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INTRODUCTION

Helium II, i.e. liquid He below its X-temperature at 2.17 kelvin

may be described by a two-fluid model. One of these fluids,

called the superfluid component, carries no entropy and has no

viscosity while its velocity field is curl-free. The other, the

normal component, behaves like an ordinary fluid and carries the

entropy of the whole liquid. Their respective densities, p_ and

p (with p + p = p, the total density of the liquid), are at

saturated vapour pressure uniquely determined by the temperature.

At temperature T equal to zero, p equals zero, while at T = T^,

p is equal to zero and the liquid has lost its superfluid proper-

ties. One of the important consequences of having two independent

velocity fields connected with the two components, is the

existence of two independent propagating wave modes. The first

one is characterized by a density oscillation in the liquid, com-

pletely analogous to sound in an ordinary liquid. This mode is

called first sound. The second one (called second sound) gives

essentially a temperature variation, the total density remaining

constant if thermal expansion can be neglected. This implies a

counter-oscillation of the densities of the two fluids.

The dynamics of an ordinary liquid are completely described by

the conservation laws for mass, momentum, and energy. For helium

II, however, an additional equation is needed because of the two

independent velocity fields. This extra equation incorporates the

requirement of the curl-free superfluid flow. The complete set of

equations of motion is given by the Landau-Khalatnikov (L-K)
1 2)equations ' . For low values of the velocities, quadratic terms

in these equations can be neglected. Moreover, in all problems

treated in this thesis, in which this is the case, all transport-

coefficients can be neglected, except for the shear viscosity as

far as it is involved in the interaction with the wall. For these

cases the L-K equations can be written in the following way:

- - ' • > .
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with v the velocity of the normal component,

v the velocity of the superfluid component,s

t the mass current density (j = p v + p^v = pv, v being
n n s s

the mass flow velocity),

P the pressure,

\i the chemical potential per unit mass,

e the internal energy per unit mass,

S the entropy per unit mass,

n the viscosity of the normal component.

If these equations are applied to stationary flow situations one

finds, for example, from the second one the analogue of the

Poiseuille formula relating the pressure gradient to,the mean

transport velocity of an ordinary liquid.

f

I

In situations with higher flow velocities, quantized vortices

can be produced in the superfluid, and much more complex flow

patterns arise. For these "turbulent" situations in which the

complete L-K equations should be used, the problem of deriving

expressions in terms of the stationary flow velocities, however,

is too complicated to be solved. In order to describe experiment-

al situations phenomenological equations have to be used.

Bekarevich and Khalatnikov have tried to derive a complete set

in terms of quantities averaged over volumes small compared to

the dimensions of the system, but large enough to have an average

over many vortices. These equations have been succesfully applied

to rotating helium IE. For capillary flow, however, no generally

applicable set of equations has been found. Recently Schwarz

has developed a rather fundamental description of homogeneous

10
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flow in an unbounded fluid, based on the self-induced motion of

vortex lines and a parametric representation of the interaction

between the vortex lines and the normal fluid. His results are

in reasonably good agreement with measurements on pure counter-

flow (flow with no net mass transport).

I

j

Unfortunately almost all experimental investigations deal with

pure counterflow only. The results can be described by adding

an extra mutual friction force to the equations of motion pre-

sented above, which are then assumed to be valid on an averaged

scale. Only in a few extensive experiments the two transport

velocities were varies independently. These are on the one hand

the experiments of Wiarda , who investigated extra attenuation

effects of second sound due to the flow, and on the other hand
6,7,8)the experiments of Van der Heijden et al. De Haas et al.

, and Slegtenhorst et al. in which temperature and

chemical-potential differences along a capillary were measured.

From these experiments it appeared that in the description of

flow situations with a net mass flow the introduction of one

extra friction force is not sufficient. A single formalism

describing the results obtained with the two different measuring

methods, could not yet be accomplished. An additional difficulty

here is the difference in diameter of the capillaries: 1.0 mm

for the second-sound measurements and 0.1 to 0.3 mm for the

other technique.

In order to enable a more direct comparison between the results

of the two techniques, an experiment was set up in which both

could be used in the same geometry. A second purpose was the

investigation of the second-sound dispersion at independently

adjustable flow velocities, and its relation to the attenuation.

A value for the diameter of the capillary of about 0.6 mm was

expected to enable good measuring accuracy for both techniques.

A Helmholtz-resonator was used to bring the second sound in

resonance, parallel to the stationary flow. In this thesis the

results of the measurements will be given, together with a dis-

cussion of the techniques involved. Some of this has been

11
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published in advance . The presentation will be the following.

In chapter I the apparatus is described, and details of the

measuring techniques are given. An extended treatment of second-

sound phenomena in a Helmholtz resonator is given in chapter II.

In chapter III the results of the measurements are reported,

while an additional discussion is given in chapter IV.

For convenience the average superfluid and normal-fluid transport

velocities will from here be denoted by respectively v and v ,
s n

and the average mass flow velocity by v.
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n C H A P T E R

EXPERIMENTAL SET-UP

1) The apparatus

In order to enable the establishment of stationary flows with

independently adjustable transport velocities of superfluid and

normal fluid, an apparatus was used based on a principle that

has been employed first by Wiarda and Kramers . The flow

capillary was a part of a circuit partially filled with liquid.

By evaporation at one side and condensation at the other, a mass

flow could be induced while a normal fluid flow was established

by producing a heat flow through the capillary. Because of the

relatively large diameter of the capillary (620 urn) only low

velocities could be produced. In order to obtain values of

temperature and chemical-potential differences large enough for

acceptable measuring accuracies, a capillary length of more than

40 cm had to be taken. Because of the limited space available a

number of shorter pieces had been set in series. In the first

version seven capillaries with a total length of 44 cm were used,

in a second one six with total length 41 cm. For the second-sound

measurements one of the pieces together with the two volumes at

its ends, was used as a Helmholtz resonator. In the second version

two such resonators were used with different resonance frequencies.

A schematic drawing of the apparatus is shown in fig.l. It was

positioned in a cryostat filled with liquid helium cooled to

below the X-temperature by reducing the vapour pressure above it.

The partially filled circuit with the series of stainless-steel

capillaries (CAP) in which the flow was investigated, was

thermally insulated from the helium in the cryostat by a vacuum

chamber (VC). At one point a heat exchanger (HE) provided for

thermal contact between the circuit and the bath. It had been

13
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Fig.l

Schematia drawing of the

apparatus. CAP is the flow

capillary system, S is the

superleak in the flow circuit,

R the Helmholtz resonator, HE

is the heat exchanger, D is

the film constriction, 1 and 2

indicate the positions at the

ends of the capillary system

where heaters can generate

stationary flows, SI and S2

are glass standpipes in which

the helium levels can be

observed. For further

explanation see text.
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made of two blocks of sintered copper soldered into an oxygen-free

copper block. The helium in the circuit was led through one of

the sintered-copper blocks, while the helium in the bath could

freely flow into and out of the other one. The heat exchanger and

the capillaries had been connected by a superleak consisting of

a thin-walled stainless-steel tube packed with jeweller's rouge

over a length of one centimeter. Because of its viscosity, the

normal component cannot flow through such a superleak. For the

measurement of the chemical-potential difference across the

capillaries, two glass standpipes (SI and S2) outside the vacuum

chamber were used in which the liquid levels could be observed.

Each standpipe was attached to the circuit by means of a superleak.

In the circuit a mass flow could be induced by heat production in

one or both of two heaters situated at the two ends of the series

of flow capillaries (points 1 and 2 in fig.l; see also fig.2).

The heat could only be transported to the heat exchanger by the

vapour, thus inducing evaporation of liquid at the left side of

the circuit and a subsequent condensation of the vapour at the

side of the heat exchanger (the right side in fig.l). Consequent-

ly there was a mass flow of vapour via the top of the circuit,

which must be accompanied by a liquid flew through the capillaries.

In the flow path of the vapour a constriction (D) had been placed

in order to minimize a possible superfluid film flow. In

helium H a heat flow is coupled to a flow of the normal component

of the liquid. Therefore, when using heater 1, a flow of only the

superfluid component through the capillaries could be induced,

whereas by using heater 2 also a normal-fluid flow was produced.

By simultaneous heat production any combination of both transport

velocities could be obtained as long as both the mass transport

and the normal-fluid flow were directed from point 2 to point 1.

This direction will be defined positive. When a stationary

situation was reached, the magnitude of the mean flow velocities

could be determined from the amount of heat produced in the

heaters.

The apparatus was designed in such a way that the lower part of

the circuit (superleak, heater 2, and the series of capillaries)

-A.
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could easily be disconnected and attached in the reversed fashion,

i.e. with the superleak at the other side. In this way a

constellation would be obtained in which the mass flow and the

normal-fluid flow had opposite directions. This possibility,

however, has not yet been used.

The upper limits for the mean velocities at which could be

measured were reached when one of two things occurred. Either

the level in one of the standpipes became too low to be observed,

or one of the levels in the circuit reached the point where

liquid could flow via the top of the circuit from one side to the

other. These two situations could occur when the temperature

difference across the superleak of a standpipe had become very

large (the heat exchanger was less effective than expected; see

also ref. 2), or when the chemical-potential difference across

the flow capillaries had risen to too large values. At T = 1.50 K,

for instance, the highest value for the superfluid velocity that

could be reached was about 2.5 cra/s, and for the normal-fluid

velocity about 5 cm/s (see fig.3).

I

2) Calculation of the mean flow velocities

In a stationary situation, the mean flow velocities in a circuit,

such as in this apparatus, can be determined from the energy

balances. In fig.2 a schematic drawing is given of such a circuit.

Heat can be supplied at two places: between the superleak and the

one end D of the narrow capillary, and between the other end of

the capillary and the liquid level at cross-section C. It is al-

ways flowing clockwise(causing evaporation at C and condensation

at A') and leaves the circuit in the heat exchanger between the

liquid level at A and the superleak. In liquid helium 31 the

energy-flow density can be written (according to the L-K equations

given in the introduction) as

t = (u + n)pv (1)

I
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cap D

Fig. 2

Schematic representation of the flow circuit. The flow capillary is indicated

by cap. C and C3 as well as A' and A, are cross sections just above and just

below the liquid level respectively. B and D are cross sections in the super-

leak, and at the beginning of the flow capillary respectively.

in which SI is a potential due to an external force (taken to be

due to gravity here), that has been included in the L-K
equations. Equation (1) is a typical expression of the two fluid
model. It shows that the chemical-potential energy is transported
by a mass flow, while the entropy is carried only by the normal
fluid. For the vapour the energy flow density is written as

1.2)

The total energy flow through a cross-section at point x of the

circuit is:

J = O j .x xJex (3)

The total mass flow must be the same at every cross-section of

17



the circuit and is equal to Opv, with O the cross-sectional area

of the capillary. The energy balance for the part of the circuit

between C and B, in a stationary situation, gives:

JB + Q2 + Qi = C

with Qx and Q2 the powers produced in heaters 1 and 2 respective-

ly. There is no entropy flow through the superleak, so from

equations (1), (2), and (3) one obtains:

oPv(y Q2 = n (4)

If the evaporation at C is quasistatic, the following relations

for the quantities at C and C exist:

= Tcr a c = = (sv - S)T'

with L the heat of evaporation per unit mass. It is assumed that

in the liquid dissipation takes place only in the flow capillary.

Since everywhere else in the liquid u + £2 is a constant (see

f.i. ref.3), equation (4) can be written:

OpvA(p Opv(L + ST)C = Qx + Q2

with A(p + JJ) defined as the difference in p + 8 between the two

ends of the capillary. Assuming both ends to be at equal height

the mass flow can be calculated to be:

Ql + Q2
Opv = (L + ST)C + An *

In the same way it can be shown that: Opv = (61 + Q2)/(L + STK. The

chemical-potential difference Ay was one of the measured

quantities in the experiments; it turned out that the highest

value observed was four orders of magnitude smaller than L, and

consequently it can be ignored in the calculation of v. Thus the

mass-flow density can be calculated simply from

3:

I
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pv =
Ql + Q2

0(L + ST)
(5 )

1

m

The normal-fluid flow can be found from the energy balance for

the part between the superleak (B) and the beginning of the

capillary (D):

o r

J B

Opv(u

J D '

Q2 = Opv(n

Again p + fi i s constant from B to D and i t follows tha t

v =n OpST (6)

In principle the value of ST at the end D of the capillary should

be taken. If the value at the other end had been used, one should

have obtained v = (Q2 - OpvAu)/Op (ST)D>

However, again Au, and also the variation of ST along the

capillary, are small and give corrections to v of the order of

a few times 10" cm/s. These corrections will also be neglected.

