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Errata

There are several printing errors in the published papers in

part B.

In B.I, "Relativistic effects in K-shell Coulomb ionisation by heavy

charged particles" (J. Phys. B 9.' (1976), p 971-983):

p 975: First line after eq (2.23): For "9 = a" read "0 = 2/(l+ot)".

p 976: Parantheses should be inserted inside the square

brackets of eq (2.28), beginning immediately after

F (2y) and extending to the end of the brackets.

p 979: Third line of second paragraph: For "experimental"

read "theoretical".

p 982: The first line after eq (A. 4) should begin: "The

sum over m...".

p 983: Second line: For "even 1" read "j = 1 + 1/2", for "odd 1"

read "j = 1 - 1/2".

p 983: References: For "Bambyrek W " read Bambynek W ".
v v

For "Jamnik D and Zupancic C", read "Jamnik D and

Zupancic C". For "Kocbach L 1974a...486-8" read "Kocbach L

1974a L 486-8". For "Merzbacher R" read "Merzbacher E".

In B.2: "Electronic relativistic effects and Coulomb deflection

of the projectile in L-shell ionization of atoms by

light ions" J. Phys. B: !L0 (1977), 1097-1112.

p 1099: Eqs (2.7), third and second line from bottom: For "P1"

read "p1".

p 1112: References:"For Amundsen P A 1976a...971-83" read

"Amundsen P A 1976a...971-83, 2173".



In B.3: Coulomb deflection effects in ion-induced K-shell

ionization "(J. Phys B 1JD (1977) p 2177-2187).

p 2178: Eq (2.1). The constant in front of the summation sign
2 4"

should read ~ ZKe

- 1/2p 2181: A factor (4TT) ' has been left out on the right hand

side of eqs (3.2-3.4).

p 2182: Eq (3.7). The first "=" should read "-". Second linejjf

§4: For "Brandt" read "Brandt et al".

p 2187: References: "For Brandt W 1966" read "Brandt W, Laubert

R and Sellin I 1966".
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1. Introduction

The study of atomic inner shell vacancy production

induced by heavy (compared to the electron) charged particles

and the ensuing X-ray emissions and Auger processes has a

history almost as old as atomic physics itself '. It has been

undertaken partly to obtain information on atomic structure

and atomic processes, partly from its relevance to other fields

of physics and its applications. There exist today quite a few

good review articles ' and conference proceedings 10"12^

which cover the field. The presently most important application,

particle induced X-ray emission used as a tool for chemical trace

element analysis is today evolving into a field of its own 1 3~ 1 7',

In this introduction I will restrict myself to some general re-

marks on the place of the present study in the context of inner

shell vacancy production, aimed at the reader unacquainted with

the field.

In a branch of physics like this, with a long history

and where the basic constituents and their interaction are well

known, one might believe all major theoretical questions to be

settled. This is hardly the case, however, in particular when

it comes to the understanding of the processes responsible for

the vacancy production. Although we believe that we understand

the basic exitation mechanisms, they are by themselves often

difficult to calculate due to the many-body character of the

problem and the long range of the Coulomb forces. But the real

theoretical problem today is the understanding of the interplay

between these basic mechanisms. Although some progress has
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been made, much work remains to be done before we can say we

have a coherent picture of how the inner shells are excited

during the collisions. In order to obtain this coherent picture,

one needs a deeper insight into each of the separate processes than

is necessary if one wants to calculate them independently.

The theoretical approaches to heavy particle induced

inner shell vacancy production are of course to a large extent

18 19)
shared with other branches of atomic collision physics ' ,

although applied to inner shell phenomena they aquire some

distinctive features of their own. Almost all of them can con-

veniently be divided into two classes, both for conceptual and

historical reasons. The historically older one is the one-centre

(or single atom, SA) description, the other the molecular orbital

(MO) approach. Both are based on fairly simple physical ideas.

The SA picture is the natural one if the incoming

particle only weakly perturbs the target states, either because

the collision is sufficiently swift or because the projectile

charge is much smaller than the effective charge of the target

felt by the electrons. By convention in the SA picture the

target atom will be that atom / ion in which the vacancy is

created, irrespectively of the actual experimental situation.

Electrons bound to the projectile, if any, are expected not to

influence the ionization process (see however ref. 20). Under

these circumstances one expects perturbation theory (in practice

to the first order) based on unperturbed target atom wavefunctions

to work.

In this picture one can visualize three basic mechanisms

for creation of vacancies, namely direct Coulomb exitation to an-



other, previously unoccupied, bound state; direct Coulomb

ionization into the continuum; and finally electron capture into

a bound projectile state. Only a beginning has been made in the

21)study of the first process , as it in most cases can be shown

22)
to be only of minor importance '. Charge exchange, on the other

hand, can contx-ibute significantly to the vacancy production rate

if the projectile velocity is comparable to that of the target

21 ?3)
electrons ' . In some situations one can also have a

process of charge transfer to the continuum, where the

ejected electrons are most conveniently described in terms

of continuum states centered at the projectile " '. Never-

theless, in most cases where the SA picture works reasonably

well, the main process for creation of inner shell vacancies

is direct Coulomb ionization into the continuum.

The molecular approach is the natural one for colli-

sions where the projactile moves much slower than the typical

orbital velocities of the target electrons. Under such circum-

stances one can assume that the electrons adjust themselves

adiabatically to the combined field of projectile and target, and

they thus effectively move in two-centre MO's during the

collision. These orbitals will then change slowly as the pro-

jectile moves, retaining their symmetry. During this process it

may happen that an initially unoccupied state is transformed

into a state with a binding energy comparable to some occupied

state. The internuclear motion then can couple the two states

strongly, resulting in a transfer of the electron into the



initially unoccupied state. When the collision partners separate,

a vacancy has been created in the initially occupied state. This

is the basis of the electron promotion process of Fano and

Lichten 2 7' 2 8>.

In most experimentally accessible situations the con-

ditions of validity for neither the SA nor the MO pictures

are strictly fulfilled. From the SA point of view this means

that some way of incorporating the distortion of the atomic wave-

functions must be found, while in the MO picture one has to

introduce direct transitions between different orbitals and to

the continuum. This also opens the important possibility of

promoting a vacancy that has been created by direct ionization

in the same collision. The vacancies can also be transferred

from one to the other collision partner by a charge-exchange

29 8}
type process (vacancy sharing) ' . Finally, the adiabatic

MO's need not be the physically relevant ones for describing the

promotion process, introducing the problem of the diabatic

MO's . Thus, whether one starts from a SA or a MO de-

scription, for the general collision process one ends up with

a problem of adding coherently different types of transitions

between states, including unbound ones, for which only the

asymptotic behaviour is easily deduced from first principles.

In addition to the processes considered so far, one

must also include processes due to the omnipresent electro-

magnetic radiation field. For a sufficiently slow collision
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the created vacancies may decay before the collision partners

have separated, giving rise to non-characteristic MO radi-

ation 3 1 ~ 3 3 ) . in the SA picture this corresponds to the pro-

cesses of normal vacancy decay and radiative electron capture

(REC) 3 1' 3 2>. Finally one can also have a process of radiative

ionization (RI) 34'35>. Although these processes certainly com-

plicate the picture from a theoretical point of view, the emitted

radiation is an important source for experimental information

on the collision process

For very heavy symmetric collisions the combined fields

of projectile and target may even be strong enough for a K-

vacancy to decay by pair creation, where an electron occupies

the vacancy while the positron is emitted. This process of

spontaneous positron emission is responsible for the current

great interest in atomic collisions between ions and atoms in

the lead-uranium region. The process is theoretically interesting

because it is a rare case of quantum electrodynamics in a

reasonably static strong field, and as such is related to

phenomena like Klein's paradox and particle emission from black

holes. For a recent comprehensive review, see ref. 37.

The classification of the various exitation mechanisms

outlined above is based only on the behaviour of the electrons

during the collisions. The large mass-difference between pro-

jectile and the electrons implies that the exitation process only
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weakly influences the projectile motion, leading to fortunate

simplifications. In a fully quantum mechanical description one

would then describe the internuclear motion by the solutions of

the elastic projectile-target collision problem. From the MO

point of view this is just the wellknown Born-Oppenheimer approxi-

mation, while the SA approach naturally leads to the distorted

wave Born-approximation (DWBA). Neither of these has been exten-

sively used in the present field, because in most cases it turns

out that the conditions for a classical projectile description to

be valid are fulfilled. This considerably simplifies the calcula-

tions, in particular as it also gives automatically the ionization

probability as a function of projectile scattering angle, which

is a measurable quantity containing much information on the vacancy

producing mechanisms . The use of classical projectile paths

41)
was introduced in the SA-descriptions by Bang and Hansteen and

is generally known as the semiclassical approximation (SCA, or

sometimes, the impact parameter Born approximation, IPB). In the

MO framework this assumption is so universally made that it has

not even got a separate name. It should also be pointed out that

in the case where a fully quantal calculation is simple, namely if

the projectile is not appreciably deflected in the field of the

target nucleus so that it can be described by a plane wave, the

plane wave Born approximation (PWBA) gives the same cross-

41)sections as the SCA with the same dependence on the projectile

42)
angular momentum .

A classical projectile description is normally connected

with the assumption that a wavepacket with roughly the projectile

quantum numbers will retain its physical identity during the cel-
43)

lision process . But the classical approximation can also be
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regarded as a stationary phase approximation to the full quantum

mechanical solution of the problem, valid to the zeroth order in

44 45)R ' One can develop a formally consistent theory where only

some of the variables, in our case the variables describing the

45)internuclear motion,are treated classically . Furthermore, it

turns out that this approximation is often valid even in cases

where the wave-packet argument fails, and this seems in particular

to be true for inelastic atomic collisions ' '. From an intu-

itive point of view one may assume that as long as no new,

purely quantal, phenomena like interference effects occur, un-

modified classical methods should give at least reasonably accurate

predictions even in cases where a wavepacket description is doubt-

ful. Recent experimental results where the projectile has only

a few units of angular momentum , and in particular the process

49)of inner shell ionization following nuclear a-decay ' makes

this more than a theoretical question.

The present thesis consists of several investigations

on K and L shell ionization of the heavy collision partner in

slow asymmetric collisions based on the SCA . As noticed previously

the use of the SCA can only be defended for slow collisions if

the projectile has a charge much less than the target. Thus this

approximation should first be tested for proton impact on very

heavy target elements. For these elements the inner shell electrons

move sufficiently fast for a relativistic description to be manda-

tory. These relativistic effects are in themselves of some inter-

est, as they can be quite large. After discussing the formulation

of the SCA that has been used throughout this work, I have in-

cluded as a further introduction a talk on relativistic effects

in Coulomb ionisation . Thereafter follows two papers on
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electronic relativistic effects in K and L shell ionization

' . These papers are based on the straight line version of

the SCA . As Coulomb deflection effects are far from negligible

41)in slow collisions , the calculations have been corrected for

them in an approximate way.

The next two papers ' ' discuss calculations with

an exact Coulomb projectile path. While generally agreeing with

the approximate results at large impact parameters and for total

cross-sections, these calculations show a very different structure

at small impact parameters, in agreement with recent experiments.

This possibility of non-trivial structure of the ionization prob-

ability at large scattering angles should perhaps be emphasized,

as such structure has sometimes been taken as an experimental

signature of the presence of other exitation mechanisms than

direct ionization.

54)The last of these two papers also touches upon the

inclusion of corrections to the SCA from terms beyond first

order perturbation theory. At low projectile energies the import-

ant corrections are the binding energy corrections, arising from

the diagonal terms in the matrix elements of the perturbing

potential. These corrections are actually of some importance

even for the most asymmetric collisions. On the other hand for

these very slow collisions also the MO-picture should be applic-

able, so that there must be some connection between the two

approaches in this limit. This connection was originally pointed

out by Briggs . In the last paper of the present thesis '

it is shown how the theoretical apparatus developed for the

SCA- calculations can immediately be used also for making
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calculations of more symmetric systems with the Briggs model.

It also states a result which is proven in an appendix to the

present introduction on the connection between the recoil term

54)
of the SCA ' and the contribution from the motion of the

target atom in the Briggs model. Thus, at least for direct

ionization in very slow collisions we apparently have reached

a unification of the SA and MO approaches.

Some work pertinent to the content of the present

thesis has been made since the writing of its different parts.*

The investigations of the large angle effects for L-shell ioniz-

ation show even larger effects than for the K-shell,due to the domi-
CO \

nance of dipole and quadrupole transitions from the p-states

Also the first calculations using relativistic Hartree-Slater

wavefunctions have been reported ' ' . For the K-shell these

calculations only represent a 5% correction, or so, for slow

proton on gold collisions. For the L-shell, the effects are much

greater, as expected ' , apparently improving upon the agree-

ment between theory and experiment. No systematic investigation

has yet been undertaken, however.

* A complete l i s t of publications in this field by the Bergen group up to last
year can be found in Kef. 57 .
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2. Theoretical preliminaries.

An electron moving in the combined fields of the

target nucleus of charge Z_e (mass M?) and the projectile

of charge Z.e (mass M,) with an internuclear separ-

ation R(t) can be described in the heavy particle centre of

mass frame by the Hamiltonian

(1) H(t) = T -

where T is the kinetic energy operator, including the rest

mass term and the Lie"nard-Wiechert vector potentials of the

moving charges in the relativistic case.* Furthermore

TR R =(2) Ri = 7TR » Ro = TT R ' Vi"1 = MT1 + M"\t) ~l M ~ ~2 M, ~ 1 2

If R(t) is a straight line path, the centre of co-

ordinates can immediately be changed to coincide with the pro-

jectile nucleus by a suitable Galilean or Lorentz transformation.

In that case one obtaines the Hamiltonian that is usually taken

to be the starting point of the SCA '.

SA
H(t) = H

o |r-R(tJT

SAwhere H is the SA Hamiltonian and the projectile

* To be entirely consistent, the t ' s in the potentials in eq.(1) should
be replaced by suitably retarded times.
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Lienard-Wiechert potential term has been dropped, being of the

order of

v

and thus negligible in slow collisions. The extra non-inertial

terms arising when R is not a straight line path, is discussed

54)
elsewhere '.

SA
If we chose the atomic eigenfunctions of H as the

unperturbed states of our problem, standard first-order time-

dependent perturbation theory gives the probability of ionization

from an initial state of energy -E R (all electron energies are

given without the rest mass term), total angular-momentum J

with Z-component M and parity P to a final state in the

continuum having energy E, , angular momentum J with Z-

component M and parity P as

dlfi

(4) b

dE, n J
• 00

<Ef,J
f,Pf,Mf|

l£-R(t> I
|-E_,,J1,P1,M1>dt

(4)

where

Ixi == q v. =
EB + Ef

(5)

and the projectile path has been identified by its impact para-

meter b . The quantity q can be interpreted as the minimum



- 13 -

momentum transfer necessary to transfer an energy E,. + E n
i a

2)
from a projectile of velocity v, in a two-body collision.

For an inner shell all magnetic substates M will be occupied.

If one is not interested in the angular distribution of the

final state electrons, one can also sum over all final state

angular quantum numbers. Assuming an independent particle model

of the atom this immediately gives the differential ionization

probability for the i-th (sub)shell as

(6) i
dE, I dl

£
dE,

fi

M iJ fM fP f

Actually it can be shown that eq.(6) is valid without the assump-

tion of an independent particle model

In order to evaluate the expressions in eq.(7) we

make the following observations: If V(r) is a scalar potential,

one can always write

f iS'(r-R) ,
V(|r-R|) =- }f(s) e d3s

(7)

(R)Y f(s)j£(sR)j£(sr)ds

where

(8) f(s) = r sin(sr) V(r)dr .

and jj is a spherical Bessel function of order £.

* i i - 1
Generally, for any vector ja we define a = |a| , a = a a
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If necessary suitable convergence factors should be introduced

in eqs. 7 and 8 to make the integrals well defined, or more

formally, they may be interpreted in the sense of distributions,

remembering that there will always be a bound state wavefunction

around on which the operators can work.

-1 2 2 -1
For our case, V(r) = r , we have f(s) - (2ir s ) . Intro-

ducing this in eq.(4), we can express eq.(6) as
62)

d E I I'l
M iJ fM fP f

8 / <J M P Y |J1M1P1>

(9)

^i(b,q;s)F^
i(s)ds

where the path-factor is defined by

(10) BOm(b,q;s) = I e
'Am

;s) = f

while F.1 is the radial form-factor

(11)
2, *r (gf (r)g±(r) + f f (r)f±(r)) j (sr) dr

with g. and f. (g and ff) as the large and small components

of the relativistic initial-(final) state radial wavefunction.

By means of standard angular momentum algebra the sums over

M and M in eq.(9) can be carried out, yielding
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3
dE,

(12)

16 .
(2J1*!) I

fof
(2Jf+l)

f
(s) B£m ( b' q' s ) d s

For a straight line path B may be evaluated analytically for

all i and m ' '.WencbeQae the coordinate system so that

(13) R = (b,0,v,t), tge =

and notice, that a result given by Watson (ref.65,p.379) can

be expressed as

(14) / e
-1

-iz£cos9 .2' ,m* -1,
J (z/l-C sine) Y1' (cos J-C,<J>) d?

in Ĵ

= 2 (- f j£(z)

sbsbInserting this in eq (10) with z = . Q , we find

Bain(b,q;s) = ±2- f J«(sb/l-5^ ) Y^ (cos i?,0) d?m(

dt

sv. m
(b/s^q^ ) Y^fcos"1 f-,0) §- < 1

0

where we have used the standard representation of the Dirac

6-function in the last step.
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The ionisation cross section is now found by inte-

gration over impact parameters:

j,-i

(16) do
dE

= 2ir / b db
dE,

For a straight line path this can be done analytically, giving

the PWBA-expression for the total cross sections '

In his original paper, Briggs developed his model

from the MO-formulation of the collision problem. It can also

be derived directly from eq (1) by writing instead of eq (3)

(17) H(t) = HUA V(t)

UA
where now H is the Hamiltonian of an united atom (UA) of

charge Z.+ and

(18) V(t) = - Z±e
2 ( Lr

and the magnetic vector potential contributions are again

neglected. We see that the two ways of writing H(t) in eq (3)

corresponds to two very different physical situations. By using

UAeq (3) one assumes that the initial eigenfunctions of H are

only a little perturbed during the j.onisation process. In eq (17)

one instead assumes that the collision is so slow that the

wavefunctions adjust themselves adiabatically to a united atom

before the heavy particles come close enough to induce any

ionisation. Such an assumption is tenable because the ionisa-

tion takes place mostly at distances of the order q~ , and
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q << a. is the condition for the collision to be regarded

41)as adiabatic, a. being the Bohr-radius of the initial state

From eq (18) it follows that V(0) = 0, so that

V(t) will generally be small during the ionisation process. If

one then uses first order time-dependent perturbation theory,

one can derive a result analogous to eq (12) in a straight-

forward way.

dE,
H

4 1(

2 T
J1! Jf

-h o h

(19)

where

(20) a = Zl+Z2

and the parity transformation properties of the wavefunctions
£ i f

together with the conservation law (-1) = P P have been

used. The form-factors in eq (19) should of course be calculated

with UA wavefunctions and binding energy and not the corres-

ponding SA quantities, as implied in eq (9). Tha use of UA

wavefunctions actually implies that one can assume that the

centre of charge (centre of the UA) and the centre of mass

coincide. If not, one should in principle include recoil-type
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terms to correct for their relative (accelerated) motion.

For a slow, asymmetric collision the centre of mass

will almost coincide with the target atom (assuming this to be

the heavier collision partner). One does not expect to make a

serious error if one assumes the UA wavefunction to be actually

centered at the target. The perturbation of the UA will then

only come from the projectile motion, and we can rederive eq (9),

only with the SA form-factors and binding energy replaced by

UA ones. This gives us the so-called perturbed stationary state

approximation (PSS) 6 6 ) , or the binding-corrected SCA 6 7' 5 4>.

In doing this there is an appearent problem with the recoil

term. In the UA approach one does not expect any recoil term,

as we have assumed the centre of charge to coincide with the

centre of mass. On the other hand, for very asymmetric colli-

sions there is only a small difference between the SA and UA

charges, but for the SA the recoil correction can be

quite substantial at large scattering angles. This ambiguity

is resolved by the fact that in the asymmetric limit the term

arisi1 j from the projectile motion in the Briggs model coin-

cides with the SCA recoil term. A proof is given in an appendix.
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Appendix

In this appendix it is shown how the Briggs model in the

asymmetric limit (Z~>>Z,} gives the same correction term as

comes from the recoil correction to the SCA. The same (united

atom) wavefunction is assumed in both models.

