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Abstract

A new type of nonlinear evolution equation for the

Alfven waves, propagating parallel to the magnetic field,

is now registered to the completely integrable family of

nonlinear evolution equations. In spite of the extensive

studies of Kaup and Newell, and of Kawata and Inoue, these

analysis have been dealing with solutions for restricted

boundary conditions. The present paper presents full

account of stationary solitary wave solutions for the plane

wave boundary condition. The obtained results exhibit

peculiar structure of spiky modulation of amplitude and

phase, which arises from the derivative nonlinear coupling

term. A nonlinear equation for complex amplitude associated

with the carrier wave is shown to be a mixed type of

nonlinear Schrodinger equation, having an ordinary cubic

nonlinear term and the derivative of cubic nonlinear term.



§1. Introduction

Plasmas are very unique media which are able to sustain

various types of oscillations. In particular, under the

effect of external magnetic field, a number of electromagnetic

waves in a plasma exhibit full variety of peculiarities in

their propagation properties. Amplitudes of these waves

attain easily such a large level that nonlinear effects

prevail in competition with dispersion properties of the

waves. Theoretical understanding of the nonlinear wave

phenomena in plasmas and other dispersive media has

achieved remarkable success on basis of the reductive

perturbation theory which enables us to reduce a set of

full nonlinear fundamental equations to a single nonlinear

evolution equation with account of competting effects

between dispersion and nonlinearity. As is well known,

the ion acoustic wave with the long wave length is described

2)

by the Korteweg-de Vries equation, while in the short wave

length region nonlinear propagation of the ion acoustic

wave is described by the cubic-nonlinear Schrodinger

equation. These equations are the canonical nonlinear

equations for the weakly dispersive mode and for the

strongly dispersive mode, respectively.

As for the Alfven wave in a magnetized plasma,
4)however, Kakutani and Ono have derived the modified

Korteweg-de Vries equation in the long wave length region.

Yet, this does not exhaust all of the possible varieties

of nonlinear propagation of plasma waves. One should notice



that a native application of the reductive perturbation

expansion ceases to be valid for the long wave length

Alfven wave propagating parallel to the external magnetic

field, because the dispersion relations of the Alfven

wave and the magneto-acoustic wave are degenerate in the

limit of long wave length.

A new type of nonlinear evolution equation for the

Alfven waves propagating parallel to the magnetic field

has been derived firstly by Rogister, and then has been

investigated by Kawahara , Mio et al , Wadati et al

9)and Mjtfilhus several years later. Viewing the recent

advance of analytical methods of handling this new type

of nonlinear evolution equation , we believe that

it is necessary to present a detailed analysis of

progressive wave solutions of the nonlinear evolution

equation for the circular polarized Alfven waves.

The outline of the present paper is the following.

In order to make our issue clear, we begin our analysis

by summarizing briefly the derivation of the new type of

nonlinear evolution equation for the circular polarized

Alfven wave in §2. In §3, we discuss a method of obtaining

stationary solutions for plane wave boundary condition.

The spiky solitary and algebraic solitary wave solutions

are presented in §4 and §5, respectively. To visualize

peculiarity of self-modulation in the hyperbolic solitary

wave and the algebraic solitary wave, we illustrate numerically

the obtained analytic solution. The last section is devoted
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to the summaries and the discussions.

§2. The Nonlinear Evolution Equation for Circular

Polarized Alfven Waves

In a magnetized plasma with a constant external magnetic

field in x-direction, the fundamental equations for one-

dimensional propagation parallel to the magnetic field

are presented as

dt v " ~n 8x By = " IT dt ("rT 3x B z )

A B - -3- w + B -3- u = - -^ -2- (-£- v) , (l.f)

which are expressed in dimensionless form under the conditions

that the effect of displacement current and charge separa-

tions are negligible. In the above set of equations (l.a)

^ (l.f) the operator d/dt is defined as

d 3
dt = 3t
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v = (u, v, w) denotes the velocity of ions, n the density

of ions, E = (B =1, B , B ) the magnetic induction vector,

and R and R. represent the ratios of electron and ion cyclotron

frequencies to the characteristic frequency of wave,

respectively. The linear dispersion relation for the

above system is

w/k = 1 ± uk , (3)

where

The double sign ± designates the right (+) and left (-)

polarized Alfven waves, which are given by

BR = By " i Bz ' (5-a)

BL = By + i B
z ' <5-b>

respectively. We introduce the stretched space-time

variables as

£ = e(x - t) , (6.a)