With equations (5) and (6) the mean superfluid velocity v can be
s

calculated from

Q2 Pn Q2

,(L + ST) " p_ OpST * (7)

With equations (6) and (7) the region in the v ,v -plane can be
n s

determined in which the combinations of v and v can be obtained
n sin this apparatus. In the first place equation (5) can only

result in positive values of v or v equal to zero. Also v
n n s

in most cases be positive, but a small negative value can be
19
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obtained when 61 is small; the largest negative value for vg is

found for Qi = 0 and is determined by:

n oST

if
if*

1

n
PS(L ST)

This ratio deviates only slightly (11* at T = 1.3 K and 13£ at

T = 1.9 K) from the one for pure counterflow (flow with pv = 0).

In fig.3 the region is shown with the combinations of vn and vg

that could be established at 1.50 K with the apparatus. The

thermodynamic quantities, used for the calculation of the veloci-

ties, are listed in table I.

Fig. 3

Velocity values obtainable with the apparatus at 1.50 K.

3) Corrections

r.i
• • • !

t

One of the corrections to the calculations of the velocities v
n

arid :\T from the powers generated in the heaters, arises from the
s

not infinite heat resistances of the superleaks. In order to

enable an estimate of the magnitude of this effect, the capilla-

ries were removed and the holes were closed. The film diaphragm

was also closed. In this way the heat conduction along the

superleak S in the circuit could be determined by using heater 2,
20



Table I

Temperature-dependent quantities used in the calculations.

n
K g/cm3 g/cm3 g/cm3 J/gK J/g lO"6

poise

Origin of data:

uIE

cm/s

1.25
1.30

1.40

1.50

1.70

1.90

0.1452
0.1452

0.1452

0.1452

0.1453

0.1455

0.1397
0.1382

0.1343

0.1288

0.1120

0.0840

0.00550
0.00697

0.0109

0.0164

0.0334

0.0616

0.0672
0.0853

0.1327

0.1978

0.399

0.731

21.26
21.49

21.92

22.32

22.95

23.28

16.4
15.6

14.5

13.55

12.60

13.15

1870
1910

1970

2010

2030

1870

S and

and

Z.E.H.A. El Hadi3 M. Durieux and H. van Dijk,

Physica 41(1969)889.

smoothed values from several experiments,

calculated by Cornelissen (private communication)

from Pj S and the measurements of the second-

sound velocity of V.P. Peshkov, Sov. Phys. JETP

11(1960)580.

H. van disk and M. Durieux, Physica 24(1958)920.

21
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and the conduction along the superleak leading to the glass

standpipe SI could be estimated using heater 1. The heat con-

duction Q/AT of superleak S was found to be 104 erg/sK at 1.90 K,

while for SI, 5 x 105 erg/sK was found. The latter value may be

too large due to the heat leakage along the part of the circuit

leading to the heat exchanger. During the construction of the

second version of the flow capillaries, the conduction of S was

again measured and appeared to be 104 erg/sK at 1.50 K. The

temperature dependence could be expected to be similar to that

observed by Van der Heijden et al. (fig.4 of ref.4) for a compar-

able superleak. From determinations of the temperature differ-

ences over the superleaks during the measurements, the corrections

to the calculated velocities could be estimated. These correc-

tions were always found to be of the order of a few times 10~

cm/s. Since this error is smaller than that due to the uncertainty

in the thermodynamic quantities involved in the calculation of

the velocities, the thermal conduction of the superleaks could

be neglected.

1

A second error in the calculation of v could arise by a super-

fluid film flow along the walls of the top of the flow circuit.

This film flow is present whenever a chemical-potential gradient

is created along the film from one liquid level to the other.

At given An, the transfer rate in the film is proportional to the

smallest circumference it comes across. In order to make this

effect small, a narrow circular constriction with diameter 0.20 cm

had been inserted. From experimental indications in the similar

apparatus of Van der Heijden 4) it was deduced that with such a

constriction the correction on v for this apparatus could be

kept below 0.1 cm/s. Because of the uncertainty in the exact

value, such a correction has not been applied in the calculation

of the velocities.

4) Generation of the stationary flows

The power needed to establish the stationary flow situations, was

22
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generated in one or both of two heaters made of constantan wire.

Each of these could be taken up in a DC-Wheatstone bridge fed

with a variable voltage, and balanced with an adjustable resist-

ance. In this way the resistance of and the voltage across the

heater could be determined simultaneously, and the generated

power could be calculated. For the measuring runs, three different

configurations were used:

r •

I

1) with Hi and H 2 in separate bridges and Q 2 (the power generated

in heater H2) kept constant, a flow with constant v n and

variable v was obtained;

2) Hj and H 2 in separate bridges and Qj kept constant, resulted

in an almost constant mass flow;

3) with Hi and H 2 set in parallel, and a variable resistance in

series with one of them, the ratio Qi/Q2 and thus the ratio

v /v was kept constant. In this way flow situations with,

for instance, v = 0 and v = v could be obtained.

5) Measuring methods

i

i

a) second-sound measurements

The influence of the stationary flows on second sound was inves-

tigated by studying the attenuation and the dispersion. For this

purpose the second sound was brought into resonance in a Helmholtz

resonator. The stationary flow through the resonator was parallel

to the second-sound wave vector. The attenuation and dispersion

could be measured only in the neighbourhood of the resonance

frequency. A thorough investigation of the frequency dependence

would probably give an important contribution to a further

analysis of the data obtained in the present experiment.

The Helmholtz resonators used consisted of two volumes of

0.034 cm3 and a connecting capillary. In the first version of the

flow capillary system one such resonator was used with a

capillary length of 1.0 cm (see fig.l). In the second version two

23



4
resonators with capillary lengths of 1.0 and 2.0 cm were used

(see fig.4). Due to the way in which the capillaries were linked

to each other and had been inserted into the circuit, these

resonances were not the only ones that could occur, and a possible

influence of other resonances on the ones that were studied had to

be considered while designing the system. On the one hand, the

series of capillaries and volumes gave rise to more Helmholtz

resonance frequencies. Since, however, the capillary in the

resonator used for the investigation, was by far the shortest one,

the other frequencies were much lower (the resonance frequency is

inversely proportional to the square root of the length; see

chapter II). On the other hand each capillary had its own eigen-

frequencies. The lengths of the long capillaries were chosen such

that the resonance frequency of a Helmholtz resonator that was to

be used, was -found halfway between the fundamental frequency and

the first harmonic of the neighbouring capillaries.

During the measurements with the second version, another addi-

tional resonance was found to influence the resonance in Rl (see

fig. 4). It appeared, namely, that the resonance frequency of Rl

i •

n

Fig. 4

Schematic representation of the lower and

left parts of the apparatus in the second

version.

LKJ
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was not only effected by the stationary flow itself, but also by

the position of the liquid level at the left side of the circuit.

The location of this level depended strongly on the power

generated in the heaters for establishing the flow. In some cases,

one of the eigenfrequencies of the liquid column, above the place

where the capillary had been attached to the wider pipe, could

become equal to the measuring frequency in Rl. At this particular

height, but also at other level heights, the influence of this

effect largely reduced the reliability of the measurements in Rl.

For this reason the results for this resonator will not be given.

The influence of this effect in R2 and the resonator in the first

version could be neglected.

The second sound was excited by an AC-current in a heater. This

heater was an almost temperature independent resistor made of a

small piece of commercially available resistance-strip of 500n

per square at room temperature. Every heater was positioned in

the resonator volume at the downstream side. This had been done

in order to avoid an extra heat flow through the capillary of

the resonator. When AT and Ap over the whole capillary system were

measured, the heaters were switched off. The heater current was ,

supplied by a frequency synthesizer that could be controlled

either manually, or by a micro-processor. The excited second

sound has twice the frequency of the current.

The second-sound detector had been made by polishing a 108 -

Allen & Bradley resistor glued to glass, to a very thin slice.

By the strong temperature dependent character of the resistor,

a small variation in the temperature could be detected as a

change in its resistance. This was done with a DC-current through

the resistor, giving rise to an AC-voltage. The signal was

detected by a lock-in amplifier that used the heater signal as

reference. The two output signals giving either the absolute value

and the phase difference with the reference, or two components

with 90° phase difference, were traced on a X-t recorder. During

the measurements the magnitude of the signal was of the order of

10 uV, corresponding to relative changes in the resistance of
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10 4, and temperature variations of about 40 yK. Changes in the

amplitude of 0.1 yK could be detected.

b) chemical-potential difference over the capillary

The chemical-potential difference Ay, defined as v\ - U2» could

be determined by measuring the difference of the liquid levels

in the two glass standpipes (see fig.l). This was done by means

of a cathetometer. During the measurements, the temperatures in

the standpipes were always found to be equal (and equal to the

bath temperature). Consequently there was no difference in

vapour pressure, and the pressure difference between two equally

high points in the liquid was given by pg(h . - h 2) . Here h .

and h _ denote the two level heights in the standpipes and g is

the gravitational acceleration. As there was no temperature

difference, the pressure difference was also equal to

p (y,,, - y ~) . Further, y + gh is a constant throughout the fluid

(also in the superleaks) if no dissipative flow is present; this

was always the case for the parts connecting the superleaks with

the respective ends of the flow capillary system. These two ends

were positioned at equal height, so Ay was equal to y . - y 0 and

could be determined from the relation Ay = g(h ., - h _) .

c) temperature measurements

Near each end of the flow capillary system a 100G - Allen &

Bradley carbon resistor had been positioned in the flow circuit

to determine the temperature difference AT. This was done either

from the changes of each of the resistances, or from the change

in their difference. In both cases the thermometers had been taken

up in an AC-Wheatstone bridge.

Thermometers had also been placed in the two glass standpipes and

near the heat exchanger. Knowledge of the temperature difference

between the standpipes was needed for the determination of the

chemical-potential difference across the flow capillaries (see

b) ). From the temperature differences across the superleaks of

the standpipes the level heights in the circuit could be

determined. In this way it could be checked that there was no
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overflow of liquid at the top of the circuit.

During the measurements the temperature in the Helmholtz resonator

was electronically regulated and kept constant to within 10 uK.

This was realized by setting in series two equal thermometers at

equidistant positions from the resonator and keeping the sum of

the resistances constant. In this way the average of the two

temperatures, being the temperature in the resonator, was kept

constant.

All thermometers were calibrated against the vapour pressure of

the helium bath.

i

6) Measurements on laminar flow of the normal fluid with v = 0

From measurements on pure normal-fluid flow (v = 0 ) with low

values of v , such that vortices are absent, the radius of the

flow capillaries could accurately be determined. These flow

situations can be described by the simplified L-K equations of

motion given in the introduction. In a stationary situation, the

chemical-potential difference over the flow capillaries is zero,

i.e. pSAT equals the pressure difference AP. With the boundary

condition v = 0 at the wall of the capillary, AP is found to be

given by the Poiseuille expression for ordinary liquids:

AP = - (8)

I

I

with; 1 the total length of the flow capillary system.

With vR equal to Q2/(irr
2pST) (eq. 6), one finds for the relation

between AT and 62:

(9)

For the series of capillaries of total length equal to 44 cm, the

experimental results for this type of flow, at T = 1.248 K, are

given in fig.5. One can see, that the measuring points do not

follow entirely the expected linear behaviour. This discrepancy

27



:<•'••

L'; "

f

150

Fig. 5

The temperature difference plotted against the power from heater two for

laminar normal-fluid flow. The full line has been determined from equation

(9) with r - 0.310 mm. I = 44 cm. 'it--'

U

should be explained by extra pressure differences at the entrances

of the capillaries, due to kinetic energy effects. The magnitude

of this correction is proportional to p v2. Writing this in terms

of 62/ a corrected form for equation (9) is found:

AT = - " a
n
2(

.2

(irr2T)2(pS)3
(10)

with a a dimensionless proportionality constant. The quadratic

correction can be separated from the linear relation by plotting

AT/Q2 against Q 2. For the data given in fig.5, this has been done

in fig.6. From the intersection of the best straight line with

the vertical axis, the radius of the capillaries could be

determined from such graphs to be 310 + 2 pm, if the viscosity is

assumed to be known to within 2% (for the values used see

Table I ) . From the slope of the line a can be estimated. By

averaging values found from various runs, a was determined to be

approximately equal to 22. This would yield an averaged value for

\".