From eq. (19) we have that the projectile motion in the

Briggs model gives an additional contribution to the scattering

amplitude of

(Al) h J PJ± (S) (b,q,ea) ds

From the expression for the path factor from eq. (10)

iuit m
(A2) B£m(b;q;0s) = Y1 (P.) j £ (BsR) dt

and the series expansion of the spherical Bessel-functions

(ref. 68, eq. 10.1.2)

< }

2k

(A3) jo(x) =
k

k=0
k!(2£+l+2k)i

we find that to the lowest power in 3 only B, will contribute,
lm

because the term with 3 in B 0 Q vanishes

(A4) B (b,q;6s)= J e (4ii) 2 dt + O (fT) = O (3Z) q > 0 .
00
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Thus in the asymmetric limit the leading term is

00 . *

xmt m
(A5) B|b,q;Bs) M |= / e Y (R) R dt t 0(0 )

— 00

00 iU)t
Re 1

= M J e (R) dt +0(3J)

-jBs_ .. m
(R) dt+

m
= - ££ / e Y, (R) Rdt + 0(3J)

3w

In the second line the vector R has been expressed in spherical

components. In the third line we have made two partial inte-

grations, discarding the terms from the ends of the interval,

which must be interpreted as being proportional to 6'(q) and

6(q), respectively. Finally, in the last line we have assumed

that the force acting between the heavy particles is central,

so that R = R .

The s-dependence of eq. (A5) is sufficiently simple to

perform the s-integration in eq. (Al) directly, using



(A6) J dssj1 (sr) = —— ,

o r

remembering the convergence factor at large s.

We can then write

f i 2
(A7) AM = 5 h * 3S ZlZ2e '

Sim b,l ̂  g ^2 ~ Dm ̂ f

where Dm is the recoil path-factor given in ref. 54:

00

u r

-

while the electronic form-factor

(A9) Gf'± = < Rf | \

apparently differs. In the non-relativistiv case we can

immediately transform (A9) using

= i [H» p] = me <i,2 [H«£H« r]]

Taking matrix elements of this equation,



- 22 -

we immediately find

(All) Gfi =
(0 m

(Zi+Z2)e'

OJ m

(Z1+Z2)e
2 Gfi

l
Using 3 = „ .„

VZ2
lTT^ » and that if the centre of charge

Z2

coincides with the centre of mass, one has

M..M Z.
(A12) \i = l 2- = - — L

Ml + M2 Zl + Z2

we find

2

in accordance with eq. (3.17) of ref. 54.

It thus only remains to prove the corresponding relativistic

result.

Going back to eq. (A10) we identify the problem as arising

because p * mf in the relativistic case. Instead we can use

the identity

, UA (Z +Z_)e'
(A14) { H , a } = 2cp - 2a — ± — *
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which is readily proved for the relativistic hydrogen atom,

with a being the usual Dirac matrices and {A,B} = AB+BA .

Furthermore one has

<A15> ife

(A16) Consequently

1
Rf| ij r

> = -iw<Rf | p | R. >

Rf|o i

The first term in this expression is just the term we need.

The origin of the second term is also clear. It cancels, to

the lowest order in $, the magnetic interaction between the

moving target and the UA, which we neglected in writing egs

(17) and (18). Thus the binding-corrected SCA (or PSS), including

the recoil term, can be regarded as a limiting case of the Briggs-

model for asymmetric collisions.
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"Relativistic Calculations of Coulomb Ionization"

P.A. Amundsen

Dept. of Physics, University of Bergen, Allegt. 55,

N-5014 Bergen-U, Norway.

Abstract.

In direct Coulomb ionization of the inner shells

of heavy atoms electronic relativistic effects can be

very large. The physical reasons for these effects are

discussed in some detail, together with their qualitative

behaviour and how to approximatively correct for them.
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That electronic relativistic effects are important in

inner shell processes of heavy atoms is immediately seen

from the fact that in a non-relativistic atom of charge-

number Z2 the inner-she11 electrons will move with velo-

cities of the order of

Ve2, Z 2 a 1
(1) - ^ = a = -±-

c n 137

where n is the main quantum number of the shell. In most

cases, however, non-relativistic calculations will give

reasonably accurate predictions, and the relativistic effects

will only enter as corrections. It may therefore be some-

what surprising that for direct Coulomb ionization of heavy

atoms by slow ions, non-relativistic calculations need not

even give the right order of magnitude of the cross section.

The first relativistic calculations of proton-induced

K-shell ionization were reported by Jamnik and Zupancic in

195 7. Already these first calculations, made in the frame-

work of the plane wave Born approximation (PWBA) , gave an

ionization cross section for 2 MeV protons incident on lead

five times the non-relativistic value. These calculations

have recently been extended to the superheavy region (Z2>92)

using relativistic Dirac-Fock-wavefunctions and a finite nu-

For a discussion of the various approaches to the calcu-
lation of inner shell vacancy production I refer to
Professor Merzbacher's talk at this symposium.2)
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clear size. ' In these calculations relativistic enhance-

ments up to a factor 107 are reported for Z2=170. The

PWBA-results are confirmed and extended by calculations in

the semiclassical approximation (SCA) including effects of

the Coulomb deflection of the projectile in the field of the

4-9)target atom. Although relativistic effects are much

smaller for L-shell ionization than for the K-shell, they

are quite important for the heaviest systems, and calcula-

tions have been reported both in the PWBA10) and the SCA11"12*.

Finally, calculations in the molecular orbital framework (MO)

for symmetric or nearly symmetric systems also show relati-

vistic effects of several orders of magnitude. ~ '

In view of the large magnitudes of the relativistic

effects, and because a detailed discussion of the calculations

necessarily must become rather technical, it is probably more

useful to discuss the physical reasons for the effects within

a simple framework. In the following I will thererore

mostly restrict myself to the calculations of total ionization

cross section using the PWBA or, equivalently, straight line

SCA. Except for the neglection of the influence of the tar-

get charge on the projectile motion, this is not a fundamen-

tal restriction, as the physical reasons for the effects are

independent of the approximations made in the calculations.

This does not preclude, of course, that technical and com-

putational aspects may be very different in the different

approaches.
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In the PWBA the cross section may be expressed as (in

atomic units, e=h=m =1, c= ̂  = 137) :

(2) da 8TT

dEf " V,
2

Here s can be interpreted as the magnitude of the momen-

tum transfer in the collision, q being the minimum momentum

transfers

(3) q = V
Ef
V,

with - E and E- as the initial and final state energies of
B r

the electron (without the rest mass term), the collision

velocity while k f is the direction vector of the ejected

electron. The transition matrix element Ff. is given by

-l s «r
Ff±(s) =

where ty. and tyf are the in i t ia l and final state wave-
2

functions. Thus |F-. (s) | is proportional to the genera-

lized oscillator strength. The dependence of Ffi on the

direction of the irionentura transfer s is suppressed, as it is

completely determined by the definition of the scattering plane

and energy momentum conservation.

As often is the case when the generalized oscillator
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strength occur, it is useful to consider the process in

momentum space. With

(5) *..(£) = (2TT)"3/2JT d3r e"1 E*£$±(£)

and similarly for <l>f (g) i one can write

(6) Ffi(s) = f d"jg ^ ( p ^ )

Thus the formfactor tells us the probability for an electron

of initial momentum £ to be found in a state §~ after

a momentum transfer :s . If we oversimplify a little, and

assume our final states to be plane waves

we simply have

F f i ( s ) =

Inserting this into the expression eq.2 we find

—|$.(s+kf)
v z u -u S3 1 ~ r

f l q
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Thus the ionization cross section depends (almost) only on

the part of (f>. corresponding to a momentum s>q .

In general $. (p) is peaked in momentum space at

|p| = Z2/n . From this we find two limiting cases for eq.9:

A) qQ = -S « -i
V, n

or as
B

7 2

1 2

n

In this case most of the momentum space wavefunction, and in

particular its low momentum components contribute to a .

In addition to relativistic effects the electron - electron

interaction in the atom must be taken into account, and

one should use better wavefunctions than hydrogenic. Also,

because the projectile and the electrons have comparable veloci-

ties, a consistent theory should also describe the projectile

relativisticly 16,17)

B) % »

(11) Vx « — = - V
2n 2
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In this region only the high momentum tail of ty^ can

contribute enough momentum to make the ionization process

kinematically allowed. This is the part of the wavefunction

mostly affected by relativistic effects, while the electro-

nic interactions in the atom hardly influences it. Calcula-

tions with relativistic hydrogenic wavefunctions should

therefore be reasonably accurate, except for superheavy

systems where the high momentum cut-off in <(>. introduced

by the finite nuclear size cannot be neglected . The dis-

cussion in the following will be restricted to this low-

velocity region.

"•P,s<P>
(arbitrary units)

\

\ \
\l
\ \
V
\\
\\
\\
V
\\
\

V

I
\\ x\\\\\\\\\\

20

v\\ \\ \

Z2=79

3 4 5
Momentum

8 P

Fig. 1. Momentum space wavefunction for the gold K-shell.

Full curve: Relativistic; dashed curve: non-

relativistic.
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In fig.l is shown the relativistic and non-relati-

vistic K-shell momentum space wavefunctions for gold. It

is evident that the relativistic effects will increase

strongly with decreasing Vj (increasing q Q). Although

this gives a qualitatively right picture, eq.9 is based

on a too crude approximation to be quantitatively valid.

As we are in a region where the cross section is essentially

determined by the difficulty of transferring enough momentum

to the electron to overcome the ionization potential, most

of the electrons will be ejected with little kinetic energy.

Thus they will strongly feel the nuclear potential also in

their final state, and the plane wave assumption (eq.7) is

not a very tenable one. This again means that relativistic

effects will also influence the final states.

It is at this point convenient to perform a multipole
. 2

expansion of |Ff.| . If we are not interested in the

angular distribution of the secondary electrons, we can re-

place the integration over k, by a summation over the

total angular momenta Jf and parities Pf of the final

states. If we also assume that the initial state is in a full

(sub-)shell and sum over the magnetic substates m. , we

find

m.
K. F,. (s) = (2J.+1)/ (2J.+1) (2M-1)
"t1 ri ' 1 —• t

2
Vp )

x f -k 0

J i \ 2 £ 2

I I F f i(s) |
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Here J. and P. is the total angular momentum and parity

of the initial state, while the 2 pole transition matrix

element is given by

(13)

00

= J 2 j (sr) (r) +f * (r) f± (r) )dr

with g. and f. (gf and ff) being the large and small

components of the initial- (final-) state wavefunction and

jj, a spherical Bessel function.

The usefulness of eq.12 comes from the fact that only

the first few multipole terms contribute significantly to

the cross section. Thus one only needs the relativistic

continuum wavefunction for the states of lowest angular mo-

mentum. Close to the nucleus these behave in the same way

as bound state wavefunctions of the same angular momentum.

For low-energy electrons this will be true for all r con-

tributing significantly to the transition matrix element.

The continuum waves are thus as important as the bound state

in producing relativistic effects.

In order to illustrate the similarity between the

bound and continuum wavefunctions close to the nucleus,

fig.2 shows relativistic and non-relativistic wavefunc-

tions for the gold K-shell (2a) and the Ef= Z*/2 s-wave

final state (2b) at small r .



3 2 5 5 ( 1 9 7 7 ) .
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+g2)

[arbitrary unitJ

- 40 -

\

K-skelt
Z2=79

rz2Rys l / 2
Confinuum state.
Z2=79

Fig. 2. Configuration space probability densities for gold

s-states. (a): K-shellj (b): continuum state.
2

Full curves: Relativistic; dashed curves: non-relativistic.
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For relativistic hydrogenic wavefunctions eq.13. can

be evaluated analytically, and the differential cross

section can be expressed as a series-expansion in q .

The results are somewhat involved, and the numerical com-

putations rather timeconsuming. Neither do the results have

the simple scaling properties of the non-relativistic

results. The latter arises because the hydrogenic Schro-

dinger equation, expressed in atomic units, has only one

parameter, namely Z2 . This can also be absorbed by a

simple re-definition of the units, so that the same form

factors can be used for any atom simply by choosing the

proper units. The Dirac-equation, however, contains an

additional dimensionless number, namely the fine-structure

constant a . The product Z2a gives an absolute measure

of the strength of the atomic field, and one cannot scale

wavefunctions from one atom to another.

This lack of scaling properties of the relativistic

calculations may make a method of correcting tabulated non-
18 19)

relativistic cross sections ' useful, and several have

been discussed in the literature . They are

all based on the same general idea, however. From the rela-

tivistic theory of the hydrogen atom one finds that

the deviations from a non-relativistic system are determined

by the difference between

In practice this scaling is not exact, of course, since
experimental binding energies are used in all calculations,

J!
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(14) Yj = [ ( j + i ) - aH\]2 , yh* Y
j

and the corresponding non-relativistic value J+k. From eqs

2 and 12 the ratio of relativistic to non-relativistic

cross section can be approximated by

2

(15) R = -|^ »

The superscripts R and NR refer to relativistic and

non-relativistic wavefunctions, and the value of I and

Jr; is determined from the dominating multipole contri-

bution at low-projectile energies. In arriving at eq.15

we have used the facts that most of the contribution to

the s-integral in eq.2 arises near the lower limit s=q ,

and that most of the electrons are ejected with little

kinetic energy. There is an extra factor y~ in eq.13
Jf

compared to eq.3 of reference 21. This arises because

the electron energy spectrum is broadened by this factor

in the relativistic case, as is reasonable for dimensional

reasons.

Eq.15 has been the starting point for further approxi-

mations for deducing correction formulas for the relativis-

tic effects. In the limit considered here this is in par-

ticular simple. The j0 (qr)-factor in eq.13 will oscillate

much faster in r than the continuum wavefunction and



- 43 -

efficiently restrict the contribution to the integral to

a region where

Y-
(16) g.F(r) a r

-1

in the relativistic case, and a r in the non-rela-

tivistic case. Thus for the K-shell where Z=0 dominates!

R a
1 f r2"Y~1sin(gr)e"Zrdr

-ZrJ r sin(qr)e dr

or

(17) R =
r(2y)

2 2-Y

where some normalization factors have been taken care of.

This is of course nothing but a generalization of what

would be expected from eq.(9), in the sense that an extra

Y—1

factor r' has been introduced to take care of the

momentum distribution of the final states. In fig.3

results from eq.17 are compared to full SCA-calculations

and also more refined approximations based on eq.15.

Results of full SCA calculations are compared with experi-

mental cross section for gold K-shell ionization induced by
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Fig. 3. Relativistic correction factors av /av for target

charge numbers Z = 79, 47 and 29, as functions of

projectile energy E (upper scale) and the energy

scaling parameter q 2 , (lower scale).

The heavy curve is from complete SCA calculations for

protons on gold. The dotted curve is based on eq. 15.

The full and the dashed curve for gold is from eqs. 4

and 6 of ref. 21 and from eq. 3.46 of ref. 20 ,

respectively.
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10J -

1 2 3 4 5 6 7 8 9 10 1 1 12 13 U 15 16 17 18 19 20
E, [ MeV ]

Fig. 4. Total K-shell ionization cross section, a , for

gold bombarded by protons and a-particlas, as a

function of proton energy E . Full curve:

relativistic wavefunctions, all final states;

dashed curve: non-relativistic wavefunctions, all

final states; dotted curve: relativistic wave-

functions, s^ final states only. (From ref. 5,

where references to the experimental points are

given).



- 46 -

protons and a-particles in fig.4.

The above discussion has been restricted to total

cross sections. As one moves to differential cross sec-

tions the calculations become more sensitive to the finer

details of the wavefunctions, and general results harder

to obtain. Also the influence of other effects, like

Coulomb deflection and contributions from higher order

terms in the interaction become more difficult to disen-

tangle. I will therefore restrict myself to some qualita-

tive remarks.

For the energy-spectrum of the ejected electrons, the

relativistic effects are readily estimated from a formula

analogous to eq.15:

2

(18)
daR/dE f

daNR/dEf

This formula is incidentally valid even if q £ Z2 , as

long as one restricts oneself to the high energy tail of the

electron spectrum:

(19) E f+E B , Ef » *2

Again SL is given by the dominating multipole component at

large q . It should be noted that in principle eq.(18)

implies that at sufficiently large E f the relativistic
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effects will be important for any target atom and projectile

velocity. This occurs because Ff.(q) has an asymptotic

expansion in q~ with a leading term of (at least) one

power less than the iion-relativistic form factor. The

coefficient of this term is of course small when

Z2 -»• 0 . it should be noted that this implies that the use

of plane waves for the final state is not a good approxima-

tion even at large E f because the interaction still takes

place close to the nucleus, where the Coulomb field is

always felt.

If one considers the ionization probability I. as a

function of impact parameter b , the situation is more in-

volved. For impact parameters b « q , which give the

main contribution to the cross section, the preceding dis-

cussion will be applicable. But for very small or very

large impact parameters this is not necessarily true. At

very small impact parameters it is meaningless to neglect

the Coulomb deflection of the projectile. This makes the

ionization probability much more sensitive to the details

7 9)of the wavefunctions ' . At large impact parameters the

higher multipole transitions will grow in importance and

the relativistic effects will be modified. For s initial

states, in particular, they are reduced with increasing I .

In fig.5 the ionization probability of the gold K-

shell for 2 MeV proton impact is compared with experiments.



In order to illustrate the impact parameter dependence of

the relativistic effects, the non-relativistic calculation

scaled to agree with relativistic total cross section is

also shown.

In conclusion one sees that the large relativistic

effects in inner shell ionization induced by slow ions

are readily explained by considering that energy and momen-

tum conservation effectively restricts the projectile to

interact with the high momentum components of the electronic

wavefunctions. Equivalently one may look at this in confi-

guration space/ remarking that the electronic motion becomes

increasingly relativistic with an increasing field, and that

the projectile only interacts appreciably with the electron

at distances closer to the nucleus than about q

7-r

Fig. 5.

K~shell ionization proba-

bility I, as a function of

impact parameter b for

2 MeV protons on gold.

Full curve: relativistic

SCA; dashed curve: non-

relativistic SCA; dotted

curve: non-relativistic

calculation scaled to agree

with the relativistic total

cross section. Experimental

points from Lund et al.

(1974, 1977, unpublished).

400
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Abstract. The straight-line semiclassical approximation is applied to calculations of
K-shell Coulomb ionization of atoms by heavy charged particles, using relativistic Cou-
lomb wavefunctions for the electrons. The effect of the Coulomb deflection of the projectile
is taken into account. Numerical results both for total cross sections and for ionization
probabilities as a function of the impact parameter are presented. The agreement with
experiment is considerably improved for heavy target atoms. There is also an improve-
ment over earlier PWBA calculations of the process.

1. Introduction

Inner-shell ionization of atoms by ions has been studied both experimentally and
theoretically for a long time. Mainly due to improved experimental techniques, the
field has received special attention over the last few years.

The theoretical investigations of these processes have mainly employed three ap-
proximate methods: the plane wave Born approximation (PWBA, Bethe 1930, Merz-
bacher and Lewis 1958). the semiclassical approximation (SCA. Bang and Hansteen
1959) and the binary encounter approximation (BEA, Garcia 1970, Hansen 1973). The
latter two approximations also yield information about the ionization probability
/p as a function of the classical impact parameter, p, of the impinging projectile.
This is a quantity which has recently become accessible to experimental investigation
(Laegsgaard et al 1972).

In all the approximations above mentioned one usually describes the target elec-
trons by non-relativistic hydrogenic wavefunctions. While this gives reasonable results
for low atomic numbers (Z2 ^ 50), it will generally underestimate the cross sections
considerably for larger Z2, as has long been known. Jamnik and Zupancic (1957)
therefore calculated K-shell cross sections in PWBA, using relativistic (Dirac) wavefunc-
tions for the electron, obtaining cross sections much larger than the corresponding
non-relativistic ones. The corresponding L-shell calculations have been carried out
by Choi (1971). In BEA, relativistic effects may be taken into consideration by using
the relativistic mass-energy relation for the electron (Hansen 1973).

Recently measurements of /p for the K-shell of heavy elements have been made
(Lund 1974, Clark et al 1975). The measured values of /„ for 2MeV protons on gold
were almost an order of magnitude larger than the non-relativistic SCA values.
Calculations of 7P in the SCA model were therefore carried out, taking projectile
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972 P A Amundsen

deflection into account (Amundsen and Kocbach 1975). In these early calculations
we only considered / = 0 electron final states, which gave the main contribution
at low projectile energies. The agreement between theory and experiment was con-
siderably improved for gold targets and even in the case of silver there was an
improvement.

