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1. INTRODUCTION

The study of many-body systems in one-dimension has attracted

the attention of theoretical physicists for a number of years .

Initially a rather formal interest was aroused by the possibility

of obtaining exactly solvable model" which could be used to test

the validity of approximation methods developed for more "realistic"

situations. However, the past decade has seen the discovery of a

number of materials that actually have many of the characteristics

of one-dimensional systems2"6. Usually they consist of almost inde-

pendent linear arrays of molecules or ions containing free spins

or mobile electrons. Within an array, interactions are stronger

and movement is easier than between arrays, and there are wide

temperature ranges over which the behavior if. quite one-dimensional.

Of coursG, the extent to which this is true varies considerably

from material to material but, even in the less extreme cases,

understanding is enhanced by an appreciation for the pecularities

of physics in one-dimension.

The objective of these lectures will not be to set out an

exhaustive review of the subject, but rather to give a qualitative

feeling for the more important physical ideas, and to take a short

route to the main mathematical results by considering a particular

strong coupling model which is quite simple to solve. Discussions

of other theoretical methods and of the nature and properties of

physic-1 systems may be found in various reviews' . In particu-

lar the sequence of NATO Advanced Study Institutes"''*' gives a

feeling for the development of the subject over the past five

years or so.

One advantage of the model, upon which the discussion will be

based, is that, in one limit, it provides an excellent description

of the chains of mercury ions Hg__.AsFg, and this makes it pos-

sible to check some of the predictions of the theory by carrying

out x-ray and neutron scattering experiments directly on the

entities (mercury ions) that enter into the Hamiltonian. This is

to be contrasted with the situation for conduction electrons in



organic metals, where the i ' ̂ icate interplay of molecular vibra-

tions and rotations, phonon^. impurities, etc. precludes a simple

interpretation of the experiments, and it is quite difficult to

get direct and detailed information about the behavior of electrons

themselves. Although the ultimate objective is to take into

account all of these effects, it is extremely useful if they can

be avoided in the embryonic state of a theory.

Nearly one-dimensional materials constitute a quite different

area of physics from the two-dimensional systems considered in

other lectures at this Summer Institute, nonetheless there is a

great deal of common ground in the mathematics. Time plays an

essential role in the equilibrium properties of a quantum mechan-

ical system. This may be seen, for example, in Feynman's formu-

lation of quantum mechanics as an average over paths in space-time,

which shows that a one-dimensional quantum system and a two-

dimensional classical system exist in a "space" of the same number

of dimensions. It will be shown that, in this sense, the statis-

tical mechanics of fermions in one-dimension is asymptotically

identical to that of a gas of vortices or dislocations in two

dimensions, and, indeed, for all of these problems it has been

possible to make use of the renormalization group approach, des-

cribed in other lectures at this Institute. However, for the

most part, the present discussion will be concerned with an alter-

native method ~ the use of the continuum limit. The idea is that

collective behavior depends upon the asymptotic properties of

correlation functions at large distances, and that they may bs

obtained by allowing characteristic length scales, such as the

lattice constant and the range of a force, to tend to zero. This

approach gives a different perspective on the properties of the

classical Coulomb (or vortex) gas by providing a method of solu-

tion that is independent of the renormalization group and, in some

respects, is complementary to it.

2. QUALITATIVE ASPECTS OF ONE-DIMENSIONAL SYSTEMS

2.1 General Survey

The motives for studying almost one-dimensional materials are

well illustrated by the organic metals, of which the best-studied



example is TTF-TCNQ. Typically, they consist of stacks of rather

flat molecules, which are electrical conductors in virtue of

charge transfer between one stack and another, or between a stack

and an intervening array of other atoms such as halogens. The

conductivity is very anisotropic, and it increases as the tempera-

ture decreases, frequently achieving values along the stac/.ing

direction that are comparable to those of good metals. An impor-

tant incentive for the development of the field has been the pos-

sibility of discovering new superconductors, perhaps with very high

transitior temperatures . However, it frequently happens that

another kind of phase transition intervenes: an electron charge-

density wave (CDW) and accompanying lattice distortion are estab-

lished, giving rise to a gap in the electron energy spectrum and

preventing the formation of Cooper pairs. For this reason, much

of the physics of nearly one-dimensional materials is concerned

with understanding the possible types of phase transition that may

take place, and establishing the conditions in which, one or another

will be predominant. This will form the main topic of these lec-

tures. The influence of the various transitions on the conduc-

tivity is not well understood at present and, despite its obvious

importance, it will~nd't be discussed in any detail.

The most significant feature of purely one-dimensional systems

is the dominant effect of fluctuations. They are not confined

to a narrow region around a critical point - in fact, they drive

the critical point to absolute zero, since it is usual for true

long-range order to be destroyed by thermal or quantum effects.

Actually, at zero temperature, a quantum mechanical system may

have what is sometimes called "quasi long-rango order", in which

the correlation functions have a power law decay, rather than the

exponential falloff that characterizes short range order. This

is precisely the same as the behavior along the line of critical

points of the classical two-dimensional Coulomb gas.

At higher temperatures, there is a finite coherence length,

and it increases as the temperature decreases until eventually,

in real materials, the coherent enhancement of the coupling

between stacks brings about the true long-range order allowed by

the three-dimensional nature of the system. Consequently, the

primary objective of a study of purely one-dimensional systems is



to obtain the zero-temperature power-law behavior of correlation

functions, in order to locate the slowest decays which give the

greatest enhancement, and are most likely to give the dominant

transition if the interstack coupling is favorable.

The most commonly discussed transitions are brought about by

particle-hole or particle-particle pairing. The former gives rise

to a static charge-density wave (CDW) or a static' spin density

wave (SDW) which consist in rather anharmonic versions of a lattice

or an antiferromagnet respectively. On the other hand, particle-
Q

particle pairing leads to singlet superconductivity, as in metals
9 3

or to triplet superconductivity c.s in liquid He . But one-dimen-

sionality offers additional possibilities that are not likely to

be found in isotropic systems. In particular, it has been sug-

gested ' that there might be significant quartet correlations

(four particles and/or holes) and indeed this is a possible expla™

nation10 of the "4kF" scattering in TFF-TCNQ.