I!

fi
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1

1.70

PZ<?t of -6I/Q2 against Q2 for the data given in fig. 5. The full line gives
the best straight-line. I = 44 an.

one entrance of about 3, which i s twice the value found by
A)

Van der Heijden et al. . The cause of this difference is not

very clear. Although in turbulent flow situations these correc-

tions may be somewhat smaller, they will probably have influenced

the accuracy of the values found for AP. For the determination of

Ay and AT, however, they will be minor corrections in most cases.
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C H A P T E R II

DESCRIPTION OF A HELMHOLTZ RESONATOR

1) Introduction

Physically a Helmholtz resonator consists of two or more volumes

coupled to each other oy narrower connections. In these systems

waves with long wavelengths compared to the dimensions can be

brought into resonance. This resonance is characterized by a

periodic conversion of potential energy in the volumes into

kinetic energy in the connections, and vice versa. In the case of

second sound in helium H, this implies a periodic variation of

the heat content of and thus of the mean temperature in the

volumes, and a periodic heat flow in the connections. These

processes are governed, and coupled to each other by two rela-

tions both of which are obtained from the law of conservation of

energy and the knowledge that a temperature variation can

propagate as a wave; 1°: the change in the mean temperature in a

volume is determined by the energy flow out of the pipe(s) into

that volume and 2°: the energy flow in a connection is determined

by the temperature difference between its two ends.

In the presented experiments a resonator was used consisting of

two cylindrical volumes connected by a narrower cylinder, the

axes of the three parts coinciding. In the following a descript-

ion will be given of such a resonator. It is assumed, that the

walls of the resonator are ideal insulators so that no energy can

flow from the liquid into the walls. By making use of the law of

conservation of energy only, the complete response of the

resonator to a disturbance can be determined and expressed into

u

'?'"•

I
if

The calculations in this section have been set up in collabora-

tion with Dr. Y. Disatnik and M.P. de Goeje.
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the following quantities:

1. the dimensions of the resonator,

2. the axial component of the wave vector, and

3. the disturbance itself.

First some general formulae will be derived, that are valid for

any cylindrical tube and can be applied to each of the three

parts of the resonator.

The axial component of the second-sound wave vector in a tube

will be denoted by k ; the variation of the internal energy
z

density e1, at position z and time t, averaged over the cross-

section of the tube, by <e'> and the same quantity for the
Z'

axial component of the energy flow density, by <j > .In one of
E Z

the volumes, a heater is assumed to be placed in which energy is

dissipated according to Bexp{-iu>t}. Consequently, all quantities

will vary in time with exp{-iout}. The z dependence is given by
exp{+ik z}, the + and - sign referring to the wave travelling inz
the + and - z direction respectively. Finally it is stated that

the problem does not depend on $ (r, (j>, z constitute the three

cylindrical coordinates).
The most general expression for <e"> at any z reads:

z

> = (A
+eikzz + A-e-z (1)

in which A and A give the average energy amplitudes of the wave,

travelling respectively in the positive and the negative

z direction. In order to find an expression for <j > , the
-*••*• £ z

equation for energy conservation (e' + V.j = 0) is averaged over

the cross-section irR2 of the tube:

i )er' = 0 (2)

with jFr the radial component of the energy flow. By carrying out
er

the averaging, the last term yields (2/R)(j ) _ _ D , i.e. 2/R times
El i—Ixthe radial energy flow at the wall. Since this was assumed to be
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zero, an expression for <j > is easily found by combination of
£ Z

equations (2) and (1) :

< i > = -rr
Je z ik

iiu ,,.+ ik z , ik z. -iut
— (Ae z - A e z ) e

(3)

The amplitudes A and A~ can be expressed in the energy varia-
tions <e'> and <e'>. at the ends z and z, of the tube. Using

a b a o
these expressions, <e'> and <j > can be written in terms of

Z £ Z

these quantities:

<E'> = { s i n k z ( V z ) ' < £ l > a "

***** = k^iin^r{coskz(Vz)-<El>a " coskz(za-z).<eV

(4)

(5)
I

with 1 equal to z.-z , being the length of the tube.
D a.

The energy variation averaged over the whole volume of the tube,
E1, is found by averaging <e'> over the length of the tube:

z

a

With the aid of (4) one finds:

1
2 a

>
h>b (6)

This E' is simply proportional to the mean temperature variation

in the tube: E' = p c T'

2) The resonator

In fig. 1 a schematic drawing is given of the Helmholtz resonator

used in the experiments. It consists of two equal cylindrical

volumes I and II with length L and radius R, and a connecting
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Fig.l

Schematia drawing of the Helmholtz resonator. His the second-sound heater;
S3

T is the second-sound thermometer. The resonators used in the experiments
88

have the following dimensions (in cm):
r = 0.0620; I = 1.0 or 2.0; L - .2} R = .22.

tube with length 1, radius r, and cross-sectional area A = irr2.

The oscillation is driven by a heater in volume I and the

response is detected by a thermometer in volume II.

In order to get a description of the complete resonator, the law

of conservation of energy in its integral form is applied to the

two volumes I and II:

~l
-iut

(7)

-J (8)

oi
Here Sj. and s__ are the surfaces enclosing the volumes I and II

respectively and B is the amplitude of the power generated by the

heater.

In zero order the variation of the energy will be independent of

z throughout each of the volumes so that <£'>.= < e l >i a n d
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<e'> 9- <E'>.,. In order to describe the deviations, two new

parameters are defined:

h = 2 Ei
(9)

and

(the prime of B' T T does not indicate a variation, but is used

for convenience).

With the aid of the general form (6), and the definitions of (9),

E' and E' can be expressed into <e'>1 and
 < e 1 >

2 respectively.

Also <j > and <j >_, appearing in equations (7) and (8), can be

written in terms of <el>1 and <e'>,, according to the general

form (5), so that in equations (7) and (8) there are two

variables left, which can be solved from these equations.

In this procedure a few aspects have been ignored. It was assumed

that the calculation of <E'>, O from the variations in the pipe

has the same result as that from the variations in the volume. In

fact, one has the requirement that <e'>, averaged over a cross-

section irr2, has the same value on both sides of the transition

from pipe to volume. However, <e'>, calculated in the volume is

an average over a cross-section irR2. Detailed considerations show

that this error is at least two orders of magnitude smaller than

(k R ) 2 , which itself will be of the order of 4 x 10"3 atz

resonance. Therefore, this effect can be ignored. Further, a

correction should be made for the strong divergence of the flow

at the transition. In classical calculations on Helmholtz reso-

nators an effective length is defined to account for this. Effect-

ively the same result is obtained if this correction is incor-

porated in P' and B' .

In order to determine the response of the resonator, measured by

the thermometer, the quantity E' has to be calculated. For this
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k-

reason the quantities < J e
>
1 and

 < J e
>
2 appearing in equations (7)

and (8) will be expressed in terms of E.J. and E^. via <e'>1 and

< e l > 2 '
From t h e gene ra l e x p r e s s i o n (6) and t h e d e f i n i t i o n s (9) one can
deduce :

(10)

< e - > 2 = (ID

with

(12)

It should be noted here that the values of k in the pipe and in

the volume will differ in general, for instance because of the

different radii. All terms,however, with k connected with the
z

volumes are now contained in B T and BTT» so in the following, k

will represent the axial component of the second-sound wave

vector in the connecting tube.

From (5), together with (10) and (11), and the definitions (9)

and (12),one finds for the averaged energy flows at the ends of

the pipe:

k 1

and (13)

Using the results of (13), the equations (7) and (8) can be
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written in the two variables E.J. and

1

k 2 k lcosk 1

§ J

k 2 k lcosk 1

k 1

k 1
=; = o,

(14)

with '• = V i v

These two equations give the complete response of the resonator

to a disturbance Bexp{-iut}. In the case that B = 0, the

equations describe a free oscillation after an initial disturbance.

Then they constitute a homogeneous set of equations from which

the resonance frequency and the decay time should follow.

Here the driven case will be considered for which E' will be

calculated from (14) by elimination of E.J.:

-iwt
(15)

m

In the derivation of this expression cos(k I) and sin(k 1) are
z z

approximated to second order in k 1. This latter quantity gives
z

the ratio between the length of the connecting pipe and the wave

length. Usually it is small in a Helmholtz resonator near its

fundamental resonance. In our case k 1 will, at resonance, be of
z

the order of 0.5, which is rather large. The effect of these terms

on the ultimate results will turn out to be rather small,

however, so higher order terms will be neglected.
If k = k (u) is known, equation (15) gives the completez z
expression for the response of the resonator as a function of the

driving frequency.
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•!.'$ 3. Explicit expressions for k

. f In order to obtain resonance parameters like the resonance
\ frequency and the quality factor, an explicit expression for

has to be put in. If there is no stationary flow through the
resonator, and also if a stationary flow without vortices is pre-
sent, k can be calculated with the aid of the Landau-'

z

Khalatnikov equations of motion. If stationary flow with

vorticity is present, a parametrical expression for k has to be

used.

j In general the calculation of k proceeds in two stages. First

the possible wave modes in bulk helium are determined. This is

done by linearising the appropriate equations of motion with

respect to deviations from equilibrium and requiring that the

obtained set of homogeneous equations in the variations is

solvable, which implies that the determinant of its matrix is

zero. Three solutions are found, representing first sound (wave

vector k..) , second sound (k_) and a non-propagating transverse

mode (k ) due to viscosity.

In the second stage the linearised equations are solved, i.e.

for every wave mode relations are deduced between all the

variations. For instance, variations of temperature, density and

superfluid velocity due to second sound can be expressed in the

variation of the normal fluid velocity. Every arbitrary variation

in one of the quantities then consists of a linear combination of

three contributions, each one originating from one of the three

modes, for example: T1 = A.T'+AJT'+A T1. The proportionality

factors contain the respective amplitudes of the wave modes. The

ratios between these amplitudes are determined by three boundary

conditions, which can be taken:

v = 0 for r = R
nz

j r = 0 for r = R (16)

j e r = 0 for r = R

in which V R Z is the axial component of the normal-fluid velocity,
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j is the radial component of the mass-flow, j e r is the radial

component of the energy flow, and R is the radius of the tube.

Writing out these conditions a set of three homogeneous equations

is obtained in the three amplitudes of the wave modes, which can

be solved if the determinant equals zero. From this condition

the possible values for k are calculated. For the solution with

the second-sound character the following expression is found for

situations without stationary flow

referred to by upper index o):

1) (these situations are

kf = (17)

where 5 = /(2n/wp ) is the viscous penetration depth, and the

assumption is made that 6/R is a small quantity. Neglecting bulk

" " a n = (P s/P n)(S
2T/c v).effects, one has (k~)

Defining 1/Q as (p /p)(6/R), equation (17) is rewritten as:

(18)

f

• 1'
i !

In the presence of a stationary flow, k will in general differ
z

from k . Changes due to Doppler shifts will be neglected; thez
influence of this effect on the resonance frequency should be

of the order of (w/i.._)2 with w the stationary relative velocity

In the experiments (w/u ) 2 was always smaller than 10" , which

is below the measuring accuracy. In order to describe other

changes of k in a convenient way the following expression will

be used:

2)

(19)

in which a' leads to an extra attenuation and a" to an extra

dispersion, and both parameters may be frequency dependent. Using
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this in equation (15) for the response of the resonator, we

obtain for the variation of the mean temperature, T ^ in volume

I:

I
.YT

' /I

(l+f^Be-io)t
(20)

p 2 2
with 03̂  = u—lc-, and the small terms abbreviated as

fci jJ. ti

1 â _ iftolf
a l " Q5" " a) " 6 W

(21)

1 a1

+

higher order terms are neglected.

I

4. Corrections for thermal losses into the wall

We now have obtained the most general formula for the response

under the assumption that no energy is lost into the walls.

Unfortunately, this condition is hard to meet in experiments.

Therefore it will be necessary to make a few corrections before

applying equation (20) to the resonators used in the experiments.

This will slightly complicate the elegant scheme of equations (1)

through (15), obtained by using conservation of energy only. In

equation (2), namely, the radial component of the energy flow at

the wall will no longer be equal to zero. In this case all

variables have to be calculated on a local scale, before relations
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between the averaged quantities can be determined. Such a

.procedure is followed in ref. 1. In the following, the places

will be indicated, where changes are to be introduced and the

new results will be given.