In this paper the SCA calculations are extended to arbitrary final states and predic-
tions for /p and total cross sections are given. Section 2 contains the general theory,
while deflection and screening are briefly discussed in § 3. In § 4 numerical results
are presented. In the appendix an explicit formula for the differential cross section
d<r/d£f is derived. If one neglects deflection effects, this formula may be derived
from the PWBA formulation of Jamnik and Zupancic.

2. Outline of the general theory

According to the SCA model, a non-relativistic projectile following a classical path
J?(r), with, impact parameter /?, will cause an electronic Coulomb transition from
the initial state i//i, with energy — £B, to a final state t̂ r, with energy £)-, with a
probability

d/p

h2 f
J —

dt ei('"
1

k -
where

to = (£B + Eryti

(2.1)

(2.2)

and Z, and Z2 are the atomic numbers of the projectile and target atom respectively.
In the case of a straight-line path and with the electron initially in the K-shell.

equation (2.1) may be transformed into (Bang and Hansteen 1959, Kocbach 1974at)

( j ' *V i f -A'n(q,s,p)F\s)

where we have summed over all final states and initial magnetic substates.
We have introduced

A'm(q,s,p) =

q = o)/v.

( r - q2)' 2]

(2.3)

(2.4)

(2.5)

Here Mt, Et and v are the mass, energy and velocity of the projectile, while Jm

is the Bessel function of the first kind and order m. Moreover we have in the case
of relativistic hydrogenic wavefunctions

F'(s) = J r2 dr(gjlkgi + ffaM

Ef =c (mV +h2k2)11' -me2.

(2.6)

(2.7)

As usual g and / denote the radial parts of the large and small components of
the wavefunctions respectively. The subscript i refers to the initial state, while the
final states are indexed by their wavenumber k, total angular momentum j and the

+ Note that the factor An in equation (1) of this paper should be 8.
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orbital angular momentum / of the large component. Finally jt is a spherical Bessel
function of order : while

h h h
nil »«2 »i3

is the Wigner 37 symbol (see e.g. Wigner 1959). The conventions of all special functions
used will be those of Erdelyi et a\ (1953a, b).

In the present case

- i o ( 2 / + l ) ( 2 / + l )

where we have introduced the quantum number

(2.8)

It might be mentioned that the expression (2.3) is just a special case of a general
formula, valid for all classical paths and arbitrary atomic wavefunctions.

The expression (2.6) for the oscillator strength ('form factor') has been evaluated
by Jamnik and Zupancic (1957). They obtain

5 2 m •• (2.10)
4(C + i*):> t + ifc/J'

Here the following quantities are introduced:

C = Z2/a0 y = (1 - « 2Z 2 ) 1 / 2

>Y = (K2 - ot2Z2
2)

l!2 e = 1 + £^/mc2 = [1 + (hk/mc)2V12

^ + 1" (2.11)

I ) ] 1 ' 2 Df ~ T(2y{ + 1)

X = (e + 1)1/2(1 + y)1/2 - i ( e - 1)1/2(1 - y)il2

a = y + >v + / + 1

while m, a0 and a are the electron mass, Bohr radius and fine-structure constant
respectively and //4(a,/?,y,(5;.Y,}>) is a hypergeometric function of two variables, defined
as (Erdelyi et al 1953a, p 225)

(2-12)
m,n = 0 U/m

near the origin and by analytical continuation elsewhere. The quantities <<i)m are
Pochammer symbols.
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As we need an expression for F'(s) for large s, the expansion (2.12) is clearly
useless. By analytical continuation in x of / /4 , Jamnik and Zupancic (1957) arrived
at a series expansion for //4 , which after some simplifications yields the result

F'(s) = D,Dt eJ
L

T I s in

n=0

n'.

Vf - / -

-n,yt + 1

where

II (« + « - 2T) / > 0.
r= 1

The hypergeometric functions 2FX reduce to polynomials in 2ik/(C + ik).
The expression (2.14) converges if

K±lt|<1_

(2.13)

(2.14)

(2.15)

From (2.3) it follows that we need F'(s) for all 5 > q. The series (2.13) is then ^
useful if TJ

\C + ifc|< q =

or equivalently

(2.16)

• 0. (2.17)

If this inequality is to be fulfilled for £f = 0, we must have

EB/v > Cft. (2.18)

Introducing the dimensionless quantity

0 = EB/Z2
2EH (2.19)

where £H is the Rydberg unit, we find that (2.16) is valid for Et — 0 if and only if

vie < (EB/thc) = iZ2oc0. (2.20)

A sufficient condition for (2.16) to be valid for all Ef is then that the second term
of (2.17) is also positive, that is

EBlv2 > m. (2.21)

Classically this is a requirement on the relationship between the electron and proton
velocities (non-relativistically it simply says vc > s/2v). The condition (2.20), however,
is strong enough to imply (2.21), as we always have 0 < 2:

me

2 v2 v2
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i

Thus the inequality (2.20) is a necessary and sufficient condition for (2.13) to converge
for all E( and s > q.

As the projectile is treated non-relativistically, (2.20) is equivalent to

£, < £ r x = ^M^Z2a®c)2 = i(Z2a0)2M lC
2 * &A(i&Z2)

2 MeV (2.22)

where, with Mp as the proton mass,

A = M,/Mp. (2.23)
If we use the theoretical ground-state energy of the atom, we would have 0 = y.
As is usual in the applications of the SCA model, however, we shall instead use
experimental values for £B (Bang and Hansteen 1959, Hansteen and Mosebekk 1973,
see also §3).

To carry out the integration over 5 in (2.3) explicitly, we need the following
expression for the spherical harmonics (Erdelyi et al 1953b, pp 175, 182) (m ̂  0)

(21 +1(1- m)\)1'2 (q
4TT m)\

2/ + 1 (/ - m)!Y/2 ( -D m (2m)! (s2 - q2\ml2^+U2(q
An (I + m)\ m\

C m +
l-n

x Z v! (/-w-2v)!Vs
v = 0

(2.24)

Here PJ" is an associated Legendre function and Q a Gegenbauer polynominal, while
[A] means the integral part of x. Furthermore we need the following formula (Erdelyi
et al 1954, p 24)

Jo I
-—2ynTJm(xp) dx

-f { s 2 -
ds =

K
2" + i)

(2.25)

where Kx = K-v is a modified Bessel function of the third kind and order v.
We may then insert (2.23) and (2.8) and carry out the integration explicitly term

by term. We obtain

1 ( 2 "
m=0

(2.26)
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•J

v = 0
v! (/ - m - 2v)!

in jn{y + yf - n - t) pp-r-
+ y( + n + / + 3) - v]

x
£ +

(2.27)

If we consider only / = 0 final states, this result reduces to one previously given
(Amundsen and Kocbach 1975). If we let 1/c—>0, results by Choi and Merzbacher
(1969) are reproduced.

In the limit of low projectile energies (q » 0 we may restrict ourselves to only
/ = 0 final states and retain only the first two terms of (2.27). As we always have
k « £ for most of the final electrons in this case, we have approximately

sin ny

- 2
(p

(y

1/2 "II2
(2.28)

In the non-relativistic limit, y—»1, we reproduce a well known result of Bang and
Hansteen (1959):

(2.29)

It is possible to integrate (2.26) analytically over p to obtain da/dEf as a power
series in q~K This is done in the appendix. Although the result (A.8) is not very
manageable, it allows one to draw some qualitative conclusions.

For given final state with quantum numbers j , I, the first few terms are of the
form

1 1

d£f

Ml «2

7 + ? (2.30)

where the coefficients u{ are independent of Eu and |uo| « \u2\, \ut\ « |«2|.
In the non-relativistic limit the coefficients u0 and M] vanish for / = 0 final states,

which gives the main contribution for large q, i.e. small Ej. In the relativistic case,
these two terms obviously grow more important with diminishing E\. As we also
have that y + % goes into j + | in the non-relativistic limit, and y + yf < j + f, the
difference between relativistic and non-relativistic cross sections will increase with
decreasing projectile energy £ ( .

The physical explanation of this effect is simple. The classical interpretation of
hq is that it is the minimum momentum transfer of the proton-electron collision
for given energy transfer £B + £f. The variable 5 of the integration (2.3) may thus
be interpreted as the momentum transfer. This interpretation also follows from the
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role s plays in the PWBA formalism. As relativistic wavefunctions contain more high-
momentum components than the corresponding non-relativistic ones, they will allow
a larger momentum transfer in the collision process. It is this effect, and not the
detailed form of the wavefunction which is responsible for most of the difference
between a relativistic and a non-relativistic electron description.

Finally, from (2.26) and (2.27) it follows that one can not expect such a simple
approximate scaling law between d/p/d£r values for various Z2 as in the non-relativis-
tic case (Merzbacher and Lewis 1958). This scaling law follows in the non-relativistic
case from the fact that d/p/d£, mainly depends on Z2 and Ex through q, which
means that it is mainly a function of Z\jEx. In the relativistic case, however, we have an
additional important dependence of d/p/d£f on Z2 through y and yf.

3. Deflection effects and screening

In the preceding discussion the impinging projectile is assigned a straight-line path
with impact parameter p. It is, however, well known that for large values of q (q » Q,
the effects of the Coulomb deflection are considerable. In the case of / = 0 final
states, Bang and Hansteen (1959) were able to deduce the approximate relation

)

where hyp and SL refer to hyperbolic and straight-line paths respectively, and d
is half the distance of closest approach for p = 0:

Later, Hansteen and Mosebekk (1973) have proposed to take deflection effects into
account by taking the straight-line path as a tangent to the classical Kepler orbit
at the point of closest approach. This amounts to the substitution

p-+d + (p2 + d2)112. (3.3)

Recently Kocbach, (1974b, 1975a) was able to carry out the SCA calculations with
hyperbolic paths for / = 0 non-relativistic final states. He showed (Kocbach 1975a)
that a very good approximation to the hyperbolic path result is obtained if, in addi-
tion to (3.3), one also introduces an effective velocity at the projectile by

t?-»£(!> + vmin) (3.4)

where vmin is the velocity at the point of closest approach, determined from

vminld + (p2 + d2)ll2-\ = vp. (3.5)

This approximation breaks down for q/( > 4-5, for q = 6£ in the non-relativistic
case; it gives a cross section which is too large by a factor of two for protons
on a gold target. It also breaks down for small p. In this region of large-angle
scattering, both the experimental (Chemin et al 1975, Andersen et al 1975) and the
theoretical (Kocbach 1975b) situations are very unclear.
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As usual in the SCA model we use the screened atomic number

Z2-*Z2- 0-3 (3.6)

for the target atom and experimental values are inserted for £B. It should be remarked
that around Z - 60 these agree closely with the theoretical ones, given by 0 = y.
In this region one thus avoids the ambiguities which usually arise from the mismatch
between theoretical wavefunctions and experimental binding energies (Arthurs 1959).

4. Numerical results

We have written a computer code for the evaluation of d/p/d£f from (2.26). Then
/p and a are computed by numerical integration. The computer code is independent
of that previously used for / = 0 final states (Amundsen and Kocbach 1975). The
results from the two codes agree very well. The code also calculates non-relativistic
results which are consistent with other SCA results (Hansteen and Mosebekk 1973,
Hansteen et al 1975). The numerical accuracy of the program is generally better
than 10%, in most cases probably better than 5%. The upper limit on the projectile
energy was set by the slow convergence of (2.27), and was found to be at about
half the theoretical value given by (2.21).

In figures 1 and 2, total relativistic and non-relativistic cross sections for Ag,
La and Au are plotted, together with relevant experimental results from proton bom-
bardment. We see in the silver case, Z2 = 47 (figure 1), that the difference between
the curves for relativistic and non-relativistic wavefunctions is of the order of magni-
tude of the experimental uncertainties, and both curves fit the experimental data
rather well. As soon as we come to lanthanum, Z2 = 57 (figure 1), the difference
between relativistic and non-relativistic results becomes significant. We see that the
relativistic curve fits the experimental data rather well at low projectile energies.
At higher energies, Ex > 2-5 MeV, the behaviour of the experimental points becomes

101-

Figure 1. Total K-shell ionization cross sections, <r, for silver and lanthanum bombarded
by protons as a function of proton energy, £p Full curve, relativistic wavefunctions;
broken curve, non-relativistic wavefunctions. Experimental points: A, Lewis et al (1953);
• , Messelt (1958); A, Bissinger et al (1972b); D, Bearse et al (1973); V, Liebert et al
(1973); • , Lund (1974); o, Khetil and Gray (1975). Some experimental values are corrected
in order to bring the fluorescence yields in accordance with Bambynek et al (1972).
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10"1-

10 12
f,(MeV)

18 20

Figure 2. Total K-shell ionization cross sections, a, for gold bombarded by protons as
a function of proton energy, £i. Full curve, relativistic wavefunctions, all final states;
broken curve, non-relativistic wavefunctions, all final states; dotted curve, relativistic
wavefunctions, / = 0 final states only. Experimental points: O, Lewis el al (1953);
D, Waltner el al (1972); A, Lund (1974). Experimental points for a particle bombardment,
a and £, are divided by 4: • . Lark (1962); A, Hardt and Watson (1973). Fluorescence
yields corrected as in figure 1.

quite unexpected, and it might be desirable to perform further measurements in this
region.

In the gold case, Z = 79 (figure 2), the difference between relativistic and non-rela-
tivistic results becomes large. The experiments with protons as projectiles closely agree
with experimental results. At high projectile energies, a particle results also agree
satisfactorily with the relativistic values.

Figure 2 also contains a plot of total ionization cross section for / = 0 final
states only. As expected, the importance of higher-/ final states increases with £j.

10"1

Figure 3. Total K-shell ionization cross sections, a, for tantalum, lead and uranium bom-
barded by protons as a function of proton energy £,. Full curve, present SCA calculations
with relativistic wavefunctions; broken curve, relativistic PWBA calculations for Pb of Jamnik
and Zupancic (1957). Experimental points: A, Ta and O. Pb (Lewis et al 1953); A. Ta
(Messelt 1958). Experimental a particle points, a and £, divided by 4: • , Ta and • ,
Pb (Lark 1962); D, Ta (Hardt and Watson 1973). Fluorescence yields corrected as in
figure 1.
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6 x10"13

Figure 4. K-shell ionization probability, /p as a function of impact parameter, p. for
tantalum, gold, lead and uranium bombarded by 2 MeV protons. Experimental points
for gold from Lund (1974).

Both figure 1 and figure 2 clearly show the fact that relativistic effects become
increasingly important with lower projectile energies, as predicted from (2.30). Even
for Z2 as low as 29 (Cu), the relativistic cross section for projectiles with energy
0-2 MeV amu"1 (c//( ~ 4) exceeds the non-relativistic ones by 30%, while the differ-
ence at 2 MeV amu"1 is only about 5%. The tendency, evident in both figure 1
and figure 2, to overestimate the cross sections for small £, is partly expected from
our procedure for treating the Coulomb deflection, equations (3.3) and (3.4).

Figure 3 contains further theoretical cross sections for proton bombardment of
Ta, Pb and U, together with experimental values. The results from Jamnik and
Zupancic's (1957) PWBA calculations on Pb are also plotted. It seems evident that
the present calculations fit the experimental data significantly better. This is attribu-
table to the inclusion of projectile deflection effects.

In figures 4, 5 and 6 /p values for proton bombardment of Ta, Au, Pb and U
at 2,4 and 10 MeV respectively are given, together with available experimental values.
In addition, it could be mentioned that the / > 0 terms increase the previously pub-
lished values of Ip for Ag by 15-20% in the case of 2 MeV amu"1 projectiles, and
by about 10% at 1 MeV amu"1 (Amundsen and Kocbach 1975).

A still better fit between experimental and theoretical values of /p should be
obtained if one carries out the calculations with hyperbolic Kepler trajectories for

x10"5 3 -

6 x10"13

Figure 5. K-shell ionization probability, /p, as a function of impact parameter, />, for
tantalum, gold, lead and uranium bombarded by 4 MeV protons.



bltm]

Electronic relativistic effects in K-shell Coulomb ionization 981

Figure 6. K-shell ionization probability, /p, as a function of impact parameter, p, for
tantalum, gold, lead and uranium bombarded by 10 MeV protons. Experimental point
for lead from Bissinger et al (1972a).

the projectile instead of the approximations made in § 3. This seems feasible, at least
for / = 0 final states.
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Appendix

From equations (2.3), (2.4) and (2.8) it follows that the cross section for a K electron
to be scattered into a final state of energy Ex and angular quantum numbers /,
/, is given by

J S J s' '

Jo
x r 2npdp Jmlp{s2 - q2)112} 7m[>(S'2 - <j2)"2]

where

(A.I)

(A.2)

From the orthogonality of the Bessel functions and the properties of the Dirac
5 function, we have

Jo
m[p(S

2 - q2)ll2ym\_p{s'2 - q2f12-]

= /—5 77r75"^[(s2 ~ Q2)XI2 — 0
(s — q )

= -[^(s - s') - S(s + s')]
s (A.3)
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which gives

d£, 2/ + 1
I f ̂

ti= - I Jq S

, 0)|
Jq S

s)\2. (A.4)

The sum over / has been evaluated by the addition theorem for spherical harmonics.
The expression (A.4) is nothing but the PWBA expression for the ionization cross
section, if one makes the usual approximation of extending the integration over the
momentum transfer to infinity (Merzbacher and Lewis 1958). This equivalence of
straight SCA and PWBA was originally proved by Bang and Hansteen (1959). A slight
advantage of the present proof is that one does not make any assumptions about
the magnitude of the electron-projectile scattering angle.

The equivalence of the SCA and the PWBA of course breaks down when one intro-
duces deflection effects, as done in § 3. But even if deflection effects are neglected,
numerical results calculated with the two approximations tend to disagree. This is
due to the fact that people working within the two theories usually employs different
prescriptions to overcome the problem which arises when one uses theoretical wave-
functions but experimental binding energies. This point is discussed in some detail
by Arthurs (1959).

By writing

- n ,

= ml + im2

l ml

iN2

"'ik \ IT
if\, 2>v + 1; -^-^ I ̂ T ( > ' + y(

where Nu N2, ml, ml are real, we obtain by introducing (2.13) into (A.4)

= $KD?D(
2 l - N2m

2
n)(N,ml. - N2m

2
n.)

fx ds
x sin \n{y + yf - / - n) sin frt(y + y{ - I - n') 2.,+2.,r+s+,,+n.

•• . q

Ji. - N2m
2.)

+ yf - I - n) sin fr(y + yf - I - n')
(2y + 2y{ + 4 + n + ,,')

By rearranging the terms and making use of

sin A sin B = £[cos(/l - B) - cos(/l + B)]

this may finally be written

(A.6)

(A.?)

(A.8)

-cosI
n=0 (A.9)
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In the non-relativistic limit y and y( become integers, and consequently u,, = 0
for odd n. Furthermore, in (A.9) only terms with odd «' for even /, and even ri for odd /,
will then contribute. In particular this will make M0 = 0, for / = 0. Thus, in this limit,
the leading term for large q will be proportional to q~10, in accordance with the well
known result of Huus et al (1956).
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Abstract. The semiclassical approximation is applied to the calculation of L-subshcl! Cou-
lomb ionization of atoms by light ions, using rclativistic Coulomb wavcfunctions for
the electrons, The Coulomb deflection of Ihc projectile is taken into account by the
tangential approximation. Numerical results are presented both for total cross sections
and for the impact dependence of the ionization probabilities. There is considerable im-
provement in the agreement with experiment for low-energy projectiles. At higher energies
the rclativistic effects and the deflection effects partially cancel each other. Some qualita-
tive remarks arc also made on the effects of more realistic electron wavefunctions.

1. Introduction

The theoretical investigation of the Coulomb ionization of the atomic L shell by
heavy charged particles was initiated by Walske (1956), working within the framework
of the plane-wave Born approximation (PWBA); see also Bethe (1930) and Merzbacher
and Lewis (1958). Extensive numerical PWBA calculations have been tabulated by
Choi et al (1973). A serious limitation of this approximation is that it only gives
the ionization cross section as a function of the projectile energy loss. Recently,
experimental results on the L-shell ionization probability as a function of the projec-
tile scattering angle have become available (Laegsgaard et al 1974a, Stiebing et al
1976). A natural framework for calculating this quantity is the semiclassical approxi-
mation (SCA) (see Bang and Hansteen 1959), in which the impinging projectile is
described as a classical charge following a path with a well defined impact parameter
b. Such calculations for the L shell, assuming a straight-line path for the projectile,
have been reported by Choi and Merzbacher (1969), Hansteen and Mosebekk (1969,
1970, 1973), Hansteen et al (1974) and Kocbach (1976a), and have been tabulated
by Hansteen et al (1975).