In one-dimensional systems, all of these effects interfere

with one another because of phase-space restrictions: low-energy

excitations that dominate near T=0, are confined to the neighbor-

hood of the Fermi "surface", which consists of no more than the

two points k = ±k . For this reason it is not possible to consi-

der the interaction of particle with particle without, at the same

time, taking account of the interaction between particles and holes,

Moreover, there is a large phase space for collective excitations,

and this leads to serious infrared divergencies that must be

treated accurately if meaningful results are to obtained. Clearly

it is difficult to get by with the usual app3roximations of many-

body theory, and it is fortunate that one-dimensionality brings

along compensating simplifications of the dynamics, which have

allowed the development of a number of exactly solvable models.

Usually they are not completely accurate representations of physi-

cal systems, but they do serve as bench marks against which

approximate, but more realistic, theories may be tested.

Actually the mathematical model that will be considered here

is unusual in that, in one limit, it does constitute an accurate

realization of a physical system - the chains of mercury ions j.n

. it is therefore possible to confront some aspects of



the theory with the results of experiments and then to proceed with

greater confidence to other limits that are relevant for evalua-

ting the properties of conduction electrons.

2.2 Mathematical Model

To simplify the problem by concentrating upon the electrons,

the lattice degrees of freedom will be ignored for the time being.

Then the model Hamiltpnian will be written

H = Ho( + ) + HQ( + ) + E1 (2.1)

where

V s ) - Z ) fL + I ]C v(rsurrns> (2-2)

ni=1 2M m,n
s s

and

ra,n

Here, the electrons have mass M, spin .s (which may be f or 4-)

position r and momentum p . The Kamiltonian is symmetric inms ms
the + and + spins, but, in general, it is not invariant under spin

rotation. This assumption leads to greater flexibility in the

model, and it is essential for the large V limit to be introduced

in the next section. The interactions are combinations of Coulomb

and phonon-exchange forces, and it is necessary to give a complete

discussion, involving attraction as well as repulsion since, in

practice, it is common to work backwards, determining the Kamil-

tonian from the physical properties of the system. To simplify

the discussion, retardation is neglected, and, for comparison with

lattice models , it will be assunu

<5-function but V has finite range.

lattice models , it will be assumed that U is essentially a

In considering the consequences of the model, it is useful to

keep in mind a few simple kinematic properties of the noninter-

acting system. If the total length is L, free electrons occupy



plane wave states with wave vectors k = 2-im/L, where n is an

integer. As usual, the ground state is the Fermi sea with two

electrons occupying every state from k = -k? to k = +kp. Then,

since N is the number of electrons of a given spin,

kF

2N = ^ (2)

k=-kp

-Z_ (2.4)
IT

is the total number of states. Now, introducing d .= N/L, the

average distance between electrons of the same spin, it follows

that

2kp = 2ir/d . (2.5)

On the other hand, the average distance between electrons is d/2 ,-

so the total number density is p = 2/d and

4kp = 2TTP (2.6)

These relationships between the Fermi wave vector k and the par-

ticle density are of importance in interpreting experiments, and

for understanding the significance of the large V limit to be

considered in Sec. 3.

A feeling for the magnitudes of the various energies may be

obtained by considering the case of TTF-TCNQ. Its Fermi energy is

about 0.1 eV and the strengths of U and V are estimated J to be

in the range 1-2 eV. The latter value is controversial and may

well be somewhat excessive, but it does illustrate the fact

that it is physically reasonable to assume that the interactions

are large. For this and for pedegogical reasons, strong coupling

models will be considered in both the qualitative ?:nd the quan-

titative descriptions of the physics of one-d:imeridional systems.



2.3 Qualitative Discussion of Strong Coupling

Before embarking upon a mathematical treatment, it is us&ful

to get a qualitative feeling for how the various kinds of cor-

relations come about in the static limit (large M ) , which is

essentially the same as strong coupling. It will become clear

that little or nothing in the discussion will depend upon space

dimension, but the argument is most useful for one-dimensional

systems, because the conclusions remain qualitatively correct,

even for weak coupling- This is not necessarily the case in three

dimensions where, for example, superconductivity is established in

different ways in the two limits. First consider the situation in

which H.. is the largest term in the Hamiltonian.

2.3.1 Strong Attractive U

In this case, electrons of opposite spin form tightly bound

pairs and, if the kinetic energy is negligible, a repulsive V will

cause the pairs tc be equally spaced in the ground state. This is

an extrt-ne form of static charge-density wave with wave vector

2TT/d = 2kp, (see Eq. (2.5)) , It is a possible ground state when

M-*°°, because there are no quantum fluctuations to kill the long

range order. When M is finite, the picture is not so static. The

CDW amounts to a much weaker modulation of the density, and the

order is quasi long ranged, in the sense described in Sec. (2,1) .

The electron pairs are bosons, and singlet superconductivity

will occur if they condense into a superfluid state. Once again

this does not happen in a purely one-dimensional system because of

quantum fluctuations, and hence, the name singlet pairing is pre-

ferable. In a real system, hopping between chains would allow the

establishment of a superconductive state, at a temperature T

which is partly determined by the amplitude t for hopping between

stacks, such that Tc->0 as t^O. Thus pair formulation and super-

conductivity take place independently, and this is true even for

weak coupling, in contrast to three-dimensional ratals, where both

occur at the same temperature .

The other types of order (triplet pairing arrl SDW) will not



occur because the spin degrees of freedom are tied up in the bound

states, Evidently V gives rise to an interaction between pairs,

which could produce four-electron correlations, but this will not

be considered here.