First of all, it should be noted that the value of k is changed

(an expression will be given at a later stage). The new value of

k will be denoted by k - When the local problem is solved and

the averaging is carried out, equation (3) appears to get the

following form:

e z
(31)

In both the energy balances for the volumes I and II, given in

equations (7) and (8), a term has to be added to the right sides,

describing the energy flows into the walls of the volumes. This

term is given by

Here A is the total wall surface of one volume, p is the

density of the wall, c the specific heat per unit mass of the

wall, and 6 the thermal penetration depth given by
VV

with X the thermal conductivity of the material of the wall. In

the same way as before, the response in volume II can be

determined. The corrected form thus obtained, reads:

(151)
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The boundary conditions used to find the relation between k and

k_ in a tube must also be adjusted: the third condition, j £ r = 0

at the wall, is replaced by two others (with an additional wave

mode, the thermal wave in the wall, an additional boundary

condition is needed):

i -, -, = i i • • J for r = RJer wall Jer liquid
(161)

T"wall = T liquid for r = R .

The value for k , when a stationary flow is absent, is given by:zw

(17 •)

if 6 << R. In all situations, i.e. also in the presence of a

stationary flow, the ratio between k2, and k2 will be equal to
ZW Z

1 +
(1 + i) (p c / p c ) As can be seen from equation (15') ,

k_ir only appears in second order terms, in which first order
ZW

corrections can be neglected. Consequently k can be replaced
ZW

by k_ in eq. (15'). Using again expression (19) for k , the same
A Z

form of equation (20) can be used, but a.., a~ and a.,

modified:

Z
are

-iut

(20-)

(21')
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5) Experimental determination of the parameters

In the experiments the following procedure has been used: at

first, in the absence of a stationary flow, the resonance curve,

i.e. the absolute values of the responses at frequencies around

the resonance frequency, was measured. By fitting these data to

an expression deduced from (201), the phase-resonance frequency

u°, and Q at frequency <o (the quality factor in the absence of

flow) were determined. Then, at this particular frequency, the

real and imaginary parts of (20') were measured as functions of

the stationary flow velocities, and a1 and a" for frequency to

could be determined with the aid of (201). Some expressions used

in this procedure will be deduced here.

,P

The phase-resonance frequency u (the frequency at which the

response is 180 out of phase with the driving mechanism), in the

absence ot stationary flow is found by putting equal to zero the

real part of the relevant factor in the numerator of expression

(20') with o1 = a" = 0:

(22)
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If is neglected, = - I2
 (k

zw
L) ( s e e eq* <12))-

When in the small terms the approximate solution, = /2uH, is

used, an expression for the rescnance frequency oio is obtained:

(23)

with 2o)2 = U 2 (2A/1V) . For the resonators, used in the experiments,

the last term in expression (23) is of the order of 3 x 10 and

will be neglected in the following. The resonance curve in the

absence of flow can be expressed in u and Q , using (22); it

follows that:

(24)

Equation (24) can be used as a fitting function with B., u , and

Q° as adjustable parameters (1/Q° can be set equal to 1/Q° - 1/Q°,

where 1/Q° = (p /p)(6/R) can be calculated). With these para-

meters found experimentally, the response at frequency <o under

stationary flow conditions, can be calculated from (20') and (21 1),

using (22):
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(25)

'-Si

In this equation o1 and a" now represent a'(u0) and a" (to ) res-

pectively. The factor between square brackets is independent of

the stationary flow situation. Defining zm as minus the real part

and z as the imaginary part of T' (ui ) , we obtain

and

0)0

o (26)

m m ~« + —„

with £, = {l+(z /z )2} , and z° the value of z in the absence
o m m m

of stationary flow. In every flow situation, a' and a" can now be

determined by measurement of z and z , and use of the inverse

expressions of (26):

(27)

u)° Q° z zo mm

The correction ? becomes relevant only at high flow velocities,

but never differs more than 2.5% from unity in the experiments;

it was not applied in the presented data.

We have now reached the ultimate aim, namely the direct relation

between the measurements and the parameters for k .
z
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C H A P T E R III

EXPERIMENTAL RESULTS

1) Measuring procedure

In this chapter the results from the measurements of the attenu-

ation and dispersion of second sound, and the temperature and

chemical-potential difference over the flow capillaries are pre-

sented. They were performed at many combinations of the mean flow

velocities and at several overall temperatures. The measuring

procedure was as follows: at a certain temperature, the resonance

curve of the Helmholtz resonator was measured, and from this, the

phase-resonance frequency and quality factor of the resonator

were calculated. With this frequency set, the phase of the

reference signal for the loclc-in amplifier was adjusted to the

value at which the second-sound signal was measured "in phase",

the quadrature component being zero. Then, with a stationary flow

established, the two components of the signal were measured

without changing the frequency or the phase of the reference.

The difference of the chemical potential and temperature over the

flow capillaries were determined, after the second~sound heater-

had been switched off. This had to be done because the extra heat

which would otherwise result would lead to different flow

situations in the up- and downstream parts of the capillary system.

In sections 2 and 3 the results will be presented of a systematic

investigation at 1.5 K of the whole velocity region that could be

covered with the apparatus. In section 4 special attention will

be given to the types of flow with either v = O o r r v = 0 , at a

number of temperatures.

2) Results of the measurements at 1.50 K

At 1.50 K, measurements were performed in order to yield a
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systematic survey of the whole velocity region that could be

covered with the apparatus (see fig.3 of ch.I). The total length

I of the capillaries (diameter 620 ym was 44 cm. The capillary

of the Helmholtz resonator was 1 cm long. At this temperature, the

resonance frequency without a stationary flow (v°) was found to

be 132.0 Hz.

In every stationary flow situation, the extra attenuation a1 and

the extra dispersion a" of the second sound in the resonator were

measured, as well as the chemical-potential drop Ap and tempera-

ture drop AT over the capillaries. The accuracy of the data for

a'/u° is 1% and for a"/ai° about 5% (but not better than 10~3

0.20 -

0.15 -

0.10 -

0.05

Fig.la

The extra attenuation as a function of vg for various runs with v kept

constant. T = 1.50 Kt d = 620 m, I = 44 am, v° = 132.0 Hz.
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absolute). In the calculation of these quantities, the quality

factor without a stationary flow (Q°) was used, that could be

determined within about 2%. The pAp and pSAT data could be

measured with an accuracy of 0.5 dyne/cm2 and 1.5 dyne/cm2

respectively.

The results for runs with a constant normal-fluid flow velocity

v and varying superfluid flow velocity v are given in figs.
I* 5

la, b, c, d. If v = 0, a1 increases approximately with the
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square of the superfluid velocity. The dispersion a" remains zero

within the measuring accuracy until v has reached a value of
s

about 1.8 cm/s, and then becomes positive. The quantities pAp and

pSAT have approximately a third power dependence on v .

At flows where v was kept constant at non-zero values, the runs

could be started at negative values of v , the minimum values

being determined by the condition that the total mass flow be

greater than zero. Going from negative v to v = 0, at constant

v of 3 cm/s, o1 drops to a minimum value, a" changes sign and

reaches at a constant negative value, pAu drops to zero, and the

absolute value of pSAT decreases slightly. Then going to positive
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v , the flow enters a region where oscillations occur in all four

quantities. For a1 and a", the amplitudes are given by bars

through the symbols (figs.la, b). The period is about 15 seconds.

The oscillations are of the same type as reported by G. van der

and equal to one of the two types measured by
R.P. Slegtenhorst et al.

Heijden et al.

In ref.2 the oscillations were

explained by noting that, interpolating Ay measurements on both

sides of the oscillatory region, an increasing negative flow

resistance for the superfluid would be obtained, giving an

unstable situation. Above values for v of 1 cm/s, the attenuation
s

increases again, while the extra dispersion passes through a
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negative minimum value at a relative velocity V R - v of about

1.5 cm/s. At the same value of v^ - v , pAu was found to go through

zero, while -pSAT passes through a maximum. Then at higher v ,

all quantities follow the same qualitative behaviour as for the

pure superfluid flow.

When v was larger (Z 4 cm/s), no oscillatory region was found,
n

Instead,, a certain positive value for v g was found at which all

four measured quantities decreased sharply within a small

velocity region. This drop takes place at higher values of vg

when v is larger.

A way to present all data for one quantity in one diagram, is to

draw lines at constant value in the v , v - plane. T.M. Wiarda
4) n s

et al. have given such a plot for the extra attenuation in a

1.05 mm diameter capillary, while in ref.l, surveys of this kind

are given for measurements of piy , pSAT, and AP, over a capillary

of diameter 294 urn.

The results of the attenuation and the dispersion in the present

experiments are given in figs.2a and 2b respectively. The plots

for pAy and pSAT are not presented here, but are very similar to

those of ref.l. The actual dependences on the velocities are not

very apparent from those plots, but one may use them for some

general remarks. The extra attenuation and dispersion at velocity

combinations far away from the line v = v (which in these dia-
n s

grams is mainly on the right side) are largely determined by
the relative velocity. In the vicinity of v = v , a' seems to

n s

be determined by the mass flow velocity v (the curves tend to be

parallel to v = 0), while a" again is determined mainly by

v n - v s. Between the lines v - vg = 0 and v - v = 3 . 4 cm/s,

a" has negative values, outside this region it is positive.

Finally the area in which oscillations have been observed can be

shown (dotted bulbs in figs.2a and b ) .In order to investigate more precisely the role of the relative

velocity in the various quantities, another way to assemble all

data is used, in which a', a", pAu, and pSAT are plotted against

v - v . These plots are shown for the attenuation and dispersion

51



4 cm/s 5

i^.2a

Lines of constant extra attenuation {a) and.'extra dispersion (b) in the
v av -plane. The dotted area gives the region in which oscillations were

found. T = 1.50 K3 d = 620 w, I = 44 am3 v° = 232.0 Hz.
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The extra attenuation for all measuring runs as a function of the relative

velocity. The bars through the symbols give the amplitudes of the

oscillations. T = 1.50 K3 d = 620 vm> I = 44 am3 v° = 232.0 Hz.

cases (figs.3a and 3b resp.). In these graphs, a l l measuring runs
at 1.50 K have been collected, i . e . four runs at constant v

n

(including pure superfluid flow), pure normal-fluid flow, and

two runs at constant mass flow. As has been explained in

chapter I, only situations with normal-fluid flow and mass flow

in the same direction could be produced. All data with highest

relative velocity in runs of constant v "(these points represent
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flow with no net mass transport, or pure counterflow) coincide
with data of the pure normal-fluid flow. The plots show two
totally different velocity regions. If v - v is higher than

II S

3.5 cm/s all data appear to fit the same curve. If v - v has
n s

lower values than 3.5 cm/«s this tendency to depend only on
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v - v is completely lost. In fig.2a, we saw that in this region

a1 is determined mainly by the mass flow velocity.

3) Combinations of the measured quantities

One of the aims of the experiments had been the investigation of

the relation between the gradients of thermodynamic quantities on

the one hand (i.e. pAy and pSAT; AP, equal to pAy + pSAT, was in

most cases too small to determine with acceptable accuracy) and

the influence of the flows on the second sound on the other hand.

Although the four measured quantities themselves appear to be

complicated functions of the mean velocities of the fluid,

combinations of them can give much more simple results. In fig.4,

for instance, the ratio of the gradient of the chemical potential

to the extra attenuation is plotted against the relative velocity.

Note that this quantity has the dimension of a velocity. The graph

splits into three branches which fit all data! The first branch,

at relative velocities higher than 3.4 cra/s, coincides with the

turbulent parts of pure normal-fluid flow and of flow without net

mass transport (pure counterflow). A second branch unifies almost

all measuring points with v - v less than 3.4 cm/s. In this
ri s

branch, Ay changes sign at v - v = 1.5 cm/s. Other authors

(refs.l and 2) also reported that all situations with Ay = 0

were found at one relative velocity. A peculiarity is that by

extrapolating the first branch, one finds the same intersection

with the horizontal axis. At negative velocities, the second

branch joins a third one. The separate character of this part

follows more clearly from the following considerations. If v and
v are replaced by -v and -v respectively, the ratio of Ay/Zs n s
to a'/2ir also changes sign. Consequently all curves are symmetric

with respect to the origin. Pure superfluid flow could be

produced only in the direction defined as positive, but through

the above argument we are allowed to plot also data for negative

vg (see dashed line in fig. 4), which now clearly show up as a

separate branch. This is the only branch giving a simple linear
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Fig.4

The ratio of the chemidal-potential gradient and the extra attenuation for all

runs as a function of the relative velocity. The bars through the symbols

indicate when oscillations were found. For an explanation of the clashed line

see text. T = 1.50 K, d = 620 pm, I = 44 cm, v° = 232.0 Hz.

pJ relation between (Ay/J )/(o'/2ir) and v - v .
n s

Since the second and third branch seem to join at negative

n
- v , one can speculate whether the first and the third one
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should also join at high positive relative velocity. If one

assumes that the third branch can be extrapolated linearly, they

show indeed a tendency in this respect. Unfortunately higher

velocities could not be reached to check on this. In the next

section, this matter will be given more attention, also at other

temperatures. Two remarks should be made: firstly when there is

no turbulence, which means laminar flow, both Ay and a' are iden-

tically zero, consequently these situations cannot be incorporated

in this graph. Secondly, the runs that go through the oscillatory

region do not follow the high velocity part of the second branch.

