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Abstract

The internal kink modes of a cylindrical plasma are

investigated by a linear eigen value problem and their nonlinear

evolution is studied by 3-dimensional MHD simulation based on

the rectangular column model under the fixed boundary condition.

The growth rates in two cases, namely uniform and diffused

current profiles are analyzed in detail, which agree with the

analytical estimation by Shafranov. The time evolution of the

m=l mode showed that q>l is satisfied at the relaxation time

(q safety factor), a stable configuration like a horse shoe (a

new equilibrium) was formed. Also, the time evolution of the

pressure p for the m=2 mode showed that a stable configuration

like a pair of anchors was formed.
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§1 Introduction

The study of magnetohydrodynamic (MUD) instabilities,

in particular of the toroidal plasma, is one of the most

significant subjects in the magnetically confined fusion research.

In the MHD instabilities, the kink mode ' with a large growth

rate, which occurs in the ideal plasma without resistivity, the

3) 4)
tearing mode in a : sistive plasma, and the ballooning mode,

which is remarkable in a high-beta torus have been extensively

investigated within the linear problem. The kink modes are

commonly classified into the external ' and the internal

ones. ' The former are modes which have a rational surface

in the vacuum region and the latter have the rational surface

inside the plasma. The external kink mode with a large growth

rate is dangerous to confine the plasma, however, is fortunately

stabilized when the radius of the conducting wall or the limiter

is less than about 1.2 times that of plasma. Once these modes

are stabilized, the interiajnjl kink mode and other MHD modes should

be next studied whether they are stable or not.

Generally, the analytical study of MHD instabilities is

considerably limited within the framework of linear analysis

because the real plasma is more complicated due to the geometrical

configuration as well as the current, the pressure and the

density distributions. Moreover, several nonlinear analyses '

are reported when the linear instability grows up. Thus the

nonlinear stage of instability has been gradually understood

in part. However, since most of nonlinear analyses are based

on the assumption of helical symmetry, the interaction
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between different helical modes is excluded. The three dimensional

analysis of the full nonlinear evolution of instability is

powerfully studied by the computer simulation nowadays. '

Bateman et al. showed from the 3-dimensional MHD simulation

that the m=l kink mode grew up from an initial perturbation and

was stabilized in the form of a horse-foot configuration. From

14)the 3-dimensional MHD model, Sykes and Wesson also simulated

the relaxation oscillation, which might correspond to the saw-

tooth oscillation in tokamak experiments, using the MHD equation

including the pressure balance with the Joule heating and the

energy loss terms. As are shown in these recent works, the

computer simulation by 3-dimensional MHD model plays an important

role in the present nuclear fusion research.

The purposes of the present work are to investigate the

linear growth rate and the eigen vector of the internal kink

instabilities from the linear eigen value problem and also to

study the nonlinear evolution of the instabilities with the

poroidal mode numbers, m=l and m=2 from the 3-dimensional MHD

simulation under the fixed boundary condition.

§2 Basic Equations

Let us consider a quasi-neutral plasma and neglect the

displacement current to study a slowly varing phemonenon. The

basic system of equations relevant to the present problem (one

fluid MHD equations) is written as

"v-(v-f) 8 o (la)
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vp -

E ̂  v

where MKA units are used, p is the mass density, v the fluid

velocity, p the pressure, E the electric fluid, B the magnetic

field, J the current, -p/i is a loss term of energy, t the

viscosity term of v^zv+v/3^{$•v), n the resistenity of n7T~3'

where rfo" is a constant and y the radio of specific heat, 5/3

in the present case.

All physical quantities are next normalized to make

dimensionless form. Namely, the distance is normalized by the

characteristic length of plasma a, the density by the initial

maximum density po, the magnetic field by the external one BQ,

the velocity by the Alfven velocity v1.=Br.(poUo)
 !/2

 r the time

by to=a/v the pressure by P0=PovA
2=B0

2/yo, the electric field

by EjEv B|, the curent by Jo=B0/ay0=toEo/pa
2, the resistivity by

r)o=Eo/Jor respectively. Then, the normalized basic equations

are reduced to

= o ; (2a)
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= - (V *)V - f V[> -v ±rf^ - j f > (2b)

2k = t( ^

^ ( ̂ f t ) (2d)

Moreover, the supplemental equation

J =

is used, where T=p/p and the following classical transport

coefficients are also used as n=?To" T

0.003^0.04 and T=t(r) with r=(x2+y2)

coefficients are also used as n=no T ^ (no=lO ^5x10 ), v

§3 MHD Instability of an Axi-symmetric Plasma

Let us first assume several axi-symmetric eauilibria.

