig.5. For M the situation is the sane as for ordinary 2 Harari-Rosner duality diagrams. For non- H hadrons we will 
follow a convention where : 



(i) We first list all the primary triangles of the face 
by starting with a basic disc and ordering Its members 
in a clockwise sense so that the final one either completes 
the entire list or shares a boundary with a triangle 
belonging to another basic disc. Starting with the latter 
primary triangle» we repeat our procedure for this 
second basic disc, and continue until all the triangles 
in the hadron face have been listed. For baryon-number 
= 0,1 states, one can always find a hadron-face structure 
for which such a complete listing is possible. 

(ii) We now arrange the quasi-planar lines in the same order 
as their corresponding triangles, going in a direction 
which is obtained by taking the physical direction in 
which the hadron as a whole is moving and rotating this 
clockwise through 90*. Thus fig.7 consistently represents 
both a baryon travelling from left to right and an 
antibaryon travelling from right to left. 

In diagrams describing processes, the rules of the 
spherical bootstrap require that none of our lines cross. 
However, we can have pair annihilation or creation for each of 
the three types of lines we have introduced. This is why it 
is essential that the colors of two contiguous wavy lines must 

A 

be different within a state like M (see fig.6). We must also 
have the three-line vertices of fig.10, 

Finally, one must note that the graphs corresponding 
to cyclic permutations of color labels (a,B,Y) and (a,B,Y> 
are all equivalent. 

An example of a process which incorporates all of 
the above features is the antibaryon-baryon scattering of 
fig.ll. in the t channel, the annihilation of the m dashed lines 
gives a baryonium intermediate state, which then decays into 
the BB final state through the creation of the n dashed lines. 
In the s-channel, on the other hand, the annihilation of the 
l,y and k,0( full lines and of the B wavy lines gives a meson 
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intermediate state, which then icays into the BB* final state 
through the creation of the a wavy lines and of the j,y and 
1,0 full lines. 

Fig.11 exhibits explicitly the duality between 
the t-channel baryoniuo and s-channel meson intermediate states. 
It also exhibits the impossibility of baryonium-meson mixing 
at the spherical (or qua si-planar) level r eg_. through baryon 
loops- This mixing can be realized only via non-spherical 
components of the type shown in fig.12, where one has to 
introduce a generalized twist operator corresponding to 'the 
physical interchange operation t «* u in fig.13. This is the 
only baryon twist operator consiai^nt with the color-ordering 
rules which were so essential for satisfying spherical un it a.-
rity. in this respect the situation here is different from 
the one in earlier approaches . It is argued in ref.8 that the 
type of mechanism given in fig,12 leads to a very small 
baryonium-meaon coupling. Explicit estimates of this coupling 
will be presented elsewhere. 



3. A Ladder approximation to the Spherical Bootstrap 

The simplest way of implementing spherical unitarity 
and analyticity la to represent T by an infinite sus of ladder 
graphs ' . Typical quaai-planar topological structures are 
shown in figs.14 and 15, and an explicit realization in fig.16, 
where : 

(1) The requirement that there be no double counting 
{say, in figs.16(a) and 16(b)] implies that the masses 
of the clusters a,b,c,.., are bounded. They are therefore 
dominated by single narrow peaks. 

{ii) The ladder lines of figs.16(b), [c),... will be approximated 
by Regge exchanges. In principle, however, they should 
themselves be infinite ladder sums of the form of the 
entire sum of fig.16. 

In what follows, we will represent the process of 
fig.16 by 

4 2. (a) 3 H —» oc (3.i) 

if 1 and 2 are particles and by 

• S ^ i f a ) ? h -* <*• 13.2) 

if they are arbitrary members of the Regge families a. and a„. 
In the latter case their spins are given by 

where S, and m. are the spin and mass of particle i. 

The spherical bootstrap implies duality, wh'ich we 
will implement through the finite-energy sum rule constraint 
of fig.17. Our procedure then will be to combine this with 
the ladder sum of fig.16. This will give us an explicit 
formula for the Regge trajectory alt). 



(The same formula was also derived in ref.10 ; the derivation 
in sect.4 will rely on a weaker version of duality, however). 