T = e2t , (6.b)

and the expansion of variables as

n = 1 + en'1' + e2n*2^ + (7.a)

( 1 ) + E 2 U ( 2 ) + • • •u = e u ( 1 ) + E 2 U ( 2 ) + • • • ( 7 . b )

v = e V 2 { V < D + e v ( 2 ) + . . . , ' ( 7 . c )
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w = i * " - ( W^
J + E w "•' + ••• ) (7.d)

By - e V 2 (By(D + E By(2) + ..., {7.e)

B = £l/2 (B (1) + E B (2) + ..., # ( ? > f )

z z z

Substituting eqs.(7.a) ^ (7.f) with (6.a) ^ (6.b) into the

set of fundamental equations (l.a) ^ (l.f), we arrive at

the nonlinear evolution equation for the right polarized

Alfven wave

and for the left polarized Alfve'n wave

where A_ and <j>_ are the first order complex quantities
K Li

of eqs.(5.a) and (5.b),

(1) . (1)
" By ~ X Bz

(9-b)

respectively. At this point, we notice that, in the

derivation of eqs.(8.a) and (8.b), the harmonic expansion

of field variables is not employed. That is to say,

although eqs.(8.a) and (8.b) are called as the derivative

nonlinear Schrodinger equation, it describes whole nonlinear
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modulation of the complex field in contrast to the case of

nonlinear Schrodinger equation for strongly dispersive wave,

which governs nonlinear modulation of the complex amplitude

of carrier wave.

Mio et al have carried out numerical analysis of the

modulated Alfven wave described by eqs.(8.a) ^ (8.b). They

have observed that the initial sinusoidal envelope steepens

and approaches to a shock-like pattern, (Fig.2 of reference

7). Some analytic solutions for the left polarized Alfven

9)wave have been obtained by Mj<j)hus. His analysis includes

a solution for the same boundary condition as ours. However,

since he did not carry out integration of an equation for

the phase, he failed to show the feature of strongly coupled

modulation of phase and amplitude. The most interesting

feature of eqs.(8.a) and (8.b) is the fact that this new

type of nonlinear evolution equation is now registered to

the family of nonlinear evolution equations which can be

solved by the inverse scattering method. Kaup and Newell

have discovered a new scheme of the inverse scattering

transformation for eqs.(8.a) and (8.b) with the vanishing

boundary condition, (j>_ and ji + 0 as |c| -*• °°. Kawata and

Inoue have extended the scheme of Kaup and Newell to a

case of the nonvanishing boundary condition, ()>„ and <$>T -*-
K J-i

constants at |£| •* «.

§3. Stationary Solutions for Plane Wave Boundary Condition

As has been mentioned in the previous section, Eqs. 8.a)
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or 8.b) admits various types of solutions. However, referring

to physical conditions, we shall be interested in the self-

modulation of the large amplitude plane wave. The appropriate

boundary conditions for the purpose are

<(>(T,C) •* <f>oexp{i(k£ - AWT+ 6) } , 5 + +» , (10)

where <j>0 and 6 are some constants. The frequency shifts

Aw is specified as

Au= i p k2 + | |t,|2 k . (11)

The upper sign stands for the right polarized wave and the

lower sign for the left polarized wave, respectively. In

the present section, we examine stationary solutions of

eq.(8.b) for the left polarized Alfvdn wave. The correspond-

ing solutions for the right polarized wave can be written

down explicitly by changing the sign of y.

Substituting

<(.(?,!) = /8 iM£,T)exp[ix(S,T)] (12)

with real functions i|> and x into (8.b) , we obtain a pair of

coupled equations for ij; and x,

<|;T + 6* 2 i ^ - 2v ty^Xg - V X?£* = 0 (13 .a)

XT<Ji + 2x^>3 + M * ? 5 - y X2* = 0 , (13.b)

where suffices T and E, denote the usual partial

differentials. We seek a stationary solution having the

following form,
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X(C,x) = (k£ - fit) + 9(y) (14.a)

4-(S,T) = iMy) (14.b)

with

y = (€ - XT) , (14.c)

where k and fi are the wave number and frequency shift at

the region |y| •* °° and X is the propagation velocity of

the amplitude in the moving frame of the wave. With eqs.

