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EDITORS' COMMENTS . 

An international conference in any field of Physics is not 
a common occurrence in (Southern) Africa. It was an 
opportunity to be enjoyed to the full, and one facet that 
seemed appropriate was the organisation of a post-conference 
School on carefully selected topics in heavy ion physics. 

We had much pleasure in selecting the themes, and inviting 
the speakers - without exception they acquitted themselves 
well of their task. The material appeared to us so valuable 
that it should be available in printed form, hence this 
volume. We thank the speakers for so willingly presenting 
hard copy of their excellent presentations. 

JPPS 
CT 
CAE 
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* 
With the advent of heavy ion accelerators,new regions of nuclear 

spectroscopy have opened up for investigation,and new phenomena and 

regularities have been discovered, relating mostly to states of high 

angular momentum. The most striking of these is probably the "back 

bending" exhibited by many rotational nuclei - the abrupt change in 

the moment of inertia at a certain energy of excitation. The 

interpretation of these phenomena is still far from complete and it 

is generally believed that the determination of the g-factors of the 

relevant nuclear levels will be of critical importance in the elucidation 

of the nature of the processes involved, similar to the role played by 

systematics of magnetic moments in the now classical nuclear spectroscopy 

and nuclear structure studies. 

There are a number of problems associated with such measurements . 

First, as the relevant nuclear states are usually at high excitation 

energies, the mean lives of those states tend to be short - of the 

order of a few picoseconds or less - and very high magnetic fields are 

required for the measurements, 50 Megagauss or more. Such fields are 

available only as hyperfine fields of electrons on other charged particles 

that are moving in close proximity to the nucleus. Second - the large 

angular momentum of those nuclear states in itself poses some 

difficult problems. In the sequel we shall discuss these problems as 

well as means for their circumvention. 

We shall consider here for the most part nuclei that recoil from 

a nuclear reaction at high speed und move in either vacuum or gas. The 

environment of these nuclei are the isolated ions with which 



they are associated. It has been established that the hyperfine 

interaction with such ions is primarily magnetic,and in fact no trace 

of an electric quadrupole interaction could be found even in extreme 

cases where large nuclear quadrupole moments were involved. 

We consider first the symmetry of the nuclear and the ionic systems: 

The nuclei under observation usually have a symmetry axis along the 

impinging particle beam,e.g. if de-excitation gamma rays are observed 

either directly or in coincidence with backscattered particles or reaction 

products detected in an annular cujnter. There are, however, 

exceptions : particle detection systems that are not cylindrically 

symmetric around the beam axis. 

The ions usually have a symmetry axis along the recoil direction, but 

there are exceptions to that too-- e.g. if the foil is not normal to the 

recoil axis (the so-called "tilted foil" geometry) . 

We see that in most cases the nuclear and ionic symmetry axis 

coincide. The hyperfine interaction then does not affect the symmetry 

of the Y radiation emitted from the perturbed state, the emission pattern 

will be only attenuated. We shall examine in the following a special 

but representative case with an isotropic ionic environment - and we 

shall see that if the angular distribution of the de-excitation Y'S 

is initially given by: 
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*(»)» I A k P k (cos e) 
then the hyperfine interaction will transform it into: 

V 9 ) = É *k Gk Pk ( c o s 9 ) 

Where G. are the attenuation coefficients. For small perturbations 

or small precession angles, ut , of the nuclei in the hyperfine fields, 

the attenuation coefficients will be shown to be of the form: 

This is evidently a measurement of second order in the precession 

angle and is, specifically, insensitive to the sign of the nuclear 

g-factor. 

If the nuclear and ionic systems do not have identical symmetry 

axes and if in addition one of the systems is polarized (e.g. in 

"tilted foils") then the hyperfine interaction will have a polarized 

component. We shall later examine such a case in the special condition 

of orthogonal nuclear and ionic symmetry axes. For small perturbations 

we shall then find the perturbed distribution of Y'S to be of the form: 

W p(6)^ W(e-8) -u W(6) íl-4dJ } í *" w t 

This is a measurement of first order in tne precession angle and is 

obviously a more powerful and revealing measurement than symmetric 

attenuation, but until now the scope of such measurements (in the 



context of isolated ions) was very restricted due to the limited 

polarization that has been achieved so far. 

The hyperfine field 

The Hamiltonian for the Ml interaction of a nucleus with a bound 

21 
electron can be written in the non relitivistic limit as ' : 

r r r 

here v is the nuclear magnetic moment operator and all other parameters 

refer to the electron. 

We write: 

defining the field operator ft . 

u and ÍÏ operate in the spaces I, M. and J, ML respectively. According 

to the Wigner.Eckart theorem the matrix elements of such vector operators 

depend on the angular momentum variables in a purely geometric way 

and their individual character is revealed only in a factor of 

proportionality, the reduced matrix element. In particular, for the 

matrix elements of the scalar product of two vector operators T,U in 

the spaces I, J respectively, with I, J adding to a total angular momentum 

F, M c, we have ': 
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(I J F'Mpjíf. Í) | I J F M F )«(-) , * J * F «F.F«|* M_ 

x d II * IID (J II 3 | | J) 

F I J 

1 I J 

'X 

and we can therefore write: 

^ - • (t.J) 

with: a ii ii wii n o n a i l j) 
(i I! i | | i)(j | | J | | j) 

* have: ( L i m n ) - ( ' ' "l " ' ** ' ' ' 1 } . I 
a ii t ii i) (i. i : iz i i.D i 

due to the definition of the aagnetic aoaent » and the aatrix eleaents 

of I z. 

In analogy to u, the hypcrfine field H(o) is defined by: 

and therefore: 

H(o) - -(J, J | H z | J.J) 

.(J_UJ_iLa , "Í£l 
(J || J || J) J 

and: 

u II (o) H(o) 
8 " I J * W J 

due to the definition of the nuclear g factor as: 
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I» -M W M g I 

H(o) is computed in ref.2) for hydrogen-like ions as 

H(o) « K - 5 
n J ( l* l /2 ) ( j* l ) 

; K « 2 - ^ * 0.12SMegagauss; « 0 « 1S 2/»e 2 (3) 

in particular for s electrons (i»o, j» 1/2): 

Z 3 ft y R 
H(o) » K» ̂ j ; K« = £ -f « 0.167 Megagauss 3 3 

n 

(3a) 

The Haailtonian (2) coanutes with : F « I • J 

I"MI'
 ? 2 1 = ° 

l»Ml ' F , l S ° 

• • 2 -»-2 - * 2 • * • * 

We have: F - I • J • 2(1,J) 

and therefore: 

„„,. j # . i». J2) 

and the eigenvalues of HL. are given by: 

E F * | ÍF(F*1) - 1(1*1) - J(J*1)> 

The effect of the interaction (2) on the nuclear ensemble is given by 

the equation of motion; 



itf p * í'Sij'Pl 

for the nuclear density matrix p in the space of Mj: 

P = PM M 1 í M = M i 

If the nuclear system has a symmetry axis z, I » M is a good quantum 

number, and if OL. is the relative number of nuclei in the state M then: 
PM M» " 6M M« °M ! J °M " X 

the equation of motion is solved formally by: 

p(t) « e p(o)e 

and transforming to the diagonal scheme F, M_: 

. F. t/fi . E- , t /h 
PM u iCt ) s _E. <M|F>e"1 r <F|M>p_ _(o)<fi'|F ,>e 1 *" <F» |M'> 'M M' M M' 

F F ' 
M M» 

E e" ^ F F ' S p p , 
F F ' F F 

U F F« = ar { F ( r + 1 ) " F ' ( F , + 1 ) } 

introducing the hyperfine frequencies u>F p l and the perturbation 

parameters XF F , -

For given I , J the number of Up _, i s given by: 

J(2J+1) i f J < I 
#(Wp p , ) • ' 

1(21*1) if J > I 

for J = 1/2 there i s only one u>_ F , : 
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•l*l/l^-l/2'k ( 2 M ) 

The expression for p„ Mi(t) above is calculated in «ore detail in 

general and in some specific cases in,e.g. refs. 4) and 5). Ne shall not 

follow those calculations here but rather consider some simple situations 

and simplified calculations following the vector coupling model, in 

order to exhibit the main features of the interaction process. 

Approximation for HFI within an isotropic ionic ensemble for small J./I 

Consider the coupling scheme in the figure: t + í * Í, where we 

assume for the sake of simplicity and ease of calculation that J/I«l, 

The vector F* is a constant of motion and the motion of the vector "t will 

therefore proceed as a turning of the triangle T, "3, t around ?. 
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Xe read from the figure: 

x * J sin a 
wt _, . ut 

y * 2x sin -=- •>. 2J sin a sin -*— 

g * L -x, 2J. s i n 0 S i n | 1 « *£ s i n a / ^ i . c o s u t) 

We assume J to be distributed uniformly in space, and we therefore 

have to average over its direction, integrating over d4 sin a do . 

Let us integrate first over d*, the azimuthal angle. This will move t from 

its original position to a cone around t(o) with opening angle<$. In order to 
evaluate the effect of this transformation on the angular distribution 

r(e') =E A. P. (cos 0'), we write: 
k 

Pk< c o» e !>"ftSr § Ykq(°'*'> V * « # 

I(t) 

1(0) 

w * •x-% i 
N / 
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and: « • ; 

57 J V c o s 8 , W 2&T W e ) Yko(ft-Pk(cc3e)Pk(cosff 

Ne get: 

tr w(e,t,a) » f̂  Ke')d*« E \ Gfc (t, a)Pk (cose) 

with: 

G k ( t ,o) » P / c o s ^ 

We wish to evaluate th is attenuation coefficient for smal 

f. (cos/) i s a solution of the differential equation: 

, / . 

2 d^P.pc) 
( l -x Z ) — | 

dx^ 

d P k(x) 
2x - • k(k*l)P. (x) 

dx * 

x * cos' 

se t : u » 1 - x , then: 

<TPk(u) d P v(u) 
(2-u)u j — • 2(l-u) S— • k(k*l)P k(u) - o 

du du 

d P.(u) 
for u + o: 2 Í— • k(k^l) P. (u) = o 

du K 

and: Pk(„) - e" ^ " - 1- M j p l u - 1 - Ukllff 
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and we obtain in this limit: 

. . . 2 
Gk(t,a) • 1- k(k*l)G[r ^j

2 - 2 - d-cos»t) 

integrating now over sin a da we get: 

W(6,t) * j j W(8,t,a)sina da » Z ^ Gfc(t) Pk(cose) 

o 

(^(t) - \ JGk(t,a)sina da « 1- M**
1? (^)2 (l-cos«t) 

o 

and the"integral attenuation coefficient" G^, for: 

7 J*Ke,t)< w(e) * - I w(e,t)e" t / T d t 

becomes: 

(6) 

G k - 7 Í <*<*>•" t A d t ' '- ^ ÍÏ-5 2 - ^ <«•> 
' 1*(WT1 

The attenuation coefficients G. (t) arc seen to go through a "breathing" 

motion as t increases, whereas the integral attenuation cocfficint G, decreases 

gradually and steadily with T. Both coefficients attain a minimum value: 

G k ( t ) m j n - 1- f k(k*l) (j-)
2 ; at = (2n*l)* (7) 

G k min * *" ^^~ ( f ) 2 ; W T *" " (" h a r d c o r e" } ( 7 a ) 
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The origin of this limitation can be seen clearly in our vector 
construction. It is obvious fro» (7), (7a) that the range of variability of 
G L ( O I G. becomes more and move restricted as j increases. This is 
the core of the problem of observing motions induced by hyperfine interaction 
in nuclear states of high spin. 