4. Derivation of a generic Regqe Trajectory Forouia 

4.1 Sun of ladder graphs 

we can simplify the problem of dealing with the 
ladder sum of fig.16 by using the generalized Mellin transform 

Aj lH- fds if7-" A(»,t) 
of the s-channel absorptive part A. Here 13 is the usual 
crossing-symmetric variable *» = —(s-u) , which can also be 
written as 

v = s + ± f t - 2 wf) 
i»4 ( 4 . 2 ) 

."» For technical reasons , eq.(4.1) can only be used if 

and if t is such that V > 0 in the range of s where A j* 0. 

If we associate a coupling strength parameter v> 
with each of the clusters a,b,c,..., the sum of fig.16 now has 
the form 

A I |t)-f l</ rft + f BT[tJ + f 'C , (*)+... ( 4.€ 

Xf we approximate the cluster a by a single narrow peak of 
mass ^*Z* fig-16(a) gives a contribution to A(s,t) of 

^ W(*,t). n t j î i s - s j 



Taking the Hellin transform 14.1) we then obtain 

rW r(tj . Ht;*; j - i 
(4.6) 

is given by eq.(4.2) with s 

we can rewrite eq.14.4} as the N + « limit o£ its 
[l ,N] pad<5 approximant, with <p as the expansion parameter. 
He then have 

Ax 
«fW, 

1 - Kd) 
a 

-f- . . . (4.8) 

He will assume that the expansion (4.8) converges for J > et t 

J = ce K*-} i s t n e branch point given by the tt.a, two-Reggeon 
exchange of f igs. 16 (b) , (c),... In the case of a factorizabie 
model, the series (4.8) actually truncates after the first 
term - if we use eq.(4,1) we find, order by order, that 
eq. (4.8) has the structure 

(4.9) 

where V = v is given by eq,(4.2) with s » s = effective 
threshold of fig.16(b). Since figs.16(b) ,(e),... involve two-
Reggeon exchange, 

G < , l - H , • < - ' . < , - * ) (4.10) 

if we assume that we can approximate G(y) by its asymptotic 
value all the way down to its threshold at s = s . He have 
also assumed that any Jtn y factors cad be approximately 
absorbed into the constant -f . 



K(a> - 1 (4.tl] 

The corresponding residue (see fig.16) is 

\ht = -</> W^/K'l") c«.«*> 
If we now combine eqs.(4.II) ,(4.12) ,(4,b),(4.9) and (4.10) 

4.2 semi-local duality and an explicit Regge trajectory 

With the normalization of eq. (4.12), A(s,t) has the 
Regge behaviour b.b.V for large V and fig.17 corresponds 

il) to the finite-energy sum rule 

o * 

where s is approximately midway between s and the next peak 
above it and 

atOt " aI T °2 + S 2 t-î.15) 

for the highest helicity amplitude, if our labelling in 
figs.16 and 17 is such that 
lower - helicity amplitudes 

?ut = S,, -t S 4 - w , n = integer > 0 . (4,16) 

Vie shall see, however, that these will not be important in 
determining the parameters of the leading trajectories. 

If we combine eqs. (4.5), (4.14) and (4.13), we 



<[*) 

, «tW+1-5f + 1 ï\ ** , lv.\ J 

where *V = "O is given by eq.(4.2) with s = a . 

Since a t arose from the O-û, two-Reggeon exchange of fig«16, 

it is given h y l 2 ) 

«cut (*) « M* X ["* &*)+ ** '^ - 4J < 4" 1 8' 

subject to the constraint 

At this point we can have two situations : 

(1) If dj » o or a. » a , eq.(4.17) becomes a 

functional equation for a(t)• This does not have any 

solutions unless we give s and s a small t dependence 

adjusted so that ct(t) is in fact linear in t. This 

can be done by taking 

§ aS a=S 4+ X ( « w - S i ) [ W | ^ J L . J - l } (4.20, 

where 

* - \ / ( % , - s») " • "> 

t •*• ™ . Now physically s and s should have as little 

t dependence as possible. This can be guaranteed by 

adjusting the dimensionless constant 6 such that 

s = s _ at x » 1 , which gives 

f> = VI'T> 2 ) - \ U.22) 



a few percent for x > 0.5, i.e. for the entire range 
of validity of the model outside of the immediate 
vicinity of V » 0. 