Then, we investigate the growth rate and the patterns of the

eigen vector for the MHD instability as an eigen value problem

from the linearized MHD equations.

§3.1 Equilibria of an axi-symnetric plasma

As is well known, the equilibrium solution of plasma

specified by vo=O is determined by the following three equations,

(3a)
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Jo = V x Bo , (3b)

"7- Bo » o . (3c)

Using the cylindrical co-ordinate system (r, 6, z ) , all the

physical quantities depend on only the co-ordinate r through

the assumption of the axi-symmetry. Therefore, B r Q
= J

r Q
= 0 is

satisfied from eqs.(3b) and (3c).

Two physical quantities should be adjusted in an arbitrary

configuration to determine as axi-symmetric equilibrium solution.

As these two quantities, for instance, (a) BgQ<r) and B zg(r),

or (b) J Q(r) and B Q(r) may be selected. For the case (a),

the configuration of Bg0(r) must pay an attention because an

additional condition, D,)0(r=a)
tir should be imposed at the

plasma boundary. Therefore, the case (b) is now used to

determine an arbitrary equilibrium as follows:

1) Configurations of J Q(r) and B Q<r) are given.

2) Calculate Bfl~(r) from the z-component of eq.(3b).

+ -S* = TY" > 0 so ,

reo'

4) Calculate PQ(r) from the r-component of eq.(3a),

1Y ~ J&o OHO ~ JjoDeo

The configuration of p0(r) is still given in an arbitrary form.
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Here, we should notice that the configuration of resistivity

-3/2

i(r)=no (p/p) can be also selected depending on po(r).

§3.2 Linearization of basic equations

Let us now expand the physical quantities in terms of the

small perturbation around an equilibrium solution as

( p , v , p , B , J )

= ( p 0 , 0 , p 0 , B o , J o ) + ( P i , v i , p i , B i , J i )

where the subscripts 0 ( 1 ) denote an equilibrium state

(perturbed quantities) respectively. The following linearized

equations are obtained from eqs.(2),

If + "V(?elO = 0 , (4a)

(4c)

(4d)

7, - "V '"5. . (4e)

where no= no(po/Po)~ , 1i= T ^ Pi- T 5̂ -Pir and we neglected
* P o ^ P o

the viscosity term in eqs.(4) because this term tends clearly

to have a stabilizing effect on MHD instabilities. Futhermore,

the zeroth order of joule heating term, (Y-1)no|3I2 is assumed
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to be balanced with the loss terra, po/xo not to vary the

given equilibrium.

The helically symmetric perturbations of the form

f((v} « x p [_ - 1 cot T ; m e + ; k?3 J

are assumed and the derivative with respect to r is left

through an arbitrary function f. (r) , where k=n/R, L=2TTR is

the characteristic length of torus, m and n are, respectively,

the 6 and z directional mode numbers, as shown in Fig.l.

Fig.l

In this treatment, the problem becomes an eigen value problem

for the perturbed quantities. Thus, the following secular

equation is obtained from eqs.(2),

1—,~t

• ' fB0 t > n :n '

•H-3

—

""'Or

(0]
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where we eliminated B,,, through the relation, v*Bi=0. On the .

other hand,a secular equation similar to eq.(5) can be also

obtained by eliminating B . instead of Bfi,, however, it is

only used to investigate the m=0 mode because of the badness

of the numerical accuracy for the m^O modes. Here, we should

notice that the matrix elements in parentheses correspond to

the elements in the incompressible case, in other words, when

vfi. is eliminated under the assumption of v»vi=0. After the

differentiation with respect to r is replaced by the corresponding

difference in eq.(5), the eigen value oi and the corresponding

eigen vector are determined by solving the complex matrix using

18)
the QR method. Then, the modes with I ui>0 are unstable.