Coming from the first branch, (Ay/Z)/ (a ' /2ir) falls directly to

zero at v - v = 3,4 cm/s, Ay and a1 start to oscillate atn s
values lower than 3 cm/s and only below 2 cm/s the second branch

is followed. The ratio of Am and a' in the oscillatory region

could not be determined.

The existence of three separate branches implies the presence

of at least two criteria on which one of the branches is chosen.

A first one is obvious from fig.4: v - v =3.4 cm/s separates
Xl S

the first and second branches. A second criterion is harder to

find because of the lack of data for which the total mass current

and the normal fluid velocity have opposite signs. This region

could not be reached with the present apparatus. At one side, the

region is bounded by v = 0 and at the other side by v = 0. For

these two types of flow, the data are located in the third and

first branch respectively. If the same branches exist also in the

unexplored region, one should encounter a jump somewhere when

travelling through the area e.g. with constant relative velocity

from vn = 0 to v = 0. The most probable position for such a jump

seems to be where the mass current changes sign, especially when
v - v < 3.4 cm/s. From the available data, however, it was notn s
possible to find definitely a second criterion, indicating

whether the flow situation belongs to the first or second branch

on one hand, or in the third branch on the other hand.

I

I

Another combination of measured quantities that appears to have a
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the amplitude of oscillation.
T = 1.50 K, d = 620 m, I = 44 cm3 v° = 132.0 Hz.

direct relation with the relative velocity, is the ratio a"/a' of

the extra dispersion and the extra attenuation. Its dependence on

v - v is shown in fig. 5. Following the description of

(Ay/i)/(o'/2Tr) , one can recognize the same three parts of fig.4,

m
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but the separation is somewhat less pronounced. The second branch

is characterized by the negative values of the ratio a"/o'. On

the average this part shows a linear dependence on v - v , with

a negative slope, but it is rounded off where the transition to

the first branch at 3.4 cm/s is approached.

Instead of the gap at the transition point in the previous figure,

here a steep change from negative to positive values is found

before the first branch is reached: not only the sign of a"/a'

itself changed, but also the sign of its derivative, yielding a

completely different behaviour along the two branches.

The third branch could not be measured with sufficient accuracy,

so little can be concluded from this branch (there seems to. be a

finite velocity region for pure superfluid flow where a"/a'

remains zero; this is more clearly found at other temperatures).

4) Flow with either v = 0 or v = 0
S H

a) In the previous section we concluded that data for flows with

v = 0 and with v = 0 were located in the third and first

branches respectively, that could be distinguished in the figures

o£ (Au/Z)/(a'/2Tr) and a"/o', plotted against v - v (figs.4 and
n s

5). The question as to whether or not the two branches would

coincide at high relative velocities could not be settled there.

This was a reason to study the flows with either v = 0 or

v = 0 more thoroughly.

The best measurements at these types of flow were obtained at

1.70 K at a zero resonant frequency v°(i.e. without flow)equal to87.67 Hz and a zero attenuation v /Q of 2.55 s
o n

-1 The total

length of the capillaries was 41 cm in this case, the capillary

of the Helmholtz resonator was 2 cm long. In fig.6, the gradient

of the chemical potential, the extra attenuation, and extra

dispersion are given for pure normal-fluid flow. At low velocities

(vR s 1.8 cm/s) this flow is laminar and pAy, a
1 and a" remain

zero. At velocities above 3 cm/s pA|i and a1 can approximately be

described by the often used tT i.rd and second power dependence on
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v . In between, there is a flow region in which a' rises rather
n
smoothly to the values of the highest region; pAy first rises
slowly and then jumps to the highest branch. Measuring in pure

counterflow, in tubes with circular cross-section, D.R. Ladner

and J.T. Tough found in their temperature and pressure

difference data also two different regions (apart from the laminar

part) which may be analogous.

In the intermediate region no extra dispersion is found, but

above 3 cm/s, a" rises continuously from zero into the positive

direction. The total dispersion, including thermal effects, can

be written as v°/Q° - a"/2ir, with Q° the experimentally found

quality factor in the absence of stationary flow (in this case

equal to 25). From fig.6, one finds that v°/Q° - a"/2Tr changes

sign at v =3.8 cm/s, giving a negative dispersion of the wave

vector at larger flow velocities. Taking the second-sound

velocity u« equal to the real part of w/k, one finds in that

region, in a linear approximation, a value for u_ higher than the

second-sound velocity u n in quiescent bulk helium, which seems

rather peculiar. It appears however that, if one includes quadra-

tic terms in the attenuation, a value smaller than that of u^ is

always found.

6)
b) One of the guide-lines at the investigation of v = 0 and

v = 0 flows was contained in a short paper of Kramers et al.

There, measurements on the attenuation in the two types of flow

through a capillary of 1.05 mm diameter at seven temperatures

between 1.4 K and 2.0 K could be brought together in an unexpected

way. It appeared that, plotted on a logarithmic scale, the data

for the total attenuation in the fluid (equal to a'/'2Tr + v°/Q°)
on

in normal flow, and data for the extra attenuation a'/2ir in

superflow, could be fitted with the s^e straight line.

In the previous sections of this chapter, always the extra

attenuation was considered, which in fact implies an assumption

that the viscous damping of the second sound at the wall, present

without stationary flow, is not affected by a superimposed sta-

tionary flow. If this is not a necessary assumption, one can

c

{ " i

( & • :
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gradient of the chemical potential, the extra attenuation, and extra

dispersion versus v for a pure normal-fluid flow at 1.70 K.

d = 620 m, I = 41 an, v° = 87.67 Hz.

interpret the former treatment of ref.6 by the following reasoning:
if only the superfluid component has an average flow velocity, the
initial attenuation is not affected, and so only the extra attenu-
ation is related to the turbulence; in pure normal-fluid flow,
however, there is a critical velocity region below which the
attenuation remains equal to the zero effect, the flow being

61



i

m

"•3

100

5 0 -

vs<vn>

10

100

5 0 -

(s-1)

cm/5 ^

10

Fig. 7a

Extra attenuation for pure superfluid flow versus v and the f ial

attenuation for pure normal-fluid flow versus v . The dashed line indicates

the value of the zero attenuation \)°/Q°.
o n

a) T = 1.70 K3 d = 620 vm, I = 41 am3 v° = 57.67 Hz; the slope of the full

line = 2.1.

b) T = 1.50 K, d = 620 vm3 I = 44 cmt v° = 132.0 Hz; the slope is 1.8.

laminar, and above which that effect is replaced by the
attenuation connected with the turbulence.

These arguments also appear to lead to interesting results for
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Extra dispersion for pure superfluid flow versus v and the sum of zero and

extra dispersion for pure normal-fluid flow versus v . The dashed line

indicates the value of the zero dispersion. The slope of the full line is 3.9.
T = 1.70 K, d = 620 I = 41 an3 v° = 87.67 Hz.o

the present measurements, as is shown in fig.7a for the

attenuation at 1.70 Kelvin, and in fig.7b for the data at 1.50 K

presented in the previous section. At velocities above 3 cm/s,

the data for pure normal flow ' ripped follow the same behaviour

as those for superfluid flow. 0 •? ; e the remarkable things about

these plots is that the value of v for which a'/2u becomes equal
5
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to the zero attenuation immediately gives the value of v above

which the total attenuation deviates from the zero value. The

slopes of the lines are found to be 1.8 at 1.50 K and 2.1 at

1.70 K; there is a tendency to a slowly rising power dependence

on the velocity with rising temperature. In classical hydronamics,

analogous behaviour is found for the pressure drop over a

capillary. There also a laminar and a turbulent branch exist, AP

being determined by the one giving the highest value; the

critical velocity is given by the intersection. In helium, then,

there is an extra degree of freedom: below the critical velocity,

both branches can be followed, depending on the type of flow

produced. It would be very interesting to investigate whether the

same behaviour is found for AP in the two flows in helium.

c) For the dispersion, the same procedure can be used, but only

with an extra assumption: instead of taking the total dispersion,

equal to v°/Q° - a"/2ir, the sum of the two contributions must be

taken. Then again, the two flows can be fitted by one line as

is shown in fig. 8. Like in the case of the attenuation, the

velocity at which the superfluid flow data reach the value of

the zero dispersion gives the velocity at which the dispersion

in the normal fljrid flow starts to deviate from the initial value.

Note that this is a different velocity than in the case of the

attenuation (compare figs.7a and 8). There it was the velocity

where the transition from laminar flow to the intermediate region

took place, while in the dispersion data it is the transition

point between the intermediate and the highest region. The two

"critical" velocities at 1.70 K are located at 1.4 cm/s and

3.0 cm/s. The slope of the line in fig.8, which gives the power

dependence on v or v , is 3.9. The agreement is also rather goodn s
at 1.50 K, but much less at 1.40 K. At 1.90 K, above the

"critical" velocity, the dispersion in the normal fluid flow

first decreases, and only later increases again, with a tendency

to join the data of the superfluid flow. A justification for the

above assumption concerning the change of the sign has not yet

been found.
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The absolute value of the chemical-potential difference versus the absolute

value of the relative velocity for both pure superfluid flow and pure normal-

fluid flow. The slope of the full line is Z.I.

d = 620 \an3 I = 41 am, v° = 87.67 Hz.

d) At 1.70 K, the values of pAu for both types of flow can also
be described by one relation with the velocity, as i s shown in
fig.9 (the slope i s 3.1, exactly 1 higher than for the
attenuation). One may then expect that when the same procedure is
applied in the graphs for (Au/l)/(a'/2ir) and a"/a', the third and
the f irs t branch should join above 3 cm/s. This i s indeed
confirmed in figs.10 and 11. (In fig.10, the full line does not
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Fig.10

Ratio of the absolute value of the ahemiaal-potential gradient and the extra

(total) attenuation as a function of v (v ) for pure superfluid (normal-

fluid) flow at 1.70 K. d = 620 \m, I = 41 cm, v = 87.67 Hz.

go through the origin. At very low velocities in pure superfluid

flow Au is found to be positive. This probably indicates an

error in the measuring mechanism, and was only found in the

results for the capillaries of 41 cm total length.)

e) Up to now, no real insight has been obtained into the way in

which the initial viscous attenuation at the wall is influenced

by the flow. Since the zero dispersion is equal to the zero value

of the viscous attenuation, one can hope that a thorough study
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Fig.11
Ratio of extra (extra plus zero) dispersion and extra (total) attenuation as

a function of V (v ) for pure superfluid (normal-fluid) flow. The slope ofs n
the full line is 1.8. d = 620 \an* I = 41 om3 v° = 87.67 Hz.

of the extra-dispersion data can contribute to an answer to this

question.
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C H A P T E R IV

DISCUSSION OP THE RESULTS

W-

§

a

In the previous chapter the results were presented of the measure-

ments on stationary flow in 620 urn diameter capillaries. On the

one hand the flow was investigated by looking at the extra

attenuation and extra dispersion of second sound superimposed on

the flow. These quantities were given by the parameters a'/tn and

a"/<i)# respectively, of the axial component of the wave vector at

a frequency near the resonance frequency of a Helmholtz resonator

(see equation (23) of chapter H) . On the other hand, in the same

flow situations, the chemical-potential difference Ap and the

temperature difference AT across the flow capillary system were

determined. At 1.50 K the flow was investigated for many different

types of combinations of the superfluid transport velocity v and
s

the normal-fluid transport velocity v , while results for flows

with either of them equal to zero were obtained for several

temperatures. r

1) Survey of theoretical work

f,

The interpretation of these data is a complicated matter. It is a

generally accepted idea that in stationary flow situations that

cannot be described by the simplified Landau-Khalatnikov equations

given in the introduction of this thesis, vortices with quantized

circulation of superfluid have entered the flow. These vortices

cause, among others, a mutual friction force between the superfluid

and the normal fluid. In principle, the complete Landau-Khalatnikov

equations of motion (see ref.l) should provide a description of

these turbulent flow situations.- The flow patterns, however, are

in general too complicated for these equations to be solved, and

for a calculation of cross-sectionally averaged quantities, which

are the parameters that can be either measured or controlled
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externally. For this reason a set of phenomenological equations of

motion have to be used for a description of experimental results.
2)This was first done by Gorter and Mellink for AT-measurements

on pure counterflow. They introduced a cross-sectionally averaged

mutual friction force F between the superfluid and the normal
SX1

fluid into the simplified equations of motion given in the

introduction of this thesis.