In all the calculations mentioned above, the target electrons are described by
screened non-relativistic hydrogenic wavefunctions. Recently, PWBA calculations with
more realistic electronic wavefunctions have been reported (Manson 1972, Choi 1975).
These calculations with wavefunctions of Hartree-Fock-Slater type deviate signifi-
cantly from the hydrogenic ones when the projectile velocity approaches the electron
orbital velocity.

For ionization by slower particles other effects become important. In the first
place the effects of the Coulomb deflection of the projectile in the nuclear field will
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no longer be negligible (Bang and Hansteen 1959). It is therefore no longer appro-
priate to describe the projectile with plane waves (PWBA) or as following a straight-line
path (SCA). Secondly, for heavy target atoms, electronic relativistic effects become
important, as shown by the PWBA calculations of Choi (1971, 1972).

In the present paper, results of SCA calculations of L-shell ionization with relativis-
tic (Dirac) electronic wavefunctions are reported. The Coulomb deflection is approxi-
mated by the tangential approximation (Hansteen and Mosebekk 1969), as modified
by Kocbach (1975). This method has previously been employed for relativistic K-shell
calculations (Amundsen and Kocbach 1975, Amundsen 1976a).

Section 2 contains the general theory: an analytical series expansion for d/fc/d£f

is obtained for the straight-line case, lb being the ionization probability for impact
parameter b and £f the electron final-state energy. In §3 projectile deflection and
screening are discussed briefly, and some qualitative remarks are made on the eflects
of more realistic electron wavefunctions. Numerical results and comparisons with
experiments are found in §4, while §5 contains some general conclusions.

In this paper all lengths will be given in units of the hydrogenic K-shell radius
i.V = aJZ2 where a0 is the Bohr radius and Z2 the target charge number.
Wavenumbcrs will be given in units of «C' and energies in Z\ rydbergs. unless
otherwise indicated. Relativistic electron energies will be taken without the rest-mass
term.

Conventions regarding the various special functions occurring will be those of
Erdelyi et al (1953a,b) except that the usual definition of spherical Bessel functions
will be used:

12

JL+i(x) (1.1)

where ./„ is a Bessel function of the first kind and order

2. Outline of general theory

According to the SCA theory, a non-relativiftic projectile following a straight-line
path of impact parameter b will cause an electronic transition from an L subshell,
indicated by the superscript i = I, II or III, to a final state of energy Ef, total angular
momentum J and parity P with a probability (see e.g. Kocbach 1976b).

1X2/
1=0

J

-i
I J

m= - I
s).O) (2.1)

Here £,, Mx and Zx are the projectile energy, mass and charge number, Y"' is a
spherical harmonic,

J I J1'

- i 0
is a Wigner 3/ symbol (see e.g. Brink and Satchler 1968), hq are the minimum
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momentum transfers of the collision process given by

A£ _ Ej, + E(

with £B as the bound-state energy and Vi as the projectile velocity. Furthermore
Afpi is a parity-conserving factor,

(2.3)

For the L shell we have f = J" = i Jm = f and pl = 1, p" = p1" = - 1 .
For relativistic (four-component) wavefunctions the expression for the form factor

Ff'(s) becomes

(" r2 difyfirtejr) + /?(r)/,(r)]j,(sr) (2.4)= (
Jo

with 0f and/ f (g, and/s). as the radial parts of the large and small components of
the final(initial)-state wavefunction. The final states are assumed to be normalized in
their energy scale. It is convenient to introduce the orbital angular momentum L
of the final-state large component. We then have P = ( - l)L and may introduce the
good quantum number K by

( L + l ) J = L + \
\ \«\ = J + l (2.5)
L J = L — •%

We now proceed in a manner completely analogous to the K-shell case (Amundsen
1976a). Inserting relativistic (Dirac) Coulomb wavefunctions in (2.4) we obtain

FfXs) = DWRe{e%f + i^Cr'Mfo,NJ - Z!M(yi + 1, AT,)]}. (2.6)

The following notation has been introduced:

= 2"-* / 2Yi

r(2yr + 1)

2" \/m\1'2

' A fc'"-ie'""2|r(yr

JV, = [4 - (3 - 2J%/' V-y f)]1 / 2 (2.7)

y, + n

X> = (e + 1 ) 1 / 2 ( 1 + € i ) 1 / 2 - i (e - l ) l / 2 ( l - C j ) 1 ' 2

i = I, II
z yi

2 7 i + l A
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i

Here F is the F function, me the electron mass, c the velocity of light and a the
fine-structure constant. Note that y, = y,,, /V, = /Vn = 2e, = 2e,, and Nm = 2.
Furthermore

M(y,N)= f
Jo

in,2y(

x Fj(a,yf+l+ifj,/+l,2yf+l,2/ + 2;
2i/c 2is

(2.8)

with a — y + yf + / + 1. The integral has been evaluated by a formula of Erdelyi (1936),
after expressing /, and the confluent hypergeometric function ,F, as Whittaker
functions. The resulting F2 is an Appell hypergcometric function of two variables
(Erdelyi et al 1953a). For s > | l / N + ifc|, the F2 function may be expanded in a
convergent series in s"1, yielding (Jamnik and Zupan&c 1957, Amundsen 1976a)

1
- / - / ! ) -

IV. S
t ...I

x (1/N + ik)"2Fl -n,y, + 1 + iff,2yr + 1; ,
\/N + ik

where

n = (a + n - 2T)

/ = 0

/ > 0

(2.9)

(2.10)

and the hypergeometric functions 2F\ reduce to polynomials in 2ik/(\/N + \k).
Analogously to the K-shell case, we find

(2.11)

as a necessary and sufficient condition for (2.9) to converge for all s > q. Here
6' = 4£g ~ 1. Equivalently this may be expressed as

MeV amu

1/JV
(2.12)

with At as the projectile mass number. If (2.11) is fulfilled, we may insert (2.9) and
(2.7) into (2.1) and carry out the integration over s term by term, using the same
formula as for the K shell (Amundsen and Kocbach 1975, Amundsen 1976a). It
then only remains to evaluate the 3/ symbols of (2.1).

The non-vanishing cases are (Sobelman 1972)

J I

- i 0 2 (2 /+ 1)(2J + 1)
(2.13)

J I

- i o M(N + l)
(21 + 1)(2J + 1) 2|K| ± 1

J = I±I
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Angular momentum and parity conservation reduce the multipole contribution of (2.1)
to only / = L for the L, shell, and / = L ± 1 for the L,, and LIU shells. Furthermore,
for the L,, shell one must have J = L-\ for 1= L-\ and J = L + \ for / = L + 1.
Thus the ionization probabilities can finally be written

x

L
'*L (2.14)

x |Re{e'%f + W'ALfo.JV,) - Z»Afm(y, + 1,AT,)]}|2

L + 1 '

where

rl-m-i
al2

- v)

-n,yt + 1 + i»i,2yf + 1; ^ . J (2.15)

2 2|ie| + 1
1 ' _ (2.16)

l = J + \.
2 2|K| ± 1

In (2.15) Ku is a modified Bessel function of the third kind and order n, the sum
over v comes from expressing Y" in terms of Gegenbauer polynomials (Erdelyi et
al 1953a, p 175) and [x] means the integral part of x. In the non-relativistic limit,
(2.14) and (2.15) reproduce results previously reported by Choi and Merzbacher (1969).
In the low-energy (large-q) limit one may obtain approximate formulae for /j, by
keeping just the first few terms in n of the series (2.15). The ensuing formulae are
not very useful however, as one generally has to include several values of / for energies
of practical interest (cf §4).

It is possible to integrate (2.1) analytically over b (Amundsen 1976a). One then
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obtains the PWBA expression for the ionization cross section (Bethe and Jackiw 1968)

= I (2J
(2.17)

J ' ^ 2Af"|ff(S)|2.
i

From this expression together with (2.6) and (2.9) one can extract a series expansion
for dcrLl/d£f, valid for q > Nj"1. For transitions to a given final state it will be of the
form

^ ~ Z ? ^ V « » + -'r + * il/frT*. (2.18)

Explicit expressions for the coefficients can be found from (2.6) and (2.9). One can
then derive approximate correction formulae for relativistic effects, as in the K-shell
case (Amundsen et al 1976).

As the form factors are more complicated in the present case and because several
final states have to be included for sufficient accuracy, these formulae become rather
involved, and have not been worked out in detail. Here we shall only note some
general features. First, the M$| are functions only of the electron variables, and in
particular they are independent of £ t . Secondly, many of them are of order (1 - y,)
for the L, and Lu shells, and of order (2 — ym) for the Lm shell. These terms will
vanish in the non-relativistic limit, and generally will be small compared with the
other terms. This is true in particular for all terms with odd /„ and furthermore
for HQ and «"'. If retaining only the first non-relativistic term we obtain the approxi-
mations (cf Huus et al 1956):

- £f ' q ~' ° daLJdEt ~ Ef V ' 2 dtrLJdEf - Ef V ' 2 .

As this approximation corresponds to monopole transitions (/ = 0). it will gener-
ally be poor, especially for the Ln and Lm shells. For these dipole (/ = 1) and even
quadrupole (/ = 2) transitions dominate at energies where the straight-line (or plane-
wave) approximation is justified (cf Choi and Merzbachcr 1969 and Jj4).

The above remarks make it possible to draw some qualitative conclusions about
the magnitude of relativistic effects. Because of the existence of the extra terms in
q~x in (2.18) and because y-t and yf are less than their non-relativistic counterparts
(which are J' + j and J + j respectively), relativistic effects will be of about the
same magnitude for the L, and Ln shells, and greater for these than for the L,,,
shell, as yt < jym. For a given shell, there will be a general tendency for relativistic
effects to become less important with increasing J, as the ratio (J + \)/yt approaches
unity. For L, and LIM, transitions both to J = L + ? and J - L — \ are allowed
for given / and L. In the non-relativistic case the probabilities of these transitions
are proportional, the ratio being determined by the 3/ symbols of (2.1). The relativistic
effects will be more important for J = L — \ final states than for J = L + \ states,
destroying the proportionality.

The importance of relativistic effects may be explained by the increased content
of high-momentum components of the electronic wavefunctions, making it easier to
obtain sufficient momentum transfer for a given energy transfer. It may seem puzzling
therefore that relativistic effects are of about equal importance for the L, and L,,
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shells, as the s state is far more concentrated at the origin than the p state and
therefore contains more high-momentum components. This is, however, equally true
in the non-relativistic case, and it explains why <rLl becomes increasingly larger than
(TL,, with decreasing £, (Datz et al 1974, Kocbach 1976a). The relativistic effects
only reflect the relative change in the high-momentum content of the wavefunctions,
and this change is of the same magnitude for the 2s and 2p1/2 states, being determined
by I — >'| in both cases.

3. Deflection effects and screening

In the preceding section the projectile was assigned a constant-velocity straight-line
path. As relativistic effects are most important at low £ l5 the deflection and retarda-
tion of the projectile in the Coulomb field must be taken into account. Assuming
a hyperbolic Kepler projectile orbit, we have the following approximate relation for
monopole transitions (Bang and Hansteen 1959, Amundsen 1976b)

where hyp and SL refer to hyperbolic and straight-line paths respectively, and d is half
the distance of closest approach for b = 0,

<-*&. o.a»
Approximate non-relativistic corrections to the PWBA cross sections based on (3.1)

and the lowest-order term of (2.15) for / = 0 have been given by Brandt and Lapicki
(1974). Their rough estimate shows a surprisingly good agreement with experimental
data, also in cases where relativistic effects are important. Its success therefore seems
to be due partly to lucky cancellations.

The existence of approximations of the type (3.1) for general electronic transitions
is not yet established. Therefore, in the present calculations, deflection effects have
been taken into account by the so-called tangential approximation (Hansteen and
Mosebekk 1969), as modified for projectile retardation by Kocbach (1975). We then
substitute

(3.3)

For the K shell this approximation has been shown to be in reasonable agreement
with numerical SCA calculations with a hyperbolic projectile path both for monopole
and dipole transitions, as long as the scattering angle is not too large (Aashamar
and Kocbach 1976b). The small scattering angle means more precisely

b » d. (3.4)

From (2.14) and (2.15) one can infer that the main contributions to <rLl comes from
projectiles with b of the order of the adiabatic distance <jo '• For (3.3) to be a valid
approximation for calculations of au we then must have

qod«\. (3.5)

Another basic approximation of §2 was the use of hydrogenic wavefunctions. The
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inner screening of the electrons from the nucleus by the other electrons has been
taken into account by the Slater prescription (Slater 1930)

Z 2 ->Zi = Z2 -4-15. (3.6)

As the projectile too moves in a screened field, (3.6) is also used when correcting
for Coulomb deflection in (3.2).

In order to get the energy and momentum transfer correct, experimental values
are inserted for £B. It should be noted that this will make the deflection corrections
different for the different subshells in view of (3.1) and (2.2). The deflection factor
will be largest for the L| subshell, least for the Lm subshell. Furthermore, while
the straight-line calculations mainly depend on q, i.e. EJMU the deflection effects
are determined also by d, which is a function of £i/Z, (cf (3.2)). Thus, for given
Vr (or £j per nucleon) the deflection corrections decrease with the charge-to-mass
ratio Zi/M t. For cases where (3.1) is approximately applicable we have for fixed

U i M (3.7)

dEfJZilAi ~ " \dEs I
with

A£
an

and Mp as the proton mass. Due to the differences in £{,, equation (3.7) also predicts
different subshell cross section ratios for a given Vx for projectiles of different charge-
to-mass ratios ZJAV

The use of experimental values for £^ introduces the very delicate problem of
the outer screening, as now k = 0 in the electron wavefunctions no longer corresponds
to an energy transfer of A£ = £B. AS a matter of fact we always have that the
experimental value of 6* = 4E'B is less than one, while the hydrogenic values &rh

are greater than one in the relativistic case and 0|h = 1 in the non-relativistic case.
Thus the electron actually has more final states available for a given momentum transfer
than the theory can supply. In the PWBA this is usually compensated for by the
Bethe prescription, extending the integration over £f to include states with k2 < 0.
The necessary wavefunctions, or rather form factors, are obtained by analytical con-
tinuation in k from the normal free states (for details, see Jamnik and Zupancic
1957, Merzbacher and Lewis 1958, Arthurs 1959).

The effects of the outer screening are most important for q0 < \/n, where n is
the principal quantum number of the atomic shell (Arthurs 1959, Aashamar and
Kocbach 1976a, 1977). This can be understood qualitatively if one considers the physical
reason for the problem, namely the mutual interactions between the target electrons.
As this interaction is generally weaker than the central field, it will mainly affect
the lower-momentum components of the electron wavefunctions, and transitions with
a small momentum transfer q will be influenced most. On the other hand, relativistic
effects are mainly important for large momentum transfers, q0 > 1/w, and this is
also generally the region where Coulomb deflection is important. For this reason
the usual SCA convention of not compensating for the outer screening has been fol-
lowed. A further justification for this is that Ib partially reflects the space distribution
of the electronic wavefunctions. It is not obvious that the Bethe method will always
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give reasonable results in this case, although it seems to do so sufficiently close
to the nucleus (Aashamar and Kocbach 1976a).

The only way of really getting around the problem of the outer screening is
by using more realistic wavefunctions. So far such SCA calculations have only been
reported for K-shell ionization, with non-relativistic Hartree-Fock-Slater wavefunc-
tions and a straight-line path (Aashamar and Kocbach 1976a). Now it is well known
that states with L > 0 are affected much more by deviations frcm the Coulomb
field than s states, and therefore the importance of more realistic wavefunctions is
expected to be much larger for the L shell, and in particular the LM and Lm shells,
than for the K shell.

These qualitative remarks are substantiated by the Hartree-Slater PWBA calcula-
tions for the argon L shell by Choi (1975). From that work one may safely infer
that |F|'(s)| will become monotonically smaller than its hydrogenic counterpart for
s < 1, and. as stated above, most prominently for L > 0 final states. This will again
result in a relative decrease of /,, at large b. For, according to (2.1), Jm(bjs2 — q1)
will oscillate faster in s with increasing />, thus averaging out more and more of
the contribution from £}'(s) for s > q. The effect will be enhanced by the fact that
contributions from higher-L states become more important for large b. In the case
of the L, shell the situation is somewhat complicated as the zero of the bound-state
wavefunctions gives rise to a minimum in \F\\s)\ around s = 1. Both the position
of this minimum and the behaviour of Fs,\s) around it are very sensitive to the
choice of wavefunctions (Inokuti 1971). This will therefore also be true for quantities
strongly dependent on the minimum, like the plateau in au as a function of £,
(Choi et al 1973, Hansteen and Mosebekk 1973, Datz et al 1974), the structure of
/{, (Hansteen et al 1974) and the behaviour of d<rLl/d£f as a function of £f (cf §4).
For s « 1 however, the above remarks about \F\l(s)\ being less than its hydrogenic
value will also remain true for the L, shell.

These qualitative arguments may at least partly explain the discrepancy between
the experimental results and the hydrogenic SCA calculations which grossly overesti-
mate Ib for large b (Lsgsgaard et al 1974a). Whether the discrepancy can be fully
removed or whether other effects must also be taken into account can only be decided
by performing full SCA calculations with more realistic wavefunctions.

4. Numerical results

The numerical calculations have been based on (2.15) and (2.16) for d/j,/d£f. Then
I'b, d<7L./d£f and au were obtained by numerical integration. The computer code
also calculates non-relativistic results. In the straight-line case these have been found
to be consistent with earlier SCA results (Hansteen et al 1975, Kocbach 1976a). The
numerical accuracy of the results presented in this paper is 5-10% due to computer-
time limitations. There was no problem of convergence of (2.16) for the values of
£, considered. The smallest value of i/n calculated was yn ^ 0-8 (£] ^ l-4MeV for
gold L,,, shell). This required about 140 terms in n of (2.16), and inclusion of transitions
up to hexadecapole (/ = 4). In the following we shall denote relativistic quantities
calculated with straight-line and tangential paths by superscripts RS and RT, respect-
ively. The corresponding non-relativistic calculations will be denoted by NRS and
NRT. In figures 1. 2 and 3 calculated values for alj, a?*, o?*T and <T£RS for proton
impact on gold are plotted for i = I (figure 1), i = II (figure 2) and i = III (figure 3),
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Figure 1. Total L,-shell ionization cross sections, aL|t for gold bombarded by protons
as a function of proton energy £,: relativistic, tangential path, rclativistic,
straight-line path, non-relativistic, tangential path, non-relativistic,
straight-line path. Experimental points from Datz et al (1974).

as functions of Ex. Also plotted are the experimental results of Datz et al (1974).
These agree well with subsequent experiments by Chang et al (1975). For low values
of Ei (q0 » 1) it is seen that deflection effects are generally more important than
relativistic effects, although these are also considerable in this region. Actually the
condition (3.5) ceases to be valid at the lowest energies considered, but it is doubtless
that the inclusion of deflection effects is essential for describing the ionization process
in this region. At higher energies (q0 <; 1) the relativistic effects are seen to become
the largest while deflection effects are almost negligible.

It is also seen that the deflection effects are most important for the L, shell
and of least importance for the Lm shell, in accordance with the results of §3. For
<jo $ 2 the deflection effects are reasonably well estimated by the Bang-Hansteen
factor (3.1) (within 30% or so), while for lower energies the deflection effects are

0 0-1 " 0 3 0-5 0-7 0-Q 1-1 1-3 1-5
103-

Figure 2. Total Lu-shell ionization cross sections, <TLII. See caption of figure I.
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Figure 3. Total Lm-shell ionization cross sections, ffLlII, See caption of Figure 1.

even larger than indicated by (3.1). For example, for 250 keV protons on gold, the
ratios <T£1

RS/<J£I
1
RT are about 16-4, 8-8 and 61, for i = I, II and III, respectively. The

corresponding values according to (3.1) are 85, 7-7 and 5-9. The large discrepancies
for the L, shell are in agreement with the detailed investigation of Kocbach (1975)
for the K shell, which shows that (3.1) underestimated the deflection effects consider-
ably when qod > 1. That similar large discrepancies do not occur for the Ln and
Li,, shells may be understood by noting that the deflection effects are actually b
dependent, and that the main contributions to CTLII and ffLlI] come from trajectories
of larger b than for au (Hansteen et al 1974, see also figures 4-6), and these are
less deflected. At even lower values of Eu (3.1) ceases to be valid even for the Ln

and Lin shells. For 150keV protons on gold, (3.1) gives a deflection factor of 80
for the Lu shell, while the tangential approximation gives 186, and neither estimate
can be expected to be accurate.

