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An empirical scaling prescribes that the energy confine
ment time in ohmically heated stellarators and tokamaks is pro
portional to the internal energy of the plasma and the minor 
radios, anl inversely proportional to the current density. A 
thermal-conduction energy transport model, based on a heuristic 
assumption that the effective momentum transfer in the racial 
direction is proportional to the classical parallel momentum 
transfer which results in ohmic heating, is used to explain 
this scaling. 
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Energy Confinement Comparison of Ohmically 
Heated stellarators to Tokamaks 

In the iate 1960's, ohmically heated Model C Stellarator 
discharges \\] persistently yielded electron temperatures -100 eV 
and particle confinement times -1 msec, lower than the then 
results [2] of T-3 Tokamak: T - 1 keV and T_ - 5 msec. The 
apparently superior tokoinak rasults, especially the high electron 
temperature, led to the strong research effort in tokamaks in 
the current decade. Recently, ohmically heated stellarator 
discharges [3—7] have also yielded significant plasma parameters^ 
However, a Useful comparison of th« stellarator results with 
those of tokamaks is difficult, since the electron energy trans
port, while poorly understood in tokamaks, is even less clear 
in stellarators because of the additional variable of external 
rotational transforms. The present work first proposes an 
empirical scaling for energy confinement in ohmically heate-3 
tokamaks. Jv?̂  stellarator results are then compared to those of 
tokamaks using the same scaling. Based on this comparison we 
observe that ohmically heated stellarator plasmas follow qualita^ 
tively the same scaling for tokamaks. ThiP scaling proposes that; 
in ohmically heated toroidal discharges the energy confinement 
time is proportional to the plasma internal energy and minor 
radius and inversely proportional to the ohmic heating current 
density. TQ explain this scaling, we offer ar energy-transport 
model, based on a heuristic assumption that the anomalous cross-
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field momentum transfer is proportional to the classical parallel 
momentum transfer which results in ohmic heating, an^ we relate 
further this momentum transfer to the driving voiM««* »r.d _urtent 
of the ohmic heating. 

When an ahmically heated tokamak discharge is near a steady 
state, its energy confinement time is given by 

r E = (3/2) U+a) <Te> <ne> V/V RI t, (1) 

where <t&> a JnfiTedV / J^dV, <n&> = fnedV/V, a = j ni Ti dy { f t
e
Te d v» 

V is the total plasma volume, and (3/2) (i+a) <T > <n > is the 
internal energy of the plasma. Vhe resistive loop voltage 
V_ = 2nRE(R) * 2TtRQE where R» is the major radius. The total 
plasma current can be written in terms of the safety factor q 
and device parameters: 

i t = 2ira 2B/u oq aa 0 (2) 

where B is the toroidal field strength at R 0. With the aid of 
Eq. (2)r Eq, (1) can be written as 

TE = < 3W 0
/ 4 > <l+«><Te><ne>qaR0/BE. (3) 

The electric fieia £ is still to be identified with device t-nd/ 
or plasma parameters. We note that di«ch*>rges in contemporary 
cokamaJcs usually result in q n = 1, and q = 4 . 

In Fig. 1 we plot Tg/(l+a)<Ts> vs, ̂ -n^g. from recent PLT fS} 
and Alcator A(9,101 <Fig. la) and ISX f11,121 {Fig. lb) experiments. 
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(The unit of density scale in the abscissa of Fig. la is 
10 cm for PLT data, and 10 cm for the Alcator A data) 
The parameter range of these experiments is given in Table 1. 
The PLT results in Fig. la are limited to gettered experiments, 
including both carbon and stainless steel limiters, and all 
zeff' ^ F o r d e u t e r i v u n plasma, the majority of the experimental 
points near the origin of the plot have high Z .,,) The 
pattern of the data points appears adequately linear and can 
be extrapolated to the origin. 

We find that the results from these different devices 
follow a single empirical scaling when the electric field strength 
E in Eq. (3) is made inversely proportional to the minor radius 
of the device, i.e., 

E = c^/a, (4) 

where c, is a dimensional constant. The empirical scaling is 
then 

TE = »3)i0/4c1) (l+a)<Te><ne>qaaR0/B. (5) 

This scaling is shown in Fig. 2, in which we plot the data in 
Fig. 1 in the form of T„/(1+O)<T > vs. <n > q aR,,/B on log-log 

£• e e a v 
scales. 