If we combine eqs.?4.17) and (4.20) we obtain 

« ft-StDt + c + 2«'fr + ift-!«?)] «.», 
w i t h r ( 4 . 2 4 ) 

Z^M/lSox-S») 

^f.f-[1-<+/<r 
( 4 . 2 5 ) 

(4 .26 ) 

e q s . ( 4 . 2 6 ) , ( 4 , 2 4 ) and (4 .22 ) g i v e 

f = 3 . 1 4 7 , c = - 0 .4922 ( 4 . 2 7 ) 

if a, ?* a and (x ? a , eq,(4.17) again leads to 
eqs.(4.22)-(4.27) but only if it can be established 
a priori that a,(t), 0.„(t) and a(t) are linear in 
t. This turns out to be possible in all the cases 
we shall consider below (see end of sect.6.1). 
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5. General Procedure fpr Calculating Hadron Masses 

Our basic tool -till be the generic Regge-trajectory 

formula (4.23). Now the same a(t) can arise in an infinite 

number of different processes. He find that eq.(4.23] can be 

consistently satisfied for all of them, but only if we impose 

certain constraints. These, in turn, permit us to determine the 

arbitrary- parameters of the model, provided we observe the 

following rules : 

(a) The mass /s* of the cluster a in fig. 16 should be as 

low aa possible consistent with other channels. 

tb) The dynamically dominant sets of channels for generating 

a given aft) are the ones for which the clusters a are made up 

of the smallest number of quarks. 

(c) We will not take allowed couplings • 0 unless this is 

demanded by consistency, unless mentioned otherwise, this <- ways 

leads to eq. (4 . 15) . 

It should be emphasized that the above rules are 

not arbitrary assumptions, but can be justified within our model. 

Thus (c) is simply a statement of the fact that in general it 

would be very difficult to arrange for an allowed coupling to be 

zero. (Couplings can always be calculated by the methods of 

ref.10). The rule (a) follows from (c), together with the suppres

sion of higher masses by the no-double-counting condition (ij of 

sect.3 (according to which a is not to include states with mass 

> /s~"_') and by the Hellin-transforo factor v" ~ of eq.(4.1) 

(see Appendix B). The rule (b) follows from the fact that higher 

quark-number clusters b and c always lead to contributions to 

fig. 16(b) with s-thresholds s. = (/sT+/ïT~)2 which are much highe be b. c 
than the average threshold s ° s

a

 + 7 a'~Hnf obtained from 

eq.(4.25) ; they can therefore only give a small contribution to 

fig.16(b)- One can easily check a posteriori that such s. -s 

are larger than the spread in the s- c obtained by taking for b 

and c the lower quark-number clusters coming into fig.16(a). 

Needless to say, our argument also shows that channels with 

clusters made up of an even larger number of quarks will play 

an even smaller role in generating ct(t). 



our procedure then wlU be first to list the 
classes of output trajectories ct(t) according to increasing 

9 A 

quark number (M,M , . . . ) . Note that the technical restriction 
(4.3) will prevent us from including baryons (B ,...) in this 
list. For a given class of output trajectories (e.g. a

M 2 * w e 

then : 
(1) List the sets of processes according to decreasing 

channel dominance - see assumption (fa) above. For 
2 ? 

example/ for a„2 output, the M M' channel is more dominant 
than B 3B . 

(iij Minimize all the s within each set, following 
assumption (a), 

(ill) Repeat, this Igoing down the list of sets of processes) 
until all the needed Information on the output-
trajectory class has been extracted. 

We will use the notation (3.1) for processes. Also 
M n will denote a baryon number = 0 state and B a baryon number 
= 1 state, where n is the total number of quarks plus antiquarks 
in each case. 

if we follow the above procedure we then have the 
following situation, which will be considered in more detail 
in sects. 7 and 8. 

Q 2 output ; Here the dominant-channel processes 

are sufficient to determine all the parameters of the a •,. 

a 4 output : The dominant-channel processes 

2* *53 (M^^ R 3 R 3 B3 B 3 ( M * ) 3 J B s - » o c n , 

turn out to be inadequate for determining the parameters of 
a AI at least if we do not know the masses of the B 3. 