For the relative importance of the relativistic effects, the calculations confirm
the general conclusions drawn at the end of §2. The ratios ffL?A?L,RS and ^ / U L ^ 5

are approximately equal, the latter being the larger by about 10%, and both are
appreciably larger than O^AL!!?- This means in particular that the ratio <TLf,,/ffL?,
is smaller than the corresponding non-relativistic ratio, a fact first noted by Choi
(1972).

When the deflection effects are combined with the relativistic effects, the qualitative
remarks made above generally remain valid. The most serious modification is that,
since deflection effects are more important for the Ln shell than the L,n shell,
^Lm/̂ Ln > ^Lm/̂ Ln while even the latter are appreciably larger than the experimental
results of Datz et al (1974). For 250 keV protons on gold, allJall = 7, otfjou, = 5-7,
while the experimental value (at 260 keV) is 4-6. These results have been confirmed
by Chang et al (1974, 1975) for gold and platinum, while their results for tantalum
and bismuth are in much better agreement with the theory. Although a better treat-
ment of Coulomb deflection and inclusion of binding will be of importance at these
low energies, they certainly cannot produce such a variation from element to element.
However, the extraction of ou from the experimental data is rather sensitive to the
values adopted for the subshell fluorescence yields and Coster-Kronig ratios (Datz

vu.IMB) 10 6 II
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et al 1974), and these do not seem to be known to sufficient accuracy, either theoretical
or experimental (Nix and Fink 1975). Errors will, in particular, influence ratios like
ffLlll/ffLll. Datz et al (1974) also measured the ratio dL|]I/(rL|l for a-particles on gold.
Their results confirm that this ratio is less than for protons of the same velocity,
but they found the effect to be much larger than that predicted from (3.7), even
if further corrections for binding effects are made (Brandt and Lapicki 1974). The
experiment is confirmed by Chang et al (1974, 1975) in the case of gold, while no
systematic effect seems to be present for tantalum or bismuth. The solution of this
problem will have to await more accurate values for fluorescence yields and Coster-
Kronig ratios.

Turning to the results for the various subshells, we see that for the L| shell,
the agreement between of7 and experiments are rather good at low E, (£, < 0-5 MeV
for gold), and that all approximations overestimate the cross section at large Ex

{Ei > 1-2 MeV for gold). At the higher energies the relativistic effects are rather large
(2:50%), resulting in an almost 100% overestimate of the experiments at
E, ^ 1-4 MeV. The deflection effects here are rather small (10-15%).

The effect of the node in the L, radial wavefunction is clearly seen. <rL, is almost
independent of £j for q0 a 1-1 (£i ^ 1 MeV for gold). One should note that at
this plateau the difference between relativistic and non-relativistic calculations is only
3-5%, but much larger on either side. It should also be borne in mind that more
realistic wavefunctions may have rather large effects on the position of the plateau
(cf §3).

The effect of the node of the L, wavefunction may also be seen in I[, although
best at somewhat higher energies than those considered in this paper (Hansteen et
al 1974). Experimental results would be very welcome. In figures 4-6 theoretical
predictions / j , R T for protons on gold are given for all subshells for £, = 0-5, 075
and 1 MeV. Even at 1 MeV, the effect of the node cannot be seen in the shape
of the Ih curve.

Recently the first experimental investigations of double differential cross sections,
d/fc/d£f have been published, although so far only fcr the K shell (Lasgsgaard et

x10"516

15 2 0
blpm)

30

Figure 4. L-subshell and total L-shell ionization
probabilities. Ih. as functions of impact parameter
h, for gold bombarded by 0-5 MeV protons.

15 2 0
bipm)

Figure 5. Same as figure 4 but for 0-75 MeV pro-
tons.
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15 20
blpm)

30 3-5

Figure 6. Same as figure 4 but for 1 McV protons. Experimental points for the total
ionization probability are from Liegsgaard et al (1974a).

al 1974b). This opens up a source for much more detailed information on the ioniz-
ation process, and'it would be very interesting if these exceedingly difficult experi-
ments could be extended to the L shell, or even L subshells. As an illustration,
figure 7 shows d0L*/d£f for Ex = 1-0, 1-2 and l ^ M e V a m u " 1 on gold as a function
of E{. The sudden increase in do-Ll/d£f for small £ f when Ex increases from 10
to 1-4 MeV is due to the onset of contributions from s values less than the minimum
of \F(s)\. This roughly corresponds to contributions from outside the node of the
L, radial wavefunctions. This conclusion is corroborated by looking at d/J,/d£f, which
shows that the increase is mostly due to contributions from large b. It also turns
out that it is almost entirely due to transitions to final states with L ^ 1. Thus
for q0 « 1 (£ » 1-2 MeV for gold) the dipole term dominates crLl while for q0 » 1
monopole transitions are most important. In view of the discussion in §3, it is clear
that the value of Ex where the peak in d<rLl/d£f at small £f is seen, and also the
shape of this peak, is very sensitive to the choice of wavefunctions. If the conjecture
of §3 is right, more realistic wavefunctions will reduce d/{,/d£f for large b and therefore
also reduce the peak in dcrLl/d£f. The relativistic effects also affect this peak. The
general shape of d<7L,RT/d£r is very similar to that shown in figure 7, when calculated
for £ j about 200 keV higher than for the relativistic case.

Finally it should be noted that relativistic effects affect the monopole transitions
most and the dipole terms least. For transitions to states of the same L, relativistic
effects are more important for J = L — j compared with J = L + i . in accordance
with the discussion in §2.

For the Ln shell, figure 2 shows that a^ is in good agreement with the experi-
ments at low energies (£j < 300 keV), while at higher energies they rather seem
to cluster around Ot,*T. For Ex < 550keV (q0 > 1-4) the deflection effects dominate,
while for larger £ , relativistic effects are most important. Even at 1-4 MeV (</0 =* 0-9)
these are still about 50%, while deflection effects are only 10-15%. At low
energies (q0 as 2) the main contributions come from quadrupole transitions to
p 3 / 2 final states and dipole transitions to s1/2 states, relativistic effects enhancing
the former. At higher energies (^0 ;S 1) the transitions to s ) / 2 states are suppressed
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Figure 7. Differential L|-shell ionization cross section da^JdE, as a function of electron
final-state energy E, for l-4MeV (curve A), l-2MeV (curve B) and 1 MeV (curve C)
proton bombardment of gold, calculated with relativistic electron wavefunctions in the
tangential approximation.

while octupole transitions to d5/2 states become important. At all energies
investigated, transitions to states with J = L — \ are suppressed by at least a factor
20 with respect to J = L + \ states. The relativistic effects generally further increase
this suppression by another factor of 10 (note that different / values carry the two
transitions). In particular the monopole transitions to p w , states, which have been
used to estimate <TLII, never contribute more than 2% to the total cross section at
any Et considered.

For the Lm shell, all the theoretical calculations overestimate the experimental
values considerably, except at the lowest energies. For all energies above 550 keV
(<7o ̂  125) relativistic effects and deflection effects tend to mask each other within
10%. This is also true for /"', as both types of effect are most important for small
b. One must turn to d<rLlII/d£f or d/"'/d£f to separate the two effects. At the lower
energies (q0 =s 2, £, ~ 250 keV for gold) the main contributions come from dipole
transitions to s1/2 and quadrupole transitions to p3/2 and p1/2. At higher energies
(<7o ̂  1) t n e dipole transitions to st 2 states increase in strength. Also for the Lm

shell monopole transitions (to p3/2) are always small, this being generally true for
transitions with I = L — 1. Relativistic effects enhance this, although not as much
as for the LM shell. As predicted in §2, relativistic effects also increase the ionization
probability considerably for transitions to J — L — { states relative to J = L + |
states.

What is said about the Lni shell will also generally be true for total L-shell
ionization probabilities, as the LM| shell dominates these completely, except at low
£i and small b. In figures 4, 5 and 6 we have plotted the total ionization probability

7H,RT ( 4 > 1 )
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in addition to the subshell results. For 1 MeV (figure 6) the experimental results
of Lsegsgaard et al (1974a) are also given. Actually, since the different subshells have
different fluorescence yields, the experimental values have been obtained by assuming
an average yield (Datz et al 1974). The experiments should therefore be compared
with a weighted average which in the present case is (Laegsgaard et al 1974a)

JJ;RT = 1-01 /i,RT + l-20/|,IRT + 0-93/],"RT. (4.2)

The differences between (4.1) and (4.2) are never more than 5% for the energies
under consideration, so that in view of both the numerical and the experimental
uncertainties, only (4.1) is plotted.

Due to the fact that, at 1 MeV, deflection effects and relativistic corrections mask
each other almost completely for the Lm shell, there is no improvement in the agree-
ment between theory and experiment. /{;RT turns out to agree with l\;ms to within
10%. This is even true at small b, where the L[ contribution becomes important,
because we are on the plateau of the L, cross section curve where relativistic effects are
negligible and deflection effects small. In order to really test the predictions for l\,
one would probably have to perform experiments with q0 > 1-6 (£, ^ 400 keVamu"'
on gold). If one could measure Ib for the subshells, the effects should be seen in
/}, at somewhat higher energies. Another possibility would be to make measurements
with a uranium target, as this would increase the importance of relativistic effects.

5. Conclusions

From the present calculations it is seen that in order to explain L-shell ionization
by slow light ions it is necessary to take Coulomb deflection of the projectile into
account. For heavy target atoms (Z2 k. 60) a relativistic electron description is also
found necessary. It is also evident, however, that the use of hydrogenic electron
wavefunctions is, in general, too poor an approximation for the L shell. In order
to test how well the SCA model describes the ionization process, calculations with
more accurate wavefunctions must be performed. A better treatment of the deflection
effects would also be desirable.

On the experimental side, measurements of Ib for the various subshells would
be highly welcome. It would also be interesting if information on d<7L/d£f and d/6/d£f

could be obtained, in spite of the large experimental difficulties. This would give
new information on the behaviour of the generalized oscillator strength at large
momentum transfers. In particular, results where contributions from the L, shell can
be isolated would be very interesting, as this would really probe the effects of the
node of the L| shell radial wavefunction.

It should finally be mentioned that the method of the present paper is readily
extended to the M shell. For sufficiently low energies, Ex less than a few hundred
keV for gold, both Coulomb deflection and relativistic effects should be of some
importance, in particular for the Mx and Mn shells. On the other hand, the use
of realistic wavefunctions would in this case be even more important than for the
L shell.

L-shell calculations for specific target atoms and projectile energies in the range
considered in this paper are available from the author on request.
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Abstract. Assuming a hyperbolic Kepler orbit for the projectile, an analytical expression
for the monopole projectile path factor is derived in the semiclassical approximation.
The case of an attractive potential is also included. An improved Bang-Hansteen deflec-
tion factor is found to be approximately valid for arbitrary electron wavefunctions. The
method is applied to calculations of the monopole contribution to K-shell ionisation
using relativistic electron wi'.vefunctions.

1. Introduction

The main contribution to inner-shell vacancy production by low-energy light ions
comes from projectiles which are deflected appreciably by the target atom. In their
original paper on the semiclassical approximation (SCA) Bang and Hansteen (1959)
showed that this substantially reduces the ionisation probability. Assuming a hyper-
bolic Kepler orbit for the projectile and non-relativistic hydrogenic electron wavefunc-
tions, they deduced an analytical expression for the contribution from monopole
(Is-Is) transitions to the K-shell ionisation probability. Extensive numerical calcula-
tions based on the Bang-Hansteen expressions have recently been reported by
Kocbach(1974, 1976a).

These expressions are somewhat involved, and no generalisations to higher multi-
poles or other electron wavefunctions have been reported. Subsequent investigations
therefore have introduced simplifying assumptions, as in the zero-impact-parameter
approximation for large scattering angles (Ciocchetti and Molinari 1965, Andersen
et al 1976b) and, for larger impact parameters, in the tangential approximation {Han-
steen and Mosebekk 1969) with its subsequent modifications for projectile retardation
(Basbas et al 1973, Kocbach 1976a). Alternatively one has simply assumed the ap-
proximate deflection factor of Bang and Hansteen (1959) to be generally valid.
' Recently, however, Aashamar and Kocbach (1976) have reported numerical
calculations of the monopole and dipole contributions to the SCA K-shell transition
amplitude for relativistic and non-relativistic hydrogenic wavefunctions. Their method
is, in principle, applicable for arbitrary multipole transitions and electronic wave-
functions. Similar calculations on the basis of a distorted-wave Born approximation
(DWBA) have been reported by Madison (1976), although so far only for the lightest
target atoms.

In the present work the Coulomb deflection is treated within the standard SCA
framework, representing the ionisation probability to a given final electron state as

2177
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an integral over the electron transition form factor, weighted by a projectile path
factor ('projectile form fac^r'). An analytical expression for the monopole path factor
is found. The case of an attractive potential is also included (§2). In §3 approximate
correction factors for the deflection corrections are derived. The Bang-Hansteen fac-
tor is found to be approximately valid for arbitrary electron wavefunctions, and
a simple expression for an improved correction factor is also deduced. In $4 the
present method is used to calculate the monopole contribution to K-shell ionisation
with relativistic (Dirac) electron wavefunctions. The appendix contains the details
of the calculations of the path factor.

In this paper all lengths are given in units of aK = aJZ2, with Z2 as the target
charge number and a0 the Bohr radius. Wavenumbers are given in units of % ] .
Conventions for the special mathematical functions are those of Abramowitz and
Stcgun(1965).

2. General theory

According to the SCA. a non-rclativistic projectile following a classical path R(t) of
impact parameter b will cause an electronic transition from the K. shell to some
final state of energy £, with a probability

Ex JI

j I i
- i 0

c> Kl
 (11)

Mlm(ii) = dsBlm(q;s)F'(s)
Jo

where Zx, Mx and Ex are the projectile charge number, mass and energy respectively.
Here F'(s) is the 2'-pole electron transition form factor

Fl(s)= f r2 drRnr)Ri(r)j,(sr) (2.2)
Jo

with Rj and R{ as the radial electron wavefunctions of the initial and final states
respectively, and./, as a spherical Bessel function of order /. Continuum electron states
are assumed to be normalised in energy scale. The projectile path factor is given by

B,Jq;s) = J ' dreu'"MsR(t))Yf"(R) (2.3)

with R(t) = \R(t)\, R(t) = R~l(t)R(t), Y? are spherical harmonics and

where £B is the electron binding energy and Vx the projectile velocity at infinity.
It should be noted that the definition of B,m(cj;s) in (2.3) is dependent on the co-
ordinate system chosen to describe the projectile. After summing over in in (2.1) this
dependence disappears. For a derivation of equations (2.1)-(2.3) see Kocbach (1976b).

We shall now restrict ourselves to the case of monopole transitions, / = 0. This
gives the main contribution to the ionisation cross section for q0 » 1. A hyperbolic
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Kepler orbit can then be parametrised as

R = </(€cosh w ±
, > — 00 < W < 00

± w)J
(2.5)

, i , , , w • , ,} — 00 < W < 00

t = (d/Vi)(esinhw ± vv)J

d = i\Z1\Z2e
2/El

where the upper and lower signs are valid for a repulsive and an attractive Coulomb
potential respectively, e is the eccentricity of the orbit, while 2d, for a repulsive potential,
is the distance of closest approach for h - 0. Inserting (2.5) into (2.3) and using
jo(x) = (sin x)/x, one obtains

1 1
dw exp [iqd(e sinh w ± w)] sin [s</(e cosh u1 ± 1 ) ] . (2.6)

sVi N/47t

This integral is evaluated in the appendix. The result is

2 r / « _ s\~i
+ - sin sd + jqd In I Kiqd(ed^, q2 — s2) s < q71 L vz + S / J

(2.7)

.s > </

where Ky is a modified Bessel function of the third kind and order v and Hj.5) is a
Hankel function of order v, H[P for a repulsive potential and //<2) for an attractive
one. It should be noted that B00(s) is not defined for s = q, so that the integration
over s in (2.1) should be interpreted as a principal value. In the straight-line limit,
d —* 0, ed —* b, one rederives the usual result (Bang and Hansteen 1959)

,S' < (/

(2.8)
s > q.

Figure 1 shows B00(q;s) as a function of s both for a repulsive and an attractive
potential and for a straight-line path in the special case of q = 625. d = 009,
b = q~* = 016. This corresponds roughly to 1 MeV protons impinging on lead, but
the qualitative features of the figure are generally valid. The difference between the
straight-line and hyperbolic cases becomes more important with increasing qd, and
for a given value of this product becomes more pronounced with decreasing b. This
is of course what one expects.

Some further features of figure 1 can be understood by noting that s is essentially
the momentum transferred to the ejected electron. Arguing from the momentum (or
binary-encounter) approximation we then have no contribution for s < q in the
straight-line case, as q is the minimum momentum transfer consistent with the energy
transfer A£. As always in the SCA. we assume A£ « £,, so that the projectile energy
loss during the collision is neglected. If a Kepler orbit is assumed for the projectile,
its velocity at the 'moment of collision', will depend on its position along the path.

VM-IMH) Id 11 1
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Figure 1. Projectile path factor Booiq:s) as a function of s for y = 6-25. d = 009 and
/) = 0-16 = </"'. This roughly corresponds to 1 MeV protons on lead. Full curve, repulsive
potential; doited curve, attractive potential; broken curve, straight-line path.

In the case of an attractive potential, the projectile moves faster than in the straight-
line case, and from (2.4) we see that we would expect contributions from s < q<
as is indeed the case. For the usual case of a repulsive potential the projectile moves
effectively slower than along the straight line, and one expects a reduction of the
contribution for s > q, which also agrees with figure 1. However, we see that the
reduction of J300 is actually so large that we get a negative contribution, and also
contributions for s < q. These contributions, which turn out to be of great importance
at very low projectile energies (cf §4), indicate that the present approximation contains
features which could be difficult to incorporate in a classical model, like the binary-
encounter approximation (BEA), see e.g. Garcia et al (1973). On the other hand it
seems that these features remain in a fully quantal theory like the DWBA.

3. Approximate deflection corrections

It is tempting to identify the factor e""'1"2 of (2.7) with the (square root of the)
Bang-Hansteen factor. As is evident from figure 1, however, the Coulomb deflection
effects are basically more complicated than a simple multiplicative correction factor.
However, one may derive the Bang Hanstcen factor, and also improvements on it,
directly from (2.1) and (2.6) by a simple argument. The same type of argument
has been employed to derive approximate corrections for electronic relativistic effects
to K-shell ionisation (Amundsen et al 1976). Such correction formulae might be useful,
as tables of non-relativistic straight-line SCA calculations have recently been published
(Hansteen et al 1975).

From figure 1 it is evident that the main contributions to Mlm(q) come from
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s =: </. Thus approximately we may write
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(3.1)

The integral over s is easily evaluated. In the monopole case we obtain from (2.3) and

r • - i

Jo ' " ° '
the expression

DQQ\^i) — I ci.s D Q O ( - ' ^ — x l a r e i\ [i) yj-^-i
J o ^ J -1

which in the straight-line case gives for b > 0 (T = F,r)

- T2)"1/2 = £-Koiqh) (3.3)

and in the hyperbolic case (Watson 1944)

B&\4) = 2 F J" dw exP P9d(e sinh w + dvv = y e" (3.4)

Thus, in cases when the monopole term dominates the ionisation probability, we have
(cf Bang and Hansteen 1959 equation (3.36))

~ e (3.5)

The first factor here is the Bang-Hansteen correction factor, generalised to arbitrary
electron wavefunctions and to include the case of an attractive potential. It should
be noted that this approximation becomes meaningless at b = 0, due to the non-
rigorous treatment of the integrals (2.1) and (2.6). In order to secure convergence
of (3.3) as b—>0, F\s) must be retained inside the integral. From this it follows
that Ib becomes strongly wavefunction-dependent at small ft, a fact which is illustrated
by the calculations reported in the next section (see in particular figure 2). One
therefore cannot expect a simple general formula to describe the details of the deflec-
tion corrections to Ib at small b, although (3.5) correctly indicates that they become
more important.