Let us now examin the limit of (6a) for small perturbations: 

r ^ i *(*•!) r V f -.2 . k(k*l) , ,2. J 
G k •* 1 *j—*- Op (WT) * 1 *5—*- (H>OT) ; o»o * j a (I 
wr*o 

introducing the frequency w . 
In order to examine the significance of u and u more closely we consider 

the triangle Í, J, t in a special case: t -LJ, representing in a sense the 
"mean" position of J relative to Í. 
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The hyperfine field, initially in the direction of J, acts on T so as to 

•ove its tip with a "velocity' v , and as the triangle T, 3,t turns we have 

(for J/I « 1 ) : v = «J. 

If we consider a hypothetical case where the hyperfine field is fixed 

along 3, the notion would be a precession around 3 with an angular frequency 

u' and: 
o 

V =w' I 
o 

we have: «' * -=-nt = &> o I o 

d) is, therefore, the angular frequency associated with a fixed «agnetic field 

in the direction J, and it is reasonable to assume: 

l'N g H(o) 

w is the angular frequency around F and it increases as I/J increases and the 

circle of turning becomes tighter: 

j T u N g H(o) 
W = T W = T — — — — 

J o •' n 

The relations we have derived here are confirmed in rigourous quantum 

mechanical calculations which yield for the limit considered in (7a): 
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h .in *I- *$* ^ 9 
* (21*1)' 

J/I -•• o 

k/I -*-o 

and 

G k -» 1- -^ Ujt) 

U F F ? T * 0 

w j s ' — w o ; wo = S ( 1 0 > 

We see that for small UT the motion can be viewed as a precession 

(properly averaged over field orientation) in a fixed field with the 

"classical" frequency u . Only as UT becomes appreciable is the coupling 

"turned on" and the motion acquires the characteristics of the spinning 

T, J,Ê triangle, with a frequency u or <•>__, that depends on I and J. 

The relation (8) or (10) is the key to 1-independent measurements. 

In the form in which the relation is stated this is not at all obvious since 

then clearly G. * 1, but we shall see later that it is possible to build up 

an appreciable perturbation in many steps of small precessions, each of which 

is sufficiently small to guarantee I-independence. 

We note, finally, that the limiting relation (9), together with 

(6), (6a)acquires general validity in the special case: J » 1/2: 
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Gv(t) - 1- M** 1* (1 - cos *'t) ' 
(2I*ir 

* utuiy i*{t»'ry 

an 
for J « 1/2 

(11») 

a 21*1 "N « H ( o ) ,„ „ 
w " 2¥ " -2J S " ( 2 U 1 > "o ( l l b ) 

Polarized HFI for saall ut 

This is again a situation where the field can be presuaed to be fixed 

and we anticipate a precession with frequency u (in this case a coherent 

precession)around J. 

We can derive the motion directly fro» (2) by replacing the operator 

Í by its (constant) expectation value <J> which we take to be in the z 

direction: 

1 ^ = a(f, J) = a(T, <J>) = a l z <H> 

<J2> 
the polarization p is given by — = — , and therefor. 

Z %} 

% * 3 J p z lz m UN * - , í 0 ) Pz \ 

This is the Hamiltonian for motion in a fixed field II : H * li(o) p , 
it Z Z 

and 'vhe angular distribution is given by: 

* A V N g H(o) 
*„(r.t) * "(•?«> t) ; w * — F — P, » 2 ) 

we note that the condition for the applicability of (12) is «t « 1, and 

not u t << 1. 
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The relation (12) for u again confirms our interpretation of t»Q as a 

precession frequency around J, appropriate for small ut. 

We finally give here a short resume of the various hyperfine frequencies 

that we have dealt with: 

around F: w p _, or u as an approximation 

-' " "l * 1/2, I - 1/2 " < 2 I + 1 K f°T J " 1 / 2 

around J (significant for small «•>_ _,t, ut): 

u. or u as an approximation. 

Specific Ionic environments 

The ionic environment is usually formed by stripping in the target foil. 
The degree of iDnization is usually adequately represented by the "matching 
principle" of Niels Bohr; all the electrons are effectively stripped for 
which the mean orbital velocity is smaller than the ionic translational 

2F 
velocity v; or, more precisely, for which: v>/ — - , E. being the binding 
energy. We also have to know the state of excitation of the ions. 
Experience has shown that this can be reasonably well established by means 
of a "matching width" which is associated with the matching condition. The 
"matching width" can be deduced from $. (v) curves of the relative frequency 
of the ion of degree of ionization i vs velocity,most of which have a logarithmic 
width of about a factor of two in velocity FWHM or a factor of four in ion 
energy FWHM, or again a factor of two in energy HWHM. 
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3 10 
VELOCITY (loTcm/Mc) 

We therefore postulate that the ions will be formed in all levels of 

excitation between the ground state E and. roughly, E /2 . 

ionization 
energy 

i energy of excitation 

ground state 
of ion 

I 
•5*2 

*i. 
mi 

matching 
function 
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Ne consider, now, the sain quantum number n; 

E. « E « -*-
1 n n 7 

FOT ions formed in the hydrogen-like state of ionization,the first 

excited state has a binding energy j- tines the ground state binding energy 

and is well outside our postulated region of excitation. Ne 

therefore expect such ions to be formed predominantly in their ground state. 

This is indeed found to be the case and one finds in such ions a dominant 

unique hyperf ine frequency u>* » as given by (lib). Tine dependant measurements 

for such ions were conducted with plunger instruments and they are very well 

described by the relation (11). These are inherently the cleanest and most 

accurate hyperfine perturbation measurements. They are restricted only by 

the limited range of applicability due to the very high recoil energies 

required, energies that on the one hand tax the technical limits of 

existing accelerators, and on the other hand lead to difficulties in the 

detection and analysis of the de-excitation Vs in a regime of high excitation 

energy. 

In considering now more complex ions we find that He-like ions are 

again expected to be preferentially in their ground state and therefore only 

weakly perturbed compared to !!-like ions. 

For L.-like ions the ratio of th- binding energy of the first excited to 

ground state is close to ^ and we therefore expect a dominant n*2 population 

with more admixture of higher n than found in ll-lik<* ions. There are 

however, now close 2s and a 2p levels, both of which are expect 3d to be 



_2H-

populated, with a total of four hyperfine frequencies. 

For Be-like and all the way to F-like ions the n*2 shell is still expected 

to be dominant, with relatively little excitation to n > 3. However, for all 

such ions there are a great «any levels within the n * 2 shell and all of 

these are copiously excitrJ. Moreover, aany of these level I > o 

and have therefore a large uuMber of hyperfine frequencies associated with 

the» according to (5)«and the frequency spectrua is quite coaplex. 

For ions with ground states in the n - 3 shell excitation of the n * 4 

shell is significant and the spectrua evidently gets progressively more coaplex 

for higher electron nuaber. 

In aost of these ions it is difficult to coapute the hyperfine interaction 

froa first principles due to both the comple.ity of the spectrua and the 

difficulty in coaputing the relevant hyperfine fields. 

In such iens one would like to attempt a different approach: to carry out 

measurementsinvolving a state of known g-factor and use it as a direct 

calibration of the hyperfine field. It is, however, qui*c obvious that this 

is not at all a straightforward procedure because,due to the complexity of 

the spectrum, the hyperfine field does not factor out. Special experiaental 

arrangements are required to furnish a factorization of the perturbation into 

a nuclear and an ionic part. Wo shall describe one such method in the sequel. 

Recoil into gas: collisions 

He now consider ions recoiling into gas and experiencing a series of 

collisions with the gas molecules. In between the collisions the inteiaction 

between the ion and the nucleus in its center is the same as in recoil in 

vacuum, but during the collisions the ion interacts with the gas molecules and, 

specifically, its angular momentum may be changed. We sh3ll assume in the 
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following that every collision wipes out the memory of the preceding 
history of the ion and reorients its angular momentum vector in a completely 
random way. The correlation tine over which the nenory of the ion persists 
is the average tine between collisions and will be denoted by T . 

It nay be thought that the addition of gas collisions to an already 
complex process will only complicate it further. Ne will, however, see that 
the gas collisions introduce a number of salutary modifications and simplifi
cations. Two of these can be readily perceived: as the ionic angular momentum 
changes in every collision, the T, J, t triangle is, as it were, reconstructed 
after each collision, and the hard core limitation on the movement of T is 
relaxed: as the collisions proceed, the vectors F anu * will diffuse outward -
from their initial orientation. In the course of the collisions the ion 
will also fluctuate among various states, so that every nucleus will sample 
essentially the whole gamut of hyperfine frequencies,"and instead of different 
nuclei experiencing different fields we now have all nuclei in an identical, 
albeit complex, environment. 