For stellarator plasmas heated solely by ohmic-heating 
current, the total rotational transform * & at the boundary is 
the sum of the vacuum transform •*• and the transform due to 
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Table 1; Parameter Range of PLT, Aleator A, 
and ISX A Experiments 

n v- o _e e_ _e e_ B, Plasma iorv 
(m/m) ,,,,13 -3. (keV) Tesla eff q* species (1.0 cm ) 

PLT 1,34/ .4 .81- .62- .54- .22- -J.2 ~1- 3.S- deuterium, 
9.2 6.9 3.3 1.5 B.4 6.2 hydrogen 

AU-ator .54/ .1 20- 3.3- .7- .37- 6.0 -1- 3.5- deuterium 
ft 100 31 1.5 .58 2.3 4.5 

TSX A -.93A.24 1.5- .£4- .53- .24- .91- 1.2- 2.6- deuterium, 
7.5 3.7 1.3 .56 1.5 5.6 4.5 hydrogen 
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ohmic-heating current. The total plasma current in a stellarator 
corresponding to F,q, (6) is I = 2Ta2B(* -•* ) / \iJRn where a is the 
radius of an equivalent circle of the outermost closed magnetic 
surface. Figure 3 shows Wendelstein VII-A [3] and Cleo [6] 
stellarator results, plotted in the form of T_/(l+ct) <:T > vs 

E e 
<-ne>aRQ/( > a-\ a o)B. The line is an "average" line in Fig. 2, 
t E = 25(L+a)<T > « y q aL/B msec. Based on this comparison, 
we observe that, qualitatively, the energy confinement in 
ohmically heated stellarators is comparable to that in tokamaks. 
The scaling prescribes that in toroidal discharges heated by 
ohiiiic-heating current, the energy confinement time is proportional 
to the internal energy and the minor radius, and inversely pro
portional to the current density. According to this scaling, 
the input ohmic-heating power limit is determined by the device 
parameters ta,R0,B) and the safety factor q . In the following 
we will offer a thermal-conduction energy transport model as a 
plausible explanation of this scaling. 

If the effective cross-field energy transport is due to 
'.he destruction of magnetic surfaces 113,14] by turbulence so 
that magnetic lines wander about stochastically, the resultant 
time-averaged, momentum transfer in the radial direction can be 
expected to be related to the classical parallel momentum transfer 
which results in ohmic heating. Specifically, the fluctuating 
component of a magnetic line, on the average, would have a radial 
component. The time-averaged momentum tranfer in the radial 
direction is the.i proportional to the classical parallel momentum 
transfer. Accordingly, the effective radial thermal conductivity 
is inversely proportional to the classical parallel resistivity, 
multiplied by a function of T which characterizes the step 
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size and the energy content of the anomalous diffusion process. 
The parallel resistivity can be further related to the driving 
ohmic-heating voltage and current. Thus, 

where l<r) = 2tr I j(r) rdr, j (r) is the current density, E 
ô 

is the electric field assumed to be constant across the cross 
section. As we shall describe shortly, the precise dependence 
of f(T ) on T does not affect the oasic feature of the scaling; e e 
different functional dependences result in different tempera
ture and current density profile shapes, and, therefore, different 
numerical constants in the scaling. 

The steady-state radial-direction thermal conduction equation 
is 

1 d d T e 

Integrating Eq. (?) once and making use of Bq. (6), we obtain 

2 f (Te) -JJS » - EZr. (8> 

Equation (3) can be integrated once more to give the temperature 
profile if f(T) is known. For f(T ) * 1/1 e, the profile is 
gaussian, and for f(TJ =» const, the profile is parabolic. 

-1/2 For f(T ) « T e ' ", the profile is square of a parabola. 
The effective diffusion coefficient in this case is proportional 
to the drift parameter, 

D « j/nj^/2 « ̂ rift^themal, <*> 
and the corresponding current distribution reguires q = *qQ. 
Regardless of the true dependence of f on T , the boundary condi-
tions of temperature (for non-gaussian profiles T = 0 at r = a 
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or at certain effective radius) requires the electric fiel^ to 
be inversely proportional to the minor radius a, i.e., 

°1 E - T' «> 
where c^ is related to the dimensional constant factor in 
£(Te). We note that E in Eq. (4) should be renar-'ed 
as an average field since it has been assumed to be a constant: 
the substitution of n„ = E/(l/nr') rather than n« - E/.1 in 
Eq. (6) allows a direct integration of Eq. (7). The scaling 
so obtained is therefore a global average. The results as 
expressed in Eq. (4) can also be obtained by simply examining 
the scaling of the various quantities in Eq. f7) , i.e., r - n, 
J ~ It/a'f and n. ~ Ea /I f c. 