From (3.4) one also deduces the particle/antiparticle ionisation probability ratio
as

(3.6)

It is remarkable that this ratio is independent of impact parameter, and therefore
is valid also for total ionisation cross sections.

To evaluate the analogue of equation (3.5) for cross sections, we note that in
the monopole approximation

j \M00(q)\2bdb ^ \F0(q)\2 J " bdb \B00(q)\2.
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We then need (Oberhettinger 1974 p 123)

= d2 = X \T(\ + iqd)\2 = ^
2q~ 2q~

if^ . if n2q~ sinh (nqd)
(3.7)

where the last equality follows from the properties of the r function (Abramowitz and
Stegun 1965 p 256). The corresponding straight-line result is

Jo
bdbK2

0(pci)=~

so that

d«r«0)/d£r
)/d£ ~

nqd
sinh (nqd)'

(3.8)

This results indicates that the Coulomb deflection effects are actually larger than
predicted by the simple Bang-Hansteen factor, a result consistent with the numerical
investigations of Kocbach (1976a).

The accuracy of the present approximations is dependent on the validity of (3.1).
As noted above, this assumption becomes untenable at small b. This will not seriously
affect the result (3.8), except at very low energies, qd » 1. However, the approximation
s ^ q is of somewhat different validity for the three projectile paths considered, cf
figure 1. For the attractive potential it seems quite reasonable. In the straight-line
case the centroid of &§&{q\s) is at a somewhat larger value of .s, and for the repulsive
potential the main contributions come from even larger values of s, although in
this last case the situation is complicated by the negative part of BQMUJ'.S). AS F°(S)
for the K. shell generally has a maximum at s = 1 and then decreases monotonically
with increasing s, we find that (3.5), (3.6) and (3.8) underestimate the deflection effects
for q > 1, i.e. in all cases where they are of importance for light projectiles.

4. Relativistic calculations

The various modifications of straight-line SCA due to Coulomb deflection, increased
binding (Brandt 1966, Bates 1959) and recoil can all be taken into account more
or less accurately by introducing some 'effective minimum momentum transfer' for
q. In order to separate these various effects it is desirable to go to high values
of Z2 . Then, however, it is important to include electronic relativistic effects (Jamnik
and Zupancic 1957. Amundsen and Kocbach 1975). This section therefore essentially
extends the work of Bang and Hansteen (1959) and Kocbach (1974. 1976a) to the
relativistic case.

The computer code is based directly on equation (2.7) for i = 0. The relativistic
electron transition form factor F° has been given by Jamnik and Zupanfcic (1957).
The path factor Boo, from (2.7), has been evaluated by the standard series expansions
of the Bessel functions, replaced by asymptotic expansions for large values of the
argument (Watson 1944). The integrations over .s have been carried out numerically,
and this was also done for the Ef and b integrations necessary to obtain Ib and
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Figure 2. Ih for 1 MeV protons on gold as a function Figure 3. Same as figure 2 but for 2 MeV protons
of impact parameter b (lower scale) and scattering on gold. Experimental points are from the Aarhus
angle© (upper scale). Full curve, relativistic hyper- group (Lund 1974. Andersen el til 1976a).
bolic calculations; dotted curve, relativistic straight-
line multiplied by equation (3.8); broken curve, non-
relativistic hyperbolic; chain curve, relativistic tan-
gential approximation. Only monopole contributions
are shown for all calculations.

a. The numerical accuracy of the calculations is about 5"0, due to computer time
limitations. The results show good agreement with the recent work by Aashamar
and Kocbach (1976) and, in the non-relativistic case, by Kocbach (1974, 1976a).

Figures 2 and 3 show the results of the calculations of lh for 1 and 2 MeV protons
impinging on gold. Also shown are non-relativistic results and relativistic straight-line
results, the latter multiplied by the correction factor (3.8) for q = q0 (see below).
Although this factor is deduced for total cros. sections, it must be applicable also
to Ih, at least for b ^ c/o '. It is seen thai this approximation is fairly good for
large b but not at smaller impact parameters. Figures 2 and 3 also show results
for the monopole term calculated in the tangential approximation, which has been
employed in previous relativistic Ih calculations for the K and L shells (Amundsen
and Kocbach 1975, Amundsen 1976, 1977). This amounts to the substitution

b2

(4.1)

in the straight-line results. It seems that this approximation is well justified except
at small impact parameters, as in the non-relativistic case (Kocbach 1976a). One
feature of figures 2 and 3 is the dip in the Ih curve for small b (Kocbach 1974,
1976a). Its existence can be traced back to a competition between the contributions
of opposite signs of Boo (figure 1). For small b the negative contributions turn out
to be relatively more important. The effect is far less pronounced in the relativistic
than in the non-relativistic case, as the relativistic form factor F°(s) is much larger
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at large .s than the non-relativistic one. Consequently the deflection effects are
strongly wavefunction-dependent in this region, as noted in §3.

Figure 3 also shows experimental results of the Aarhus group (Lund 1974.
Andersen et al 1976a). Bearing in mind that at small impact parameters (b ~ d)
the dipole contribution suddenly becomes important (Andersen et al 1976b, Aashamar
and Kocbach 1976), that we neglect binding effects and use hydrogenic wavefunctions,
the agreement between theory and experiment must be said to be satisfactory. Experi-
mental data also exist at higher energies (Clark et al 1975, Vader et al 1976), but
at these energies higher multipole contributions are no longer negligible.

When making approximate corrections for Coulomb deflection effects, it is con-
venient to approximate q by q0. The deflection effects will then be determined by
the parameter (Bang and Hansteen 1959)

c = </„</ = CQZxZ\A\t2E-x
it2

C = 1-071 x l(T6MeV3/2
(4.2)

where ,-1| is the projectile mass in atomic mass units and 0 the K-shell binding
energy in Z\ rydbergs. In figure 4, <T( + )/(T(0) for protons impinging on lead, calculated
with relativistic wavefuiictions from the formulae of $2 is compared with the Bang-
Hansteen factor, exp (-nc,), and the improved factor from (3.8), n£ exp( - 7ic)/sinh(7t<j;).
One sees that the latter represents a considerable improvement for nc > 1, but it
still underestimates the deflection effects. This remains true even if the substitution
q —» q0 is not made, in accordance with the qualitative remarks of the previous section.
The tangential approximation (not shown) also underestimates the effects (cf figures
2 and 3) although it agrees even better with the full calculations.

Finally in figure 5, the particle/antiparticle cross section ratio ai + >/a(~) for protons
on lead is shown, calculated both from the full calculations of ij2 and from equation
(3.6), O{ + )/<T{~) ~ exp( — 2n£). It is seen that a substantial difference between the two
charge signs only occurs at fairly low energies. This is even more true for muons.

1-51-0 0-5

I
03 0-2 0-15 0 11

10"J

0-5 10 1-5
E, IMeV)

2 0 25 30

Figure 4. Hyperbolic to slraight-linc cross section ratio a11 V<r(<" for protons on lead
as a function of projectile energy £ , (lower scale) and deflection parameter % = qod (upper
scale). Full curve, full calculations of monopole term; dotted curve, the Bang-Hansteen
factor exp { — nc): broken curve, the improved Bang-Hansteen factor (equation (3.8)) with
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Figure 5. Particle/antipartiele cross section ratio <7'",'<T'~' for lead target as a function
of projectile energy £ , , Full curve, full calculations of monopole lei in for protons: broken
curve, equation (3.6) for protons with (/ = </0: dotted curve, equation (3.6) for lnuons
with </ = (/„.

Even if, in the latter case, the monopole term no longer dominates the cross sections
for all the energies shown, (3.6) will probably still be roughly valid.

5. Conclusion

The present calculations confirm that the SCA is well suited for treating effects of
the projectile Coulomb deflection in inner-shell ionisation by light ions. Although
the results of the present paper are formulated in the language of K-shell ionisation.
the monopole path factor (2.7) is valid for any ionisation or excitation process. The
approximate deflection factors of §3 will thus be generally applicable in cases where
the monopole term dominates the ionisation probability. The method adopted seems
particularly well suited for deriving approximate correction formulae for the deflection
effects. It also seems to give some physical insight into these effects. The method
can be extended in principle to arbitrary multipole transitions, but the technical
problems in deriving exact and approximate results are then greater. This subject
will be returned to in a future publication.
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Appendix

This appendix contains the derivation of the expression (2.7) for the path factor
Blm{q;s). However first we note the following general properties of Blm:

Btm(qi0) = 0 [q> 0)

B,m{q;s) - » 0.

In the case of a repulsive potential, the expression (2.6) for Bffl can be written
i t i

(A.2)

(A.J)

• s" " \ v '

(.v) - e " ' - ' / ( - * )

with

/(.v) = exp \\ed(q sinh w + s cosh w) + iqdw"] dvv.

We will how distinguish between the cases s > q and s < q.

tse {a), s > q

(A.3)

Let

tanh a. = -,
s

sinh ot =
1 7

cosh a =

( s + a\
1.

s-q)

This gives (Watson 1944 p 180)

I(s) = e'""1' exp [ie</v .v2 - q2 cosh (w + a) + \qd(w + a)] d(\v + a)

(A.4)

= 171
S -

where we have used f/_!(.\) = eivir//!u(.\-). Similarly we obtain

H-s) = - i i f ^

(A.5)

(A.6)

As //'^'(.v*) = [W|.n(.v)]*, the asterisk denoting complex conjugation, we arrive at (2.7)
for s > q.

Case (b). s < q
The only modification in this case is that we put tanh a. = s/q. We then arrive at
(Watson 1944 p 182)

q - s

(A.7)
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which gives (2.7) for s < q. Note that Kir{x) is always real for real .v and v. This can
easily be seen from the integral representation

Kiv(x)= ~vcosl" cos(vf)dt. (A.8)

From this expression one also finds that Kiqd(x) is positive for small values of qd.
As a check we note that (2.7) fulfills (A.I). For s—>0 this follows from

In
1 - s/q
1 + s/q

1 + s/q

(A.9)
0.

The limit s —» x follows immediately from the asymptotic behaviour of the Hankel
function. Incidentally, from (A.9) it also follows that the argument of the sine term
will always be negative for reasonable values of d, which together with the positivity
ofKi(|I,(«/N cf - s2) means that the ,s < q contribution in (2.6) will always be negative
in physical cases.

The case of an attractive potential follows analogously, and the result is given
in (2.7). In this case the s < </ contribution will be positive.
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Abstract. The role of the dipolc-iransition amplitude in the inner-shell ionisation of atoms
by light ions is discussed within the framework of the semiclassical approximation. Ana-
lytical expressions for the projectile path factors for a hyperbolic projectile path are
reported. The recoil of the target nucleus during the collision is taken into account by
an extra non-inertial term in the electronic Hamiltonian, both for a relativistic and a
non-relativistic electron description. The recoil correction strongly modifies the dipole
amplitude at small impact parameters. The effects of binding and symmetrisation are
also briefly discussed. Numerical results are reported for calculations of K-shell ionisation.

1. Introduction

In the theoretical description of K-shell vacancy production by light ions, the ionisa-
iion cross section is dominated by the monopole amplitude at low energies and
by the dipole amplitude at high energies. The transition occurs when the projectile
velocity becomes comparable to that of the bound electron, or equivalently, when
the main contribution to the cross section corresponds to impact parameters of the
order of the K-shell radius. Higher multipole contributions are always small (Choi
and Merzbacher 1969). At high energies the contribution to the ionisation cross sec-
tion from projectiles appreciably deflected in the atomic field of the target atom
is negligible. Most investigations of the Coulomb-deflection effects have therefore
only considered monopole transitions (Bang and Hansteen 1959. Kocbach 1976a,
Amundsen 1977a).

If the ionisation probability is considered as a function of the projectile scattering
angle, the situation becomes a little more involved. The same considerations which
give the energy behaviour of the total cross section also imply that the relative impor-
tance of the dipole transitions will increase at large impact parameters. More interest-
ingly, Ciocchetti and Molinari (1965) have predicted that the Coulomb deflection
of the projectile strongly modifies the dipole amplitude at large scattering angles.
At 90° or more it may even dominate the ionisation probability for very low projectile
energies. This effect has recently been experimentally confirmed (Andersen et al 1976a,
Chemin et al 1977).

Ciocchetti and Molinari based their prediction on a simplified version of the
semiclassical approximation (SCA; Bang and Hansteen 1959). They assumed the

OO22-37OO/78/OO18-3197 $03.00 © 1978 The Institute of Physics 3197
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projectile to follow a classical constant-velocity straight-line path of zero impact par-
ameter, being scattered through the scattering angle at the nucleus of the target
atom. Later, full SCA calculations with hyperbolic Kepler orbits for the projectile
have confirmed this prediction (Aashamar and Kocbach 1976, Pauli and Trautmann
1978). Similar calculations predict the effect to be even more pronounced for the
L shell, as dipole transitions dominate the low-energy behaviour of the ionisation
probabilities for the LM and Lm subshells (Aashamar and Amundsen 1977).

All published SCA calculations employ what has been called the configuration-
space formulation of the SCA (Kocbach 1976b). In a previous discussion of the mono-
pole contribution to K-shell ionisation (Amundsen 1977a) it was found advantageous
to analyse the problem using the momentum-space representation of the SCA. The
transition amplitude for a given multipole transition is then represented as an integral
over the momentum transfer of an electron-transition form factor weighted by a
projectile path factor. In Amundsen (1977a) an analytical expression for the monopole
path factor for a hyperbolic Kepler orbit was found. In the present paper similar
results for the dipole transitions are reported ($2).

A special problem with the dipole amplitude is the effect of the recoil of the target
nucleus (Ciocchetti et al 1963). This recoil means that the 'natural' coordinate system
of the electrons, fixed to the nucleus of the target atoms, is not an inertial frame
during the collision. In §3 it is shown how this can be taken into account exactly
by introducing an extra term in the Hamiltonian, corresponding to a non-Newtonian
force on the electron. For a relativistic electron description, such a procedure cannot
be made exact, but a correction is derived, valid to the lowest order in the recoil
velocity.

In §4 some qualitative features of the deflection effects are discussed. The problem
of incorporating the projectile energy loss during the collision is briefly touched
upon, and an estimate of the magnitude of the correction is given. In §5 numerical
results for K-shell ionisation with hydrogenic wavefunctions are reported. The effect
of binding (Brandt et al 1966) has also been included in the non-relativistic case,
with the important adjustments of the wavefunctions introduced by Andersen et al
(1976b). The appendices contain details for the calculations of the path factor (appen-
dix 1), the recoil path factor (appendix 2) and a simplification of the expressions
for the relativistic electron-transition form factors (appendix 3).

In the present paper lengths will be given in units of aK = ao/Z2, where Z2 U
the target charge number and a0 the Bohr radius. Wavenumbers are given in units
of OK'- Relativistic electron energies will not contain the rest-mass term, which will
be written down explicitly when present. Conventions for the special mathematical
functions are those of Abramowitz and Stegun (1965). Finally, if a is a vector, we
shall always have

a = a a = a la.

2. The dipole path factor

In this section we assume that the target-atom nucleus does not move during the
collision, and it will be taken to be the origin of our coordinate system. If a non-relati-
vistic classical charge Zxe of mass M t , approaches the atom along a classical trajec-
tory R (t), corresponding to an impact parameter b and energy £,, the one-electron



Dipole transitions in the semiclassical approximation 3199

Hamiltonian becomes

H{t) = T(p) + V{r) - ^ ^ p (2.1)

Here r, p and T are the electron operators for position, momentum and kinetic
energy, the last including the rest mass term in the relativistic case, while V is the
atomic potential of the target atom. -?

From first-order time-dependent perturbation theory one finds the probability
for an electronic transition from an initially full atomic subshell of total angular
momentum./, and parity Pt to some continuum final state of energy Ef is

d£r 7T U 1 o - 1
where

= 1(1 + ( - \)'PPd r Blm(q;s)F}i(s)ds.
Jo

Here F},- is the 2'-poole electron-transition form factor from the initial state with
radial wavefunction R, and energy ~EB to a final state of radial wavefunction Rf,
with total angular momentum j and parity P:

F'fi(s) = I* r2drR*f(r)Urs)Rfr). (2.3)
Jo

Furthermore, the projectile path factor is given by

BU«is)=r dteu°<MsR(t))Yr*(R(t)) (2.4)
J - x

with

E E EB (2Exy>2

q = .— v = (2.5)
tn-i \MJ

• co Ef + EB E

with Yf being a spherical harmonic with the asterisk denoting complex conjugation.
For a derivation of (2.2) from (2.1) see Kocbach (1976b)t. As shown by Briggs and
Roberts (1974) in their appendix, the assumption of a one-electron Hamiltonian is
not essential for the derivation of (2.2).

If we neglect both the screening of the target charge from the projectile by the
electrons and the projectile energy loss during the collision, the projectile path is
a hyperbolic Kepler orbit. By choosing this to lie in the x-z plane, symmetric about
the x axis, it can be parametrised as

R = rf(ecoshw ± 1)

t = — (e sinh w ±w)

sinh w
cosO = (e2 - I )" 2 —

€ cosh w + 1

- x < w < x (2.6)

t There is a normalisation error in Amundsen (1977a), as a factor *r/rf arising from Boo has also been
included in equation (2.1) of that reference.
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The upper (lower) sign corresponds to a repulsive (attractive) potential, and 0 is
the polar angle. This choice of coordinates corresponds to a momentum transfer
to the projectile along the x axis. This slightly unconventional choice simplifies the
calculations of the path factors somewhat.

The monopole path factor was found in Amundsen (1977a). In the dipole case
one can write

i(sR)y?(0,O)dw

exp [\qd{t sinh w + w)] sinh vv
i i ' i j -1,

sin [sd(e cosh vv + 1)] cos [sd(e cosh w ± 1)]

B\V(q;s)=

(sd)2 (e c o s h w ± I ) 2 (.«/) ( e c o s h w + 1 )

~e)ip(\qv1t)j1(sR)Y\((KO)dw

0 VV

= —
\] 571 V i J -

exp [ic/rf(e sinh vv + vv)] (cosh w + e)

sin[,W(e cosh vv + 1)] cos [sdbe cosh w ± 1)]
(s</)2(ecoshvv + I)2 («/)(e cosh w ± 1)

while

(2.7)

(2.8)

The integrals in (2.7) and (2.8) are evaluated in appendix 1. The results are:

v°
10

17C

= — exp
SVl

x '

± ̂ sd + \qd ^ ) ] 2 - s2) s < q

s _
(2.9)

s > q

where the result for B^ is taken from Amundsen (1977a), and Kv is a modified
Bessel function of the third kind and order v, //,!*' is a Hankel function of order v,
Hiu for a repulsive potential and Hi2) for an attractive one. Furthermore
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•i

n ( _ nqd

' ± -^ Y}(cos "' s/q, 0) sin\sd + \qd In t—'1^] 1 K\qM Jq1 - s2)

s < g

Yl (cos"1 q/s, 0) Re
, _ ,,W/2M^)1 ^V)] s > q.

(2.10)
The prime denotes differentiation with respect to the argument.

From (2.9) and (2.10) one immediately checks that Bio and Bu have the correct
boundary properties, B(m(<j;O) = 0 for q £ 0 and Btm{q\ x ) = 0. Furthermore we
have the correct straight-line limit (d—*0,ed—>b. Bang and Hansteen 1959):

0 s < q

= < i'+mn
Yr(cos-1q/s,0)Jm(bsJs2-q2) s > q.

(2.11)

For an attractive potential, b should be taken to be negative in (2.11). This gives
an extra phasefactor of (— l)m to bring the result into agreement with (2.10).

By comparing (2.9) and (2.10) with (2.11), one can deduce some qualitative
features of the Coulomb-deflection effects. If we first consider Bl0, we see that the
behaviour is similar to Boo, apart from the extra factor

(1 — e ) ' = — = cos — - (2.12)

where 0S is the projectile scattering angle. Thus the m = 0 transitions are strongly
suppressed at large scattering angles. This is more than compensated for by the
\m\ = 1 transitions, however. If one makes a Laurent expansion of (2.10) about s = </,
one finds that all terms contain at least one power of e~ ' = sin^/2. Thus the \m\ = 1
terms become the important ones at large 0S. This reflects the fact that the electrons
are always accelerated towards the projectile during the collision.