Due to the loss of memory in the collisions the perturbation process will 
appear the same whatever starting time we chose. Ff we consider the 
coefficients A. as function of time we have: 

'VW = W W for V t2 >y Tc 
Ak(t,) = Afc(o) G k ( V 

but: W V ' V0) V W 
and therefore: ^ k ( t

1
+ t

2
1 a V V ('k ^2* 

which leads to'-fi. (t) = e 

('.. ft)e" t / T d t » T - ! — 
k' ' 1 + X.T 

o 



-26-

We also have: 

G k - 1- X.T (13) 
k 

In order to evaluate the parameters A. we consider the angular motion 
of the vector T. This is an orderly precession in between collisions of 
average angle W.T but in every collision the direction of motion is changed 

*J C 
in a random manner and we therefore have a random walk in two dimensions of 
unit step: d = OI.T and a number of steps: n = — during the time T . o J c T c 

The mean square of the distance traversed in such a walk is given by: 
^2" .2 d = d n. o 

~~2 "> 2 2 In a directed walk we have instead: d = d" • d n . Ke now see that 
o 

if Uppi T < < 1 w e c a n modify the relation (10) in n way appropriate to a 
random walk perturbation: 

,2 T 2 
J c (W,T) * i - j V ' t 1 " * l ™ J T c r T~ = " j " T- T 

Gk ' * 3 toJ Tc l 

comparing this expression with (13) above we can evaluate X 

. kfk+1) 2 
A. a •= - U - T 
k 3 J c 
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and: 

k(k*l) 2 . 
G k ( t ) = e 3 W J ' c f c t / T c » 1 " 

. - p p . \ « 1 

(14) 

c - 1 T / - V 'W f̂c 1 (14a k 
, k(k*l) 2 
1 + 3 W J T c T 

T/T » 1 (14a k 
, k(k*l) 2 
1 + 3 W J T c T 

c 

These are the Abragam Pound relations for the specific case of hyperfine 
Ml perturbation. We note that (14) (14a) do not depend on I or J and we 
perceive that this is so because we have a diffusion process in which the 
unit step is sufficiently small. However, the I dependence appears in the 
condition of sufficient smallness: 

MFF' Tc «« ] 

as we have seen inr~, 'v u ̂  -r OJ ̂  -r u. and the above condition can be FF' J o J .J 
replaced by: 

(uyc) j « 1 (14b) 

If we require a finite perturbation in (14) then this relation leads to: 

u t - t > 1 J I 

We see that we can employ a given hyperfine field for the perturbation of levels 
cither of short lifetimes or of high spin. 
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Ne now consider a complex hyperfine frequency spectrum and assume first 

that there are two frequencies u., u», with weights A , A 2 respectively. 

We then have: 

_ . „ . "Xltll "V21 m " Xl t12 ~ X2 *22 ~ X1 *13 
G. (t) = e e e e e 

where t. . is the time associated with the frequency i, at its j-th occurrence. 

we have : (S tj ) / (E t 2 ) = AJ/AJ 
1 J 

and: 

-(AX • .V,X,)t 
G k(t) - e " " ; Aj + A 2 - 1 

or more generally: 
t . , , 2 , k(K+l) 

GK(t) = c ; fA( U j ) d U j = 1 

2 kQ.+ n ^ k(K+l) , U N . 2 ,J+1 u , , 2 . 2 „ M e . 
"UJ - 3 V ' 3 - l T } i ~ H ( 0 ) } T c 8 * ( 1 5 ) 

G R ( t ) = e = e 

We see that within the Abragam Pound regime wc get a complete factorization 
of the nuclear and the ionic parameters even with 0 complex interaction frequency 
spectrum. 

Another important simplification associated vvith the Abragam Pound regime 
relates to cascade transitions, such as are frequently encountered in the decay 
of high spin states. If t̂  is the time at which the level i decayed to the 
level i + 1 nnd if t. » T for all j then: 

1 c 

% 
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v̂  - w w 
u n(t) 

G.(t) = e" " 3 ( TT} (T" H í o ) ) T c l- g i li 
i=l 

The decay times t. will usually have to be averaged over, and it is 

therefore just as convenient to consider g as a continuous variable and: 

ck(t) 
_ ̂  U M 1 ,* ,2 p M „,„,2, t e f f 2 ( t l ) d t , ( M ) 

The coll ision time T i s given as function of pressure and ion velocity by: 

TCCP,V) - ifcL - i ^ (17) 

where N is the number of gas molecules per unit volume , I is the mean free 

path and o(v) the collision cross-section. 

For not too deep shells and for simple gases a is of the order of 

%5 10 cm . This yields a correlation time of % 10~ 1 3 for v = 0.01 c 

and at normal temperature and pressure. 

Nip) N ( P O } 

We have: —i&L = and: 
P P o 

V p » v > • N(pJ o(v) pv 

^Vc' 

We can therefore write- (15) as: 
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\lt. P. v)=e--V- j L=« t / (P v ) (18) 

... _ .. , - Po 
with 

2 

'¥ HCo)2) 

= = [v.Z) 

N(p o)o(v) 

and 
with the value given above for a, with / -~- H(o) = 50 Megagauss and 

with p measured in atmospheres and v in units of c, we have for H : 

^ 1.5 10 8 s' 1 

The dependence of . and 2 is a consequence of its ence 

on the state of ionization. This, however, is a smooth and not very 

fast function of the variables and the dependence of H on these 

variables is, therefore, monotonic and not very steep. 

Experimentally, the functional dependence of f» in (18) is traced out 

either as function of time or as function of pressure. 

In a cascade: 

- ^ l o g ( y t , p, v) = i i ^ E [ g ( t ) ] 2 

l'"hat if the conditions for the applicability of the Abragam Pound 

relations art not fulfilled? For any given ionic state an exact calculation 

can be performed free of any restrictions, with the aid of the Scherer-

Blume theory6^. For low values of t this theory deviates from the Abragam Pound 

relation, anJ the attenuation is dependent on I and ', as 

is to be expected. Outside of the Abrag.nm-PoimJ regime the mean ionic 

angular momentum becom-.n another ircportant ionic parameter. 
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For numerical estimates it is sometimes convenient to use a second 

order approximation to the Scherer-Blume theory, the first order being 

the Abragam-Pound relations. To this order the relations (14) (14a) 

are replaced by: 

_k(k*l) 2 
Gk(t) = e ^5 MJ V Kk < 1 9) 

1 
Jk , k(k+l) 2 

3 J c k 
., . 2 

with K^ = 1+ (wjTc) /iilllli + [3k(k+n-ii LMzllWlRl 
\ 4J (.!•!) ^ * 1 * l ) l J 20J(J+1) / 

exhibiting the onset of the I, .1 dependence as well as a modification of 

the k dependence from the characteristic k(k+i) Abragam-Pound dependence. 

The time dependence of the attenuation is still exponential in this 

order. However, in a complex spectrum the perturbation cannot any longer 

be completely factorizeJ into nuclear and ionic components. 

Dynamic Magnetic Fields 

Another promising method for measuring magnetic moments of high spin 

states is based on the so-'-illed "transient" or "dynamic" magnetic fields. 

These are intense fields experienced by fast ions moving in magnetized 

ferromagnets. The phenomenon was discovered in 1967 and it was then 

tentatively ascribed to the transient capture of polarized electrons into 

deep ionic orbit*. In 1'>71, a reasonably complete and qualitative theory 
8) was presented by Lindhard and Winther which - with a certain ad hoc 

adjustment - appeared to give a good account of the data then existing. 

(19a) 
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In this theory the dynamic field is assumed to arise out of the 

scattering of polarized electrons on the moving ion. In recent measurements, 
9) 

however, serious drawbacks in the Lindhard-tfinther theory came to light . 

It was found specifically that the field increases with increasing velocity 

(up to a very high value of the velocity after which it decreases down to 

zero ) whereas the Lindhard-Winther theory predicts a steady decrease in 

the field vs. velocity. Due largely to the characteristic velocity 

dependence, which parallels more or less the velocity dependence of the 

free ion field, notions of polarized capture are again surfacing, and 

with them - questions about a possible I - dependence of the dynamic field. 

Ne shall, however, see shortly that judging by our criteria, such an I-

dpendence can definitely be excluded in this case. 

In a limited range of velocities the dynamic field can be described 

by the following relation : 

IKZ.vO "•' a' Z. x—) V ? \ p 

o 

v = e" , N i s the densi ty of polar ized e l ec t rons , and a* = 69(6) 
° *T P 

The d i r ec t i on of the f ie ld It i s the d i r ec t ion of the magnetizat ion. 

i f the ii-ns pass through a foil of thickness I., during a time t , the 

precession angle of the nuclei i:; given \r;: 

A6 * / C , d t = ^ g / r I I dt - g - | ^ ^ N / ' v d t ' 
o o o o 

here AO, g and II are considered as absolute va lues . The sign of AO is 

determined by the d i r e c t i o n c>f H, given above. 
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W N a ' Z M . 
* i\ v B p 

o 

and specifically for iron f o i l s , in convenient units: 

(fi8/mrad) * 0.34(3) x g Z(L/«g-«~ 2) 

Here the precession is produced in a sequence of many encounters with 

the individual steps adding coherently For a rough estimate of T , 

the duration of a"unit step" - we use the relation (17) which we expect 

to be approximately valid also in a solid. We then get: 
_4 -•> T v * 10 mg-cm ~. The "unit step" of the precession ,UJT , IS 

-8 I 
therefore: % 3 10* g Z.and the quantity urr, y of (14b) will be very 
small even for extreme values of the parameters. 

Experiments 

Experiments of both types discussed here are in progress now in various 

laboratories. 

Experiments involving recoil in gas are usually carried out in conjunction 

with (H \ xn ) reactions with the heavy partner in the reaction usually 

serving as projectile, to attain maximum recoil velocity. The control of 

the interaction time is achieved by means of a plunger arrangement where 

the recoils are stopped after a given (and variable) recoil distance. 

Through the Doppler effect one can distinguish between Y'S emitted in 

flight and at rest ,and the latter are those emitted from nuclei which 

experienced by hyperi'ine interaction for the entire duration of the flight 

time to the stopper. 
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Measureaents with dynaaic field are usually carried out following 

Couloab excitation, with the recoils passing through a magnetized iron 

foil and the Y'S counted in coincidence with the scattered particles 

or the recoiling nuclei. One measurement involving dynaaic fields and 

following excitation by a (HI ,xn) reaction is now also in progress. 
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Í 
Introduction 

With increasing spin the nucleus i s becoming increasingly instable 

to several decay modes. Ultimately the nucleus no more holds together. 

Fragments fly apart or individual nucleons are shaken off. This corresponds 

to the decay modes of f iss ion, alpha emission or neutron or proton j 

emission. ! 

Consider f i r s t f i ss ion. The fission barr ier obviously weakens with 

increased angular momentun. The si tuat ion i s i l lus t ra ted in f ig . 1, 

constructed for the case of ^ U . The potential-energy surface i s that 

of a sc-callwi rotating liquid-drop (which WE shal l specify bclcw) with 

sore minimum correctior. to give a correct ground-state shape. The "liquid-

drop" is assumed to rotate as a rigid body around the axis of maximal 

ine r t i a . Due to the increase in iner t ia with acformation, the rotat ional 

energy associated with a certain angular nomertu'n becomes smaller with 

increasing defonrction. Thus for higher spins the barr ier i s fcund tc 

erocte unt i l for the *" I.I case a t spin near 74 the barr ier entirely d i s 

appears. From th i s argument i t appears that for t h i s nucleus no nuclear 

spins can be real ised beyond th i s c r i t i c a l spin value. 