The excited states are of two kinds. Charge-density wave

excitations are pair density waves, and they can be phonons or

plasmons according to whether the neutralizing background of ions

moves in or out of phase with the pairs. On the other hand, turn-

ing over a single spin breaks a pair, so the spin wave spectrum

has a gap and the Pauli susceptibility is exponentially activated,

with the energy scale determined by the binding energy of a pair,

2.3.2 Strong Repulsive U

In this case, electrons of opposite spin avoid each other, and

the nature of V determines the behavior of the system. If V is

uniformly repulsive and the kinetic energy negligible, the elec-

trons are equally spaced at a distance d/2, and there is a CDW of

wave vector 4 k,, (see Eq. (2.6)). The long range interaction is

also optimised if the-spins alternate, since parallel spins,

coupled by V, are further apart. This is the extreme static form

of a SDW state with wave vector 2kp. As before., the modulation is

weakened as the kinetic energy becomes more imporcant.-

Turning now to the excited states, the absence of invariance

under spin rotations leads to a gap in the spin wave spectrum.

This is to be contrasted with the charge-density excitations for

which a gap may be produced by umklapp scattering off the under-

lying lattice, but only if there is a half-filled band (recip-

rocal lattice vector equal to 4k ). It is not difficult to take

account of this effect, but it has been omitted from H in order

to simplify the discussion.

An attractive V produces triplet pairs, whir-h, in turn, give

rise a superconductive state when their center of mass motion

undergoes Bose condensation. The condition for triplet pairing

(short range repulsion (U) and longer range attraction (V))
9 3

resembles the situation in liquid He , and appears to be quite
general. Once again the CDW has wave-vector 2kp and there is a
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gap in the spin-wave spectrum - features that are general conse-

quences of pairing (whether singlet or triplet), in the large |u|

limit.

It is useful to keep this overall picture in mind when carry-

out weak coupling calculations. Qualitatively the results do not

change, but the physics is much easier to visualize when ju| is

large. (It is also true that large |u| simplified the mathematics,

and makes it possible to use known properties of spin systems to

find the energy spectrum and correlation functions ).

2.3.3 Large V

An alternative limit, which is easy to visualize and also

affords a considerable simplification of the mathematics, is to

take V in Eq. (2.2) as the largest energy in the problem, It has

the advantage of providing a direct link to the more elaborate
l ° imethods that have been used for weak coupling "" , and, for this

reason, it will be considered in some detail in subsequent sec-

tions .

• To be more specific, it will be assumed that V has a short-

range repulsion and longer-range attraction to form a deep narrow

well, such that oscillations about the minimum are. small. Then

for M-+« the t and Y spin systems separately will form lattices,

in which the spacing d between the electrons is equal to the

position of the minimum of V(x).

When M is finite, there is no long-range order, and the Bragg

peaks at Q = 2irn/d are broadened into Lorentzians (see Sec, 3) ,

It is then better to think of the separate spin systems as super-

positions of charge-density waves, with wave vector Q , and ampli-

tude decreasing as n increases (this is the one-dimensional analog

of a Debye-Waller factor).

When U is attractive, the + spin CDW's and the 4- spin CDW's

line up in phase, so there is no net spin-density variation (no

SDW state) but CDW's are reinforced, with the largest amplitude

occurring at Q̂ ^ = 2ir/d = 2kp (see Eq. (2.5)) . On the other hand,

when U is repulsive, the + spin CDW's and the 4- spin CDW have their
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maxima displaced by d/2. This amounts to a phase shift of ir at

wave-vector Q. , so CDW's cancel and SDW's reinforce. The opposite

is true for wave-vector Q- for which phase shift is 2TT . The net

result is qualitatively the same as in the large |u| limit -

positive U implies a SDW at 2kp and a CDW at 4kf.

Despite the lact of long-range order, phonon modes are quite

well defined (see Sec. 3), with acoustic and optic phonons in the

combined lattice corresponding to charge and spin-density exci-

tations respectively. The latter have a gap in their spectrum.

The concepts of singlet and triplet pairing are less useful

in this limit, nevertheless it will be seen that the relevant

correlation functions can be evaluated and that, by making the

appropriate transcription to weak coupling, it becomes possible

to find the conditions in which pairing will take place.

3. STRONG COUPLING BETWEEN PARALLEL SPINS

In this section the case of strong coupling between parallel

spins, which was surveyed in Sec. (2.3.3), will be worked out in

more detail. It is assumed that V(r) forms a deep narrow well,

and that M is so large that there are only small oscillations

about the equilibrium laparation d of neighboring electrons. Then,

expanding V(r) to second order about its minimum, H (s) becomes

H O ( S )

22d

where

uas = ras- a d " rs

r^ is an arbitrary origin, and the spring constant has been written

in terms of the sound velocity c.
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3.1 Independent Spin Systems

It is convenient to start out with a discussion of uncoupled

spin systems, H. = 0. Then, apart from the spin label, the

Hamiltonian (3.1) is identical to the model of the mercury chains

in Hg3_gAsFg, proposed by Emery and Axe . In that system, it i?

sufficient to work in the classical limit, and, since the corre-

lation functions are easy to calculate and interpret, this case

will be considered in some detail, before going on to include

quantum effects.

The classical limit requires that the dimensionless combina-

tion

U = ifn/Mcd (3.3)

• *

is small, and, when this condition is satisfied, the thermal

averages are simply Gaussian integrals over the u • It is

straightforward to show that

where < > denotes thermal average and

a2 = k_Td2/Mc2 (3.5)
a

with T denoting the temperature and k Boltzmann's constant.

Setting t - 1 in Eq. (3.4) shows that a is the root mean square

displacement from equilibrium separation, so the harmonic approxi-

mation (3.1) is valid when a<<d. Equation (3.4) also shows that,

for T^O, the electrons do not form a lattice, since deviations

from equilibrium separation become progressively less correlated

as the distance increases. Long range order does exist at zero

temperature, where a=0, but this is a property of the classical

system, and there is only quasi long-range order when quantum

fluctuations are taken into account.