The contributions from momentum transfers s < q in (2.9) and (2.10) can be inter-
preted as arising because the projectile changes direction during the interaction with
the electron, which means that momentum is no longer conserved in the two-body
projectile-electron collision. The modifications of the path factors obviously increase
with 0S, and are also more pronounced for \m\ = 1 than for m = 0 (cf figure l(a)
and (b)). This enhancement of the |»i| = 1 amplitude is, in particular, responsible
for the modification of Ib at large scattering angles. This is easily seen if one considers
the path factors in the zero impact parameter approximation of Ciocchetti and
Molinari (1965). Taking the projectile path to be parallel to the asymptotes of the
Kepler hyperbola, one obtains in the present coordinate system (cf Andersen et al
1976a):

f 0

— YT{"4,0 P, *

2i'

s<q

s> q

vml "*

m even

m odd

(2.13)
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Figure I. Projectile path factors («) B',o' (</;.v) and (ft) B(iV (</:'i) as a function of s
for q = 6-25, d = 009, b = 0-16 = q~'. This roughly corresponds to 1 MeV protons on
lead. Full curve, hyperbolic path: broken curve, straight-line path: dotted curve, zero
impact-parameter approximation.

where P, and Q, are Legendre functions of the first and second kind, respectively.
For the dipole terms we see that the 0S dependence is the same as for the leading
terms of the hyperbolic expressions. Also, in (2.13) only the \m] = 1 terms give any
s < q contributions at all.

3. Recoil

In the previous section the target nucleus was assumed to remain at rest during
the collision. If we consider that it has a mass M2, and still neglect the effects of
the ionisation process on the motion of the heavy particles, we have instead of (2.1):

(3.1)H(t) = T(p) + V(\r - R2\) -

in the heavy particles centre-of-mass frame. Here

R «2 = - I T - K V~l=Ml- 1 = A/frl (3.2)

The problem of this formulation is that the unperturbed electron wavefunctions must
contain suitable translation factors, as the target atom is no longer stationary in
our coordinate system (cf Bates and McCarroll 1958). In the constant-velocity
straight-line case this does not present any problems, but in the general case one
should proceed with some caution, as the translation factors will generally destroy
the orthogonality between atomic eigenfunctions at different times. This, in particular,
applies to the initial and final states of the ionisation process.

A natural way of avoiding the problem is to change the coordinates to a system
moving with the target nucleus all the time. This can be done in the general case
for any R{t) with a non-relativistic electron description. The problem will be treated
in some detail, in order to see what the problem is in the relativistic case.

The coordinate transformation can be divided into two steps. First one translates
at each moment t the origin of the coordinate system to the position of the target
nucleus. This is performed by the operator

=exp -R2(t) .p\ = exp -j.ttM;
R(t).p (3.3)
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Because of the "integrated commutation relation'

exp ( - ia.p)F(x) exp (ia.p) = f{x - a) (3.4)

the Schrodinger equation of our problem will remain invariant if (3.1) is transformed
into (Ciocchetti et al 1963)

- ihUl ^ = £ + V(r) - ,. Z ' l L + £-*{t).p (3.5)//->//' =
dt 2me

where me is the electron mass.
The Hamiltonian (3.5) does not correspond to a co-moving coordinate system,

as we have not changed the velocity, and the translational factors therefore remain.
We must at each moment also perform a further transformation

(3.6)

By means of an analogue of equation (3.4) we find the new Hamiltonian as

H'-^H" =
8t

- P2 , V{, ^ ,,
2»ic \r- R(t)\

The last two terms of this expression are readily interpreted. The first of them is
the recoil-energy term, which can be removed by a further phase transformation.

The last term is identical to the classical term corresponding to the non-
Newtonian forces arising in a non-inertial coordinate system, as is readily seen from
the classical Hamiltonian equations of motion. In particular, for R(t) = 0,

is a Galilei transformation operator, so that equation (3.7) then confirms the
Galileian invariance of the problem.

Furthermore, we recognise t/^ as the usual translation factor. Thus not only
is the Schrodinger equation based on (3.7) unitarily equivalent to that based on
(3.1), but if we take our new unperturbed wavefunctions as atomic eigenfunctions
(of T + V), the boundary conditions will also be equivalent. The two descriptions
are consequently completely equivalent.

The relativistic problem is more difficult for two (related) reasons. The first is
that the Hamiltonian (3.1) is only correct if the potentials are replaced by suitably
retarded potentials with the kinetic energy operator 7 = T(p, r, t) taken to be

T = cxJp - - D42(r, R2) + A\r, R,)] j + Pmec
2 (3.8)

with a and ft as Dirac matrices, and A1 and A2 the (Lienard-Wiechert) vector
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potentials of the projectile and target charges, respectively, as seen in the centre-of-
mass system. One can still perform the translation Ut, and the result (3.5) remains
true with obvious modifications, but the change of velocity poses another problem.
According to the analogue of (3.4) (with r replaced by p and p by —r)r will always
generate a translation in momentum space, but the relation between velocity and
momentum is no longer trivial for a relativistic electron. In the place of r we need
the relativistic generator of velocity transformations, K (the Lorentz 'boost' operator).
For a free Dirac particle this is given by (Foldy 1956)

1
2? (3.9)

However, in the presence of an electromagnetic field a general expression for K is
not known.

Nevertheless, as the projectile moves non-relativistically, the recoil velocity is
small, /u' ,/M2c'« 1, so only the first-order contribution in this quantity is needed.
Furthermore, we only calculate the electronic transitions to the lowest order in the
projectile fields, so all cross terms between these and the recoil contribution can
be neglected. In the target-atom rest frame a natural generalisation of (3.9) is then

K =^-
2c

H°r) = ±
2c

(3.10)

with H° = « . p + Pmc2 + V(r).

Instead of (3.6) we thus try

VI =exp(-v(f).K

(3.11)

m2 c

Calculating the inverse transformation of (3.7), choosing V(r) = - Z2e
2/r for definite-

ness, we have to the lowest order in the recoil velocity:

= H° = tf° - cv.p + Z2c
2 - - (3.12)

where [If0, 7 ] = ihcp (Foldy 1956) is used. However, if we compare (3.12) with (3.5)
and note that Z2e

2vjr is just the lowest-order contribution to the Lienard-
Wiecherl vector potential A2, we see that (3.1!) indeed gives the required
transformation. Thus

= a.p + (imcc
2 -

\r - R\ M2c
H.K

M2c
(3.13)

For K = 0, this is identical to (3.1). If /I'OsR,), which is of order (uv1/M2c)Zle
2,

had been retained explicitly, the result would agree with the Lorentz-transformation
properties of the Dirac equation in an external field. Assuming an exact K, this
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will be true to any order in the recoil velocity, and the explicit expression for K
does not enter the problem.

In order to compare (3.13) and (3.7), one can remark that for arbitrary eigenstates
| /> , I i> of H° one has

(3.14)

Thus (3.13) gives a direct relativistic generalisation of (3.7), with an effective mass of
the electron given by

me
- 8m 8m = (EB - Ef)/2c2 ^ EB/2c2. (3.15)

As most of the electrons are ejected with energies Ef < EB, the non-Newtonian force
on the electron is diminished, due to its reduced effective mass in the bound state.
The reduction is only half of what one naively expects, because of the quantum-
mechanical symmetry between the initial and final state.

For a projectile moving along a hyperbolic path, the classical equation of motion
is

R2 R. (3.16)

Thus the two projectile-dependent terms in (3.7) or (3.13) are of the same order of
magnitude, and we can consistently retain only the first-order contribution in the
recoil term. Consequently (2.2) remains valid, except that for the dipole term we
replace

where

Gft = f r{g*f(r)gi(r) + . /» / , - ( r ) ) r 2 dr.
Jo

(3.17)

(3.18)

(3.19)

Here g{ and ft (gf and /}) are the radial parts of the large and small components
of the initial (final)-state wavefunctions. In the non-relativistic case dm =./} = /; = 0.
The integral for Dm can be explicitly calculated. This is done in appendix 2.

There are two things worth noting about the results (A.2.1, A.2.2). The first is
that the angular behaviour of the recoil terms is the same as for B^ and B{i\\
respectively, since the dominating e dependence is the same. The second is the great
similarity between the s < q contribution of B\\]

 (B'IO1) and D\i} (D(
o
±}). In the case

of an attractive potential they even have the same relative sign, while for the usual
repulsive case they have opposite signs in all physically reasonable situations (cf
Amundsen 1977a, appendix). As the observed large-angle behaviour is determined
by the s < q behaviour (§2), the inclusion of recoil will reduce the large-angle effects
for a repulsive potential, but increase them for ionisation by anti-particles.

Finally, one should observe that results equivalent to (3.7) and (3.14) to the first
order in the recoil velocity can be obtained directly from (3.5), by a partial integration
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in the time integral for the transition amplitude. In the relativistic 'case there also
arises a term cancelling the magnetic-vector potential term a . A 2 (r,0). One should
be careful not to include this term in the recoil contribution.

4. Approximate results

For monopole transitions it is possible to deduce simple approximate corrections
for Coulomb deflection (Bang and Hansteen 1959, Amundsen 1977a). This can be
done by noticing that the main contributions to the transition amplitude come from
momentum transfers hs % hq, when q » j , which is true for the wi = 0 contributions
for all / ((2.11) and figure 1(«)). The m i= 0 contributions are generally small in the
straight-line case since then BjJJ/ (q; </) = 0. However, for the strongly deflected path
this is no longer true, as remarked in §2. The deflection effects will be rather wavefunc-
tion dependent, due to the large s < q contributions.

Even if we disregard the large-angle effects and only consider m = 0 tiansitions.
it turns out that approximate corrections for higher multipole contributions become
much more involved. We put, as in Amundsen (1977a):

Af io * F\q)Bl0(q) (4.1)

= f'
Jo

f
J -

die.•„, y?m))

where we have used (Abramowitz and Stegun 1965, equation (11.4.16))

Jo
dsj,{sR) =

2R
±ll
+ 1)'

(4.2)

Although at least Bl0 can be evaluated for a hyperbolic path, the result is not very
transparent, and a further integration over b in order to correct total cross sections
does not seem to give a simple result.

A qualitative conclusion can be drawn from (4.1), however. As Y° {?K,0) = 0,
the parts of the projectile path where the velocity is least (or highest in the attractive
case), will contribute but little to B10 . Thus the deflection corrections should be
less than in the monopole case. For total cross sections there is the additional effect
that dipole contributions generally come from somewhat larger impact parameters,
which are less affected by deflection.

The latter point, apart from being physically reasonable, can be seen by evaluating
B(ioo'. One finds (Gradshteyn and Ryzhik 1965, equation (3.723.3), T = r,r):

J
**

r
dTe"""

(b2
_ » / 3 \

T2) qVi \4nJ

112

(4.3)

Together with the corresponding monopole result (Amundsen 1977a, equation
(3.3)t) this implies

2 ^ |F'(g)|2 3 _ej
q\K0(bq)\

(4.4)

t A factor (4jr) U2 has been left out in equations (3.2). (3.3) and (3.4) of this reference.
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The limit b —»x follows from the asymptotic behaviour K0(x)—*(n/2x)112 e"x for
.v —» x .

From (4.4), together with (A.3.4) it also follows for fixed b:

(4.5)

Thus the importance of the dipole term becomes negligible at low projectile velocities
in the straight-line case, as is well known. However, for fixed velocity it also means
that the dipole contribution to the electron energy spectrum falls off faster than
the monopole contribution. Just as the inclusion of projectile deflection increases
the dipole contribution to lb dramatically, it can also make the dipole contribution
fall off much slower at large Ef, and even dominate the electron spectrum for
Ef » EB in some cases (Pauli and Trautmann 1978, see also §5). Physically this
has a simple explanation: as the condition of (two-body) momentum conservation
is slackened, it becomes easier to eject high-momentum electrons.

Before results from the theory are compared with experiments, two further points
r e a d i n g the validity of the present approach should be briefly discussed. The first
is the assumption that the ionisation process does not influence the projectile motion.
This is not tenable in all situations. For low-energy projectiles impinging on a heavy
atom, the ratio EB/Et is no longer negligible. Although a formal semiclassical descrip-
tion can still be established in such cases (see, e.g., Miller 1974), the theory easily
becomes rather involved, and it is doubtful whether it has much advantage over
a fully quantal distorted-wave approach. As long as the correction is small, however,
one can use the same correction as in nuclear Coulomb excitation (cf Bang and
Hansteen 1959). Observing that the quantum-mechanical matrix element correspond-
ing to MfJ, must be symmetric in incoming and outgoing projectile wavenumbers,
one is lead to the substitutions

d_^dsJZ,\Z2e
2

(4.6)

-Ef- EB)
1/2

A slightly different choice is made by Pauli and Trautmann (1978).
In order to estimate the importance of this correction, one notices that the cross

section can be written approximately (Bang and Hansteen 1959)

in
dE.

~ e
-nqd Ac81-

dE/ (4.7)

At low projectile energies non-relativistic hydrogenic wavefunctions give
da/dEf ~ <?~10. Neglecting the electron final-state energy distribution, the ratio
between cross sections calculated with and without the symmetrisation (4.6) becomes
approximately

Rs ^
10

(4.8)
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To the leading order in EBjE\:

10

(4.9)

The second, and more important consideration, is corrections from terms beyond
the first order in the perturbation expansion. These are generally classified as binding
(Bates 1959, Brandt et al 1966, Basbas et al 1973, Andersen et al 1976b) and polarisa-
tion (Basbas et al 1971a,b).The binding correction assumes that the collision is suffi-
ciently slow for the electron to be effectively bound both to the target nucleus and
the impinging projectile. Thus one replaces

EB-+EB + AEB(b,ZuZ2)

AEB(b,ZuZ2) = / i
\r - JKO)|

(4.10)

The ionisation probability at low energies is very sensitive to the high-momentum
components of the electronic wavefunctions (cf figure 1). Andersen et al (1976b) there-
fore pointed out that one should employ wavefunctions consistent with the increased
binding energy. This is done by introducing Z2 as a variational parameter in the
bound-state wavefunction, |/> = |i(Z2)>. One then introduces this in (4.10) and deter-
mines an effective Z2

ff from

—(i(Z)\T + V(Z2) u Z)\i(Z)) = 0 (4.11)

Although not entirely self-consistent this procedure has the great merit that it can
be directly introduced in (2.2) if one knows F}t{s) as a function of Z2.

The situation regarding polarisation is even worse. The effect is presumably related
to the Barkas effect (see, e.g., Lindhard 1976). It should then increase the dipole contri-
bution to lb at large b (b > aK), The effect has only been observed so far in total
cross sections, and no satisfactory theoretical descriptions seem to be available so
far.

5. Numerical results

The numerical calculations for K-shell ionisation have been based on equations (2.2)
and (3.17) for d/j,/d£y, and include monopole and dipole transitions with recoil.
Higher multipole terms are small for all projectile energies and impact parameters.
The path factors Blm and Dm are evaluated from the series expansions of the Bessel
functions, replaced by asymptotic expansions at large values of the argument. The
hydrogenic relativistic electron-transition form factor Fl

fi has been given by Jamnik
and Zupancic (1957). Their results are somewhat involved, because different series
expansions must be used for different values of q/s. In appendix 3 it is shown how
Fji can instead be expressed by a finite combination of hypergeometric functions.
These are easily calculated with fair accuracy from their integral representations.
The method is found to be more efficient and more reliable than the series expansions.
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Figure 2. Ib for 2 MeV protons on gold as a function of impact parameter b, calculated
with relativistic electron wavefunctions and a hyperbolic projectile path. Full curve, recoil
included; broken curve, no recoil; dotted curve, recoil and binding included. Experimental
points from the Aarhus group are corrected for ionisation following nuclear excitations
(Lund 1974, M Lund et al 1977, private communication).

The corresponding non-relativistic results can be further simplified to involve only
elementary functions (Bang and Hansteen 1959, Tweed 1972). The recoil form factor
Gfi is also readily obtained (appendix 3). For an arbitrary initial state it can be
calculated either directly, or from the formulae of Alder and Winter (1955).

The integrations over s in (2.2) are done numerically, and the same is done for
the integrations over Ef and b to calculate lb and a. The numerical accuracy of
dIb/dEf is about 1%, and for lb and a better than 5%, due to computer time
limitations. The results are in good agreement with calculations based on 'the
configuration-space method' without recoil (Aashamar and Kocbach 1976) and with
recoil according to (3.17) (Aashamar and Amundsen 1978, private communication).
At small scattering angles, 0S « 90°, and in particular for total cross sections the
results also agree within 10% with calculations made in the tangential approximation
(Amundsen 1976).

In figure 2 are shown results of the calculations of Ib for 2 MeV p—>'Q, AU
with relativistic electron wavefunctions, with and without recoil corrections. The sym-
metrisation procedure (4.6) is used. This reduces Ib rather uniformly by 12% at all
b, in good agreement with (4.8) and (4.9), (Rs = 11%). For even lower projectile
energies this correction becomes rather important, for 1 MeV protons on gold it
amounts to about 25%. Also shown in figure 2 are the experimental results of the
Aarhus group (Lund 1974, M Lund et al 1977, private communication). The data
are corrected for ionisation following nuclear transitions, which amount to some
25% at the smallest impact parameter measured (M Lund et al 1977, private communi-
cation). It can be remarked that the adoption of the relativistic recoil constant accord-
ing to (3.15) amounts to a 5% correction for /ft=0- This correction can be more
important, however, in cases where the recoil is more important, as for heavier projec-
tiles and for ionisation following nuclear a decay.
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Figure 3. Relativistic hyperbolic calculations of lb as a function of ft for 0-707 MeV protons
on silver, including recoil. Full curve, no binding: dotted curve, binding included. Shown
separately are the contributions from monopole transitions (broken curve) and dipole
transitions (chain curves). Experimental points from Lund (1974).

In order to illustrate the origin of the large-angle effects, figure 3 shows contribu-
tions from the different / and m values for 0-707 MeV protons on '47 Ag separately,
together with their sum. The energy corresponds to q0 = 4-2 % ', comparable to
2 MeV protons on gold. It is clearly seen that the large-angle effects are dominated
by the / = 1, |m| = 1 transitions. As remarked in §2, these transitions have a slower
fall off with Ef than the m = 0 transitions. Consequently they dominate the electron
final-energy spectrum, d<r/d£y, for Ef > EB (Pauli and Trautmann 1977). For some-
what larger projectile energies (q0 < 3 % ' ) , this effect disappears fast.

As already noted by Ciocchetti and Molinari (1965), the large-angle effects change
sign at large projectile energies (typically qa > % *)• This is illustrated in figure 4,
which shows relativistic calculations with recoil for 7 MeV protons on l\Mo,
(q0 % 105 (IK1) together with experimental results from Rohl et al (1977). One should
not take the dip in Ib too seriously, however, as 0S = 90°, where b = d corresponds
to a projectile angular momentum of

L =
| Z l | Z z C = 2ZiqoaKh (5.1)

if hydrogenic values for £„ are takenf. Thus for q0 < aK', one can hardly expect
a semiclassical description to be valid at large scattering angles for light projectiles,
especially when a change of angular momentum of one unit is involved. From (5.1)
it is really surprising that the SCA seems to work so well at lower energies.

Relativistic calculations with binding corrections have not been performed,
because even with the simplifications from appendix 3, the calculation of separate
t Actually 2Ljh = K in Bohr's (1948) discussion, and K » 1 is the condition for the classical equation of
motion to describe a quantal wavepacket.
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Figure 4. Relativistic hyperbolic calculations with the recoil of lb as a function of 0,,
(lower scale) and b (upper scale) for 7 MeV protons on molybdenum. Experimental points
from Rohl et al (1977).

•i

form factors for each b was found too time consuming. The non-relativistic form
factors (A.3.3) and (A.3.4) are however sufficiently simple to introduce the modifica-
tion. In figure 5 are shown the calculations for 22-62 and 32 MeV 'fO8* on "Cu,
together with experimental data from Andersen et al (1976b). It is seen that the
agreement between theory and experiment is not too good at the lower energy and
poor at 32 MeV. This is not very surprising, if one considers that the binding
correction is derived from adiabatic considerations which are only marginally applic-
able in the present case. As the ionisation cross section is extremely sensitive to
the effective binding energy adopted, the breakdown of the binding prescription
should be very sudden, as indeed seems to be the case.