I n v i t e d l e c t u r e d e l i v e r e d a t t h e P o s t - C o n f e r e n c e School -
" T o p i c a l Themes i n Heavy- ion S c a t t e r i n g " , a t t h e 
U n i v e r s i t y of t h e W i t w a t e r s r a n d , J oha nne s bu rg 
9 - 1 1 Augus t , 1978 
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Altematively the high spin may result not from a truly collective 

rotation but from single-particle excitation. In that case orbitals ( 

carrying large angular momenta are populated selectively among all 

available orbitals. Followed through, this argument leads to rather 

similar conclusions. Thus orbitals higher in energy will be 

populated. Ultimately this will lead to the population of orbitals bound 

only by the centrifugal barrier. Nucleons in such orbitals easily penetrate 

the barrier, leading to deexcitation by e.g. neutron emission. Alternative

ly two neutrons and two protons may choose to escape simultaneously in 

the form of an alpha particle th^^eby gaining an additional 28 MeV of 

alpha particle binding energy. A more systematic discussion of this 

problem on stability and spin will appear in the following. 

The yrast spectrum 

17E If one studies a realistic nuclear spectrum as that of Hf in fig. 2 

which may represent even-even nuclei, to which we here limit our 

attention, one Lecomes aware of the fact that 1) the level density 

incieases rapidly with energy 2) there is all the time a preponderance 

cf lev,-spin, states 3) there is clear evidence of an energy gap due to 

pairing. The gap is? usually cf the order of 1-2 MeV. Below the gap there 

IE the grcund state, which in ar. even-ever nucleus always has spin C . 

Within the gap there are then only collective rotations or 

vibratiens,. Above- the gap are states generated by the braking of one 

rnutrtir cr one proton pair. There in then e sudden raise in the density 

cf itclds. 

To sir.plify the discussion it IK very useful to plot the spectrum 

in terns of energy and angular momentum ar. is done in fig. 3. Of particu

lar interest are. the states lowest in energy for each value of angular 
1) moreriturr. These arc the so-called "yrast" states . The word yrast is the 

http://sir.pl
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superlative form of the adjective "yr" in Swedish, meaning "dizzy" as 

well as "whirling". The term refers to the fact that those states are 

the ones of maximun angular murprtun» for given energy (the most 

whirling, spinning ones). The yrast region is interesting because 

sequential ganma decay ultimately populates these states selectively 

and often transitions between them stand out in the empirical spectra. 

They are also calculationally of interest as they correspond to the a 

"cold" nucleus, i.e. all the energy is tied up as rotational energy 

implying a low (or zero) entropy. 

Returning to figs. 2 and 3 we see the ground-state rotational band 

providing a sequence of even-yrast spins all the way up to spin 16 , 

where a 401 vsec isomer at 2066 keV, usually described as a 4-quasi-

perticlc excitation of I=K=16 beccnes the yrast state. The iscneric 

character of this state, in spite oF the fact that a 14 , a 14 , a 15 and a 

15 are situated conveniently below in energy, reflects the different 

nature of t^e *6 state. Rotations based on this K>16 intrinsic 

structure with spins 17 , 16 , 19 , 20 remain yrast until a new yrast 

isomer cf 43 psec end I=K.=22~ occurs at 4864 keV. The latter is 

classified as a six-quasi-particle excitation. 

The fact thet the character of the yrast lire of states changes 

drastically et about 3 PleV cf excitation and for spins about 14-16 cen 
* 

be seen to if-flect the more general feature, first pointed out by 
2) Khoo fi*. til- , that the nucleus changes its coupling scheme from one cf 

pn.ic~.te shape,with ictaticn perpendicularly tc the deformation axis, to 

another iichene clso involving a prolate nuclear shape but with the rotation 

arcund the dnforrotion axis. This point will be discussed in mere detail 

below. 

http://pn.ic~.te
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For still higher spins the nucleus probably goes triaxial and the 

yrast states correspond to truly collective rotations again. We will come 

back tc this point later. For the moment the level scheme of fig. 3 just 

serves to provide us with an illustration of what an yrast spectrum may 

look like. 

The liquid-drop model of nuclear rotation 

A basic reference describing the interplay between nuclear angular 

momentum and assumed nuclear shape is the paper by Cchen, Plasil and 
3) Swiatecki frcm 1972 . In this the nuclear deformation energy was 

considered tc be made up of Coulomb, surface and rotational energy. The 

surface energy is assumed strictly proportional to the area of the 

nuclear surface, which latter in turn obviously reflects-, the shape. 

(The volume is assumed constant.) The nuclear shape also enters in the 

value of the Coulomb energy and the rotational energy. The latter is 

assured tc be simply that of a rigid body in the mentioned reference. 

The usual g, Y shape parametrisation consistent with 

the axes of the angular surface: K=1,2,3 

R - R (P.\> 11 • (5 CCE{<~* > ) ) / L TT 
K 0 .J t n ii 

The defomation plane in t> end y is usually drawn as in fig. 4. (The 

figure really refers to f ancJ -y, see below. For small deformations the 

difference betwnen f, enc t is insignificant eprsrt frorr a factor near 1.) 

Without rotation there is of course no distinction between the different 

permutations in tht-: choice cif the c'xes c,s x, y and z. This situation 

is reflected in the fact that the nector 0''<Y<60 is repeated sixfolrily. 

Of the other hand the situation is different when rotation is included 

enr; -• i-etati.cn tixis «signed. WR shall here assume that reflection 

E-yrrmi'try r:f the asrured nuclear shape is retained. The rotation axis, 

ur.ur'lly <L:Ei!nr,d ac t.hr y-nxic, new introduces another trait of distinction 

http://i-etati.cn
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and makes three sector's unequal. Thus in our discussion we shall have 
to consider the entire half-plane -120°<Y<60°. 

The oscillator shape parametrisation 

The calculations of the Lund-Warsaw collaboration, which will be 
discussed here, are based on a harmonic-oscillator derived potential. 
This is included to account for non-classical effects of shell structure 
(see bblow). For this reason a slightly different shape parametrisation 
is naturally introduced (the so-called perturbed-ellipsoid parametrisa
tion). It is easy also to calculate the macroscopic terms in this 
perarretrisation. Consider a three-dimensional harmonic oscillator. 

where 

a> = to (e,-y) [1 - ̂  E cos(y - -V)] 
_y C w 3 

(.-, = u. (e,y) [* - $ e cos Y] 

Thf:sfj exprcf-r.ionj- ray tt inserted into the expression for the potential 
to give 

V - 4 Ku>c P2 [1 - | e / 5 ens v Y ? p ^ E / ^ ^ X (Y^Y^)] 

where 

> 2 = /jr U x x 2 + w y 2 +(c zz 2) 

Ir this form, the potential is easily general i cat tie to include various 
4) other multipolBS simply by additions inside the bracket. . To generate 
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hexadecapole shapes, describing the development of a nuclear waistline, 

one may simply add a term K w Q p 2 e 4 Y 4 D to the harmonic oscillator potential. 

To go from this expression to the potential shape will be discussed below. 

As far as the potential goes, these parameters e, e^, etc. give a 

very convenient way to parametrize shape, while the matrix elements of 

the single-particle potential are kept very sinple. The prize for the 

simplicity becomes obvious when one tries to express the radius of the 

nucleus as a function of angle. This is not so easily done. One has then 

first to decide on an equipotential-energy surface, e.g.: V=V , V chosen 
4n such that the enclosed volume equals -=- R 3. (In fact as long as you 

stay with a pure harmonic oscillator and do not add spin-orbit terms 

etc., all potential-energy surfaces have the same shape.) 

One can then express 

p = p(6,$,Vc,e,Y,e4) 

and finally from the relation between p 2 c,rie u x 2, w y 2, u> z 2 one can 

finally obtain 

r = r(0,i>,Vo,E,Y»c4) 

In fact t i s mainly responsible f o r the quadrupole moment únrí t. 

for the hexatiecapcle moment but both var ie t ies contr ibute to both of 

the moments. Final ly the pe ten t i f l shape is alsr, usually sssurned to be 

erjutil ic thct of the ciursity. For small c the re la t ion between e and p i s 

e * V ~ t>«G.9b P.. 
IDT! 

Thn potential-energy surfcice of the rotating, l iquid-crop 

b) TÍ13 results nf ;-. cdcu la t ion cf the potential-energy-surfpcee of 

the nucleus L.n< fo r a sequence of spin vslijes i s giver in f i g . 5 i r terms 

of e ontJ Y- i t i s to Le noted that the calculations cf f i g . 5 apply to the 

p.le i-0U'.\.:.rg Mr;u.ri-r;rup. As mentioned abeve, the energy p lot ted is the sum of 
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surface. Coulomb and rotational energy, where the rotational energy 

is assumed to be that of a rigid body of the specified shape. The 

rotational axis is furthermore assumed to be that of maximal moment 

of inertia. Only one sector, 0°<Y<60°, needs therefore to be considered. 

From the figure the energy minimum is found to move from spherical to 

more and more oblate, until suddenly there is a transition from oblate 

to triaxial (nearly prolate) shapes. This is found to take place between 
154 spin 70 and spin 80, or more precisely at 1=78 for Sm. This number 

is in clomplete agreement with the findings of Cohen, Plasil and 
3) Swiatecki . One should note that the shape parameters used in cur 

calculations are e, te and y. On the other hand the plot is in terms 

of e and y. Thus for each grid point in c and y the energy is minimized 

with respect to e*. Without the inclusion of r, no reasonable! barrier 

cculd be obtainec. 

The interesting oblate-triexial transition predicted in terms of 

the clc-Esiccl nocel by Cohen et al. should be ranifest - to the 

extent the rorie-1 applies - in terns of the experimental occurrence of 

two crossing rotational bands. In teims of a rutational-rrcment of inertia 

v£. Lransiticnol-eneigy plot, e strong sc-callec "back-benaing" (the 

"super back-tend") E-hculd he observed. 

6) 
Ac was pointed eet. by Hctteisor. (Copenhagen lectures, 1974) , the 

adjustment of the; nuclear shape in thr direction of r,,ore and more 

deformed ^metric ctlotef can in the lirr.it of very large distortions 

be i:.;f:tiri*itoc' tc lead tn a rair,e ir, energy with spin proportional to I 

(compared tc the I2- dependence of the spin-nonedjustable rigid shape). Cr t.h- other hand, the triaxia], nearly prolate, shape (rotating per-

pendieularly to the deformation axis) ( 
in the limit of very elongated shapes. 
pendieularly to the deformation axis) gives rise to an E-l'" " dependence 

http://lirr.it
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Thus, for rising I, the rotating oblate becomes superior to the 

rotating sphere. Similarly for still higher spins the rotating very 

stretched prolate ultimately becomes still more favourable. 

The inclusion of single-particle structure 

Obviously the single-particle effects neglected in the classical 

picture need to be considered in addition. Thus they are responsible 

for the simple and wellknown fact that not all nuclei are spherical. 

The shell-correction method developed by Strutinsky is a well-

tested method for the addition of shell and liquid-drop effects, the 

so-called marriage of the single-particle and liquid-drop models. 