A first interpretation of this F in pure counterflow in
3)connection with the vortices was presented by Vinen . He started

with an expression for the interaction of a straight vortex-line

of unit length with the normal fluid, which contained parameters

that could be determined from second-sound attenuation measure-

ments on rotating helium. With dimensional arguments the averaged

length of vortex-line per unit volume was calculated, and in

combination with the friction force for a line of unit length, an

expression for the total mutual friction force was obtained. Two

assumptions were made: the vorticity is homogeneous, and can be

considered as a tangle of approximately straight vortex-lines

between which the interaction can be neglected. From the latter

assumption it was concluded that the average vortex-velocity in

the flow direction would be equal to the average superfluid

velocity. Recently Schwarz ' developed, with less assumptions, a

numerical description of unbounded homogeneous flow, starting

from the self-induced motion of one curved vortex-line in combi-

nation with the mentioned interaction with the normal fluid, and

calculating statistical averages. The results for F , that are
sn

of the same character as Vinen's, agree reasonably well with

values found in pure-counterflow experiments yielding a proportion-

ality with the third power of v - v . In contradiction with the
s n

assumption of Vinen, the averaged velocity of the vortices along
the flow direction is found to lie between v and v . Ashton and

5) n s
Northby had experimentally found such a result by injecting ions
in pure counterflow.

From Ay- and AT measurements by Van der Heijden et al. ' and
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a)

De Haas et al. , on flows with independently adjustable values

for v and v , it appeared that in situations where v is not

much smaller than v , the introduction of an additional force is
n

needed to describe the data. Both the additional force and F
OH

seem to be geometry dependent in these flow situations (although

the effect for the latter is likely to be small) indicating an

influence from the wall of the capillary. Consequently the flow is

probably inhomogeneous for many combinations of v and v , which

gives immediately a reason for the inadequacy of a description of

homogeneous flow in explaining these flow situations.

A first effort to develope a theory of inhomogeneous flow has
9)been presented in a paper by Geurst . The a\ithor used a set of

equations of motion for locally averaged quantities, derived by

Bekarevich and Khalatnikov for rotating helium. These

equations contain an expression for the mutual friction force

F per unit volume. This expression is similar to the one used

by Vinen for the interaction of one vortex-line with the normal

fluid. The equations were solved for capillary flow and led to a

Poiseuille (parabolic) profile for the normal-fluid velocity, and

a pronounced profile for the superfluid velocity if v is larger

than 2v . The axial component of F was found to be constant

over the cross-section of the tube, while for Ap/v 2 an expression

was obtained depending only on (v /v )-l.
s n

Although a number of data from ref.8 for An at flows with v > v
S II

could approximately be described, and the theory might give a

start for further developments, it has important shortcomings and

cannot, under the given assumptions, lead to f.i. the extra

friction force.
2) The experimental situation

A survey of the experimental situation may be given in the

following way. With the restriction to circular capillaries with

a diameter d > 100 um, there is now a rather complete and

consistent collection of Ay- and AT data, obtained in different
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experimental situations. Measurements of these quantities had been

performed at diameters of 97 vm6'1' , 216 \im , 294 pm6'7', at

velocity combinations throughout the whole v ,v -plane, while

the experiments described in this thesis add data for a diameter

of 620 pm at velocity combinations for which v and v have the

same sign. The main part of the collected data has been obtained

only at temperatures between 1.0 K and 1.5 K. Almost all results

from measurements on special types of flow, such as pure counter-

flow, pure superfluid flow, isothermal flow, NRS-flow (Ay=o) etc.,

at diameters and temperatures within the mentioned range, can be

fitted into the framework of the more general results.

For the second-sound attenuation due to stationary flow, the

situation is less complete. Only Wiarda has performed a |

systematic investigation in the region of the v ,v -plane with
n s

v and v in the same direction, at a diameter of 1.05 mm. In then
experiments presented in this thesis a similar survey has now

been obtained at a diameter of 620 ym, in combination with data

for the second-sound dispersion due to the flow which had not

been systematically investigated before.

A framework in which both the second-sound data and the data from

the stationary measurements (Ap and AT) can be described with the

same parameters, has not been found up to now. An additional

difficulty at such attempts was the difference in geometries. The

present experiment gives one of the first opportunities for a y

direct comparison between results of the two measuring techniques.

For a further interpretation of the data in terms of quantities

defined on a smaller scale than the dimensions of the capillaries, '']

probably the most important thing to know is whether the flow

may be assumed to be homogeneous. If not, the radial dependences \{

of the superfluid velocity, the normal-fluid velocity, and the ;

vortex density should be available. Homogeneity of the flow is -\

defined here as the absence of a radial dependence of the three H

just mentioned quantities. It may be worth while to compare with "j"'

classical turbulence, for which much about the stream profile

could be learned from measurements of AP. In this context, the V
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agreement of the homogeneous-flow description with pure-counter-

flow measurements is rather striking in view of the experimental

result, especially at low temperatures, that the pressure

difference hardly deviates from the Poiseuille pressure difference.

This result implies a parabolic profile for the normal fluid and

thus an inhomogeneous situation. More of these seeming contra-

dictions like this one will be encountered in other flow

situations. In addition to information from AP, the extra

attenuation might give direct information on the average vortex

density, whereas the dispersion might be a suitable quantity to

provide for information about the phenomena near the wall, as

first order contributions may be expected only from boundary

effects.

3) Phenomenological equations of motion

A set of phenomenological equations of motion in terms of cross-

sectionally averaged quantities, like the one given below, can

only be of limited value. The purpose of its use is that it may

serve as guidance to an appropriate way of combining the

stationary Ay- and AT measurements. It will be shown in the next

section that their relation to second-sound measurements is a

very complicated one.

The equations introduced by Van der Heijden et al. for a

description of their measurements of the stationary values of

Ap and AT, are for the superfluid and the normal fluid respective-

ly:

(1)

dz sn

As mentioned, every quantity is assumed to be an average over the

cross-section of the tube. Consequently, F does not necessarily
Sri
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depend on v - v only, even if this were the case on a local

scale. Still, it appears from the results of both Van der Heijden

and of the present research (see fig.l) that F _ equals zero
sn

whenever v - v is equal to zero. By the use of these equations,
tl S

it is assumed that the Poiseuille pressure difference A p p o i s '

given by (8nZ/r2)v with I the length of the capillary, gives a

contribution to the total pressure difference for every flow

situation. In a number of flow situations Van der Heijden found

indications in this respect.
The second force F , presented as a superfluid friction force and

s

equal to -(AP-AP i s)/£, appeared to be diameter dependent

indicating that interactions with the wall are involved. One may

argue here that a direct transfer of momentum from the superfluid
8)to the wall is not very likely. For this reason De Haas et al.

introduced an alternative set of equations in which F was
s

omitted, while the Poiseuille term was replaced by a force F .
The experimental results show that F (or, alternatively,

s
F +AP p . ) is mainly determined by v and is equal to zero only
if v c equals zero. Considering this, it might still be possibles
that the processes involved result in an effective friction force

for the superfluid. This argument, combined with a number of

special experimental results for F and F (given at a later
s sn

stage) that can not be obtained with the alternative choice, make

the use of equations (1) the more satisfactory for the time being.
sn

A few results of the steady measurements at 1.50 K concerning F

and F will be given here. In fig.l, F , as determined from thes sn
Au- and AT data with equations (1), is given for all measuring

runs as a function of v,, - v . Although at first sight F may
n s sn

seem approximately to be a function of v - v only, this is not
n s

the case for values of v_ - v smaller than 3.5 cm/s. As has been

mentioned before, F is;always found to be zero whenever

v - v equals zero; this agrees with results of Van der Heijden
7)

et al. . For v R - v g > 3.5 cra/s and v g > v , Fg can be de-

scribed by a third power dependence on v - v as Vinen and
n s
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dyne Icm3

i;

f
' "t

. VsIVn=5.64

Fig.l

The average mutual friction force for all measuring runs as a function of the

mean relative velocity. T = 1.50 K, d = 620 vm3 I = 44 cm, v° = 132.0 Hz.

Schwarz suggested. For o < vn - vg < 3.5 cm/s the direct relation
with vR - vg is lost, which would be apparent, if fig.l were
given at an extended scale.

Another significant result from ref.7 is that the ratio of F
sand Fs is a function of
sn

- vg only (see fig.14 of ref.7). In
the present experiment the values of F could not be determined

s

accurately because of its smallness in a relatively wide capillary

and the uncertainty concerning kinetic energy corrections. Still

the result of ref.7 is supported by the present result (see fig.2).

S:

m
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Fig. 2
The ratio of the mutual friction force F and the fHotion force for the

Sri

superfluid Fg as a function of the mean relative velocity. T = 1.50 K,
d = 620 m, I = 44 cmy v° = 132.0 Hz.

4) Second sound and the phenomenological equations

The steady measurements of Ay and AT lead to values of F and F
sn s

in a very direct way. Finding a relation between F and F , and
sn s

the second-sound quantities is much more complicated. One might

try to generalize equations (1) to a form allowing for time
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variations and containing expressions related to F and F that
sn s

are linear in the averaged velocities in the second sound. Working

through the procedure that should result in expressions for

attenuation and dispersion, however, one encounters a number of

complications; the final results are very hard to relate to the

stationary values of F and F as long as there are no adequate
sn s

expressions for the flow profiles in the second sound and the

stationary flow. For the time being a simpler starting-point seems

more appropriate. Although in that case an adequate description

for all flow situations cannot be expected, one may hope that

there are situations for which the measurements agree with the

results of the description. Deviations may then be discussed by

a reconsideration of the initial assumptions of the model.

As a simple start, the time-dependent part of the linearized

equations of motion for homogeneous unbounded flow may be written

in an analogous way of equations (1):
ps!T

pnlt~

i"" G<vs " VA>
(2)

The primes indicate the time-dependent parts of the quantities. It

is assumed that these equations represent the longitudinal parts

of the locally averaged equations of motion, which means that

processes induced by the presence of boundaries do not contri-

bute. In this way the bulk value for the second-sound wave

vector is obtained.

For homogeneous pure counterflow, Vinen assumed that the mutual

friction force could be written as G(vo - v ) with G a time-
s n

averaged function of the relative velocity and v - v the
. s n

instantaneous relative velocity. More generally considering G as

a function of v and v one may use the same relation for any

combination of v and v ; this is done in equations (2). It

should be noted that F as used in equations (1) for capillary
sn

flow, is equal to G(v - v ) only if the stationary flow is

PVV-.
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homogeneous over the cross-section of the capillary. An analogous

ven for the term Hv' in equations (2) in
5

The choice of the proportionality to v is

argument can be given for the term Hv^ in equations (2) in

s s
induced by the results of refs. 6,7,8, that suggested a factor
v in an expression for F (or APPois i n

With the aid of these equations, together with conservation of

mass and energy, one can simply deduce the following expression

for the value of the second-sound wave vector k2:

•J - ^ (3)

In section 3 (eq.19) of chapter IE on the Helmholtz resonator, an

expression for the axial component k of k, was proposed of the

form:

• fi

i4

in which 1/Q represented the zero attenuation and zero dispersion

(i.e. in the absence of stationary flow), and a1 and o" were

undetermined parameters that could be measured as a function of

the stationary flow velocities. A definite relation between k
z

and k_ can only be obtained by the application of boundary

conditions to equations containing both the longitudinal and the

transverse parts. As no reliable knowledge on the boundary

conditions and the transverse part is available, it will be

assumed for the time being that the relation between k and k_

is the same as in the absence of stationary flow, and thus can

still be given by equation (17) of chapter IE :

(5)

(1/Q_ is equal to (p /p)<S/r with 6 = /(2nAip ) the viscous
M S XI

penetration depth). Combining (3) and (5) and comparing with (4),

one can identify:
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pspn PP.
(6.1)

a" =
pspn

p
(6.2)

be estimated from F „/(v= - v ) and F /v
sn s n s

With the assumption that the approximate values for G and H can

respectively, the

experimental results indicate that H is smaller than G in most

cases. As also p /(PP_) is much smaller than P/(P,D ) in thexi s us

temperature region T < 1.9 K (at T = 1.50 K the ratio is equal

to 1/78), a1 and a" will mainly be determined by G. For homogeneous

stationary capillary flow, F = G(v - v ) and one would expect
Sri s n

for the ratio of F and a's

Fsn

(1/Q would give a correction of 4% to this result, but is

neglected here for convenience). Further it follows from

equations (6.1) and (6.2) that

Q0+l
(8)

which is independent of the stationary flow situation. From a

comparison with experimental determinations of F /a' and a"/a1

sn

one may be able to draw conclusions on the homogeneity of the

respective flow situations.