Figure 5 also shows results from the scaling procedure of Andersen et al (1976b)
which is based on the scaling properties of the SCA and experimental data for ionisa-
tion by protons. The reason for the discrepancy between the scaled values and the
present calculations are rather mysterious. The calculations agree reasonably well
with the data for proton impact, and since Coulomb-deflection effects are small,
the two approaches ought to agree. If one accepts the results of the calculations
without binding, a useful check on the binding calculations follows for b * 0 from

/ Binding 2 I No binding (5.2)

which is an immediate consequence of the adopted prescription.
One notices that the discrepancy between the present calculations and the experi-

ments increases with b and apparently also with £,. This tendency continues for
45 MeV ' | O 8 + impact (not shown). Although the whole binding approach can hardly
be justified in this latter case, this is just the kind of behaviour that is expected
from the polarisation effect as mentioned in the previous section.

Finally it should be noted that (5.2) can be used to correct for binding at small
impact parameters for arbitrary wavefunctions. This is not a negligible correction,
even for the heaviest atoms, as shown in figures 2 and 3. It does not change the
qualitative features of the large-angle effects, however.
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61pm] .

Figure 5. Non-relativistic hyperbolic calculations of Ib/'Zj as a function of b for 22-62 MeV
and 35 MeV ! | O £ + on copper, including binding (full curves). Results of the scaling
procedure of Andersen el al (1976b. broken curves) and their experimental points are
corrected to make the fluorescence yield agree with the recommended value of Bambynek
et al (1972).

i

6. Conclusion

The inclusion of the dipole and recoil amplitudes, together with corrections for projec-
tile energy loss and binding bring the predictions of the SCA with relativistic hydro-
genic wavefunctions into good agreement with experimental data for K-shell ionisa-
tion of heavy atoms by protons. The main theoretical uncertainties probably arise
from the use of hydrogenic wavefunctions, in particular for large impact parameters,
and from the possibility of quantum corrections to the projectile description for
large scattering angles. For impact by heavier ions, the situation is far less satisfactory,
due to being unable to take the distortion of the atomic wavefunctions by the incom-
ing projectile into account properly.

Although the present paper mainly discusses K-shell ionisation by light ions, the
results for the path factor and the recoil corrections should be applicable to a wider
class of excitation and ionisation phenomena where impact-parameter methods are
applicable.
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Appendix 1

In this appendix we calculate the dipole path factors. For B\%' we can write,
from (2.7),

/ 1 V 2 /I 1
\V(q;s) = (f-\ - ( e 2 - D1'2 -7</, - / 2 ) (A.1.1)

4 / V SCI

1 Cr A r- 7, • u , .-i • u sin [>/(<: cosh(M- 4 1)] , » , - , ,
— dvv exp [lot/ (e sinh w 4 w)l sinh w — - — =—- (A.1.2)
sd J-or ' (ecosh w + i)2

12 = dw exp L^LifiL—^——-^ cos [sd (e cosh w 4 1)] sinh tv
J - 1 (ecoshw + 1 ) ~

exp [iq</ (e sinh w + »•)] d /sin [«>' (e cosh vv 4 1)]
(e cosh w 4 1) dw \ sc/e

- 1 / C*
= —— I iqd dw exp [iqd (e sinh w 4 w)] sin (.«/ (e cosh w ± 1)]

sde Y J - *

[* , r . , , . , , ,n sinh wsin |>/(e cosh w 4 1)]
- € dw exp [\qd (e sinh w 4 w)] - =

J - T (ecoshw 4 I)2

/— " i *7 +
e s

Here we have used the expression for B\)%\q;s) from Amundsen (1977a). Introducing
this in (A.1.1) we obtain (2.9).

The evaluation of BW is a little less straightforward. We write

B\±U - S ) - -(l-Y2 H(I -I ) A14

where now

11 = — dw exp [iqd (e sinh w 4 w)] ~ , sin [,s</ (€ cosh w 4 1)]
sd J - y (ecosh w 4 1)

(A.1.5)
12 = dw exp [i<7</ (e sinh w 4 w)] ;—=—- cos [srf (e cosh w ± 1)].

J _ y e cosh w 4 1

By means of the identity

cosh w + e , . d / sinh w \
-, = 4 (ecosh w 4 1)-r- ; (A.1.6)

e cosh w 4 1 dw \e cosh w ± 1)
one has

/i = " i r I dw exp [iflrf(e sinh w ± w)] T - ( " " J*' ) sin [sJ(e cosh w 4 1)]

\.M I'. 1111 II IS
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- i<? r
= H— dwexp [i</r/(e sinh vv + vv)] sinh w sin[sd (e cosh w ± 1)]

s J - j

+ e dw exp [iqrf(e sinh w ± vv)] cos [sd{e cosh w ± 1)1.
J _ y e cosh w + 1

(A.1.7)

The additional contribution from the end of the interval in this partial integration will
be proportional to (q + s)S{q ± s), and thus vanishes. By means of the relation

e(sinh w)2 , cosh w ± e
+ : —r = ± COSh W r —

e cosh vv + 1

(A.1.8)
e cosh w ± 1

and (A. 1.5) we then find

_ ifl rr

/ , — I2 = + — dvv exp[\i]d(e sinh w + w)]sinh w sin [sd(e cosh vv + 1)]
S J — f

+ dwexp [iqi/(esinh tv + vv)] cosh w cos [,si/(ecosh vv ± 1)]. (A.I.

This expression can now be integrated. With

r(q;s) = dvv exp [iqd(<e sinh w + vv) + vvv + i.w/ecosh w]
J - 1

= dw exp [ied(g sinh vv + ,s cosh w) + (± iqd + v)vv]

.9)

(A.I.10)

we have

(A.I.11)

The integrals Jv are readily evaluated in the same way as for Boo. We shall
distinguish between the cases s > q and s < q.

Case (a): s > q

Let

tanh a = q/s a = j In ( ' I

q sinh w + s cosh w = N/ s2 - q2 cosh (vv + a).

Then (Watson 1944, p 180)

lv(q, s) = exp [ - (+ iqd + v)a] exp [ied^'s2 - q2 cosh (vv + a)
J - a

+ (±iqd + v)(w + a)] d(vv + a)
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7 3 — " ^ (A.1.12)

and similarly

nj (

where we have used the fact that

Inserting this in (A.I.11) with + 1 replaced by ± | v | , we find that the limit |v|—* 1
is unambiguous, so that

( 3 \ l / 2 /..2 _~372 g + itfld/2 T / s — / A 1 ' * 1 " 2

&J v
 s

 1~̂ ~Re e *is" ('rr j (A.I.15)
j

Finally, by noting that

that IH^Xx) = JF/<L',(X) - H<V,(x) and using (A.I.14), we arrive at (2.10) for s > q.

Case (b): s < q

This case is completely analogous, except that we now take tanh a = s/q. Then one
has (Watson 1944. p 182)

r(q,s) = exp [(+ \qd + v)a] exp [iecl x/q
2 - sz sinh(w + a)

v)(w + a)]d(w ± a)

_ fl 1 M p + mjd/2 -iviri2 /t- / , y / , , 2 _ ,.2 j /A | | fix

and

p(q, -S) = lilZJL} ^"ida eiv*,2 K± i q i i + V(e</V '^2 - s2) (A.I.17)

so that (|v| —• 1)

B\ i(q, s) = - ( r - 1 — '• sin \ sd + — In ( -
\onj s sVi |_ Z \q + s)

I]. (A.I.18)

j From the relations Kv+ ,(z) + Kv_ ,(r) = - 2K'v(z) and K_,.(z) = /Cv(z) one finds (2.10)
for s < q.
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Although the results for B o o , Bio and Bt t seem to suggest the existence of a general
formula for all / and m, the present method of evaluation is not readily extended,
and one probably has to use more sophisticated mathematical tools in order to
generalise the present results.

•i

Appendix 2

Calculations of the recoil path factors.

Case {a): m — 0

From (3.16) and (2.6) we find by partial integration

D\>± = — y—
\ 4 n J dvi J _ ,

d\v
exp [u/</(e sinh n>± w)]
— ~ - — . -——, sinhw

(ecoshw+1)2

dwexp [i^/(e sinh w + vv)]

The last line follows from Watson (1944, p 182).

Case (b): m = 1

Now we have, using (A. 1.6) and a partial integration

/ 3 \ 1/2 i c exp [iqd{e sinh w + w)]
, .— . .,1 - cosh w ± c(ecosh w ± I)2

d»v exp [}qd(e sinh w + w)] sinh '

S 2[exp (±
( + ~ (\qd + v) j K±{il,d + V)(€qd)

(A.2.1)

- exp( + ~ (\qd

where we again refer to Watson (1944, p 182). The contribution from the end of the
integration interval vanishes as for B, t in appendix 1. The limit v—> 1 is unambiguous,
and we obtain

To arrive at this result, we use Kv(.v) = K_,.(x) and Ky+l(x) + Kv_,(.\-) = -
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Finally we have

DL*/ = -D\±]. (A.2.3)

Appendix 3

The relativistic transition form factor Fj-j for the K shell has been given by Jamnik
and Zupancic (1957) as

1 ) ^ /sV f e

x f 2 f 7 + ?/ + / + 1, / + 1, y{ + 1 + if?, 2/ + 2, 2;y + 1;

2is 2ik Y\
x c + i(fc + s)' cTUfcTl)jj (A-3J)

where I refer to Amundsen (1976) for the definition of the various quantities. The
point of this appendix is to remark that the Appell hypergeometric function F2 in
this case can be reduced to an expression involving only hypergeometric functions of
one variable:

F2(a + l,l+ \,b,2l + 2,c;x,y)

(\ - x/2)°+l (a - I - \)2l^\zvzJ z

7i[a-l- 1,b,c:2v/(2 - x)(l + z.

) , \ (l+zf„-,-•

•, [a - / - 1, fc, c; 2y/(2 - x)(\ - z ) ] \ _ x
T. - - I - i '" I ' — ^ ~- lA.J.Zj2 - .V

Here (a)n is a Pochammer symbol and 2Fy a hypergeometric function, while a, b, c, are
arbitrary complex numbers and / is a non-negative integer.

This result can be proved as follows [z = v/(2 — .v)]

F2(a + 1,1 + 1,6,2/ + 2.c:.v,.v)

2)m(C)n«i!n!
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= 1 -
(a (*),

d)22'd),2

(c)nnl \2 - x,

a — I + n a — I + n + 1

2 ' 2 '

H \ ' \ ^ ( a + IUb)nf 2y
Izdz,

n)/2] [ ( « -

2- x) (a-l + n).21

2z(J + 1 - a - n) J

(1 - x/2)°+l (a - I - l ) 2 l + 1 \ z S z .
' ( a - l - DJLb)H

(c)nn\

J2yl(2 - x z)J _ [2>-/(2 - x)(\ - z)J\ ]
(1-z)"-'-' )}•

Here the first and second equality follow from the definitions of F2 and 2^i>
together with (« + /)„, + „ = {a + l)n{a + I + n)m. The three following lines use equations
(15.3.16), (15.2.2) and (15.1.10) of Abramowitz and Stegun (1965), respectively. The
last line follows from the identity

(a + /)„/(« + H - 1 - 1)2I+, = (a - / - \)J(a - I - 1)2 ( + , .

In order to arrive at (A.3.2) we again use the definition of 2FX. The proof is valid
for x and y both sufficiently close to 0, and is extended to arbitrary values by
analytical continuation. As the derivative of a hypergeometric function is another
hypergeometric function, (A.3.2) is equivalent to expressing Fj{ as a finite sum of
hypergeometric functions. The generalisation to arbitrary electron initial states
follows directly (cf Amundsen 1977b).

In the non-relativistic case the expressions for F'fj can be further reduced to

n = Z/k C = % '
with fc as the electron final-state wavenumber (Bang and Hansteen 1959). One
can also show that

(A.3.4)

For the recoil matrix element Gfi one obtains by inserting the proper wave-
functions in (3.19):

Gfi = D,Df Re [A- e'tyy +

M = f r + 'f+1 exp [ - i(C
Jo

(A.3.5)

1, 2\kr).

Again the reader is referred to Amundsen (1976) for the definition of the various
quantities. M can be evaluated by formula (4.23.17) of Erdelyi et al (1954)

H T + Is + 2) / . , 2i* \
M =
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For p, ,2 final states this can be further simplified, because then yf = y, so we can
use

2Ft{2y

= (1 - > r r ~ 2 " l * 2 F 1 ( - l,y - \n,2y + 1, v)

= l - [(7 -

The second line follows from equation (15.3.3) of Abramowitz and Stegun (1965)
and the last line from the definition of 2 F , . Inserting this into (A.3.6), one obtains
for p 1 / 2 final states

For non-relativistic wavefunctions there is no distinction between p1 / 2 and p3 / 2 and
one finds in a similar way

(A.3.8)2"" -
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Abstract.

T i • impact parameter dependence of direct K-vacancy

production in adiabatic ion-atom collisions calculated

with the semiclassionl approximation and in the Briggs

model is compared. In the asymmetric limit the two

approaches agree. For more symmetric collisions the Briggs-

model gives results in agreement with recent experiments

for Xe on Pb . In particular it reproduces a dip in the

ionization probability at small impact parameters.

i



The impact parameter dependence of K-vacancy

production in slow heavy-ion heavy-atom collisions has

received much attention recently, both experimentally

4)and theoretically . For fairly asymmetric systems the

ionization of the heavier collision partner is dominated

by direct Coulomb ionization to the continuum, and calcu-

lations with one-centre electronic wavefunctions in the

semiclassical approximation (SCA) properly corrected

for increased binding, appearently agree very well v/ith

experiments ' . For nearly symmetric systems vacancy

sharing is expected to be the dominating exitation mecha-

nism for the heavy partner, and a molecular orbital (MO)

8)
approach seems necessary Direct Coulomb excitation

cannot be neglected, however even in this case for very

4)heavy systems . Due to the intractability of the (rela-

tivistic) tv/o-centre continuum, direct calculations of this

process in the MO-framework have not yet been performed, and

one has to rely on various approximations.

The purpose of the present letter is to investigate the

connection between the two different descriptions of direct

ionization as experimental results with relevance to the

problem begin to emerge ' . A convenient starting point

9)for such a comparison has been pointed out by Briggs . Ho

remarked that if the collision is sufficiently adiabatic, tho

ionization takes place only while the colliding nuclei aro

much closer together than the united atom (UA) K-sho] 1 radiu:-.



I'r :.educes to the calcula-

~~±zec atom by the combined

"r '':• :• z r :ic 'i. The condition of

(I)

•'- !- e- -

;.ni £.:•?.?•: i • E^. the energy of

;PP collision velocity and Z,

::.;. -sc.:..\.le -̂ nd target, respectively.

j.cr;

:/cdo "'' .one can then obtain ex-

rn. prooe.bili.ty in the Briggs

'. of "Lnpsct parameter b , the

-: "• in i t ia l ly full UA K-shell

[ (b ,q; 3s)

v2)

(3)



* a >a = , 3 = (4)
Z

Here Ff. is the UA 2 -pole transition matrix element

from the K-shell to a final state of

angular momentum j and parity (-1)

from the K-shell to a final state of energy E,. , total
I r

i r / * * \
Ffi ( s ) = 7 r2(gf (r)g±(r)+ff (r)fi(r) Jj

* * \

J (5)

in the relativistic case, g. and f. (gf and ff) being

the large and small components of the initial- (final-)

state radial wavefunction. The path-factors B. have been

evaluated analytically for a hyperbolic Kepler orbit for

1=0 and £=1 , which dominated K-shell ionization

completely.

Under the condition of eq. 1 the corresponding SCA-

result, corrected for binding according to Andersen et al.

is obtained by neglecting the second (target) term in eq. 3.

In a UA approach the electronic wavefunctions are assumed to

be centered at the centre of charge of the colliding par-

ticles. Thus no translational factors , or equivalently

in the SCA, no recoil term should be included, if the centre

of charge can be assumed to coincide with the centre of mass.

The recoil term is however important in the SCA to obtain a

satisfactory agreement between theory and experiment for the



ionization probability at large scattering angles

This apparent ambiguity is resolved by the following

result: If the centre of mass and the centre of charge

coincide, the target term in the Briggs model will in the

asymmetric limit (6-*-0) give the recoil term of the SCA.

The proof of this result will be published elsewhere.

Thus for sufficiently adiabatic system in the asymmetric

limit calculations of direct Coulomb ionization in the MO

approach should agree with UA-SCA calculations including

the recoil term.

The numerical evaluation of ionization probabilities

based on eqs. 2 and 3 can be done in the same manner as in

ref. 7. For asymmetric collisions the results are consis-

tent with the SCA including recoil, as expected from the

results of the previous section. For more symmetric systems

the results deviate considerably from the SCA-results.

Fig. 1 shows results of calculations for 640 MeV 136Xe

? 0 fl

on B 2
pb ^ n the two approaches. Also shown are results

2)from the recent experiment of Greenberg et al. .

In this experiment the collision is both sufficiently

adiabatic for the Briggs-model to be trusted and sufficient-

ly asymmetric for vacancy-sharing to be negligible. The

value of the UA charge, Z! + z
2 =

 1 3 6 is however too high

for the wavefunctions to be well represented by the corres-

ponding relativistic hydrogenic wavefunctions. As an effici-

ent computer code for evaluating F,.(s) for wavefunctions

in the potential of a finite nucleus has not been available,



hydrogenic wavefunctions with the effective charge found

14)by Anholt have been used . His procedure determines the

effective charge by comparing relativistic plane wave Born

calculations of K-shell ionization with and without a

finite nuclear size and vacuum-polarization. This should

give a reasonable estimate of the high-momentum content of

the electronic wavefunctions. For the present collision

UAsystem the effective charge is found to be Z w 122.5.

The binding energy was taken to be E-, = 346 500 eV

a

As is evident from the figure, results from the two

models differ considerably. As the same form-factors are

used in the two calculations this difference is due to the

different contributions from the target motion in the two

models. Calculations with other reasonable form-factors

give the same qualitative difference between them.

The difference is partly due to the fact that in the Briggs

model the dipole amplitudes cancel almost completely, so

that the ionization probability is almost entirely determined

by the monopole amplitude. Also important is the monopole

contribution from the target term, which is entirely absent

in the SCA.

The dip in I, at small b arises from the reduced

effective collision velocity at large scattering angles which

strongly reduces the monopole amplitudes ' . The magni-

tude of the dip is rather sensitive to the momentum distri-

bution in the high momentum tail of the bound state wave-

4-



function. As a finite nuclear size would imply a more

rapid fall off at large momentum than the point nucleus

adopted here, more realistic wavefunctions should give a

somewhat greater dip at b=0 than the present calcula-

tions. The dip will increase with decreasing collision

velocity for a given collision system. For a given value

of q/(Z +Z2) it should increase somewhat with decreasing

(Zj+Z2) for fixed z
1/

z
2
 a s t*le sY s t e r n becomes less rela-

tivistic. The effective cancellation of the dipole ampli-

tude in the Briggs model takes place at even more asymme-

tric collisions than the one discussed here, and apparently

depends both on q and on the atomic wavefunctions.

For total cross-sections the present calculations give

10b for 640 MeV Xe+Pb in the Briggs model and 6.2b in the

SCA. For the Briggs model this appears to be significantly

above the results of Behncke et al.(5b±30%) 17) used to nor-

malize the data of Greenberg et al. On the other hand Anholt

and Meyerhof have measured the same system at a slightly

lower energy (625 MeV) and found 7.7b±25%. Generally the

total cross-sections in the Briggs-model seem to overesti-

mate the experimental cross-sections somewhat, but a detailed

comparison between theory and experiments should await cal-

culations with more realistic wavefunctions and also more

accurate experiments.



In conclusion the present calculations show the

feasibility of using the Briggs model for calculating

direct K-shell ionization probabilities in adiabatic ion-

atom collisions. In the asymmetric limit the results agree

with the SCA-calculations if the latter include the binding

corrections and the recoil term. For more symmetric colli-

sions the numerical results confirm the order of magnitude

4)

of earlier calculations , and also qualitatively repro-

duces the experimental behaviour of the ionization probabili-

ty as a function of impact parameter. In particular it

gives a dip in I. at small b . This dip should be a

quite general phenomenon for fairly symmetric collisions at

very low velocity. Its existence may also affect the inter-

pretation of I, for systems where vacancy sharing can no

longer be neglected.

Stimulating discussions on this subject with R. Anholt,

D.H. Jakubassa and L. Kocbach are gratefully acknowledged,

and I also thank W. Meyerhof for sending his unpublished

work on the Briggs model.
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Figure caption

Ionization probability I. of the Pb K-shell as
1 36

a function of impact parameter b for 640 MeV suXe on
2 0 8

82Pb . Full line: Briggs-model; dashed line: SCA.

Experimental points from ref. 2. For the significance of

the dotted line, see this reference.
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