Cur first task is that of calculating single-particle orbitals -

and this tirrt: in a rotating potential. 

Our Har.iltonifin appropriate to the rotating nuclear system can be 

shown to be 

H =1! -UfoJ 
u.- 0 X 

where H is the sum of s i r .g ie-pert ic le Karriltor.ians Ih without ro tat ion 

cf tht; nur.lecr f i e l d . I t i s the k inet ic erergy plus the po te r t i a l discussed 

ehovK but with T»s and ii2- <P>) ternc added. The term wJ , where m is 
x 

the frequency of nuclear rotc t icns znd .1, s Z j the t o t a l angular momentum 

in units of Vi, can be viewer! ir. two ways. The f i r s t way is to consider i t 

Ú Guhsidiriry condition prescribing a de f in i te t rgu ler momentum, with u 

beting c Lfigrargiar, mu l t i p l i e r . 

In th is way cf looking at things we t r y to calculate s ing le-par t ic le 

orfcitrils subject tc; the aux i l ia ry condit ion of a t o t a l angular romenturn 

3y * £ j y ' Hre should ncte that wr, confjider 6 completely c lass ical 

retention around a specif ied axis and neglect the difference always 
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present in quantum mechanics between the length of the vector J and the 

component 3 . For the very-high-angular-momentum states that interest 

us* the quantum wabbling is, however, negligible. 

An alternative way to consider our total Hamiltonian is the 

following. We consider 

h = t • v s -ij-A • v o o o 2m o 

and transform the coordinates of the inertial system (in which quantum 

mechanics is formulated) to the rotating system anchored in the nucleus. 

One then finds that the kinetic energy transforms as 

fc2 A - J A ' J»U>*X 

2m 2m 

where i, is the x-componcnt of orbitel angular rronentum of the particle 

defined in the inertial systerr. Furthermore A' is the Laplacian in 

the rotating system. The rotation of the primed system occurs around 

tr B x-axis with u being the angular frequency. The term u>£ then 

contains 1.Ke contribution to the Haniitonian of what in the Lagrar.gian 

formulation iz rors ear.ily recognized as the sum of the Coriolis end 

the centrifugal terms. Treating spin in perfect analogy to the orbital 

angular rromentur., it if; natural, finally, to generalize the term u£ 
A 

to /tj . 

We thus solve by diagonalisaticn 

f i d . ~ B. d. 
t / .1 l *i 

Those now single-particle wave functions d-f art; different fron the 

static solutions of w=0. Thus the orbitals "Lend" under influence of 

Curiolis and centrifugal forces. In particular the time reversal 

degeneracy is removed. One should note that the eigenvalue e? are not 

to be considered the corresponding energy value». These and the 

i 
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10. 

associated angular momentum have to be calculated on the basis of 

the proper operators in the inertial system, but also on the 

basis of these wave functions. In this way we obtain the expectation 

values 

<e.> = <»"|h0|*J> 

«V = <*Jl j

xl*ï
> 

Based on these matrix elements the total energy and total angular 

momentum is obtained as 

E = <Ii^|H In •"> = Ï <e.> T i ' o' Ti *• í 

I - M - <n 4?|J |n •"> = I <m.> 

One should note that these total expectation valuer E and I depend on 

the order of filling of the levels 4?. This in turn is decided by the 

values e". Furthenrorf toth E and I are functions of the rotational 

frequency ui. Thus one may write: 

E = E(o-.) 

tind 

I = Kui 

From thiisp u nry L.e eliminated fcc give the denired relation 

E - EC) 

To run tho t.ffectr. cf rotation on the o r t i t a l s i t is enlightening 

to r.tiidy f ig . 8 . This diagram depicts energy levels between neutron 

nurrbrrr, ;\i*74 arc! N»10T> at a deformation c e 0.25, y s 0 (pure prolate) for 

rtitotiuritjl fiequpriciesii w»0 to C.1G u , where 01 is the characteristic 



-47-

oscillator frequency. The energies e? are shown, in units of M u , 

in fig. 6. Let us there look near u>=0 just below N=88, where we 

recognize the orbital [660 1/2]. The latter is doubly degenerate with 

fi= ±1/2. It is found to split immediately with u. The slopes of the 
ae" 

orbitals with u, i.e. •=•—, are proportional to minus the angular-
momentum component on the rotation axis, the x-axis. The split two 
orbitals of [660 1/2] thus quickly acquire large positive j -values, 
in fact approaching 13/2 and 11/2, respectively. 

Similarly [651 3/2],[642 5/2] are found also to break the time 

reversal degeneracy rapidly with u> and align their angular monenta to 

positive expectation values of j . The mentioned N»6 states are just 
81 those which Stephens and Simon first predicted to be responsible for 

the so-called back-bending phenomena seen in nuclear rotational bands 

above spin 10. 

A fur ther analysis o f the alignment of the orb i ta ls of e s i r r i l e r 

high.-angular-rorentum subshRll, narely h 11/2, i s seen in f i g . 7. An-ong 

the orb i ta ls exhibited in th is f igure consider the j„=ii=1/2 c r b i t a l s , 

which art; the crb i ta ls most loosely ccupled to the z-ox is , the deforma

t ion axis, Already for vory small ro ta t iona l frequency the orfcitals 

ett f . in sizeable values of <j > and ul t imately go ever in to the ir-aximal 

i-.ligmanz values.; •11/2 cine +ÍJ/2. 

Ths Strutinsky metrioc -'or- tho ro ta t ing case. The addition of l i qu i d -

e'rep and she l l ccrrectior. energies. 

For u=fj the forrruiatior! of the St r t t insky method if> well-kr.own. 

Tht: pr inc ip le is to compare the sum of occupied energies with an 

a l ternat ive surr of energies, with the pa r t i c le occupying a set of 
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levels systematically smeared e.g. in the energy dimension. As all 

shell structure thereby is extracted, the latter sum should in 

principle be consistent with the liquid-drop model. The sum of energies 

based on the smeared levels may therefore be replaced with liquid-drop 

formulas. The replacement has the advantage that systematic average 

deficiencies from the nuclear potential can be subtracted out and 

replaced by the semiempirical mass formula fitted to an overwhelming 

number of mass data and fission barriers. 

We now repeat the same procedure for the case of M / 0 . Following 

9) 
ideas originating from Jennings we write for the actual level 

density 

g^e ) = I «(e -e.) 
i 

The actual unsmeared density of single-particle; levels, e", defined 

fcr the rotating field, is thus a set of 6-functicns centered in the 

level positions i. 

Similarly one defines a tipin density furctior 

i,.,(f ) = ) <r--..> óls -e.) 
1 .1 VI 1 

This ir the distribution of spin, corrcopcr.ding to a set of 6-furcticns 

eacl weighted by the; proper sp:;r.s. 

Using thp Gtrutinr.ky sr.ear.ing functions, one obtains smeared level 

dc-nsiti.es and spin densities 

CO 

g^e ) •-• J bit; -E t í'^íc Jde 
-» 
O) 

fc~(e ) = J £(e -e ; g.,(e )dc 

when. F.(ew-c°') ir> the Etrutinsky smearing function. 

http://sr.ear.ing
http://dc-nsiti.es
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Frcm the discrete levels one obtains a total spin as 

X 
«D I ~ J E 2 de' 

and the energy based on the unsmeared single-particle levels 

X 

Egp « / g 1 e W • »<* I 

where X is the Fermi surface. This latter formula is based on the fact 

that the real energy is related to e", the eigenvalues obtained for 

the rotating system, as 

<e.> * o. • Kw<m.> 

Simi lar ly the spin and energy based on the smeared level density and 

spin dens i ty i s obtained as 

1 = / g-, UP 

ana 

E s p = ' £ 1 P C f c * *» * sp 

where w is thn K values assoc ia ted w i t h I . From these equat ions we can 

e i i n i n a t e <u end Ú, ( c t l eas t numer ica l l y ) anc ob ta in 

E - t ( I ) 
sp sp 

6r:C 

F = E d ) 

The propor r.i«f?ll energy is then obtained as 

E.h«» • V n - e m 



-50- 14. 

The two energy expressions are thus to be evaluated for the same I, 

which noimally implies that different» and S have been used. 

For u=Q Strutinsky pointed out that one can by inspection of 

a single-particle diagram inmediately see in which regions of 

nucleon numbers the shell energy is large and negative. This is the 

case where the level density is low. For «/0 the situation is slightly 

complicated by the fact that E and E are to be evaluated for different 

«-values. This in turn is associated with the fact that the orbitals 

carry angular momentum. The e. values in a way represent the orbitals 

in a filling order that takes the angular momentum contribution into 

account. 

One can define a quasi-shell-energy 

q.s. sp 

10) and furthermore show, as done ty Ragnarsson et al. , that this differs 

fitm the normal shell energy defined for constant I, tc lowest order 

cJS 

E . (I) = E («) - i?(«-£)2 sh q.G. 2" 

The latter term equals to lowest order (tf2/2?)(Al)2, where Al is the 

difference in angular ncrrer.tum betwren the discrete and smeared single-

p&rticle level case, evaluated at c3 fixed w-value. 

Ti,« difference eri-rgy is generally small, decreasing systematically 
-1 with f- as A . Fcr /^100, it is generally less than 300 keV and can be 

neglected for the higher TCSD values. 

In ronclusion one can, in similarity to what Strutinsky did in 

the w < (;oi;e,go directly to a ciagram of c" vs a and there look for 

the low-density regions. 
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The total-energy surface 

Assume that the calculations have been completed for E s h e l l ( I ) . 

We are then ready to add the surface and Coulont) energy terms together 

with the shell energy contribution and furthermore a rotational-energy 

term, the latter being that of a solid body, of a shape corresponding 

to t, t. and y, choosen for one of the grid points. For the high spins 

the additional assumptions is made that pairing can be neglected. (For 

the case of rotation around the symmetry axis we have included pairing 

in specific cases.) We have 

ET0T(c. tA. y) = E S U R F(e, ^, y) * E ^ U , e^. y) 

• ^ I t I * 1 ) * E 8 h B l l U . . . . 4 . Y ) 
rig 

In general in the Warsaw-Lund calculation e* is chosen so as to minimize 

the sun only of the of macroscopic terms. E . ... is then calculated 

for that c.-value or, in earlier codes, for c.=0. 