If, however, wc consider the next set in the decreasing-channel 

dominance list 

we find that we can determine che parameters of both the a 

and the a ?• 
H* 

The situation for the higher raultiquark, states of 

fig.18 is similar to the above. 

et g output : The dominant-channel processes 
"M6 

I W M 1 ! M1! M1! M* M^n 'JM'M 1 - * * M * 

are sufficient to determine the parameters of at least the 

natural-parity a g trajectories. The next set in the decreasing 

channel dominance list (with a * a 3) does not give any additional 

information on the a g. 

a g output : Here we have to consider both 

B 5 " 5 r ( M t ) B r B r — «M* 

which give the parameters of all the a $ and ù g-

The procedure for still higher states is now 

obvious. Note that we never have to go beyond a = M^ f B 3 

clusters. These have the smallest nueher of quacks and are 

therefore expected to be the lightest. He shall find that this 

is indeeo the case. 



6. Application to Mesons, Baryons and Baryonium 

6. i. we son a 

We will only consider states with u and d quarks 
from nov on. He then have natural and unnatural parity leading 
M 2 trajectories, whose lowest members are the J • 1" vector 
V • (P.CD) and J = 0" pseudoscalar P » {v,r\) . Each pair is 
mass-degenerate if we introduce spin and flavor ir the way we 
did in sect. 2 ; in this respect the present scheme differs 
somewhat from the one in reff.10. 

It will be sufficient to consider only processes 
of the type (S.l). If we impose assumption (a) on eq.(4,23), 
we find that the processes which then actually have the lowest 
possible s allowed by their quantum numbers are 

ai^oC^ (V)?P —? 0< v (6.2) 

Using eqs.(4.23) and (4.15), consistency then gives a » a e a 
y P U 

and a = a = a* with 

'*" - f a J "Yl^f '"S (6.5) 

Taking m = 0.776 GeV, which we will use from now on to set 
our energy scale, we obtain a' - 0.85 Gev - 2 and 
mv K < m 2 ' i n 9 o o d agreement with experiment . Fig. 19 
shows plots of the resulting a and a . 



Using eqs.(4.23) and (4.15), consistency with 
eqa,(6.1) and (6.2] also requires 

[6.7) 

The latter requires eq.(4.16) with n » I if we are 
to generate an output 0~ state. He must then have 
s = m 2 + -T a' - 1, which does not correspond to any single state 
but is rather an average of states which contribute to a*. 

Sqs. (6.3) and (4.25) give S Q - a& * J o ' " 1 . 
This in turn means that s(=s ) lies half-way between the 
cluster a and its first Regge recurrence for eqs.(6.1),(6.2) 
and (6.6), as expected from semi-local duality. 

Finally, we can always have a process of the type 

J' 
* H « H ( H ' > M M - ^ ~ V 

for any hadron H, where H' has the same total number of quarks 
and antiquarks as H - it may be necessary to use eq.{4>16) 
instead of (4.15), however. If we now require s„ r to stay 
positive and bounded, we find that we must have 

This slope-universality result was needed to derive eq.(4.23) 
in situations where the output a f a,,a_ in fig.16 (see end 
of sect. 4), 

6.2 Baryons and baryonium 

If we again bring in spin and flavor in the manner 
discussed in sect.2 we have natural and unnatural parity leading 



1+ 
- j 2 j 

<*nu M - 5 - ( A > . Each of these can have both I « — and I — -z, 

which are mass-degenerate \ we shall discuss this point in 

greater detail below. We can also have leading baryonium (H^) 

trajectories ' whose lowest members have J = 0 (M 4), 
P + 4 P + 4 ° 

J » 1 (M, J and J = 2 (H ) . Each of these can have mass-

degenerate 1 = 0,1,2 states, it will also be convenient to 

label these states according to a mass and trajectory ordering 

_•* ^ M. »" T 

*B» > °V » «m > *M* > «-ni ( 6 , , 1 ) 

If we impose assumption (a) of sect.5 on processes 

of type (5.2) we find that we must have 

3 P,5 V I i <• ^ M H (6.12) 3 s ^ £ 

T »~ /„r\ T.' ^ 3 

CCÏ» ̂  M ^ ^ i ~* *M*, V>»£ (6.13) 

where n is the lowest allowed M4 trajectory in the above 

set. We will find that this is in fact the same for each of 

these processed. If, using the slope-universality result (6. 9 ) 

we no» require that max [s i , s „I be as low as possible we 

obtain 

V = V =*K -*••£ *v"' (6.15) 