The nature of the electron distribution may be explored by

evaluating the Fourier transform of the density-dsnsity correla-

tion function:
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S(Q) = <pnes pn > (3.6)

where

is the Fourier transform of the density. Using translational

invariance and the properties of Gaussian integrals, S(Q) becomes

S(Q) = E e x p |iQ£d-|<(ua+£S-uas)
2>j , (3.8)

and substituting Eq. (3.3) the sum may be evaluated to give

S(Q) = sinh(Q2a2/2) (3.9)

cosh(Q2a2/2) - cosQd

This function has a~sequence of peaks centared at Q=Qn=2nird, and,

in the neighborhood of the nth peak, setting

Q = Qn + q (3.10)

2 2
and, assuming qd<<l, a <<d , S(Q) becomes

2K

S(Q + q) « -2 2 (3.11)
K -I- q
n ^

where

s Q n
2 a

= 2Tr2n2knT/Mc
2d (3.12)

a

Thus the peaks are approximately Lorentzian, v;ith widths K that

increase as n and T increase. When T-»-0, they all become delta

functions, corresponding to the Bragg peaks of the ideal classical
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lattice. This form of structure factor shows that we are actually

dealing with an electron liquid, in which the short-range order

extends to quite large distances. By contrast, in most liquids,

the peaks are much broader, and have a considerable overlap.

The properties of the modes of oscillation may be explored by

calculating the dynamical structure factor S(Q,w), which describes

the scattering of neutrons from the system D. This function is the

Fourier transform of the time-dependent density correlation func-

tion, and it is given by an expression similar to Eq. (3.8), but

with equal contributions from modes moving to the right and modes

moving to the left. For small q, this amounts to making the

replacements Z&-+X and |x|-»- i|x + ctj+ Ijx — ct| in the exponent.
2 2

Then, Fourier transformation with respect to x and t gives (for

j(q + a/c) 2 + KJJ [(q - u/c) 2 +
( 3

This expression is a product of a function of q + &i/c and the same

function of q-to/c, a form which is characteristic of one-dimension-

al systems. It is quite different from the dynamical structure

factor of a three-dimensional system, which consists of a sum

of Lorentzians plus an elastic scattering term proportional to

<5{a)) • The latter is derived from an expansion of the exponent in

Eq. (3.7), but this is not permissible here, because the sum would

diverge for large |£|, to produce an infinite Debye-Waller factor

in the coefficient of 5 (to) . Equation (3.13) is an exact expres-

sion for S(Q +q,u>) when qd<<l, and it includes the effects of

fluctuations to all orders. There is no elastic scattering because

there is no true lattice. However there are quite well-defined

phonon peaks. The width K is not a consequence of anharmonicity:

it is an intrinsic property, related to the absence of long-range

order. Indeed, K is the inverse of the lattice coherence length,

associated with the peak centered at Q , and the phonons are well

defined if their wavelength is short compared 2V/K . They mey be

compared to "sloppy" spin wave excitations, observed just above
17

the transition temperature in an antiferromagnet



When the classical approximation is not applicable, the cor-

relation functions have the same general form (3.8), since this is

a property of harmonic oscillator Hamiltonians, but the exponent

becomes more complicated than the expression (3.4) . Nevertheless

the integrals may be evaluated in closed form to give

G(Qn + qft) 5 <PQs(t)P_Qs>|Q =

15

iqx
dx e Xn(x,t) (3.14)

where

X (x,t) = F (x + ct) F~(x - ct)
il XI XI

(3.15)

and

F^Cx) =
•^ irxdkgT/hc

x±TO ~~

n

2 — — ^
with u = n u, where u is defined in Eq. (3.3) . When TI -»• 0

Xn<x,t> exp
2d~

cti x - ct|]|
)

(3.16)

(3.17)

the expression that led to the classical result (3.13). The same

exponential is a factor in the asymptotic form of the quantum

mechanical correlation function, except at the critical point T=0,

where x(Xft) is a simple power:

Xn(x,t) =
i 2 24-

'x -c t

n
(3.18)

Since the exponent depends upon the parameters of the Hamiltonian,.

the critical behavior is not universal. This is completely

equivalent to the line of critical points of th« classical Cou-

lomb gas, where the exponents depend upon temperature. The

relationship will be made more precise in Sec. 7.
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The Fourier transform of x (x,J:) with respect to both x and t
n

gives the dynamical structure factor

S(Q
co/2T

n

f (OJ +cq) f(u - cq) (3.19)

where, for qd<<l and Un<l

f(w) =
^ + ™> ]} (3.20)

This reduces to the classical resul t (3.13) for Hn
<<:l

h|Q)+[<<4T7kpT, whereas the limit T->0 gives

n" n

(gj2-c2q2)d2

16c'

6)<c|q]

(3.21)

which again is a power law, the Fourier transform of Eq. (3.18).

The static structure factor S(Q) is equal to G(O,0) and, using

Eqs. (3.14), (3.15) and (3.16), it can be evaluated in closed form

for all T. The classical limit is given in Eq. (3,11), whereas

for T=0,

S(Qn+q) = \ d-2pn) simrun (9*)
2y —1

n (3.22)

Thus the 5-function peaks of the classical limit are replaced by
2

power laws and, since y ^ n there will not be a divergence at
'n

all for large enough n, in the harmonic approximation. When

y>l/8, the ground state consists of a single charge-density wave

at Q=Q,r with quasi long-range order.
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3.2 Coupling Between Opposite Spins

In restoring the interaction H-, , it will be assumed that the

static structure factor S (Q) has one dominant peak, located at

Q=Q1} and that jc.d<<l. These assumptions are not too restrictive.
" 1 5They are satisfied for the mercury chains in Hg3_..AsFg, and,

typically, also for electrons in amost one-dimensional materials.

As shown by Eqs. (3.11), (3.12) and (3.22), peaks with n ^ 1 are

suppressed by thermal or quantum fluctuations, unless y is small

and the temperature low. Furthermore, it is clear from Eq. (3.12)

that Kjd will be small when the temperature is sufficiently low.

Notice also that Q, = 2k , and this is precisely the momentum at

which there are singularities in the correlation functions of a

one-dimensional electron "jas ' .