Calculational results 

The addition cf liquid-drop and shell energy tenrs results in 

potential-energy surfaces for a set of spin values like those of fig. a 

vclid for " Yb. Thus for I»0 the shell energy is responsible for a 

strung prolate pininor- alori£, Y = 0 (prolate shape). This would not be 

cf sr;ged had pairing been included. With increasing spin the defcrmation 

dininishes somewhat due \o a weakening of the shell energy with 

increasing u. For I near 40 there is essentially y-instability and 

between 1=40 anr 7C thn nuclear shape is characterized by a trajectory 

along the yBÏÏ axifs with the rotation taking piece around the oblate 

sjynmfjtry axis. For I between 70 and 0C the liquid-drop effects lead to 

& change in the direction of triaxiel shapes. The change may be even 
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more dramatic than in the purely macroscopic case when she l l energies 

are added as a secondary minimum due to shel l e f fec ts i s well developed 

already at spin 70 for e«0.4, Y " 2 5 ° . The similar case of 114 i s shown 

in f i g . 9. 

This history of shape vs spin i s characteristic of a f a i r number 

of nuclei . This type of trajectory was f i r s t encountered for very 

neutron-deficient rare-earth nuclei . In f i g . 10 we exhibit the 

different shape trajectories followed by s i x even-even isotopes of Yb 

with A ending at 166, near the s tab i l i ty l ine , and starting from the 

very neutron deficient A=15C isotope. The la t ter nucleus i s reached in 

heavy-ion reactions where a few neutrons are emitted fror: the compound 

nucleus. All isotopes between A*160 end A=166 are p ro la te ly deformed in 

t h e i r ground s t a t e . The inclusion of pai r ing (general ly not allowed for in 

these calculat ions) could conceivably change the s i tua t ion for e few of 

the cases , probably in a way tn allow c t r a n s i t i o n to o t l n t e for a lowtr 

spin value. 

Frcrr the s e t of t r a j ec to r i e s one. can also notice some that move 

into the sector of negative ^-values . (The inter-est of t h i s sec to r of 
11) tU; y-plane was f i r s l pointed out t c us by flergaard and Pcnhkevich .) 

A regct ive y-value irrpiircs, in the c lass ica l case of r i g id ro t a t i on , 

t h : t the nucleus r c t t t e s aroi'nd a pr incipal axis e ther than the one 

with n.r\y.ir<,i:l i ne r t i a for_thr. .ij^io shepe. On the oth.er hand t o r a 

vor t i ce - f i ce l iquid re t« t ion o t ra jec tory into the plane of negative 

•y-values ÍE trxpoctijcl, as pointed out to i>s by Fiyer-tei-Vehr. 

Tht: o ther ot:vifj'ji; p'hencn»:r.-cn obeervne' in the l i g r t - r a r n - c a r t h 

calcnlctionn of a decreasr i r c with an increase in I i s sinply a 

rvi'If.'ction of the fi.it.I that, the negative she l l energy for K. i s 

rjcilu/'lly eraJeri with increasing u. Thin behaviour i s expected for 

f: r-r-y rt.twuen V'S nr.ti 102. For' ti<?<C and U>">M one expects the reverse 

efff e l . Pnr snciild tie CIIE to obst/ivp t h i s ef fect fiom the level 

http://fi.it
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spacings of the even-even rotational bands - (with one l imitation). As 

the calculations do not include pairing, the applicability of the 

predictions is uncertain below, say, 1*20. From the review by Lieder 

and Ryde on high-spin rotational bands (see f i g . 11) one may 

find a weak experimental support of this change in transition matrix 

elements for spins between 10 and 16. The stretching in e beyond N*1G4 

is clearly associated with the f i l l i n g of orbitals from the higher-N 

shells, while for N<104 only non-filled sphericity-favouring orbitals 

of the sane shell have to be populated. 

The most interesting results of these calculation i s , however, the 

predict ion of a substant ial part of the trajectory as ly ing along Y * 6 C ° . 

These parts o f th t t ra jectory imply symmetric oblate shapes and a 

ro ta t ion around the symmetry ax is . Such a ro ta t ion cannot be purely 

co l lec t ive but is based on s i r .g le-par t ic ie exc i ta t ions. As f i r s t 

14) pointed out by Bohr and tfotteison in t h e i r Ronneby paper of 1974, 

consequtive yrast states in th is region of defcrnatior- ore therefore 

not closely re lated to each ether as those of a co l lec t ive ro ta t iona l 

band and a t rans i t i on between then rray involve the rearrangement of 

SfivMv.l part icif- is. In addit ion to rearrar.genent traps also real energy 

trapr. con be expected. 

Pecent experimental ctuuien of ££fima t rans i t ions fol lowing (heavy-

ion , xn) reactions or the DaiTP£;tadt LMILAC accelerator by Pedersen 
15) fit a l . indicate the experimental occurrence of one or several 

nuclear gamma-ray isomers in a large number of nuclei in the 1*20-30 

spin region and f o r nuclear masses in thp region 64<Z<7l) and G2<N<68. 

Three obvious tasks now present themselves i n the theoret ical 

calculat ions. 1) The survey of spin t ra jnetor ies over a larger region 
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in N and Z. 2) The detailed predictions of spins and energies for 

the traps in the yrast band. 3) The understanding of the more general 

mechanisms at work. 

Survey a region of mass extending from 3,S3 to q.Pu 

A similar survey to that described for the N>82 neutron-deficient 

rare-earth region as of ref. has been performed over the extended 

area in z and N as shown in fig. 12 for I near 20 and in fig. 13 for 

I near 40. Two oblate synmetrie regions stand out in addition to the 

one region already discussed. One is connected with proton number 

Z*8? another with proton and neutron numbers slightly in excess of 36 

(which latter for the Is!.G. potential happens to be a closed shell for 

iu=C corresponding to a 7:3 shape). 

Another region is associated with 1-12 and N=106 and prolate-

syrrmetric chape with the rotation taking place around the prolate 

syrTrrtry axis. 

For the near-spherical shapes one can understand the; occurrence; 

of crt-ll citlete-syrrrvt-tric deformations at high spins as being cnly to 

a small degree generated by average "liquid-drop" effects although the 

li que-crop model indeed favours synmetric oblates at high spins. More 

important is the? systematic occurrence of closed shells for certain 

new ccrhinations cf t and w, as can he seen in fig. 14 (valid for 

protons) arc! fig. 15 (valid fcr neutrons). 

Consider fig. 14e, valid for e=0. Gne sees the Z«5C, 62, 126 and 

104 shells eroding away already at w frequencies, that correspond to 

pre,ton spin ccntributicnc of 2C (lowest dashed line). One also sees a 

bend of the valleys towards larger Z-values with increasing co. This 
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can be interpreted as follows. For spin zero the closed shell is, 

from an energy view-point, a highly favourable situation. To generate 

higher spin values a closed-shell nucleus requires a large-energy 

contribution for each particle-hole excitation across the gap. On the 

other hand for a slightly heavier nucleus, with a few particles outside 

of closed shells, many high-spin orbitals in the valence shell are 

easily available. In this way one can readily account for the direction 

of the valleys of figs. 14 and 15. 

As seen e.g. from fig. 15c, valid for neutrons and e=0.2, Y = " 1 2 0 ° , 

i.e. a prolate shape with the rotation taking place around the prolate 

symmetry axis, a new Kind of sholl structure is clearly apparent for 

(»«0.17, N=E4), (te*0.14,Na104) and (U«0.1C. K«15B) where the rotation 

frequency to is expressEui in units of the oscillator frequency a> . In 

the proton picture the same shells are associated with Z=6E and 1G4. 

This r.Hw typej of shell structure in clearly manifest in the already 

mentioned prolate-symmetric isoneric island seen theoretically - and 
176 expennentally - around Hf. 

For e=C2, y=6C ,corresponding to the oblate-symmetric case with 

rotation around the symmetry axis there is again an indication of 

strcwf» shrill structure, now for neutron numbers N=86, 132 and 1£6. 

There is only roor.; here for a very brief explanation of this shell 
17) structure . For e=0 the degeneracy within each subshell is broken by 

terns proportional to aim, in particular are the m and -rr, states split 

apart. On the other- hand consider OJ=0 and growing e. Now the degeneracy 

is ali'.o split by a deformation term proportions 1 to e[j(j*D- 3m 2]. By 

this latter degeneracy braking the- different |m{ states are split 

apart while m ant! -m art; still degenerate. 
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One can now let these two degeneracy-braking mechanisms compensate 

each other approximately e.g. around a large m-value m . This 

corresponds to finrKng a favourable ratio x-» (wA> h e . In fact x=0.75 
o 

appears to be a value for which the spread due to rotation is very 

well compensated by the spread due to deformation for all the positive 

m-values. Finally consider a set of subshells in the N-shell. Then 

there exist beyond the optimal choice of x also an optimal choice of 

e for which the m -values of the i=N*1 spin-up subshell (e.g. i 13/2 

intruding from N'=N+1) becomes degenerate with the rr. values of the 

*=f\l spin-down subshell (e.g. h 9/2). This leads to a large deformed 

degeneracy. The shell gaps, or rather the lew-level-density areas, are 

then expected to occur when these degeneracy areas are filled. Thus 

the shell gaps ere expected for positive c for nucleon numbers Lelcw 

a spherical-static closed shell and for negative c in the region above 

a sphorical-e.tatic closed shell. 

The mechanisn of yrast trap fcrration 

To understand in detail how high-spin states may be generated for 

ob Lite-shape nuclei consider fip. 1E. In this diagrarr single-particle 

energy e. is plotted vt; thr angular-momentum component m for a 

hypothetical case of a se+ of j-V2, 3/2, 5/2, 7/2 and 9/2 subshells. 

Per I>r (o.=G) the nurrber of particles is assumed such as to fill all the 

level:, uf the j = 1/2, 3/2 anri C/2 shells. Presently the experimental 

physicist. , following Grcvrr ', frequently refer to "yrast" states 

eo thr1 states of maxirurn angulcr momentum for a giver: energy or minimum 
r-oe.ri,y for a ^iver angular ncrnartij-i. The guide line in the construction 

of these states is tc obtain as much angular rrcnentum per unit of 

excitation energy as possible1.. 
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Obviously the first excited state fulfilling these requirements 

is that marked by circles in fig. 16. The promotion of one particle 

from m=-5/2 into m=7/2 gives an angular momentum 1=6. The excitation 

energy in the constructed example is one unit of energy. By placing 

the promoted particle at the same energy instead in m=5/2, 3/2, 1/2-1/2 

and -3/2 all the states 1=5, 4, 3, 2 and 1 are obtained. In fact they 

are all yrast. However, relative to the mentioned 1=6 state they, 

represent angular momentum at a higher energy price per unit of angular 

momentum. Only 1=6 is considered an "optimal" state. Only 1=6 

correspond to a "straight, sloping Fermi surface" in the diagram of 

fig. 16. E.g. 1=5 is a one-particle-one-hole excitation relative to 

1=6. 