* ; - < « x < 



We next Impose assumption (a) of sect.5 on 
processes of type (5.3). This gives 

« t *5 (»') M,! M,l -» ^ * , V » < 
*A «S K ) M^-M*,. -^ OC^ , V > Sjl, (6.18b) 
«•Ml <*M (Ni M H ~»<*M4 ! 6 > 1 9 ) 

'«* , *a% V (6.20b) 

If, using eq,(6.9), we now require that aax[ s ,,s ,J and 
max[ s „,s ,„, ) be as low as possible, we obtain 

2 ^ a * 4 / - 1 

so that a - = t*..n« If we now apply eqs.(4.23J and (4.15) to 
eqs.(6,12) and (6.17) we obtain « using egs.(6.16) and (6.21) 

In addition to the above we can write down numerous additional 
processes of the types (5.2) and [5.3) all of which axe 
consistent, with the above and none of which violate our basic 
assumptions. For example, consistency requires us to have 



it is also interesting to note that it is possible to satisfy 

all processes of the type 

! that 1 

using eqs.(4.23) and (4.15), even though these processes are 

not expected to play a dominant role in generating a . 

If we combine the above results we obtain baryon 

masses 

in good agreement with experiment. Fig.20 shows plots r~ the 

corresponding natural and unnatural parity trajectories. As 

noted already, each of these can have ma^s-degenerate I « J'T" 

This exchange-degeneracy is fairly well satisfied for the 

unnatural-parity states of fig.20<b) and not so well for the 

natural-parity states of fig.20 le;. The I = —, J » y and 
1 3 2 ù 

I = s-f J =* y states are not seen experimentally, although 

some of their Regge recurrences are. in conventional quark 

models this is explained by bringing in the extra assumption 

that the quarXs obey either parastatistlcs or normal statistics 

plus some extra local symmetry, 

in the DTU approach it should be possible to derive, the absence 

of these states by generating nonsense wrong-signature (NHS) 

zeros at their masses. Such zeros arise quite naturally in 

dynamical multichannel models, although it may be necessary 

to go beyond the lowest-order spherical level to do this. 

In the case of lowest-order TTTT scattering, for example, we 

obtain a residue zero at t = -0.77 n 2 if we use egs.(8.5) and 

(8.6b) of ref,10 ; this is close to the NHS zero the full 

amplitude must have at t • m 2 c/(I+c) = - 0.97 m 2 , where a= 0. 



It is interesting to note that, in our scheme, it 

was essential to bring in baryonium to explain the mass of 

the proton, 

Eqs.(6.9), (6.21) and (6.22b) can now be used to 
A 4 4 calculate the masses of M , M.# M , and their Regge recurrences. 

As in the case of baryons, some of the lower states may not 

be physical due to NWS zeros. The results are given in table 1 , 

and the corresponding Regge trajectories are shown in fig. 21. 

We obtain intercepts 

* ^ f e | - - 0.508 ,« M<,(0) = -1.008, * M , ( 0 j - l . 5 0 8 , 

which should be compared with the average intercept of 

-0.7S ± 0.2 obtained by one of us (B.N.) on the basis of 

Regge phenomenology . (See also refs. 6, 13,14,16,17). 

From table 1 we see that several of our predicted 

states are below the NN threshold at 1.39 GeY. AS discussed 

spherical bootstrap level and so are expected to be very 

narrow ; this is particularly true for the lowest state H , 

which would be absolutely stable at this level. Recently, 

indications of such subthreshold states have in fact been seen, 

with mass values of 1.40, 1.56, 1.65 and 1.69 GeV - These 

should be compared with the masses predicted in- table 1. 

The experimental situation above the NïT threshold 

is more complicated, A. recent phenomenological analysis by 
19) Pennington and Martin indicates the presence of a large 

number of states. Thesa are not inconsistent with our results, 

particularly since we expect the leading trajectories of 

fig.21 to be accompanied by lower-lying daughter trajectories, 

which might give rise to important broad resonances at lower 

energies. There is no particular reason to expect any of our 

states to be narrow above NN, unless we have low-energy 

centrifugal-barrier suppression in the NJf channel for the states 

on the highest trajectories. This may in fact be the case for 



the 2.04 and 2.18 <3eV states on the and a A trajectories. 

which would then be consistent with the narrow states seen at 

2.02 and 2.20 G e V 2 ° 5 . 