The second assumption makes it possible to use continuum

approximation which leads to the Lorentzian peaks (3.11). Using

Eq. (3.2), making the replacements

Qu -»• Q,u (x) (3.23)

Qld -* (Q1 + q)x

and assuming Q close to Q , Eq. (3.7) may be rewritten

/ 1CTX ^

pQs % N ' d x e p~~(x) (3.24)

where

i Q n { u s ( x ) + ^s}

PnsU) = J (3.25)

is tne operator which gives the Q component of the density, and

the fact that exp(iQnx) = exp (iQ ad) = 1 has been used. Then,

substituting into Eq. (2.3), with U(r) = d2U 5 (r), and keeping
2

the +Q1 and -Q1 components, H, becomes



18

1 = U /dx cos Q^u^lx) - u^ (x) + 9] (3.26)

with 8 = Q.(r« - r.). The phase 8 is chosen to be zero if U<0 or

IT if U>0, so the energy is minimized when u,-u.=0.

The Hamiltonian has a more familiar form if it is written in

terms of the quantum field <j> (x) and its conjugate momentum ir (x) ;

<Ds(x) = as
(3.27)

(3.28)

v;here x = ad. Then, introducing

r _.7T±(X) = (TT+ (X) ±7^

(3.29)

(3.30)

the Hamiltonian separates into two parts

H =

where, in the continuum limit,

if" b2- - (3.31)

and

H, (3.32)

Evidently H describes charge-density waves (u+ and u + in phase),

which are free bosons whose correlation functions have been

evaluated in Sec. (3.1). The spin-density Hamiltonian H is a
s

Sine-Gordon Hamiltonian, whose properties will be described in
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the remainder of this section. Both have the form of relativistic

field theories, with the sound velocity c playing the role of the

velocity of light.

The classical field equation

i!i- - C2 i!*.+ Bcjui 8 i n W (3.33)

3t 3x h

is a generalization of the Klein-Gordon equation.

19

| 4^J^ \ (3.34)

where a = S |uj/ncf satisfy <i>_(°°) -4>_ (-") =
 ± 2TT/B and are known

as solitons (+ sign) or antisolitons (-sign) . They have the form

of time-independent solutions that have been Lorentz transformed

to a frame of reference moving with velocity v. In addition,

there are breather modes which are essentially vibrating soliton-
19 - -

antisoliton pairs

The same excitations exist in the quantum mechanical theory.

The spectrum of breathers is Quantized and has the relativistic
2 2

form c(M c +
given by 19'20

<j>(x,t) = | arc tan exp 4

2 2 2 **
form c (M c -r p ) 2, where p is the momentum and the masses M are

H = 2MS s i n ^ T ^ - ) (3.35)

for n=l,2, ... <(y~ -1). For n> y~ -1, the breathers break into

a free soliton and antisoliton, each with mass M . For ii>l, there

are no solitons and the continuum theory is not well defined.

A completely different way of looking at the excitations is to

regard them as bound states of the phonon modes of the linear

version of Eq. (3.33). The higher order terms give interactions

between phonons and produce the bound states. For small p, the

phonon energy gap is M̂ ĉ , and this enables us to identify M

as
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(3.36)

The form of Mg for larger y will be discussed in Sec. 7.

These results are the tm .hematical basis of the qualitative

argument of Sec. (2,i=3). In particular, it is clear that the

Ha^iltonian H in Eq. (3.31) has a phonon spectrum, whereas H s has

an energy gap M,c , corresponding the lowest state of the spectrum

of soliton-antisoliton pairs.

Given these properties, it is now possible to turn to the

applications of the model. In the next section it will be shown

that the mercury chains in Hg^^AsFg are a concrete realization

of the strong coupling limit and, in Sec. 5, the extension to a

weakly interacting electron gas will be described.

4. MERCURY CHAINS

The mercury ions £n Hg3 JASFfi have a number of quite remark-

able structural properties. Scattering experiments, first by

X-rays and later by neutrons" , showed that the structure consists

of chains of mercury ions held in place by Coulomb interactions

with the AsFfi. The mercury chains are arranged in planar arrays

pointing along the x-direction, interleaved by planar arrays

pointing in the y-direction. The scattering intensity from the

mercury chains consists of a series of thin sheets in reciprocal

space, and the distance 2ir/d between sheets corresponds to an

interatomic separation d = am/O-S), which is incommensurate with

the basal spacing a of the AsFg lattice, since 5 = 0.18 at room

temperature. This is the structural information from which the

formula Hg3~AsFg is derived. At room temperature and above, the

scattering intensity in the sheets is constant, implying weak

correlations between the chains, and this allows them to be

regarded as one-dimensional systems.

A model for this material was proposed by Emery and Axe

The Hamiltonian for an individual chains was given by H in Eq.

(3.1) with the spin label suppressed. All of the input parameters
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are known: M is the mass of a mercury ion, d may be found from the

distance between sheets of scattering, and c has been measured
22

in the neutron experiments . The harmonic approximation is very

well justified since (a/d)^ = 6.4 x 10 at room temperature and,

in view of Eq. (3.5), this quantity becomes still smaller as the

temperature is lowered. Furthermore, the system is very classical
4

since y, defined in Eq. (3.3) is equal to 8.4 x 10 . Indeed it

is difficult, if not impossible, experimentally to detect quantum

effects in the correlation functions, although quantization of the

energy levels is seen in the ordered phase that sets in at 120K.

According to Eqs. (3.9) - (3.12), the widths of the sheets of

scattering should be proportional to n T with a known coefficient.
23 24

Recently, this has been checked by both neutron and X-ray

scattering experiments. Resolution corrections make it difficult

to obtain accurate values of (c for the very narrow sheets with

n=l,2, but for n>3, it is possible to verify the dependence of K

upon both n and T and to confirm the picture of the mercury chains

as one-dimensional liquids, as described in Sec. (3.1). Furthermore
the phonon peaks in the dynamical structure factor (Eq. (3.13)) have

22
been observed by inelastic neutron scattering . It also would

be of interest to verify the unusual functional form of S(Q,<o)

but it is not easy to achieve the accuracy required for this pur-

pose.