The next optimal state after 1=6 is obtained by promoting another 

perticlt-; m=-3/2 into m=5/2 as shown in the figure. This leads to 

1=6*3/2+5/2=10. The excitation energy is 2 units. Although an optimal 

state, this corresponds to a higher energy prize per unit of angular 

momEnturn. The next optimal state again is 1=15 and the excitation 

energy 4 units. In feet in a realistic nuclear potential, with a 

velocity independent potential, the optimal states are found to lie 

en an approximate pergola, leading to a rotational type of energy 

spacing of the; optimal states. This band is found t.c have a Horrent of 

inei'tir, near that of a rigid sphere (for e reasonable nuclear potential, 

cf. below). 

Realistic single-particle: orbit air, 

A more realistic t.et of single-particle levels is provided in 

fig. 17 Exhibiting the proton orbitals associated with, the 2d3/2, 

11-11/2, 2d5/2 and 1g7/2 subshelln. In this figure energy is plotted 

VE. the angulnr-mornenlum component m. The cifferent m-ctates (denoted 
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G in the figure) are split by the deformation and fall roughly on 

parabolas according to AE - [j(j+U - 3m 2], the level splitting 

expected for a quadrupole deformed nuclear field. 

152 The nucleus considered in fig. 17 is Dy, which has 66 protons 

and 86 neutrons and furthermore has a spin trajectory along the oblate 

Y=60 axis. The mentioned number of protons is enough to fill all of 

the g 7/2 orbitals. the m = ±5/2, ±3/2 orbitals of d 5/2, and the 

±11/2 ±9/2 orbitals of h 11/2. The latter are the ones "responsible" 

for the oblate deformation of approximately e=0.1, y =60 , valid in 

this region. It is easy to verify from the figure that the optimal spin 

contribution from the protons is 1=5, 14 and 16. 

For spin IP the net effect is the promotion of the two strongly 

oblate driving -11/2 and -3/2 states intc the weakly oblate +7/2 and 

+ 5/2, all belonging to h 11/2. Finally a c.3/2-3/? proton is promoted 

into d3/2 1/2. All of these promotions should give a driving force 

tending towards a somewhat smaller cblate deformation. 

The neutron situation is described in fig. 16. Thpre only three 

SLbshe:lls f 7/2, h E/2 and i 12/2 Are involved. The optimal neutron 

comtiric'tiors i:rc 1 = 1', 1/ anr. ?C as seen fror fig. 1P. These configura

tions niust in turn be combiner with the-, proton optimal configurations 

of 1=5, 1/I end 1E. The- guide-line must be thst the elope of the Fermi 

surface: shculd be continuously the same, for neutrons, ar.d protons. The 

most fc5vDun-:bio excitation is thus I =11. Next in order seemr to be 
n 

I =5. We thus expect cptimel states at 1=11 anc subsequently 16, the 
P 

latter degenerate in energy with I=1S. The 1=11 is clearly seen as a 

dip ^r ,;i trap :'n the calculated yrast line for J'Cy (curve 1) in 

fig. 1H. The dip corresponding to 1=16 or the other hand is replaced 

hy enr cf 1-^i, reflecting effects cf changes in deformation which are 

tr-'kot: into cjcccLTtt in the detailed calculation. 
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The detailed numerial calculation of the yrast line. Pairing included. 

152 Results of a detailed calculation valid for Dy are shown in 

fig. 19. The upper curve, marked 1, to which already reference has been 

made, corresponds to the single-particle energy sum without pairing 

(with a small correction from the Strutinsky renormalisation , which 

we shall not discuss here]. The curve 2 results from the inclusion of 

pairing from BCS theory. The entire pairing energy is of the order 

4 MeV in the BCS approximation. Braking a pair involves a loss of 1.5 

to 2 PfeV. The 1=11 excitation, corresponding to the -9/2 to 11/2 

neutron promotion, stands out clearly as the highest-spin 2-quasi-

paiticlc state. The next higher-spin states are all of 4-quasi-

particle character which relative to the 2 quesi-particle or.es have 

another 1-1.5 MeV less of pairing. The remaining pairing is essentially 

lost at I about 30. 

The inclusion of pairing is found tc alter significantly the 

details of the yrast line. In particular are different trap spins 

predict&d. The: effect of broken pairs en the pairing wave function is in 

curve 2 only accounted for to lowest order. Attempts have also been 

rr,ads to go further by the inclusion of "blocking" which amounts to 

a recalculation cf the pairing occupation factors u and v. The re

calculation takes into account the fact that seme orbitals are 

occupied by single particles originating from the broken pairs. On 

th.R other hand, this correction leads to a change in the composition 

in particle number cf the pairing wave function. This change can in 
1p] turn be corrected for by a method called SPBCS w represented by curve 

2 in fig. 19 (SPECS refers; to particle number correction in the "saddle-

point" approximation cf the E3CS method). This anounts to the inclusion 

of additional pairing energy and modifies some part of the yrast line. 

http://or.es
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Finally, a more proper method of treating pairing near collapse is the 

random-phase approximation (RPA). This calculation is represented by 

curve 4 in fig. 19. 

Other favourable regions for yrast spin traps 

a) The Z=N=32 region 

A region reminding very much of the neutron-deficient light rare 
74 earths is that eround Z==N=32. Here theory, as in the exanple of opKr-p » 

indicates a very strong preference for oblate shapes of e=0- 4, from 

1=0 all the way to I R4C (see fig. 20). This preference can easily be 

understood from the level diagram valid for o»=C of fig. 21, where 

for e=Cl.4C, U=36 stands cut as a very strong shell. In addition the 

orbitalc on toth sides of the shell gap carry very large angular 

mementa. This n\ay effectively lead to an "enlargenent" of the gap. 

Two things arr: problematic in this region. On the theoretical side 

tht! single-particle levels are very inaccurately known. In fact fig. 

21 is based purely on extrapolated potential parameters. Secondly the 

nuclei in the N=Z region are accessible enly as spallation products 

ottair.cd e.g. at: the CE:F:U Isolde project involving bombardmnnt with 

COO FlrA/ pretens yielding very thcrt-liveo products. Some spin measure-

r.iwit̂  of isomer's near Z=M=3F rr.cy hopefully scon be available . 

17f 
b) The region of elor-erts along the s t a b i l i t y l ine near Hf 

176 The spectr in of Vf was discussed in the introductory chapter. 

Theie the spectrurri was se^n to cor.tf.iin fcpin traps or. or near the yrast 

lir.o between spin 14 and 22 as seen in f i g . 2 and 3. To understand these 

spectra, reference should be mace to f i g . 22 exh ib i t ing the even-even 

http://cor.tf.iin
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energy surface for 1=0, 20, 30 and 50 respectively. For spin values 

between 1=20 and 30 the minimum occurs around ea0.25, Y = ~ 1 2 0 , involving 

prolate-symmetric shape with the axis of rotation equal to the symmetry 

axis. A prolate shape of e=0.3, Y near zero, associated with a 

collective rotation perpendicular to the symmetry (or near-symmetry) 

axis is seen to compete with the first minimum and finally become the 

lowest minimum at 1=50. 

Some of the prolately deformed orbitals responsible for the high-

spin states are seen in fig. 23, as eq. [404 7/2] and [514 9/2]. 

Single-particle states in this region of 2 and 4 ouasi-oarticle 

cheracter have long Leen known. However a mor-e systematic investigation 

cf this region cf spins was first mode by Khoo et al.^ , whc also 

compared the 'band" of yrast traps with the rotor Land of a prcla-.e 

rigid rotor. 

c) Thr iGKion near *"J "PL 

A region where detailed spectroscopic studies ere available 
20R involving whole sequences of isomers, is that of Pb, and 

neighbouring nuclei ^ ' . 

In particular for- ''prF'r'* in the ground rtntt; involving A prctcr.s 

uut:rl-.'f> (if f'.lo:;&ci r.hnlls, there, exist a deti-ilfic! mar ping of the yrt-st 

l:r;>/ iiil the wciy to spin 3P' . No less then 7 spin traps art; rncouni.eri.i 

Li ;.:.:: nucli us. TU- r,-il~-lives full Letwrer. 7 onci 15-1 r.s. f-lvu for 

'";'! Lbi.1 ^.rtaui.i, nnw uxtcrc' i.n spin 72. 

*'rry sysliTrYuic; calculations have beer, dene ir, this field by 

.'.!(.r'.•j:::t et al. / u based on a residual interaction with matrix eltw.r.t.s 



-62-

collected from level energies of neighbouring nuclei. For spins from 

20 and beyond, however, the effects of core deformations appear to 

be of some importance for the single-particle orbitals and a comparison 

with the present model is therefore made. A more complete inclusion 

of the results of this area in the present account would make it too 

voluminous. The reader is refered to the recent paper of ref. 
16) 

Conclusions 

Nuclei at high spins have proved to be a rewarding field of 

research where assumptions about nuclear macroscopic parameters as 

shape and surface tension are put to test as is the influence of 

the centrifugal and Coriolis force of high rotational frequencies on 

the nuclear intrinsic orbitals. 
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Figure captions 

Fig. 1 The fission barrier with increasing angular momentum. The ground-state 

energy surface is that of a pure liquid-drop nucleus with parameters 

appropriate for U with some ad hoc correction to accomodate a proper 

ground state minimum shape. For I>0 the rotational energy of the rigid 

body has been added. The main effect of barrier erosion is thus simply 

due to the increase of moment of inertia at larger deformations. For 

this nucleus the barrier disappears at 1=74. 

Fig. 2 The experimental low-energy spectrum of 1 7 6 H f . The energy gap extending 

to -1150 keV is clearly visible. Above 1150 keV several two-quasi-

particle bands are seen to start. 

Fig. 3 The most important rotational bands in 1 7 6 H f extending up to E*5 MeV 

and 1=22. The members of the rotational bands remain "yrast" up to 1=16. 

Experimental traps are found for spins of 14 (401 ysec), 16 (34 nsec) 

and 22" (43 ysec). 

Fig. 4 The deformation plane of e(or g) and y of a nucleus rotating around the 

x-axis. In the non-rotating case the sector 0°<y<60 is repeated six-

foldly. Also in the case of the lowest state of given I of a liquid drop 

rotating as a rigid body it is enough to study the sector 0 <Y<60 as 

the rotation in this sector takes place around the axis with the largest 

moment of inertia and thus gives the lowest rotational energy. When shell 

effects are included, the whole sector -120o<y<60° has to be considered. 

154 Fig. 5 Potential-energy surfaces for Sm at different total angular momenta ' 

I in termB of e (elongation) and y (axial) asymmetry. The energy (denoted 

"liquid-drop energy") is calculated as a sum of Coulomb and surface energy 

in addition to the energy of rigid rotation. In each grid point a minimisa

tion with respect to t. is applied. 
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Fig. 6 Eigenvalues of cranked single-particle Hamiltonian for the modified 

harmonic-oscillator potential valid for neutrons in the rare-earth 

region. The potential is assumed to be prolate wi*h a deformation e=0.25, 

Y=0 . The eigenvalues e w as well as the rotational frequency are given 

in units of the oscillator frequency •». Note the level splitting into 

one solid and one dashed orbital. These correspond to the eigenvalues +i 

and -i, respectively, with respect to the rotation operator expCinj ). 