§3.3 Boundary condition

Let us now consider the case in which there is no vacuum

region, namely, a plasma is close to the conducting wall. In

order to solve the systems of equations on the domain 0<r<a,

where a is the radius of the conducting wall, boundary conditions

for each mode must be specified at both r=0 and r=a as follows:

i) Boundary conditions at r=0 are

1)

Bvi = Bei = ITVI = UG,I = O ,

- « f
2) B » , = Vu = ft = f( = o t

l & w _ >^»i VL̂ v, -aile, _ n .
TF p
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3) B, = = 0 M > (6c)

ii) Boundary conditions at the surface between the plasma and

the conducting wall, r=a, are determined so as to satisfy

the following relations as

= o

= o , ("V

= o

= o

(7a)

(7b)

and v , =B ,=0 should also be satisfied, where the suffix r

denotes the radial component. They derive the following set of

boundary conditions at r=a

I m a ÛT-I

m1 +

mtj

(8a)

(8b)

(8c)

(8d)

§3.4 Calculation for a uniform current profile

Let us now investigate the growth rate and the pattern of

eigen vector of the internal kink mode for a uniform current

profile. Results are, respectively, shown in Fig.2 and Fig.3.
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= EL 1 —,, - (

Fig. 2

Fig.3

Since the toroidal current is uniform in the form of J n=crw

the safety factor becomes constant, q=r B Q/R BgO=2/RCQ. As

is well known, the kink mode is unstable for nq < m. The growth

rate of the kink mode shown in Fig.2 agrees well with that given

by Shafranov under the fixed boundary condition,

(9)

where y is a root of the Bessel function of the m-th kind, J (r) ,

In Fig.3 are shown the poloidal magnetic field Bx and

the poroidal velocity vA perpendicular to the z-direction in

the vetbr representation. Two vortices which rotate respectively

in different direciton appear for the mode number m=l. The

pattern of B^ rounded clockwise by 90° is similar to that of vx.

Generally, 2m vortices appear for the mode number m and the

vortices close each other go around in opposite direction.

§3.5 Calculation for a diffused current profile

The growth rate and the patterns of the eigen vector of

the internal kink mode are illustrated in Fig.4 and Fig.5 for

a diffused current profile in the form of Jz0= CQJ Q(k xr), where

Jg(kxr) is the zeroth kind of Bessel function and kx = 2.40483.

Fig. 4

Fig. 5
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In this case, the safety factor q is given by

where J, (k_,_r) is the first kind of Bessel function and q becomes

the minimum value of qQ=2B n/RC- at the center because J. (k^r)-

kj_r/2 for k^r << 1. Comparison between Fig.2 and Fig.4 shows

that the safety factor q_, giving the maximum growth rate for

the diffused current profile is smaller than that for the uniform

current profile. This tendency becomes conspicuous in the case

of large m. We should notice that this comes from the stabilization

due to the shear effect. However, the growth rate of m=l mode

does not become so small even though the current profile does

sharp.

The rational surface of q=m is shown by a circle of the solid

line in the pattern of the eigen vector of Fig.5. An unstable

mode localizes in the region of q<m because the vector is large

in the neighbourhood and in the inner area of the rational surface.

In particular, |v±| is very large near the rational surface

and goes to infinity at the surface for the ideal plasma of n=0.

Therefore, a small resistivity, n=10 is conveniently (admitting

rather artificial) used to avoid the singularity in the numerical

calculation.

§4 Nonlinear Evolution of the Internal Kink Modes

Using a three dimensional MHD model without the resistivity

and under the fixed boundary condition, the internal kink mode,
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which occurs in the configuration with a rational surface

in plasma, is studied from the computer simulation. Generally,

the kink instability grows initially for qQCl saturates with

a poloidal velocity less than almost 0.3 times the Alfven

velocity, and then is relaxed gradually.

§4.1 Equilibrium of a rectangular column plasma

Equilibrium solution of a rectangular column plasma is

also obtained from eq.(3). First, a torus is approximated by

the rectangular column with the length of 2TTR. Using the

Cartesian coordinate system (x, y, z) shown in Fig.6, the

boundary of the conducting wall is assumed to be located at

x = y = +a = +1.