5) Comparison with the experimental results

In chapter HI-it was found from measurements at T = 1.50 K that

the ratio of Ay and a' is completely determined by v - v . In
n s

the analysis of the data for the temperature difference AT it

appears that the same result is obtained for the difference

t
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Fig. 3

The ratio of the mutual friction force and the extra attenuation (the total

attenuation if v - v > 3.4 am/s) as a function of the mean relative

velocity. The dashed line is given by equation (7).

between pSAT and the calculated Poiseuille pressure drop AP . .

Consequently, the ratio of every combination of Ay and pSAT -
APPois' w h i c n includes also Fgn and Fg, and the extra attenuation

a1, is a function of v - v only.
n s

The values of Fsn/o ' for all measuring runs, multiplied by

- p/(p
s
p
n)

 f o r a comparison with equation (7), are given in fig.3.

A comparison in chapter HI, section 4b between the attenuation data

for pure superfluid flow and for pure normal-fluid flow, from

both the present experiment and the one of Wiarda ^, led to the

conclusion that for flow with v *= 0, the total attenuation
s

itself is a more significant quantity then the part that is left
80
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Fig. 4

The ratio of the friction force for the superfluid and the extra

attenuation (the total attenuation if v - v > 3.4 cm/s) as a function of
n s o

the mean relative velocity. T = 1.50 K3 d = 620 ym, I = 44 cm3 v = 232.0 Hz.

when the zero attenuation is subtracted. Therefore, for this

type of flow, the values of ¥/(a'+w°/Q°) have been plotted in
sn o TI

fig.3. Although it seems somewhat less justified if v / 0,

considering the deviations for a1 from the values for v = 0 ,

the same has been done for all other situations with v - v >
n s

3.4 cm/s for reasons of clarity.

The graph has the same characteristics as the one of Ay/a1

(fig.HE-4), but the gap between the parts with v - v < 3.4 cm/s
n s

a n d vn ~ vs > 3" 4 cm/'s i s n o w m u c h smaller, and the ratio equals

zero whenever v R - v g is zero. In the previous section it was

I

concluded that -(p/PsPn)Fsn/a' will be equal to v - v if F
sn
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is homogeneous. The results of fig.3 suggest that this is the

situation for v - v < 0 and in the limit for high values ofn s
v - v . For inbetween values the ratio is smaller than v - v ,n s n s
indicating inhomogeneities in the flow. This implies on the one

hand that F cannot be set equal to G(v - v ), and on the
sn. s n

other hand that the attenuation may, in addition to equations (2),

also be determined by averages of radial gradients in the

locally averaged equations of motion. The latter effect may lead

to changes in the relation between k- and k . Although it is hard

to distinguish between the separate effects, a direct relation to
F is strongly suggested by the surprising experimental resultss
for the ratio between F and a', shown in fig.4. In spite of the

earlier mentioned uncertainties concerning the values of F , the

data indicate a constant value for this ratio for all flow

situations with v,, - v^ < 2.5 cm/s. This covers the whole
XI S

velocity region in which -(p/p p )F /a' is smaller than v - v ,
s n sn n s

but also situations with v - v < 0, making the conclusion of
n s

the homogeneity of these situations somewhat uncertain.

if**

V

Relation (8) for the ratio a"/a' does not seem very succesful

when compared with the data given in fig.5 of chapter m , not

even in the situations where equation (7) seemed to give a good

description, i.e. for flows with high values of v - v and with
XX S

v - v < 0. However, it appears, that in these very situations

a"/u>0 is found to be equal to (a'/o)°)
2. This suggests that bulk

effects are dominant, as boundary effects are expected to give a

first order dispersion. For intermediate values of v - v f such

a quadratic relation has not been found and again one may expect

for these situations that wall effects interfere. In principle,

if a distinction can be made between quadratic and linear

relations between a1 and a", the dispersion can be a very

suitable quantity with which bulk effects and boundary effects

can be separated. An additional difficulty will be the possibility

of cross-terms. One can probably not simply correct the dispersion

at all velocities for the quadratic attenuation. An extended

investigation of the frequency dependence of a1 and a" may be a
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necessity for further conclusions.

Another reason for such an investigation is the following. In

writing F as G(v - v ) and F as Hv it was assumed that thesn s n ^ s s
characteristic time constants for changes of the vorticity

described by G and H, were much larger than the second-sound

period, which was of.the order of 10 s. If these times become

of the same order of magnitude, one may expect changes in the

character of attenuation and dispersion. This might be an

additional cause for deviations from the behaviour predicted in

the previous section. By measuring a1 and a" over a large range

of frequencies, onp should be able to determine the time constants

involved.

In conclusion it can be said that a comparison of the results of

the steady stationary measurements with the second-sound data

gives a method to investigate whether the flow is homogeneous

or not. If it is, the relation between the two types of measure-

ments can be predicted. In spite of a number of significant results

that give restrictions on possible descriptions, a further inter-

pretation of the inhomogeneous situations could not yet be ob-

tained .

(.-.•

i •

6) Summary of the results

Considering the laro>e amount of information and possible inter-

pretations, a point-wise summary of the results of this investi-

gation is given. For some conclusions, analogous results of other

experiments are used. An overall division in three is applied

concerning general conclusions, conclusions on separate regions

of the vn,vg-plane at 1.50 K, and other remarks.

a) General conclusions

1. Perhaps the most important results of the investigations at

1.50 K are the following. The ratios to the extra attenuation a1,
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of Au, pSAT-AP . , and consequently all combinations of these
rOlS

quantities including Fgn and Fg, are completely determined by

the mean relative velocity v - v . In addition to this it is
II S

found that also the ratios Fsn/
F
s
 a n d a"/a1 depend on vfi - vg

only. This implies that in quantities derived from the stationary

measurements and from the second-sound measurements, as well as

in combined quantities the averaged (!) relative velocity plays

an important role at all velocity combinations of vn and vg
investigated. Such a direct relation to the relative velocity may

be expected for local processes due to the local mutual friction

force. As there are many indications that a considerable number

of flow situations are inhomogeneous, one would expect this

relation to be lost when cross-sectionally averaged quantities

are considered. The experimental result that this is not the case

gives severe restrictions on the possible shapes of the flow

profiles.

2. The relation between the extra attenuation a1 and v for pure
s

superfluid flow is the same as the one between the total attenuation
a'+u°/Q° and v for pure normal-fluid flow. It seems as if oneo ri n
attenuation mechanism can both act in addition to the zero

viscous effect and completely dominate it, depending only on which

of the two fluids has a net transport velocity. This result has
12)been found at three temperatures, whereas Wiarda obtained the

same result at all temperatures between 1.4 K and 1.9 K. The

relation is given by a power in the velocity that seems to

increase slowly with increasing temperature. On the average the

relation is approximately quadratic. 'The velocity for which this

relation becomes equal to the value of the zero attenuation due

to viscosity, is the velocity above which the attenuation in the

pure normal-fluid flow starts to deviate from that zero value.

I

1

3. The same result as mentioned under point 2 for the attenuation,

has been clearly found for the dispersion but at 1.70 K only.

Moreover, an unexplainable condition for this case is that for

the pure normal-fluid flow not, as in the case of the attenuation,
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the total dispersion u°/Q°-a" has to be taken, but the sum of the
on

two contributions. Concerning the measurements of a" at 1.50 K

at velocity combinations throughout the whole region that could

be obtained, it can be said that for v - v < 0 or v - v >
xi s xi s

5 cm/s, a"/oi° is found to be equal to the square of the extra

attenuation (ot'/u>0)2. This may be an indication that bulk effects

largely dominate in these situations. For inbetween values of

v - v this is not true and a" is mainly negative. An ir.-.-istigation

of the frequency dependence of a1 and o" seems to be needed to

enable a separation of quadratic and linear contributions,

possibly connected with bulk- and boundary effects respectively.

ri
4. The ratio between F and the attenuation, in situations with

v - v < 0 or v - v 2 5 cm/s, can be explained by a descriptionn s n s
assuming homogeneous flow. At these velocities the dispersion

a"/w° was found to be. equal to (a'/a>°)2, also indioa<ting theo » o
absence of wall effects. It is concluded that at inbetween values

of v - v the flow is inhomogeneous.n s

5. The ratio of F /a1 seems to have a constant value' for alls
velocity combinations with v - v < 2.5 cm/s, including nega

n s

values. It is difficult to draw conclusions from this result,

but it is a significant result on its own.
7)6. One of the conclusions from the experiments of Van der Heijden

was that the Poiseuille pressure difference AP . = (8nZ/r2)v

gives a contribution to the total pressure difference in all flow

situations. This was a reason to maintain such a term in the

phenomenological equations of motion. From the present experiments,

the following results support this conclusion. The remaining term

for the pressure difference, -F = AP-AP . , leads to a number
S rOlS

of significant results, such as F /F being a function of only

v - v , in agreement with Van der Heijden, and F /a.' having a

constant value for a large number of velocity combinations.

Further, the ratio of pSAT-AP_ . to a' is a function of v - v
Pois n s

only.
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b) Conclusions on separate regions of the vn,vs-plane at 1.50 K

1. Flow situations with v >> v (for the present experiment this
n s

means v - v > 4 cm/s).

At these flow situations, which include pure normal-fluid flow

and pure counterflow, F is approximately given by a third-
5x1

power dependence on v - v and the attenuation by a quadratic
n s

dependence, both in agreement with the descriptions of Schwarz4)

and Vinen3) F is found to be very small or zero. From point a2

it is concluded that at v = 0 the viscosity has lost its
s

original significance for an expression of the attenuation and

the total attenuation (a'+u°/Q0) appears to be the relevant

quantity in relation to the turbulence. The same effect seems

to take place for v ^ 0, but at higher relative velocities with

increasing v . The ratio of -(p/p p )F and a'+u°/Q tends to
5 S li Six O M

the value of v - v at the highest velocities. All of these

results can be understood from .the description of homogeneous

flow situations presented in section 4. Also the result that at

the highest values of v n - v , a"/a)° is equal to (o'/m")
2

indicating the absence of wall effects, points at the conclusion

of homogeneous flow. The only argument against this conclusion

seems to be the result that almost no deviations for AP are

found from the Poiseuille term, which clearly indicates a para-

bolic profile for the normal-fluid velocity.
2. Flow situations with v > v

s - n
For flow with v = 0, F and the attenuation are given by the
same relation with the velocity as for flow with v = 0 . This

s sn'appears to be incidental at this temperature with respect to F

but for the attenuation this is found at all temperatures

investigated (see also under a2). At all velocity combinations

-(p/PsPn)Psn/a' is approximately given by v - v , and a"/iD° is

given by (a'/o ) 2 , both arguments indicating homogeneous stationary

flow. The interpretation of the non-zero F in this picture is not
s

clear. One cannot conclude here that F is also homogeneous,
s

since this would be contradicted by the distinct geometry
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dependence found in refs. 6,7,8. Although a1 can be completely

explained by the homogeneous mutual friction, there is the

peculiar result that the ratio Fg/a' has a non-zero and, moreover,

a constant value. This velocity region appears to give less com-

plicated results than the region with v > vg, but even here no

really clear insight in the phenomena has been obtained yet.

3. Flow situations with intermediate values of v - v (present

research; 0 < v - v < 4 cm/s).