At low temperatures, coupling between the mercury chains leads

to a Sine-Gordon equation, and the energy of the lowest level of
the breather spectrum (3.35) has been measured by inelastic

25neutron scattering . To understand how this comes ah.ut it is
necessary to modify the argument of Sec. (3.2), since each mer-

cury chain has several neighbors, and the total interaction is

essentially a sum of terms of the form (3.26), which cannot be

rearranged into separate cosine factors. However, it is a good

approximation to use mean-field theory for this part of the Ham-

iltonian, since the three-dimensional fluctuations are propor-
2 *

tional to K, . Each chain then sees a mean field

H1 = U /dx cos(Q-u(x) +5) (4.1)

where U ^ U <cosQ1u(x)> has to be determined self-consistently

Once the Hamiltonian for a single chain is in this form, the
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en t i r e discussion following Eq. (3.33) i s appl icable, provided U

is replaced by U and & by 4 try (a factor 2 disappears because the

transformation (3.29) and (3.30) i s not used). The se l f -cons is -

ten t determination of U leads to

U * (T -T)^ for T % T
c c

(4.2)

constant for T<<T

This i s the typical behavior of a mean f ield and, using Eqs. (3.33)

and (3.34), i t follows that the M ^ (T -T) 1 ; / 4 near to T and
n c c

saturate to constant values at low temperature.

A measurement of M. has been made by neutron scattering from

Kg, .AsF,., and it is consistent with the expected variation with
26temperature

So far, Hg-, ,,AsF,. is the only material for which the conse-
j —0 fa

quences of a model .that is relevant for electrons in one-dimension

have been tested by direct scattering experiments. It is desirable

to find other systems, for which y is larger so that quantum

mechanical effects would be significant. Nevertheless, the exist-

ing results do give some confidence in the general approach and

encourage its use for the less strongly coupled electron liquid.

5. ELECTRONS WITH ARBITRARY COUPLING

In this section, it will be shown how the results of Sec. 3

may be used for weaker coupling, with very little modification.

The physical reason for the similarity between one extreme, where

the electrons almost form a lattice, and the other in which they

are completely mobile is that, in one dimension, the electrons

are "confined", no matter how weak the coupling may be. That is

to say, there is no Fermi surface, no fermion quasiparticle pole

in the Green's functions, and the Hamiltonian may be expressed

completely in terms of the collective modes - charge-and spin -

density waves. After a canonical transformation to diagonalize

the harmonic part of the interaction, the Hamiltonian separates
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into a sum of H and H , which are defined in Eqs. (3.21) andc s

(3.22), with the new value of the strength of the coupling

reflected in the magnitude of y or, equivalently, of £.

The argument may be made more explicit by obtaining the

relationship between the number density p (x) and the field

$ (x) , for the "lattice" model. Consider a section of the system
s

consisting of I adjacent particles such that 1<<£<< (K..d)~ . Then

the average density of electrons with spin s at position x = ad

" . ( " - f c t * '»* + .,."..» (5.1,

where the finite difference has been replaced by a derivative,

which is small if u (x) is slowly varying. Then, using Eqs. (3.3

and (3.26), the deviation from uniform density d~ is given by

8*s (5.2)

This relationship clearly refers to interacting electrons, since

interactions are built into the harmonic model. It is also
27

valid for weaker coupling, that is for the Luttinger model for
fermions without spin, or the backward scattering model for

27 28 29

spin one half. In that case, the method of solution ' ' is

to make boson representations of fermion operators, as described

in the next section, and, when the harmonic part of the density-

wave Hamiltonian is diagonalized, the new "interacting fields"

§ (x) are given by Eq. (5.2) with

1 1 - V
2 o2

1 + 3V /TTCfl

where V is the strength of V(r), which is taken to be a

6-function. Actually the relationship between y and V - depends



24

•upon the way in which the continuum limit is taken. For example,

if the correlation functions are obtained for a fermions on a

lattice, then, at absolute zero, they are power laws asymptoti-

cally , but y is not given by Eq. (5.3)

Despite the lack of universality, one-dimensional models do

have properties in common — in particular thsrE are scaling laws.

Every critical exponent is a specific function of u, and it is

only the value of y that depends upon the details of the model,

the strength of the coupling and the method of taking the con-

tinuum limit. Thus it is possible to choose any convenient Ham-

iltonian to calculate critical exponents, and to regard the evalu-

ation of \i as a separate question. This is analogous to the pro-

cedure of using a simplified Hamiltonian to calculate critical

exponents in higher dimensions , and it is the sense in which

the correlation functions of the strong-coupling harmonic model

are quite generally valid for electrons in one-dimension. Further-

more, this point of view has the practical consequence that it is

only necessary to adjust, the value of ii in order to fit experiments,

and, for many purposes., it may not be necessary to determine the

parameters that go into a microscopic model.

From Eq. (5.3), it may be seen that, for weak coupling, y is

close to unity and, as shown in Sec. 3, the only important wave

vector is Q, = 2ir/d. This is quite reasonable for almost free

Fermions, since important processes involve the movement of an

electron across the Fermi surface, with a momentum transfer

2k_, = 27r/d. On the other hand, as the coupling constant is

increased, u decreases, the system becomes more classical, and

higher order peaks in S(Q) may make themselves felt. Indeed the

observation of 4kp scattering in TTF-TCNQ indicates that the

coupling may be strong enough for the peak at Q = Q, to be seen.

It is now possible to determine the conditions favoring

transitions to the static CDW or SDW states described in Sec. 2.

For U=0, the energy gap M.c in the spin-density excitations

vanishes, and Eq. (3.21) may be used to obtain S (Q. ,'JJ) ̂ o) V~" at

T=0. Then there is a divergence as a>-*0 if y<l or, equivalently,

if V Q > 0 (see Eq. (5.3)). When this condition is satisfied.



25

appropriate interstack coupling will lead to either a CDW state

(+ spins and 4- spins in phase) or a longitudinal SDW (+ spins and

4- spins out of phase) , each with wave vector 2k_. On the other

hand, for attractive interactions, (y>l) StQ-^oj) +o as cu->0, so

there is no CDW or SDW transition.

When U^O, there are two cases that are essentially the same

as U=0. First of all, when y>l, there is no gap in the spin-wave

spectrum, but renormalization takes y to a value y >i, ?.nd U to

zero (see Sec. 7). Secondly, when y<l and the transition tempera-
2

ture T satisfies T >>M,c /k the gap is neglible, so 0 might as
C C JL AJ

well be zero.