Fig.6

Let us introuduce the flux function as

U 5 VH;** * Bi02 , do)

where 2 is the z-component of unit vector. Then, Bo and Jo

are described by

= (

(lib)
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Futhermore, pQ=pQ (>/J0) is determine! from Vpo*Bo= 0 and the following

equation,

is obtained from the perpendicular component of eq.(3a) and

eq.(llb). Therefore, an equilibrium solution can be determined

by eq.(lie) for given J Q. For instance, when a current profile

is given by

J w = Co COSkx-CosfejIJ. ^ (12a)

equation (lie) reduces to

Consequently, we have the following equilibrium solution as

, ( 1 2 d )

where k^=k2+k2. Here, even though po is still arbitrary, Po =

constant = 1 is conveniently used to aboid the numerical
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instability. This selection is not so bad because the kink mode

depends little on the configuration of p0. The safety factor

for the initial equilibrium solution is given by

6 RBeo R I J K C . s i n l?xx,

at the x-axis, therefore, q becomes the minimum of qo=2/RCQ at

the center for k =k . In the present simulation, k =k =ir/2

is used for J - to diminish at the boundary. Moreover, q» ie

changed by C,.

§4.2 Methods of the simulation

An equilibrium solution described in §4.2 is given as

the initial condition under the fixed boundary condition. Then,

a small and helically symmetric perturbation,

Vr = 9 CO e*p[i ( m© •+ k?)]

(14)

is introudced to the radial component of velocity, v in order

that an unstable mode may grow quickly, where c = 10~'*'vl0~ .

For v z l=0, Vg. is calculated from ^-^.=0. Thus, we calculate

v , and v , by the coordinate transformation, and add them to

the equilibrium solution.

The difference equation derived from eq.(2) is temporarily

calculated as an initial value problem by using the two step

19)
Lax-Wendroff method. Equation (2) stands for the same form
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as the typical equation

NT- -. r

+ F = 0 (15)•a x

The following difference scheme is made from eq.(15),

= K - T77- F-+I - F._,
z -AtF.J 2 deb)

and for the iteration we mav use

r. (16c)

where the affix j weans the temporal mesh and the suffix i the

spatial mesh. Equation (16b) can be iterated by using eq.(16c).

The iteration is not used in the present calcuration, however, the

numerical accuracy and the sability are considerably improved by

one time iteration. Equation (16) has the advantage that the

scheme is simple even in applying for the three dimensional case.

Neglecting the resistivity and the loss term, n"0 = 0 and p/T=0,

we give initially a large value of viscosity and gradually

decrease it in order that the analytic equilibrium solution can

approach quickly that of the finite difference. Then a small

and helically symmetric perturbation is added after the system

is considerable stabilized. The numbers of spatial mesh are

(x, y, z) = (18, 18, 10) including the fixed boundary. The

time step At = -̂ Ax is used from the numerical stability condition,
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At/Ax<l. Moreover, the periodic boundary condition is imposed

in the z-direction.

§4.3 Simulated results for the m=l internal kink mode

We consider an initial toroidal current as

•JiD n co cos ( ¥ 0 « s ( I'll)

rfhere -l£.x, y£l and B = R = 1. In this case, the plasma

parameters are determined as follows; the safety factor at the

center is q=2/C~, the ratio of the safety factor at the wall

to that at the center q /q. = IT/2, the maximum pressure p n
m a X =

a u u

4/TT2q0
2
r the average pressure <po>= podxdy/ dxdy=l/7r2q0

 2 =

P o
m a X/4, the total current I = J Qdxdy = 32/ti

2q0, the average

current <J _> = 8/ir2q- = 1/4, the average of squared poloidal

magnetic field <Bj_0
2> = 2/7r2q0

2, the toroidal beta 3 =2<pQ>/<B
 2>

= 2/iT2q0
2 and the total beta B = 2/ (2 + TT2q0

 2) .

Fig.7

In Fig.7 is shown the time evolution of the m=l internal

kink mode for several values of q , where the spatial mesh

(x, y, z) = (18, 18, 10) is used. Here, | v J m a x and |vJ m a x,

respectively, stand for the maximum poloidal and toroidal

velocities normalized by the Alfven velocity. For the smaller

qQ, the mode grows faster and the saturation levels of |v x|
m a x

and |v | m a x become also larger. But, we should notice that

the mode does not grow for qo= 1.2. The reason that the mode

grows for q« < 1.1 comes from the high beta value and the

rectangular column system.
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Fig. 8

In Fig.8 are shown the growth rates of the internal kink

modes calculated from the eigen value problem based on the

sylindrical model by the solid line and those obtained from the

simulation in the rectangular model by the closed circle for

the m=l mode and by the open circle for m=2 mode, respectively.