Several remarks on the scaling can now be made, 1) The fact 
that high-Z _f data also follow the same pattern suqgecte that 
in these experiments the impurity ions in the hot interior "night 
be nearly fully stripped and therefore affect the scaling only 
indirectly through higher <T >, though undoubtedly radiation 
loss affects the total loss. The inclusion of non-gettered 
experimental results, however, would have produced more irr-orjular 
data pattern and lower confinement time in general. Presumably 
in these cases, radiation from non-fully strippfid impurities in 
both the interior and the edge may have contributed more sur>-
st£.ntially to the energy loss and its level becomes more irregular 
based on the present scaling. 2) Since we are examining a 
regime in which the electron-energy loss is dominant, the 
saturation of energy confinement time at high densities [11 12,9] 
due to neoclassical ion energy transport cannot be expecte-5 to 
emerge from the present scaling. 3> The absence of major 



-9-
disruption in stellarator discharges allows an internal, rlnite, 
q(r) = 1 region to exist, inside of which density and temperature 
profiles are quite flat. This may result in a somewhat higher 
internal energy content and confinement time (15). 4) In the 
Wendelstein VII-A experiments, saturation of energy confinement 
time at high densities has also been observed, and this satura
tion has been correlated with enhanced m = 2 mode activity con
comittant with the more intense impurity influx. 5) The usual 
scaling of T E " n is consistent with Eq. (5) except it doers 

not take into account of the profile effect, and the usual 
2 x " a scaling also agrees with the present scaling if we 

2 ^0 
rewrite aR Q in Eq. (5) in the form of a (—). 6) T_ io not 
necessarily proportional to 1/Xj,» as it is oftpn assumed. 
7) Relating the cross-field momentum transfer to the driving 
voltage and current is tantamount to relating the currert-driven 
modes as the responsible mechanism for cross-field energy transfer. 

Several useful features concerning ohmically heated 
plasmas in a torus are revealed by the present scaling. 

1. Loop Voltage. Equation (4) states that the reri.5f-.5ve 
loop voltage is a function of the aspect ratio only and is 
proportional to (R 0/a). An "average" discharge in Fig. 2 
corresponds to V R = 0.37 CRn/a) V. For PLT, Alcator A, and 
ISX A devices, V R = 1.2, 2, and 1.3 v, respectively. As density 
increases, the loop voltage should increase slightly to sustain 
the. increasingly higher ion losses. Me note that a scaling of 

2 
V R « (R0/a) was proposed by Coppi and Mazzucato 116], and 
V R « (KQ/a) was proposed by Coppi [17], 

2. Maximum Temperature Attainable. Since electron heating 
follows Ohm's law, the peak electron temperature at the center 
is given by 

http://reri.5f-.5ve
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T e 0 = 4.52 * IC" 2 -211-. JJ kev. (B) 

Since V R « (Rn/a't t n e peak electron temperature is proportional 
a 2/3 to (=-B) . In a given device, the electron temperature ic 
0 

therefore essentially constant (except for the monotonic de
crease with increasing density because of increasing coupling to 
ions). The electron temperature in a torus with a larger minor 
radius is the same as that with a smaller minor radius unless 
the aspect ratio is reduced or the toroidal field is increased. 
The "best" discharge condition (upper bound) according to Fit?. P. 

corresponds to V_ a 0.27 (R./a) V. Por Z -. • 1 (and Y_ • 0.58), 
Pn * - 16, and q- ? 0.5, the hiqhest attainable electron tempora-
ture is max T „ » 1.5 (w-B) HeV. if ohmic-heating current eo R Q 

alone is used for heating a plasma to T « • 10 keV, at F.»/a « 1 
the required magnetic field strength would be -50 Teslas. We 
note that, based on the present scaling, the usual "Alcntor scaling" 
T„ ' n a has an apparent validity. In clean discharges (2 , e - 1) , 
T « (".^'[^ (R./aB) ' ] with the term inside the bracket havinq 
only very limited variations in past and current tokamaks. The 
Alcator scaling, therefore, reflects the energy confinement limit 
as imposed by the limit of electron temperature due to ohmic heat
ing, and the scaling would result in an underestimating of the 
energy confinement time in future larger devices if an increasing 
fraction of the electron temperature is sustained by nonohmic 
heating means. The energy confinement limit in a given toroidal 
device by oontinuoulsy increasing the electron temperature (with 
nonohmic heating means) is yet to be established. 
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3. Effects of Disruption. The firat effect cf disruption 
is setting an upper limit of energy confinement time in ohmically 
heated discharges. This is because (1) plasma disruption sets an 
upper operation limit at density [lft] which is T>*op©*tior»ai *o 
the current densitv. I.e.. max(ne^qflR /B in Ea. (5) is a constant 
[and approximately its value i9 10 (10 m/cm -Telsa)1, and (2) 
(T e) scales as (aVR } ' . For tokamaka of same aspect ratio 
and magnetic field, thp Mghest atiainaole energy confinement 
time only increases, linearly» with the minor radius. Approxi
mating ( T )/{max T ) e 0.3S and t\ * 0.75, we obtain max T-. 