In this region many indications for inhomogeneity of the stationary

flow have been found. The values of F and a1 cannot be described

by the same functions of v_ - v as outside this region. Moreover,

the direct relation with v_ - v_ has completely disappeared, and
n s

a1 seems to be determined by the mass flow velocity (see fig.2a
chapter HI). Still F /a' is determined by v - v but the values

sn n s

of the ratio in this region are smaller than can be explained

from a homogeneous situation. The only correspondence to the
region with v - v < 0 is that in both regions the ratio F /a'n s s
appears to have the same constant value. At the transition between

this region and the one with high relative velocities,oscillations

in the measured quantities are found. These were earlier found
7) 8)

for Au and AT by Van der Heijden and De Haas in the corres-

ponding velocity regions, but they are now for the first time

observed in the second-sound quantities.
c) Separate remarks

There are two remarks left that deserve being mentioned, but that

are not directly related to the comments given before.

12)1. According to Anderson's relation , Au across the capillary is

proportional to the number of vortices that cross all streamlines

during one second. If the extra attenuation is a measure for the

average vortex density, then Au/a' would give the average time

needed for one vortex to cross the capillary and thus would give

the average vortex velocity perpendicular to the axis of the

I
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" fig-s
Data for a'/(2ttv^) plotted against (vg/vn)-l. T = 1.50 K, d = 620 \un,

I = 44 am, v° = 132.0 Hz.

capillary. The experimental results for Au/o1 at 1.50 K were given

in chapter HE, fig.,4; one would conclude that the transverse

vortex velocity is completely determined by the mean relative

velocity.

2. Considering the data for the extra attenuation a' at 1.50 K

(see f.i. fig.3a of chapter HL) , it appears that by plotting

c'/Vjj against the ratio of vg and v , almost all data coincide

with the same curve (see fig.5). The idea of making such a diagrar

was induced by the paper of Geurst ' (see also section 1 of this

chapter), albeit that the author suggested such a behaviour for

Au/vn2. An argument for the present result in the context of that

paper could not be found.

Jr.- 1
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7. Conclusion

'••1

In general it can be said that with the present experiments at

1.50 K, a number of new relevant interrelations have been found

for the measurements of stationary values of Ay and AT,and the

second-sound attenuation and dispersion. It may be necessary to

check some of these relations at other temperatures, while an

extension to the whole counterflow region seems desirable.

In some velocity regions the results seem to be succesfully

described on the basis of homogeneous flow situations. In the

same regions, however, also some indications for inhomogeneities

are found. A way to explain these contradictions may be given by

the possibility that some quantities are homogeneous, while

others in the same flow situation are not. An example for this
9)has been given by Geurst , who described situations with a

homogeneous mutual friction force, but nonetheless distinct and

different profiles for the superfluid- and normal-fluid velocities.

In the remaining velocity region all results seem to point at

inhomogeneities.'The best quantity to separate wall effects from

bulk effects may be the dispersion in combination with the

attenuation, but for this purpose an extended investigation of

the frequency dependences will perhaps be needed.

The use of the phenomenological equations of motion, as given by

equations (1) in section 3 of this chapter, appears to be rather

succesful in the sense that, for the two friction forces, a

number of significant relations have been revealed. In a large

region of the vn,vg-plane, these forces appear to be closely

related. This might be an indication that the forces, F and P ,

are partially made up of common terms. Another choice for the

equations of motion may give results for these situations that

are easier to interpret. For a further interpretation of the

measured quantities, however, equations should be available that

are valid on the scale of local averages. For a complete descript-

ion boundary conditions must be added. An alternative might be

a generalisation of the numerical work of Schwarz to inhomogencous

flow situations.
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SAMENVATTING

Transportverschijnselen in helium IE kunnen in principe worden

beschreven met een twee fluïda model voor een superfluïdum en

een "normaal" fluïdum. Hiervoor kan een compleet stelsel be-

wegingsvergelijkingen worden opgesteld. Bij niet zeer lage

snelheden in capillaire stromingen worden de optredende ver-

schijnselen, zoals vorming van vortexlijnen of -ringen, echter

dermate ingewikkeld, dat de bewegingsvergelijkingen niet meer

op een eenvoudige manier gemiddeld kunnen worden over de door-

snede van het capillair. Om deze reden worden voor die situaties

fenomenologische bewegingsvergelijkingen gebruikt, die in eerste

instantie alleen gemiddelde grootheden bevatten, zoals de

transportsnelheden van de twee fluïda. De daarin voorkomende

gemiddelde krachten zijn in het verleden als functie van de

twee transportsnelheden met verschillende methoden onderzocht.

Relaties tussen de uitkomsten van de twee meestgebruikte methoden

bleken niet op een eenvoudige manier gelegd te kunnen worden,

mede doordat verschillende capillairdiameters gebruikt werden.

In dit proefschrift wordt een experiment beschreven, waarin op

stromingen door capillairen van 0.620 mm beide technieken toe-

gepast zijn, zodat een directe vergelijking mogelijk is geworden.

Enerzijds werden als functie van de twee onafhankelijk instel-

bare transportsnelheden de door de stroming veroorzaakte demping

en dispersie van tweede geluid (voortplanting van temperatuur-

variaties) bij een vaste frequentie gemeten. De dispersie (ger
geven als het reële deel van de axiale component van de golf-

vektor) werd nog niet eerder onderzocht op een dergelijk

systematische manier. Anderzijds werden bij dezelfde snelheids-

combinaties het temperatuur- en chemisch-potentiaalverschil be-

paald .

In hoofdstuk I wordt het apparaat, waarmee de metingen verricht

zijn, nader beschreven, evenals de verschillende technieken bij

de metingen gebruikt. Het tweede geluid werd in resonantie ge-

I
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bracht in een Helmholtz-resonator. De theorie van de resonantie,

welke gebruikt werd voor een directe interpretatie van de meet-

gegevens, wordt gegeven in hoofdstuk H .

De resultaten van de metingen worden in hoofdstuk UI gepresen-

teerd. Een groot aantal metingen, bij snelheidscombinaties ver-

spreid over het hele gebied dat bestreken kon worden, werd ver-

richt bij een temperatuur van 1.50 K. Waar voor de vier groot-

heden op zich ingewikkelde functies van de twee snelheden ge-

vonden worden, blijken bepaalde quotiënten meerduidige functies

van alleen de relatieve snelheid tussen het normale fluïdum en het

superfluïdum te zijn. Dit geldt voor elke verhouding tussen aan

de ene kant grootheden, afgeleid van het chemisch-potentiaal-

verschil of het temperatuurverschil gecorrigeerd voor de

Poiseuille-bijdrage, en aan de andere kant de demping of de dis-

persie van het tweede geluid. Bovendien blijkt ook de verhouding

van de tweede geluids-grootheden een dergelijke functie op te

leveren. Elk van deze functies blijkt uiteen te vallen in drie

verschillende takken, die bij hoge relatieve snelheden lijken

samen te vallen.

• Twee typen stromingen, behorend tot twee verschillende takken,

zijn speciaal onderzocht bij meerdere temperaturen. Dit waren

stromingen waarbij of alleen de normale component of alleen de

superfluïde component een gemiddelde transportsnelheid had. Het

belangrijkste resultaat voor de tweede-geluidsdemping betreft de

relatie tussen de door de vortices veroorzaakte demping (extra

demping) en de zonder stroming reeds aanwezige demping aan de

wand ten gevolge van de viscositeit (nuldemping). Het blijkt dat

voor beide stromingen dezelfde extra demping gevonden wordt. Bij

de superfluïde stroming echter, treedt deze op naast de nul-

demping, terwijl in de stroming van de normale component de nul-

demping . geheel opgenomen wordt in de extra demping.

Bij bepaalde snelheidscombinaties zijn in alle vier de gemeten

grootheden oscillaties gevonden die voor de tweede geluids-

grootheden voordien nog niet waren geregistreerd.

In hoofdstuk IV wordt geprobeerd de resultaten te beschrijven in

het kader van de fenomenologische bewegingsvergelijken. Door

/«•'

93
3?'

I



vergelijking van de tweede-geluidsmetingen met de metingen van

de temperatuur- en chemische-potentiaalverschillen kan onderscheid

worden gemaakt tussen homogene en inhomogene stromingssituaties.

Redenen worden aangegeven voor het tekort schieten van de bewe-

gingsvergelijkingen bij verdere interpretatie.

De metingen op zich hebben nieuwe informatie toegevoegd aan de

bestaande gegevens, terwijl de combinatie van twee verschillende

meettechnieken nieuwe mogelijkheden heeft geopend voor, en

restricties heeft gegeven aan verdere interpretatie daarvan.

>>•-
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vak wiskunde af. Daarna werd het onderzoek begonnen, dat beschre-

ven is in dit proefschrift en waarvoor ik per 1 juli van dat jaar
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onderdelen werden gemaakt door de heer L.W. Slotboom. Problemen

op het gebied van de elektronica werden door de heer W. Klijn

opgelost. De diagrammen in dit proefschrift werden getekend door

de heren J. Bij en W.F. Tegelaar, terwijl deze laatste ook de

foto's vervaardigde. Het typewerk, tot en met het camera-klaar

maken van het proefschrift, werd verzorgd door mijn vrouw,

D.J.M. IJsselstein-van Rijn.

€

B&'.'

96

i

I
I



STELLINGEN

1. Het verdient aanbeveling om bij verscheidene typen stationaire stromingen

van helium II de frequentieafhankelijkheid van de demping en de dispersie

van het tweede geluid over een zo groot mogelijk gebied te bepalen.

I

2. Het is voor het onderzoek van stationaire stromingen van helium II van be-

lang, dat de in dit proefschrift beschreven experimenten worden uitgebreid

naar hogere transportsnelheden, andere temperaturen en situaties waarbij

de richting van het massatransport tegengesteld is aan die van de snelheid

van het normale fluïdum.

3. In de beschrijving van capillaire stromingen van helium II met behulp van

de vergelijkingen van Bekarevich en Khalatnikov mag de vorticiteit , gedefi-

nieerd als de lokaal gemiddelde rotatie van de superfluide snelhsid, niet

zonder meer worden gelijkgesteld aan de rotatie van de gemiddelde super-

fluïde snelheid.

J.A. Geurst, Phys. Lett. 71A(1979)79.

I.L. Bekarevich en I.M. Khalatnikov, Sov. Phys. JETP 13(1961)643-

I

4. In de analyse van de neutronendiffractiemetingen aan Eu Sr S door Maletta

en Convert wordt van de braggpiek ten onrechte de variatie in de hoogte

met de temperatuur gebruikt om het ontstaan van microdomeinen aan te tonen.

H. Maletta en P. Convert, Phys. Rev. Lett. 42(1979)108.

5. De moeilijkheden bij de interpretatie van soortelijke-warmtercetingen aan

PrNi_ worden mogelijk veroorzaakt door een relatief grote bijdrage van een

kleine hoeveelheid PrNi.

6. De waarde van de Dzyaloshinsky-Moriya-wisselwerking in trimethylammonium

catena-di-u-chlorodiaquocobaltdl) chloride, [(CH ) NH]CoCl 2H„O, die

door Losee et al . ui t meetgegevens wordt, berekend i s vele malen te groot.

D.B. Losee, J.N. McElearny, G.E. Shankle, R.L. Carlin, P.J. Cresswell

en W.T. Robinson, Phys. Rev. B 8(1973)2185.
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7. Voor het vinden -ran een verklaring voor de verschillen in kritisch gedrag

tussen tetrathiofulvaleen-tetracyanoquinodimethaan (TTF-TCNQ) en tetra-

selenafulvaleen-tetracyanoquinodimethaan (TSeF-TCNQ) is het gewenst ver-

ontreiniging in de TCNQ-keten aan te brengen. De verontreiniging zou in de

TCNQ-keten een vergelijkbare verstoring moeten aanbrengen als TSeF doet in

de TTF-keten.

Zie o.a. S. Etemad, Phys. Rev. B 13(1976)2254-

8. Bij de interpretatie van diëlectrieiteitsmetingen dicht bij het gas-vloei-

stofkritische punt moet terdege rekening worden gehouden met de oriëntatie

van de bij de metingen gebruikte condensator ten opzichte van de zwaarte-

kracht.

R. Hoeken, M.A. Horowitz en S.C. Greer, Phys. Rev. Lett. 37(1976)964.

9. Wisselwerking tussen onderzoek en onderwijs in de fysica is niet alleen van

essentieel belang voor het onderwijs, maar ook voor het optimaal functione-

ren van onderzoek.

10. In de universitaire natuurkundeopleiding wordt aan de fysica van vloeistof-

fen, niet alleen vanwege het grote aantal toepassingen, maar juist ook in

verband met de fundamentele aspecten van di t vakgebied, relatief te weinig

aandacht besteed.

Vl: R.R. IJsselstein Leiden, 25 oktober 1979.
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