Both the growth rates agree considerably well, however, the

growth rates obtained by the simulation is greater than that

determined from the eigen value problem in the neighbourhood of

qQ~ 1. This discrepancy comes from the difference between the

cylindrical and the rectangular models. Since the mode is

unstable only for q. < 1 in the eigen value problem and it is

difficult to represent a flute type mode for qn < 1 due to a

few mesh numbers, the growth rate obtained from the simulation

is expected to be more realistic.

Fig.9

In Fig.9 is shown the time evolution of the m=l internal

kink mode for qQ = 0.3 when the defined mesh (x, y, z) = (26, 26,

16) is used. The maximum poloidal and toroidal velocities

|v | and |v | normalized by the Alfven velocity increase

with almost constant growth rate, y = 0.25 for 5 < t < 25. When

the mode is saturated at t=30, |v |max=0.15 and |v | m a x=0.1,
1 x' ' z' '

and then it is gradually relaxed. We note that |vx|
max=|v | m a x

is always valid. For t > 40, |v |max>|v | m a x because vx=v1I is

assumed in the viscocity term. However, we may have a different

result for v,, >: vx. The time evolution of the other characteristic

physical quantities is also shown in the botton figure of Fig.9.
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The quantities of B z
m a x, Jz

raax, q m i n and p"™ vary relatively near the

saturation state, £ .id then are gradually relaxed to approach a

stable state different from the initial state.

Fig.10

In Fig.10 are shown the cross sectional patterns of several

physical quantities at z=0 for the three characteristic times

shown by arrows in Fig.9, namely, a growing time of the internal

kink mode t=15, the saturation time t=26, and a relaxation

time t=41. In these figures, vx and 6BX are shown by the vector

representation, v and others by the magnitude of the circle

and the larger q by the larger circle, on the contrary the less

q by the lager triangle, where the rational surface of q=m=l

is regarded as a critical value. Patterns of the m=l vortices

appear in vx and 6BX at t=15. The positions of the maximum p

and J shift along the course of vx flow or in the upper

direction of Fig.10. The vortex of vx goes around inversely in

the upper side at the relaxation time t=41, the region for

q=l broadens out, the configuration like a horse shoe is formed

in p, and B increases at the center. In other words, the

plasma has characteristics a strong paramagnetism.

Fig.11 Fig.12

In Fig.11 are shown the radial profiles of q, J and p
z

averaged with respect to 0 and z in the cylindrical coordinate

(r, 6, z), ard in Fig.12 are shown those of B and Bfl. After

an instability occurs for q<l at t=0, q>l is satisfied over

almost all regions at t=26, when |v | has the maximum value,
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and then the distribution of J becomes flat. Though the

distribution of J at the relaxation time becomes sharper than

the initial one, at the same time, a strong paramagnetisin for

B appears at the center. Therefore, an instability region with

q<l becomes narrower, in other words, a flat distribution with

q>l is formed as a whole. It turns out from the simple

calculation of q=rB /RBQ that q at the center region is large

at t=82. But, this is not worth special mentioning because

the magnetic axis is apart from the center and shifts upwards.

The time evolution of profile of p shows how away the hot plasma

shifts to the periphery. Several losses such as the heat

conduction and radiations are expected to increase when the

maximum of p approaches the periphery due to the conduction.

In Fig.11, P=̂ 0 and J ^0 at r=l come from the coordinate trans-

formation from the rectangular column to the cylinder. The

distribution of B in Fig.12 shows that the paramagnetism at

the center and the diamagnetism at the periphery as the maximum

of p shifts toward the periphery. The gradient of B_ near the

center beccmes once gentle at t=26 and steeper at the relaxation

time than the gradient at the initial state depending on the

time evolution of J .z

Fig.13

In Fig.13 is shown the helical mode expansion of radial

velocity v . The amplitude of the (n, -m) = (1, 1) mode is

large at t=20, and the second harmonic is also a little excited.

Futhermore, the modes, (1, 1+4) are appreciable, which appear

due to the coordinate transformation from the rectangular column
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to the cylinder. The modes, ( 4 i , S. j ± 4 S, 2) become large at t=26,

where Ii and i2 are small positive intergers. The amplitudes

of (l\, l.\) modes are comparable each other for l<J.i<4, and the

modes with large I\ are easily to be stabilized due to the effacts

of the diffusion and the viscosity.