If these conditions are not satisfied, the spin-wave gap

cannot be ignored and it is necessary to substitute Eqs. (3.27)

and 'T.28) into pn (given in Eq. (3.7) and to evaluate the sepa-
QS

rate contributions of the <f+ and the $_ degrees of freedom to the
dynamical structure factor. For U=0, they each contribute a fac-

+ k +
tor (F (X))*2 to F (x) in Eq. (3.16) but, for finite U, the gap

causes the spin wave contribution to F (x) to tend to a con-
32 - -• n

stant value at large x. The result is that y must be replaced
u —2 ri

by yr/2 in Eq. (3.18), and then S (Q ,co)^ oi n t so there is a
divergence when yn

<2. The consequence of this depends upon the

sign of U, which determines the phase in Eq. (3,25). If U<0, the

+ spins and the 4- spins line up in phase, and there is a CDW but

no SDW. On the other hand, when U>0, there is a relative displace-

ment by a distance d/2 and the two spin systems are in phase for

even n, but exactly out of phase for odd n. Then, for Q=Q1=2k_,,

there is a SDW but no CDW. However, there will be a CDW at
4u~?

Q=Q2=4k , provided S(Q2,t)) ^ ai • diverges, which requires that

the coupling is strong enough to make y<%.

Taking account of the differences between the models, these

results are the same as those obtained by other methods applied
13 28 29

directly to the field theory models ' ' . Hovvever, it is still

necessary to find the conditions for pairing and also to evaluate

the transverse spin-density correlation functions, which will not

be the same as the longitudinal ones, since the Hamiltonian does

not preserve spin rotational invariance. For this purpose, it
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is useful to introduce boson representations of field operators

and to show how they fit into the harmonic model.

6. BOSON REPRESENTATIONS OF OPERATORS

The evaluation of correlation functions for a many-body sys-

tem is frequently a difficult matter, involving case-by-case

discussion, and approximations that may be difficult to justify.

Fortunately, the fact that the dynamics is dominated by collective

modes with a quadratic Hamiltonian that is easily diagonalized,

makes it possible to evaluate the correlation functions of a one-

dimensional system in a fairly simple manner, without approxima-

tion, in the continuum lirit. The essence of the method may be

illustrated by a calculation of the one-particle density matrix.

The starting point is the density operator given in Eq. (3.25),

which may be rewritten in the discrete notation x̂ -ad:

iQ (ad + u )

—• - p (ot) = <j (6.1)

Here, the origin r has been omitted and the factor ad=x restored,

since it will no longer give unity when it appears in the density

matrix. Now the fermion field theories are based upon operators

ty +(x) that annihilate right (+) or left (-) going fermions of

spin s at position x, and the density operator for momentum trans-

fers close to 2k is given by \jj' (X)TJ> (X) = TJJ (ad) $ (ad).

Provided the ij> . (x) are interacting fields, thir-3 is another way of

writing p, (a). It is now necessary to construct the operator

0 (a1,a) whose expectation value gives the density matrix. It is

a generalization of p (a), and for n=l, it should be equivalent

to the Fermion version: -\i . (x'H' (x) . The simplest candidate
s-t- s—

is

"• • ' — 1

0 (a ,a) = d expf^iQ (ad+u ,^+ad+u. )] (6.2)

which reduces to p (a) when o'+a. However, this expression is
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not quite correct. As shown in Sec. 5, it should be a "dressed"

operator, including the effects of coupling. Now the operator

0 (a',ct) should move a particle from position a to position a1

but, in view of the strong short-range repulsion in V(r), there

is no space to insert an extra particle at a unless there is a

"backflow", in which the equilibrium position of the intervening

particles moves through a distance d in the opposite direction.

This is completely analogous to the backflow which must be included

in the construction of dressed creation or annihilation operators

for elementary excitations in other quantum liquids - rotons in
4, 3

He" or quasiparticles in He . It may be taken into account by
adding the displacement operator exp[(id/h) ̂ Jp ] in the defini-
tion of 0 (a,a ) . (p is the momentum of an electron of -spin s,

ns ms A

and the sum is over integers between a and a'). Then 0 (a1,a)

may be written

where

^ j (6.4)

A consideration of the properties of these operators now shows

that Eq. (6.3) is a correct representation of the Q component of

the density-matrix operator, and that 4>ls+ = ̂ s + / is an annihila-

tion operator for an original fermion of the model.

First of all, the commutation relations may be evaluated with

the aid of

A B B A [A,B] .. _,
e e = e e e ' (6.5)

which i s true if [A,B] commutes with A and B. Then, using

%iO
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Since Q = 2irn/d, the operators commute if n ir even but anti-

commute if n is odd. This is physically __asonable. To this

point it was not necessary to specify the statistics of the

original particles, since they had no effect on the quantized

"lattice" vibrations. However, it is clear that the interesting

momentum is k = l̂ Q, for weakly coupled feriaions and zero for

weakly coupled bosons (at zero temperature free bosons all occupy

the zero momentum state). The "lattice" periodicity indicates

that momenta differing by integral multiples of 2tr/d should have

the same properties, and it is reasonable to expect that the

statistics of the original particles should show up at the appro-

priate momenta, when an extrapolation to weaker coupling is made.

It is straightforward to show that a product of one creation

and one annihilation operator satisfies the relation (6.6) for

a £ a . However, ii ' (CC)TJJ (a) = d , whereas it should be a
ns.j. ns-i-

number operator, not a c-number. This may be remedied by taking

the continuum limit. Introducing the field $ (x) and its conju-
5

gate momentum tr (x) , defined in Eqs. (3.27) and (3.28), Eq. (6.4)

becomes

ns +
= (d)"'2exp (6.7)

where, as usual, y = ifh/Mcd. Introducing now the standard decom-

position of ir (x) and 4> (x) into creation and annihilation opera-
34 13

tors , xt may be verified that, for n=l, the proper fermion

field anticommutation relations are satisfied, and that the densi-

ty, defined as

(6"8)

(where the dots indicate normal ordering with respect to boson

variables) is given by Eq. (5.2). In evaluating the normally

ordered operators, it is necessary to introduce a cutoff 2ir/d to

make the momentum integrations well-defined, and to let d-K) at

•-.he end, to complete the continuum limit.