?. States beyond Baryoniuin 

If n is again the total number of quarks plus 

antiquarks in a nulti-quark system the spin-flavor prescription 

of sect.2 gives leading Regge trajectories whose lowest 

members can be : 

(i) Baryons B with spin S - 1/2 , 3/2 , . . . n/2, each of which 

can have mass-degenerate I = 1/2, 3/2,...n/2 states. 

[See e.g. fig.18 (a}]. 

(ii) Mesons M with spins S = 0,1,...n/2, each of which 

can have mass-degenerate I = 0,1,. • .n/2 states I See e.g. 

fig. 18 (b) and (c)Î. 

In what follows we will mainly be concerned with 

B and M , which can be labelled according to a mass and 

trajectory ordering similar to eqs.(6.10) end (6.11) 

°c &S- ?<*£,s- > ^£,r } a^^i^oi^t ^ oCf^e^oi^i 

For a given class of output trajectories a _ we again impos 

assumption (a) on the sets of processes listed in sect.5. 

a 6 output : The process of type (5.4) which has the 

lowest possible s allowed by its quantum numbers is 

M. 1 ^ ^ ( 5 ) M : M : 
M' 



6 which fixes the parameters of the lowest natural-parity K 
L trajectory a

M 6 " 

a output : Here we obtain natural generalizations of 

the processes t&-12)-(6.14) and 16.17)-(6.20b) of sect.6. 
We have processes of the type (5.5) 

if M „ s- - c / 

where a Q is the lowest allowed H H trajectory, k = i,ii,iii 
and 

s ^ > s*« > *a £ - * # 

We also have 

where p = III,II,I and 
VT > V r > V- * >l i x "a "• 

If, usina eq.(6.9), we now require thac aax|s ,s , ] and 
, aii a II 

maxl s ,3 , ] be as low as possible, we obtain 
aiii * i 

V - ^ k " * 1 / » S*«i-S*i-"l + '« /-4 V 

He can also have processes of the type (5.6) 



where k = i,ii,iii,lv, p = iv,III,II,I • 

and 

If, using eq,(6.9), we now require that max[ 5 „ ,s „, I be as 
low as possible for (k,p) = (ii.III), (ill,ID, p 

(iv,I), we obtain 

I - 1 
V 

I£ we now impose eqs.(4.23),(4,15) and (6,9) 
on (7.3). (7.5), (7.7) and (7.8), we obtain 

V% -*>J - f y "v 

H* - "j -f Z. 
if we use eqs. (7.6) and (7.9). We also obtain the parameters 
of a . , as well as the masses of all the B and M and 

t|0 S S 
their Regge recurrences, which arc given in tables 2 and 3. 
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a. concluding Remarks 

He have introduced a new way of making explicit 
hadron-mass calculations. This method is particularly suitable 
for low-Domenturn transfers. In quantum chromodynamics (QCD), 
this is a region where perturbative methods are not expected 
to apply and for which no reliable nonperturbative methods 
have yet been found. It is a region, however, which is crucial 
for determining the masses of hadrons. 

Our method was based on the aph .-^ical-bootstrap 
framework, which we represented in a particularly simple way 
by the use of quasi-planar duality diagrams in sect.2. Semi-
local duality was combined with an infinite sum of quasi-planar 
ladder graphs. This led to a generic Regge-trajectory formula 
which, when applied to entire sets of processes, gave powerful 
se If-consistency conditions. The number of such constraints 
was, in fact, greater than the number of mass parameters 
describing hadrons of a given type. This did not lead to any 
inconsistencies, but enabled us to actually calculate all of 
these parameters in terms of a universal mass-scale parameter 
{e.g. m - see tables 1-3) . The results which are in fact indepen
dent of the universal mass-scale parameter are listed in table 4. 

Our method is applicable to any raultiquark system, 
in practice we applied it, not only to ordinary mesons (M ) 
and baryons {B ), but also to baryonium {M ) , five-quark 
baryons (B ) , and six-quark mesons (M ). 