Fig.14

In Fig.14 is shown the time evolution of the helical modes

for v . The mode (n, -m)=(l, 1) is first excited, and then the

modes (1, -3) and (1, 5) grow with almost the same growth rate.

We note that these modes appear due to the rectangular column

model. When the mode (1, 1) becomes a large amplitude, then the

mode (2, 2) grows with the twofold growth rate of the mode (1, 1).

The modes (3, 3) and (4, 4) are successively excited. The mode

(1, 1) is satulated at t^30 and it decreases. Thus, as time

goes by, the mode with the maximum amplitude changes from the

mode (2, 2) to the mode (3, 3), and then all the modes are

relaxed gradually for t>60.

§4.4 Simulated results for the m=2 internal kink mode

In Fig.15 is shown the time evolution of the m=2 internal

kink mode for q =1.6, where a defined mesh (x, y, z) = (26, 26, 16)

is used. Comparing with the m=l mode, |v | m a x and ]v | m a x grow

gently with a growth rate, y-0.071. The m=2 mode is saturated with

the values, |vx|
max= 0.04 and |vz|

max=0.06 at t=90, then is

relaxed gradually. The minimum value of q, q l n which decreases

initially from 1.6, has the minimum at the time corresponding to

the maximum |v | , next increases again for t>90, and then
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approaches the constant value, 1.7. The other physical

.... . max T max , _ ,. . , . ,
quantities of p , J , p and B vary fairly near the

saturation time, 60 ' t < 90 and tiro relaxed to a stable state.

Fig.15 Fig.16

In Fig.16 are illustrated the cross sectional patterns of

several physical quantities at z=0 for the three typical times,

namely, a growing time t=26, the saturation time t=82 and

a relaxation time t=123, which are shown by the arrows in Fig.15.

The method of representation is the same as that in Fio.lOexcent that

the rational surface of q=m=2 is used as the critical value in q.

We note that the m=2 mode pattern is composed of four vortices

shown in the figures of Vj_ and iS ±̂ at t=26 . The positions of the

maximum p and J move along the course of Vj_, in other words, one

is in the upper rinht direction and another in the lower

left direction observed in the figure. The vortex of v± created

at t=82 diminishes at the relaxation time, t=123. In that time,

the region of q=2 broadens, the configuration of a pair of

anchors is formed for p, and the strong paramagnetism appears at

the center for B .

Fig.17

In Fig.17 are shown the radial profiles of q, J , and p

averaged with respect to Q and z in the cylindrical coordinate

system in order to look at the averaged quantity with the zero

order. In Fig.18 are shown those of B and BQ. After an

instability occurs initially for q<2, the condition q>2 is

satisfied in the region of 0.2<r<0.6 at t=82 corresponding to
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the maximum |v I m a X and flat distributions for J and p are formed
X 2

in the same region. Moreover, Jz increases and q decreases at

the center. As time goes by, the mode is stabilized since the

instability region of q-'2 becomes narrower. Also J decreases

at the center and is uneven apart from the initial distribution

for r>0.2. According as the maximum of pressure p moves to

the periphery, as to B , the paramagnetism appears at the center

and the diamagnetism at the periphery.

Fig.18 Fig.19

In Fig.19 is shown the helical mode expansion of the

radial velocity v . The amplitude of the mode (n, -m)=(l, 2)

is large at t=61, and its harmonic and modes (1, 2+4) are also

excited appreciably. The modes (11 , 2 2-1 ± 4 £ ?.) are strongly excited

at the saturation time, t=82, where £i=l, 2, 3, 4 and £2=1, 2.

At t=123, the fundamental mode (1, 2) decreases and the amplitude

of the mode (2, 4) is larger than that of the mode (1, 2).

Thus the higher harmonics are gradually relaxed since they are

easily stabilized due to the viscosity.

Fig.20

In Fig.2 0 is shown the time evolution of the helical modes

of v . At the first stage, the mode (1, 2) is excited and

the modes (1, - 2 ) , (1, 6) are also done with almost the same

growth rate. The excitation of these modes depends on the

rectangular model. When the amplitude of (1, 2) mode becomes

large, the mode (2, 4) increases with the twice growth rate of

(1, 2) mode, and the mode (3, 6) grows successively. For
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t>100, all the modes are gradually relaxed.

Though the simulation of the m=3 internal kink mode is also

tried for q-=2.4 and 2.6, where the maximum growth rate of this

mode is expected from the eigen value problem, an instability

does not occur. This may be because that the growth rate

decreases very much due to the stabilization by the shear effect.