The boson representation of fermion operators was introduced
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into condensed matter physics by Schotte and Schotte and it has

been used for the Kondo problem ' as well as for the many-body

problem in one-dimension ' . Usually it has been written in

terms of the Fourier transform of IT (x) and <b (x), but, for the

method described here, the real space version (6.7) is more

natural, and it is identical to the form of the boson represen-
38

tation first proposed by Mandelstam

Given Eq. (6.7), it is possible to write all combinations of

fermion operators as products of exponentials, whose arguments

are linear combinations of boson operators. Then the correlation

functions may be evaluated by the methods described in Sees, 3 and

5, to confirm and elaborate the qualitative picture set out in

Sec. 2. A full account may be found in reference 13, which uses

a somewhat more general model in xvhich u has different values for

the charge "nd spin degress of freedom.

Wheny>l, there is no gap in the spin-wave spectrum, and the

main effect of the cosine term in the Sine-Gordon equation is to

renormalize y. In this region, the problem has been solved with
39 40 13the aid of the renoirmalization group method ' ' . This has

been applied directly to the fermion problem but, since the same

renormalization group equations are found for the classical Coul-

omb gas in two dimensions, and they are discussed in other lec-

tures at this Institute, it is more instructive to establish the

relationship between the two models•

7. CLASSICAL COULOMB GAS

The grand partition function for the classical Coulomb gas

is obtained by expanding the partiion function Z = Tr exp(-H /k T)
S S B

for t h e sp in degrees of freedom i n powers of U. Using Eq, (3.22)
and w r i t i n g cos36 = \ y" exp(iBa4 ) , the rath o rde r term

a=±i
becomes

L (kgT)" 1

Zm - i <-„/*,- T, IJ^ f^ c , ,^] ,7.1,
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where

= Tr T exp{{
-1

dtHo(t) (7.2)

and T indicates that the product should be time ordered. Now

C [x.,t.] is the thermal average of exponential of a sum of

boson fields, and it may be evaluated exactly as in Sec. 3,

except that t. must be replaced by it.. In the limit T->0 then,

C [x-,t.] is Lorent2 invariant, and it involves products of powers

of the form

= exp Xln /x -x ) +c (t -t )
I p q p q/

XG
= e pq (7.3)

Then defining Z = Z (T'=0) , i t may be shown t h a t ' '

L -hc/kRT

exp

2ra

(-1)
p - q

p»q
J pq

(7.4)

which is the grand partition function for a classi. " Coulomb gas

with equal numbers of positive and negative charges ui the two-

dimensional space (x,ct) . The inverse temperature is given by

U and the length in the ct direction is c/k T, so it is necessary

to let T->-0 in order to obtain the thermodynamic limit. Now,

defining U = Ud /21ic and making the change of variables

x d (7.5)

• _ i U
"i ~ ~d"

in Eq. (7.4) transfers all dependence upon d and U to the limits
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of integration. Consequently the free energy has the form

_2(l-y)
LU I (7.6)

and, since breathers and solitons give contributions proportional

to exp(-Mnc
2/kBT), it follows that

This equation immediately gives the dependence of M upon U and

also shows that, if the continuum limit is to be well-defined and

non-trivial, U must -»-0 as d->0 in such a v/ay that the right hand

side of Eq. (7.7) tends to a finite limit. Furthermore, if

Z = £n(M cd/n), Eq. (7.7) may be rewritten

_
- 2(1-U)U (7.8)

which is a complete renormalization group equation if the continuum

limit is taken as prescribed above. In other words, Eq. (7.8)

shows how U must vary in order to keep Z constant when d is changed.

If the continuum limit is not taken, the dependence upon d is more

complicated, and it is necessary to vary y and also to add higher

powers of U to the right of Eq. (7.8), in order to compensate

changes in d. Following this procedure and using symmetry proper-

ties cf the one-dimensional fermion Hamiltonian, it is possible

to derl\-e the full renormalization group equations to second

order in U. Since the solutions of the first order version of

these equations is discussed in other lectures at this Institute,

and the consequences have been referred to in Sec. 6, it is not

necessary to repeat the analysis here. Instead, it is instructive

co study the problem in the continuum limit, which gives a slightly

different perspective on the physics.
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The energy gap M.c between the ground and first excited

state of the Sine-Gordon system is equivalent to the screening

length or coherence length £ of the classical Coulomb gas:

xc (7.9)

and, since M^ vanishes for u>l, it is clear that u=l gives the

transition temperature, and that u>l is a .line of critical points.

It also follows from Eqs. (7.7) and (7.9) that £ diverges as

exp(A/(l- ) when 1, where A is a constant. Both of these con-

clusions may also be obtained from the renormalization group

approach, although they are different from usual because the

trajectory along which the transition is approached has the

fugacity U small, since the continuum limit requires |u|<<|l-y|.

The point u=l is the boundary of the region for which -the

definition of the continuum limit, used here, gives a definite,

nontrivial value, and at that point the properties are the same

as for U=0, corresponding to free fermions. If critical proper-

ties of the planaf-mddsl and other two-dimensional equivalents

of the Coulomb gas are universal at the transition temperature,

it is possible to use the continuum limit U-*0 to evaluate them

at that point. In the case of the planar model, this is equiv-

alent to saying that the spin wave result is exact at the transi-

tion temperature. It follows at once that the critical exponent

n = 1/4 for the planar model.

From Eqs. (7.7) and (7.9), £• ̂  M ~ ^ U as 0*0, which is
s

the high-temperature limit. This result may also be obtained

by noting that the Debye-Huckel approximation is valid in this

limit and is equivalent to approximating cosS0 = l-82(}>2/2 in the
S 5

s
Sine-Gordon Harniltonian.

It is hoped that these few examples are sufficient to illus-

trate the utility of the continuum limit and the value of using

relationships between various models. There are a great many

other two-dimensional theories which are equivalent to the Cou-

lomb gas, either exactly or asymptotically , and each one brings

something of value to the overall understanding of the physics.
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