(14.a) ^ (14.c), we can rewrite eqs.(13.a) and (13.b) as

the coupled ordinary differential equations

d2 d0
y i> = (ft + pk2)i|j - 2k(|*3 + (2yk + X - 2iJ>z)iJ;-3—
dy2 d ^

+ U(||) 2 * (15.b)

with boundary conditions for the derivatives at |y| -»• <» ,

^ (1) = 0 , (16.a)

^ • 6 = 0 , (16.b)

and

,2
- 2 - * = 0 . (16.c)
dy2



The last condition, eq.(16.c), specifies the solitary wave

solutions. Corresponding to the plane wave boundary

condition, eq. (10), we have

* * * o I ' M 2 * * o = | |<J>o| • ( 1 7 )

With the boundary conditions eqs. (16.b)^ (16.c) , we find

fi = - yk2 + 2 $ok (18)

which is consistent, with the boundary condition, eq. (10).

Integrating eq.(15.a), we obtain

- Ug| = -^ + | (X + 2yk) - | y2 (19)

where A is an integration constant. The constant A is

determined from the boundary conditions given above as

A = | *0
2 - | a + 2yk)$0 , (20)

Eliminating d6/dy from eq.(15.b) with the help of eq.(19),

we can integrate once eq.(15.b) to arrive at

(21 .a)

F($) = $" - 2 (A + 2yk + 2 k ) $ 3

+ 4[2$ 0 k + A + j(X + 2 y k ) 2 ] $ 2

• - 4B$ + 4A2 (21.b)

where

$ (y) = I|J2 (y) , (22)
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and B is the second integration constant. The constant B is

determined from the boundary condition, eg.(16.a), as

B = 4 $ 0
3 + j H 2 - 1 0 u ) k - 5 X } * 0

2

+ -=-(X + 2 i i k ) 2 $ o • (23)

Now, it is straightforward to observe that, with the

above values of constants A and B, F(4>) satisfies the

following conditions

F($o) = 0 and F'($0) = 0 , (24)

where the prime stands for a derivative with respect to the

argument $. Therefore, the function F($) takes the form of

F($) = ($ - a)(* - $o)z(* - b) , (25)

with real constants a and b, which are in the order of

a M [ > b > 0. The condition for obtaining stationary

solitary waves is

F"($o) < 0 (26)

We will find that a solution satisfying $0 < <J> < a and

b < $ < $0 corresponds to a compressive (or bright) and

rarefactive (or dark) hyperbolic solitary wave, respectively.

The condition (26) restricts a range of the propagation

velocity A.

Furthermore, we obtain algebraic solitary waves if

F($) takes the form of
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F($) = (* - a)(* -*o) / (27.a)

or

F($) = ($ - $0)
 3( $ - b) , (27.b)

where a and b are real constants as before with the condition

a > $o > b. In the case of (27.a), the algebraic solitary

wave is compressive (or bright) and F($) must satisfy the

following conditions at <S> = % i

F(*o) = *" J*o) = 0 (23.a)

F"(*o) = 0 (28.b)

F1" ($0) < 0 (28.c)

Similarly, for the case of (27.b), we get the conditions for

the rerefactive (or dark) algebraic solitary wave at a=$o as

F($o) = F' ($0) = 0 (29.a)

F"(«o) = ° (29.b)

F'1' ($0) > 0 (29.c)

The last two conditions for e^ch case, (28.b) ^ (28.c) and

(29.b) -v.(29.c), give the fixed propagation velocities.

In the following analysis, however, we will show explicitly

that the dark algebraic solitary wave is not allowed to exist.

§4. Hyperbolic Solitary Waves

Let us firstly look for the hyperbolic solitary wave
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solutions. Identifying eq.(25) with eq.(21.b), we can

determine the constants a and b as,

a = X - $0 + 2(1 + y)k + /D (30.a)

b = X - $0 + 2(1 + u)k - /D (30.b)

where D is

D = 4($0 + k){X + (1 + 2y)k - 2$0> • (30.c)

The condition (26) determines the allowed range of propagation

velocity X as

Aj < A < A2 (31.a)

with the definitions of

X! = 2(2*o - Uk) - 2/$0($0 + k) , (31.b)

X2 = 2 ( 2 * 0 - pk) + 2/$o(*o + k) , (31 .c)

For the propagation velocity X in the allowed range specified

by eqs.(31.a) ^ (31.c), the quantity D, eq.(30.c), is positive

definite. Some lengthy calculation with (21.a) and (19)

for the case of eq.(25) gives rise to

$(y) = ^ 2 ( y ) = $o +

(32.a)

6(y) = e ( y 0 ) + 3 i c ( | 1 / 2 ^ i |

(y-y0)]} + K6 (| v 1
1/2/y) arctan{

l Y | y | " 1 / 2 ( y - y o ) ] } (32.b)
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whore

K = +1 (33.a)