Futhermore, the instability might be stabilized due to the

numerical diffusion because the spatial mesh number used is not

many.

§5 Conclusion

The internal kink modes of a cylindrical plasma are

investigated by a linear eigen value problem and their nonlinear

evolution is studied from a three dimensional MHD simulation.

The growth rate of the internal kink mode for a uniform

current profile agrees well with the analytical solution by

Shafranov, and the patterns of the eigen vector for the m=l'v4

modes are illustrated in Fig.3. The growth rates of the modes

with m> 2 for a diffused current profile decrease considerably

with a large major radius R due to the current shear. However,

the growth rate of the m=l mode does not become small for the

diffused current profile. As was observed in the eigen vector

representation of v± and &BX, the 2m vortices appear inside

the rational surface of q=m/n.

The m=l and m=2 internal kink modes grow with almost the

same growth rates as UTOSO calculated from the eigen value problem,

when they are simulated under the fixed boundary condition
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using the rectangular column model. The velocities |v |
X

and |v | m a x for m=l mode increase up to 0.1^0.3 at the saturation

time. Also p and J move to the periphery by the convection

along the course of the poloidal flow. At the relaxation time,

q>l is satisfied, the stable configuration like a horse shoe

is formed, and J becomes a sharp distribution.

The growth rate as well as the saturation levels of |v |

and |v | m a x for the m=2 internal kink mode are considerably

small comparing with the m=l mode, however, p and J profiles

move along the course of the poloidal flow. In particular, the

p distribution shifts to the periphery at the relaxation time as

the same order as the m=l mode. The stable configuration like

a pair of anchors is formed for p, and J decreases at the center.

The increase of loss such as the heat conduction to the wall and

the radiation will be caused by the shift of p to the periphery

due to either m=l and m=2 internal kink modes. The plasma moves

to the periphery and might go over the boundary if the fixed

boundary condition used in the present work is replaced by

the free boundary. Probably, the characteristics of instabilities

obtained in this paper will be exaggerated a little because the

major radius R is given by a small value of one in comparison

with the practical tokamak apparatus. If R=3 is used, however,

the kink modes grow slowly because of the growth rate YaR~2.

Therefore, it takes much computer time to simulate the case of

large aspect ratio. Also, the convection of p is expected to

decrease at the saturation state. The details of such a process

await future investigation.
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Figure Captions

Fig.l Coordinate system of a cylindric plasma model.

Fig.2 Growth rate of the internal kink mode for the uniform

current profile.

Fig.3 Cross sectional patterns of the eigen vector of the

m=1^4 internal kink mode for the uniform current profile.

Fig.4 Growth rate of the internal kink mode for a diffused current

profile.

Fig.5 Cross sectional patterns of the eigen vector of the

m=1^3 internal mode for the diffused current profile.

Fig.6 Coordinate system of a rectangular column plasma model.

Fig.7 Time evolution of the m=l internal kink mode when q» is

changed.

Fig.8 Growth rate of the m=l and 2 internal kink modes.

Fig.9 Time evolution of the m=l internal kink mode, where a

defined mesh is used.

Fig.10 Cross sectional patterns of the physical quantities at

z=0 for t=15,26, and 41, when the m=l internal kink mode

grows up.

Fig.11 Profiles of the averaged safety factor q, toroidal current

J and pressure p for the m=l internal kink mode.

Fig. 12 Profiles of the averaged toroidal and poloidal magnetic

fields BQ, B for the m=l internal kink mode.

Fig.13 Helical mode expansion of the radial velocity component

v for the m=l internal kink mode.

Fig.14 Time evolution of several helical modes for the m=l

internal kink mode.
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Fig.15 Time evolution of the m=2 internal kink mode.

Fig.16 Cross sectional patterns of the physical quatities at

z=0 for t=26, 82, and 123, when the m=2 internal kink

mode grows up.

Fig.17 Profiles of the averaged safety factor q, toroidal current

J and pressure p for the m-2 internal kink mode.

Fig. 18 Profiles of the averaged toroidal and poloidal magnetic

fields B , Bg for the m=2 internal kink mode.

Fig.19 Helical mode expansion of the radial velocity component

v for the m=2 internal kink mode.

Fig.20 Time evolution of several helical modes for the m=2

internal kink mode.
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