2 f\ • 350a(Ba/R ) • msec. The second effect of disruption is to set o 
a minimum magnetic field for attaining a desired density level. 
We note tnat in chmically heated 3tellara*--ors, moderate ro
tational transform reduces or eliminates major disruption and, 
therefore, a di3charqe of equal density to that o\ a tokamak of 
same R can be sustained at a lower magnetic field. The possi
bility to sustain a discharge of given density at lower magnetic 
field may have practical usefulness in future larger devises In 
which plasma heating is primarily accomplished by nonohmic heating 
means such as the injection of energetic neutral bnama, since it 
relaxes the stringent requirement on magnetic field strength needed 
to sustain a desired density to absorb the beam energy. (An alter
nate scheme to increase the density to a desired level is to inject 
successively a series of beams with increasingly higher energy.) 

4. Model C Stellarator Results. Model C Stellarator para
meters are J?o = 1.1 m, a * 0.05 m, (T f i) * (>,1 keV, (« e>= In (0) 

13 _3 =10 CTO , B = 3.5 Tesla, and q a = 10. For a - 0.3, we obtain 
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•tE * 0.5 msec. Since the peak current density due to the a • 1 
condition in a stellarator is reduced from that of a corresponding 
tokamak by a factor of (1 - ? „ ) , the factor l/q„ in Bq. (5) is 
replaced by (1 - + a o) in calculating the peak electron temperature 
for a stellarator. The highest attainable electron temperature for 
the Model C stellarator is approximately 330 eV, also in approxi
mate agreement with observation [19]. We emphasize that this tem
perature limit refers to the ohmic heating regimej in the Model C 
Stellarator T\ * 600 eV was observed by Rothman, et a_l> [20], 
when the plasma was heated by rf at the ion cyclotron frequency. 

5. Effects of Non-Ohmic Heating. The present scaling 
states that T £ is proportional to the plaFiia internal energy, 
although the form of temperature dependence of the thermal 
conductivity is not known. This scaling is consistent with the 
recent high-power, neutral beam-injection heating experiment 
in the PLT Tokamak 121,221. The very recent results of neutra. 
beam injection experiment in Wendelstein VII-A (23] shows that, 
in addition to the increased confinement time due ^o higher 
internal energy, additional confinement improvement is achieved 
by reducing ohmic-heating current during injection. It may 
be conjectured that non-ohmic heating of electrons in tokamaks 
and stellarators in general leads to better confinement if the 
heating does not induce additional losses; reducing the ohmic-
heating current while sustaining the plasma internal energy by 
non-ohmic heating in a stellarator alco improves the confinement. 

The scaling suggested in r.he present work is necessarily 
a simplified representation of ohmically heated toroidal dis
charges. In particular, radiation loss has not been explicitly 
included, although the scaling i lot inconsistent with a model 
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t'nat thermal conduction transports heat from the interior to 
the edge and there it is lost by radiation and/or conduction 
to the limiter. The scaling describes several important features 
of ohmically heated toroidal discharges; these features are 
characterized by a single phenomenon that for given aspect ratio 
and toroidal field strength, the electron temperature is fixed 
except for the monotonic decrease with increasing censity (for 
z r f = 1). The lower operation limit of density is presumably 
determined by runaway conditions, and the upper limit, in the 
case of tokamaks, by major disruptions. Wft conclude by pointir") 
out that in tokamaks, ohmic-heating current is also needed for 
maintaining plasma equilibrium, and therefore cannot bo arbitrarily 
reduced or removed. In stellarators, in which the e^nilibrium 
does not require an ohmic-heating current, a iJif.erent rcime 
of electron energy confinement for plasmas embedded in toroiial 
flux surfaces can be expected to reign if plasma heating 
is entirely sustained by ether means than ohmic heating. If the 
heating is sustained by injecting energetic neutral beams, 
recent experiments 121-23] demonstrated that improved confinement 
can be expected. 

We thank the ?LT team and the ISX team for providing the 
experimental data, some of which have not been published pre
viously. Particular thanks go to Drs. A. Gondhaleker of MIT, 
M. Murakami of OP.NL, and D. Johnson and S. Davis of PPPL for 
their helpful explanations and discussions of the experimental 
data. One of us (TKC) has been benefited by the many discussions 
he had with Dr. Renner of the M,-v-Planck Institute. Mr. H. Pishman's 
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see Table 1). 
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