6 = sign of (3<J>0 - X - 2yk) (33.b)

a = 2{24>0 - X - 2(1 + u)k} (33. c)

3 = 4{(*o + k)[X + (1 + 2y)k - 2$ 0]}
1 / 2 {33.d)

Y2= J(X - Xi)(X2 - X) (33.e)

I = a/3 + B Y V ( B * O ) (33.f)

m = a/3 (33.g)

The form of the intensity $(y) indicates that K=+1

disignates compressive (bright) modulation while K=-1

rarefactive (dark) modulation, respectively. It should be

noticed that the propagation velocity A of the solitary

wave is not arbitrary but is restricted within the range

determined by the asymptotic intensity $o and the wave

number k.

Before illustrating characteristic feature of the

nonlinear wave forms given by eqs.(32.a) ^ (32.b), let us

examine the maximum intensity r£ modulated peak at the center

y=y_. Eq.(32.a) gives rise to a simple expression

K[X + 2(l+y)k - 2S>ol (34)

where D defined by eg . (30 .c) i s expressed as

D = (X-X:)(X2-X) + [X + 2(l+y)k - 2* 0]
2 (35)
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Therefore, for the dark hyperbolic solitary wave, we observe

that the minimum of $(y) reaches zero when A, k and <J>0

satisfy a relation

X = 3$0 - 2p k. (36)

When the condition (36) is satisfied, the phase changes

discontinuously by the amount of TT at the minimum point

y=yo-

In the following illustrations, we show the magnetic

field component B given as

B = R e ( B ) = /8 IMS,T)COS(X(S.T)) , (37)
y K,ii

and the magnetic field intensity |B|2 given as

|B|2 = 8|<M5,T) I2 , (38)

where IJJ(S,T) and x(?/T) a r e given by eqs.(32.a) and (32.b)

for the hyperbolic solitary wave solution and by eqs.(45.a)

and (45.b) for the algebraic solitary wave solution as will

be derived in the following section, respectively.

Referring to the left polarized Alfve'n wave, we

illustrate the * ,jatial veriation of the bright hyperbolic

solitary wave (K=+1) in Fig.l for a value of

X = 2(2$0 - uk) (39)

with <j>o = 0.5, k = 0.01 and y = 0.5. For these values,

Fig.l
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the quantity 6 is specified to be equal to -1, Fig.l exhibits

peculiar feature of the self-modulation of the large amplitude

plane wave, which results from a strong coupling of nonlinear

modulation of the amplitude and the phase. For the same values

of 4>o, k and p as in Fig.l, if we take a smaller velocity of

X = 2(2$o - lik) - /*o (*o + k) , (40)

the quantity 6 takes a value of +1. Fig.2 illustrates the

wave form of the bright hyperbolic solitary wave for this

Fig.2

case. The envelope shape is similar to that of Fig.l, but

the phase modulation is less profound.

Corresponding to the same parameters as in Fig.l, we

illustrate structure of the dark hyperbolic solitary wave

(K=-1) in Fig.3. In Fig.4, we show the special case where

Fig. 3

the propagation velocity A is given by eq. (36) for the same

values of ^ , k and u as in Fig.l.

Fig. 4

In any cases, the sharp modulation of the phase

characterizes the spiky shape of the solitary waves. Thus,

we call these solitary waves "spiky soliton".

Lastly, we remark that, at the limits of X -> Xi and

X -»• X2 , eq. (34) is reduced to

- 15 -



$(A+A] , or A 2)=$ 0+2K{1+K) {$0+k+/$0 ($o+k) } , (41)

where the upper sign stands for the limit of A •+ A], and

the lower sign for the limit of A -» A2. Eq. (41) indicates

that for the dark solitary wave (K=-1) the nonlinear modula-

tion vanishes at the both ends of the allowed region of

propagation velocity A. Comparing eq. (35) with eqs(30.b)

and (30. c) , we see that the limiting cases of A •+ A1 or A2

are nothing but the limit of b + §0, in which F($) is reduced

to eq.(27.a). Hence, we expect that eqs.(32.a) and (32.b)

will be reduced to expressions for the bright algebraic

solitary wave solutions.