An interesting prediction of our model is the 
existence of several baryonium states below the HN" threshold. 
Since these cannot decay into ordinary mesons at the spherical-
bootstrap level, they are expected to be very narrow. This is 
particularly true for the lowest mass and angular-momentum 
state. 
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Appendix A - Dibaryons 

In addition to baryon-number = 0,1 states, one can 
also have the baryon-number » 2 states of fig.22. It is 
interesting to note that it does not allow a quasi-planar 
description, as defined in sect.2. This fact seems to Indicate 
that dibaryons (as well as the states with baryon-number greater 
than 2) have a different status from the multi-quark states 
with B - 0 or 1. However/ in order to evaluate the masses of 
dibaryon states, one can still apply the general procedure of 
sect.5, as will be described in the following. The lowest 
members ÂJ of the B = 2 leading Regge trajectories now 
have negative parity and spins 5 » 0,1,2,3. Each can have mass-
degenerate I = 0,1,2,3 states. As before, it will be convenient 
to label these according to a mass and trajectory ordering 

*&*»*'*«» % > H 
_. W , ? T Z 

Dibaryons •(/ can be generated as outputs in 

(A.2) 

generating H states. If we invoke assumptions (b) and (a) 
of sect.S and insist on processes with the lowest s we are 
then led to 

and 

«t 4 (*o 4 k -* ~M* 

p = IV,III,:II,I 



a ,:u > s a ; ; , » h„ » Î, 4 i C > i a . = 9» K 

and 

sa 

If, using eq.(6.9), we now require that max[ s ,c , I be as 
ak a P 

low as possible for U,p) = (ii,Ilï), (iii.II), 

(lVjI), we obtain 

5 
and 

Using eqs.(A.5) and (A.3) with k-i we can now 

calculate the AJ masses in terms of a MlO* But the latter 

trajectory can also be generated from the lowest-s process 

and so 

This results periaits us to sloply read off all the X] masses 

from table 3. One of these is thus a 3~ state (A/.) at 

2.55 GeV. This would tgree only very crudely with the 3~ 

dibaryon state which was recently observed in the range 

would arise if the observed state has a relatively strong 

coupling to B B ; our spherical-bootstrap Xj state can only 

couple to this channel through higher-order graphs in the 

topological expansion. These may, of course, be important in 



Chis ease, a circumstance which nay also explain the relatively 

large discrepancy between the masses of the calculated and 

observed states. 

Appendix B - The Minimality of s a 

We will now show how the rule (a) of sect,5 follows 

from the no-double-counting condition (i) of sect.3. He will take 

duality to mean, as in dual-resonance models, that a given T(s,t) 

embodies the duality between a single a(t) (and its daughters) in 

the t-channel and a single a(sj (and its daughters) in the 

s-channel. He may, of course, have another T(s rt) in which the 

same a(t) Is dual to another cx(s). In forming the full amplitude 

*J , as in eq.(l.l), we must then include contributions from both 

T(s,t) amplitudes. 

Remembering that s - is essentially the effective 

threshold of fig.16(b), a strict version of the no-double-counting 

requirement (i) of sect.3 would exclude the contribution of any 

state with (mass)2 >s to the average cluster a in fig.16(a). But, 

from eqa.(4.25) and (4.27), 

«.r - S++ ï "' "' . ( B-" 

Since the spacing between a lowest state A and its first Regge 

recurrence A r is a'""1, a consistent solution then is to simply 

have a = A. We will next show that this is in fact the only 

solution. 

if we use the normalization of eqs.(4.6) and (4.14), 

seni-local duality gives 
f—• ot 

I- ^ ! ) • (B.2) 

for i = A,A . But from eqs.(4.1) and (4.4), the contribution 

of A r and A near J = a(t) are riven by 

p „ -•* - ^ 
[V < 1 



Thus if we did Include A in the cluster a we would have an 

average a < a -1 and, hence, s _ < SR. This $ however, "a 'ù -K • 2 w ""— ""'"' °oI •£ *A* 
contradicts our strict version of the no-double-counting 

requirement (i) of sect.3. The Inclusion of higher Regge recur

rences would lead to even more violent contradictions with such 

a requirement. 

So far we have assumed a version of the no-double -

counting requirement (1) of sect.3 which would completely 

exclude a state with (mass)2 > s from the average cluster a. 

if we instead adopt a weaker version which would simply require 

that the contribution of such a state be as small as possible, 

we are immediately led to the rule (a) of sect,5. 