§5. Algebraic Solitary Waves

Now, turning our interests to the algebraic solitary

waves, we examine the case where the potential function

F($) is expressed as eq.(27.a) or (27.b). The conditions

(28.b) and (29.b) determines the propagation velocity A

to be given by

A = Aj , or A = A2 , (42)

where Ai and A2 are defined by eqs.(31.b) and (31.c). We

find that these values of Aj and A 2 contradicts with the

condition of (29.c), and thus the dark algebraic solitary

wave can not exists. This is consistent with the results

infered from eq.(41). On the other hand, the condition

(28.c) valids for the both values of Ai and A2. Identifying

eq.(27.a) with eq.(21.b), we can determine the constant a as

- 16 -



a = 5$0 + 4k + e 4 / $ Q ( $ „ + M . (43)

with

+1 for A = X2

G = (44)

-1 for A = X,

Then, carrying out integration of eqs.(21.a) and (19)

with eq.(27.a), we obtain.

4 + P2|y|"i(y-yo)
$(y) = ^(y) = $0 + —, , (45.a)

2|y|"i(y-yo)2

6(y) = 8(y0) + (|p|1/2Ai)£arctan(-2-pv|yr1/2(y-y0))

+ (|p|1/2/y)3arctan(|p|yr1/2(y-y0)). (45.b)

where

p = 4($0 + k) + e 4/$0(*o + k) , (46.a)

and

v = /rr/|2/$o+k + E/$7| . (46.b)

e is given by eq.(44). As mentioned in the preceeding section,

these algebraic bright solitary waves are deduced from the

hyperbolic solitary wave solutions given by eqs.(32.a) and

(32.b) by taking the limits of X -*• Xj or X •* X2.

In Fig.5, we illustrate the slow algebraic solitary

wave having the propagation velocity Xi for the values of

$o.= 0.5, k = 0.01 and y = 0.5. The fast algebraic wave
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Fig.5

with X2 is illustrated in Fig.6 for

Fig.6

the same values of (|>o, k and p as in Fig.5.

§6. Summary and Discussions

We have examined peculiar structure of the nonlinear

solitary wave solutions of the left polarized Alfv€n wave.

The expressions for corresponding solutions for the right

polarized Alfven wave is obtained simply by changing the

sign of y. The derivative cubic nonlinear term describes

coupled modulation of phase and amplitude, which is responsible

for the spiky solitary structure accompanied to the large

amplitude carrier wave.

In conclusion, we remark physical differences between

the nonlinear evolution equation for the Alfvdn waves,

eqs.(8.a) ^ (8.b), and the cubic nonlinear SchrSdinger

equation. The nonlinear Schrodinger equation describes

modulation of complex amplitude of a carrier wave with the

given wave number. On the other hand, our equation describes

rapid modulation of the complex magnetic field itself, and

hence it describes the sharp modulation of the Alfve'n waves

having a broad wave number spectrum. In order to illustrate

the difference between these two cases, we substitute,

(y± = ± P ) ,

- 18 -



• U , T ) = 4i(n,T)ei(kn"y±k2T) (46.a)

with

n = ? - 2u.rkT (46.b)

into eq.(10). Then, we get an equation for the complex

amplitude iMn,T) as

(47)
9 n

where the nonlinear terms are composed of the usual cubic

nonlinear term and the derivative nonlinear term. The

spiky solitary waves given in the present paper are the

stationary state of eq. (47) . After the transformation of

eqs.(8.a) and (8.b) into eg.(47), we can show explicitly

that Kaup-Newell and Kawata-Inoue have examined a

limiting case of vanishing wave number k -• 0, Very recently,

we have discovered that a generalized inverse scattering

transformation scheme does exist for this mixed type of

(12)
nonlinear evolution equation.
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Captions of Figures

Fig.l The bright hyperbolic solitary wave of the left

polarized Alfve'n wave for a value of A=2(2$0-uk) with

an arbitrary chosen phase constant 9(yo)=iT/6. The

thin line represents the magnetic field component B

and the dotted line stands for |B|, respectively.

Here, the parameter <5 takes a value of -1.

Fig.2 The bright hyperbolic solitary wave of the left

polarized Alfve'n wave for a value of

A=2(2$0 -yk)-/$0 (*o+k) with 9(yo)=Tr/6. Here, the

parameter 8 takes a value of +1.

Fig.3 The dark hyperbolic solitary wave of the left polarized

Alfven wave for a value of A=2 (2$0~lJk) with e(yo)=TT/6.

Fig.4 The limiting case of the dark hyperbolic solitary

wave of the left polarized Alfve'n wave for a value

of A=3$0-2yk with 9(yo)=T/6.

Fig.5 The slow algebraic solitary wave of the left polarized

Alfve'n wave with a propagation velocity Aj.

Fig.6 The fast algebraic solitary wave of the left polarized

Alfven wave with a propagation velocity A2.
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