Table 1 i The predict ed Basses of the 4 4 4 
« » 2 baryonium states and 

their Regge recurrences 

o *H* M2 
Spins Masses 

<Ge») 
Hasses 
(GeV) 

Hasses 
<GeV> 

0 
1 

1.33 
1.72 1.54 

2 2.04 1.69 1.72 
3 2.31 2.18 2.04 
4 2.55 2.43 2.31 
S 2.77 2.66 2.55 
e 2.98 2.88 2.77 
7 3.17 3.08 2.98 

and their Regge recurrences s/i 

Spins 
V Bl/2 

Masses 
B3/2 

Masses 
B5/2 

Masses 
<GeV) (Ge») (Gev) 

1/2 1.96 
3/2 2.24 2.11 
5/2 2.49 2.37 2.24 
7/2 2.72 2.61 2.49 
9/2 2.93 2.B3 2.72 
11/2 3.12 3.03 2.93 
13/2 3.31 3.22 3.12 
15/2 3.48 3.40 3.31 



„6 „6 „6 

aid their Regge recurrences 

nl' n2' n3 M, meson states 

a £ 
Mo °«î M 2 

a M 6 

M3 >ins Masses Masses Masses Masses 
(GeV) (GeV) !SSV) (GeV) 

0 2.18 

1 2,43 2.31 

2 2.66 2.55 2.43 

3 2.88 2.77 2.66 2.55 

4 3.08 2.9B 2.88 2.77 

5 3.26 3.!7 3.08 2.98 

6 3. «4 3.35 3.26 3.17 

7 3.61 3.52 3.44 3.35 



Table 4 s Results independent of the universal mass-scale 
parameter 

a) Relations between the Regge trajectories 

1/2 
1/2 
1/4 

°»s °=s 5/2 "3/ z 

0L 5 = 9/4 

B l / 2 "l/2 

'S/2 

"»' " aM? 1/2 

S - 0.1,2,3 

b) The numerical values o£ the Intercepts of the leasing 
Regge trajectories within a given class of hadrons 

T r a j e c t o r y P & • : •./. H 6 

3 J. 

MO) 
a <0)— c i 

c - - 0 . 4 9 0 .24 - 0 . 5 1 - 1 . 7 6 - 2 . 5 1 - 2 . 5 1 
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Figure Captions 

Pig.1 Division o£ the sphere into hadron discs representing 
the process BB -»• BB. 

Fig.2 (a) The basic disc and (b) the corresponding basic 
anti-disc. 

rig.3 (a) The qqq baryon B and (b) the corresponding anti-

Flg.4 

Fig. 5 
- 2 a qq jneson H * 

Fig.6 Quasi-planar representation of triangles and lunes by 
lines. Here each line occurs within a hadron which is 
flowing from left to right. 

Fig.7 Quasi-planar representation of the baryon of fig.3(a). 

Fig.B Quasi-planar representation of the baryoniun state 
of fig.4. 

Fig.9 
fig.5 (b). 

Fig. 10 Color-flavor three-line vertices. 

Fig.11 Antibaryon-baryon scattering diagram displaying the 
duality between t-channel baryonium (M ) and s-chann 

2 
meson (M ) exchanges. 

Fig.12 Example of non-spherical graph which leads to 
baryonium-meson mixing. 



Fig. 13. Generalized twist operator corresponding to the 

physical Interchange operation t * u. 

Fig.14 Sura of quasi-planar flavor-loop ladder graphs for 

Fig . 15 Sum of quasi-planar flavor-loop ladder graphs for 

B 3 5 3 - B 3 i 3 . 

Fig.16 Generation of the Regge trajectory a by an infinite 

sum of ladder graphs having a quasi-planar topological 

structure of the type illustrated in figs. 14 and 15. 

He will represent this by 12 (a) 34 •* a if 1 and 2 are 

particles and by a,ût-(a}34 -nx if they are arbitrary 

states on the Regge trajectories a. and a_. 

Fig.17 Average duality between cluster a and Reggeon a(t). 

Fig.18 Examples of discs corresponding to (a) the qqqqq 

baryort B , (b) tha qqqqqq meson M and <c} the 

qqqqqaqq meson M^. 

Pig.19 Plots of the calculated (a) a and (b) a , and the 
— a Y V 

corresponding experimentally observed states. 

Fig.20 Plots of the calculated (a) natural and (b) unnatural 

parity Regge trajectories 0. and a.. The circles 

represent 1 = 1/2 and the triangles I = 3/2 experi

mentally observed states.. 

Fig.21 calculated leading baxyonium trajectories whose lowest 
4 4 4 members are M , M and M.. 

Fig.22 The qqqqqq dibaryon *J . 
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