Fig. 7 The single-particle angular-momentum component along the rotation axis <j > 
o 

for orbitals of the h 1 1 / 2 subshell for the pure prolate e=0.2C, yO 

case as a function of the rotation frequency u. Note the increasing 

alignment with respect to the x-axis, commencing with the Jz
=P-*2 

orbitals. 

Fig. 8 

Fig. 9 

Potential-energy surfaces in the it,y) plane with inclusion of the shell 
16D energy for Yb as a function of angular momentum. For the sum of the 

surfpoe. Coulomb and macroscopic rotation energy terms a minimisation is 

performed with respect to e.. 

298. Same as fig. 8 but for the super-heavy nucleus 114. The barrier toward 

fission for the oblate minimum remains and is as high as ~4 PteV at Is60 

while the barrier along the prolate axis vanished for an even lower spin. 

Fig. 10 Trajectories in the ley) plane of the minimum equilibrium shape for 

isotopes of >b as a function of total angular momentum I. A continuous 

shift in the position of the equilibrium points is marked by a solid 

line. Dashed line implies a "phase" transition from one shape minimum to 

another. 

Fig. 11 Experimental reduced transition probabilities normalized to the rotational 
• • • • value and plotted against neutron number for the 8*6 to the 18 -»-16 
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transitions (from ref. ). In the region 92sN<100 for spin-values 

roughly between 10 to 18 the measured B(E2)-values are lower than the 

rotational ones. A possible explanation is a decrease in deformation with 

increasing spin (anti-stretchir.g). A comparison with theory suffers from 

the fact that pairing is not included in the calculations. 

Fig. 12 Mass regions in N and Z, over which calculations have been performed. 

Nuclei, which for a spin value of 1=20 are found to rotate around a 

symmetry axis, oblate, spherical or prolate, are indicated by shaded or 

dotted squares. These are regions where "yrast traps" might a priori be 

expected. The absolute value of e is smaller than 0.05 in the dotted 

regions while it is larger than 0.C5 in all the shaded regions. As shown 

in the figure, different densities of the shading are used to distinguish 

different magnitudes of deformations. Furthermore nuclei with prolate 

and oblate energy minima respectively are shnded with lines sloping left 

or right. Finally for those nuclei which are left blank, the energetically 

most favourable rotation is found to take place around an axis which is 

not a symmetry axis. Spin traps are there highly unlikely. 

Fig. 13 Same as fig.12 but for a spin value of 1=40. In this figure also results 
15) from an experimental search for yrast traps performed by Pedersen et al. 

are included for comparison. 

Fig. 14 The proton quasi-shell energy for rotation around the synmetry axis shown 

as a function of particle number and rotational frequency, "="rc)*/(»c, 

where u is the unit of oscillator frequency. The different maps refer 

to different deformations as indicated below.For the single-particle levels 

of the Pl.D. potential, different K and y values were used for the different 

oscillator shells. The dashed lines mark I »20 end 40, where I is the 

smoothed proton spin. To obtain the total spin also the neutron contribution 

should be added. The separation between the different contour lines is 1 MuV 
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and the thick lines separate regions of positive and negative shell energy. 

Front the upper part of the figure, the different deformations are 

e) spherical shape b) oblate shape with e=0.2 (y=60 ) c) prolate shape 

with e=C2 (Y=-120°) d) oblate shape with E*0.4 [Y=60°). 

Fig. 15 Same as fig. 14 but for neutrons. 

Fig. 1G A hypothetical case of a set of j=1/2, 3/2, 5/2 and 7/2 subshells with 

equal energy spacings for illustrative purposes only. In the upper part 

of the figure, the single-particle energy is plotted versus the angular 

momentum-component m.. Starting from six states being filled with a 

horizontal Fermi surface one can construct the "optimal" spin-values 1=0. 

4 and 8 each corresponding to a straight sloping Fermi surface. To obtain 

the intermediate spins, particle-hole excitations have to be used relative 

to the straight-Fermi surface cases. 

The lower part of the figure shows the resulting total energy versus the 

total angular momenta. 

Fig. 17 Realistic energy vs angular-momentum-component plot of proton single-

particle orbitals for a deformation of e*0.1, y«60 with rotation around 

the oblate symmetry axis. (The deformation is denoted by ea-0.10 in the 

figure.) The "sloping Fermi surfaces", corresponding to the different 

"optimal" configurations, with Z=56 are exhibited. In addition it is 

indicated which orbitals are being emptied and filled respectively in 

progressing from one "optimal" configuration to the next. 

Fig. 18 Same as fig. 17 but valid for neutrons, N-86. 

152 Fig. 19 The yrast spectrum of Dy based on the M.O. model with alternative 

treatments of pairing. Thus in curve 1 only diagonal pairing is included. 

The "optimal" neutron excitation of m. =-9/2 to m.»13/2 as seen in fig. 17 

is clearly apparent as a trap. Curve 2 represents BCS with blocking. The 
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energy losses associated with the breaking of pairs is apparent. In curve 

3 a correction for the different particle nuntoer composition in the pairing 

wave functions is applied, based on the saddle-point method (SPBCS). 

Finally curve 4 includes pairing in the more accurate RPA treatment. 

74 Fig. 20 Potential-energy surfaces of 3 6Kr 3o calculated for the spin values 1=0, 

20, 30 and 40. The oblate shell structure for 1=0 reflects the gap in 

the oscillator spectrum at a frequency ratio of 2:3, which in the modified 

oscillator appears at particle number 36, as compared with 34 in the pure 

oscillator case, reflecting the fact that the orbital [404 9/2] from the 

Zq/2 shell comes below the gap in the 11.0. model (see fig. 21). At this 

deforme^ion it is also possible to build up very high spins from a small 

number of single-particle excitations utilizing the g q / 2 orbitals and 

also high-spin orbitals from the h,., ,_ shell that are strongly down-

sloping both with increasing rotation and deformation. This nucleus is 

a good candidate for yrast traps. 

Fig. 21 Single-particle diagram valid for protons roughly between proton number 

28 and 50. Note the open shell for Z=36 at the oblate deformation e«-0.40 

corresponding to the 2:3 deformation (see also caption to fig. 20). 

17R Fig. 22 Potential-energy surfaces of Hf calculated for the spin values 1=0, 20, 

30 and 50. Note the competition between the two prolate minima at yQ 

(rotation around perpendicular axis) and Y"~120° (rotation around symmetry 

axis) respectively. 

176 Fig. 23 Energy vs. angular-momentum-component (m. or fl) plot for the nucleus Hf. 

The rotation is assumed to take place around the prolate symmetry axis 

e«0.25, e4«0.04, y*-120°. Orbitals related to certain spherical subshells 

are connected by curves. The neutrons (above) and protons (below) are 

considered separately. Thus e.g. for protons the Kff"8~ "optimal" excitation 

is found to correspond to a proton in [40-4-7/2] being promoted to [514 9/2] 
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MULTI-STEP DIRECT REACTION ANALYSIS OF DEEP INELASTIC SPECTRA IN NUCLEAR REACTIONS 
T. Tamura and T. Udagawa 

* Department of Physics , University of Texas 

Austin, Texas, U.S.A. 78712 

Abstract 

Application of direct reaction theories in the past has been limited to 

reactions with discrete final states. In these lecture notes, we show that 

the applications can be extended to data with continuous spectra as well. Ex

amples of analyses of data of reactions induced by both light- and heavy-ions 

are discussed. The latter application is limited so far to examples with com

paratively light heavy-ions. The Scope of its extension to cases with heavier 

projectiles is also discussed. 

Invited lecture delivered at the Post-Conference School -
"Topical Themes in Heavy-ion Scattering", at the 
University of the Witwatersrand, Johannesburg, 
9 - 1 1 August, 1978 

* Supported in part by the U.S. Department of Energy. 
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I. INTRODUCTION 

During the past two decades, the direct reaction (DR) method has been used 

extensively and successfully in analyzing a large amount of experimental data 

of nuclear reactions induced both by light and heavy ions. As is well known 

the simplest version of the DR method is the distorted-wave Born approximation 

(DWBA) . For the purpose of analyzing data that involve contributions of more 

complicated (multi-step) processes, techniques like coupled-channel Born 
2-4 5 

approximation (CCBA) and coupled-reaction channel (CRC) methods were de

veloped. With emphasis on the "multi-step" aspect, we may call all these methods 

(including DWBA) multi-step direct reaction (HSDR) methods. The past applications 

of MSDR have been limited to processes in which the pair of residual nuclei 

were left in their respective discrete states , i.e., processes which we may 

call "spectroscopic". 

In the present lecture, we discuss an extension of the MSDR analyses to 

cases in which the residual nuclei are left in continuum states, i.e., to 

"continuum" processes. It is expected that one is hesitant to make such an 

extension, because the large number of final states involved is likely to make 

the calculation very time consuming. It is well known that CCBA and/or 

CRC calculations involving only a single final state are already very involved. 

We show here, however, that a nice technique can be found to make the 

calcualtion rather simple , a simplification that can be introduced once it 

is noted that we are interested in only the summed or averaged cross sections, 

rather than in individual cross sections. With such a simplification, to carry 

out MSDR calculations for "continuum" processes does become feasible. 
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II. Multi-Step Cross Sections. 
When we speak of the n-th step cross section, we have in mind the one 

obtained in the n-th Born approximation. Thus the one-step cross section 
is nothing but the well known DWBA cross section. Being satisfied with its 
simplest version, we can write 

DW !* ( v e ) c (*/ka)2£ iE (« .v^wfl i v <

) H - i i , ' o ) | 2 - «.I) Vb b a 

The notation is rather standard. We are considering a transition from the 
a+A system to the b+B system, and I and I. are angular momenta in these channels 
a_ and b_. We have assumed the spins of nuclei a,A and b are zero. An angular 
momentum I has been transferred, and thus the nucleus ends up with a spin I =£. 

B 
The dynamics of the reaction are described completely by the overlap integral 
*t it w n* c n "^y D e written as 
b a 

V * . ( Eb' Ea ) - / V E b ' r ) F * ( r ) * £ < E a ' r ) d r ' b a J b a 
(2.2) 

with distorted waves X. and X. and the form factor F.. For simplicity we 
b a 

have assumed zero-range approximation, but the more general form with exact-
finite-range (EFR) calculation is well known. 

The corresponding two-step cross section is written as 

1 L mil. b a' 1 2 
a b 

vW 
(2.3) 

i^W e' 0 ) | 2 

b 
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where 

^ M / V V V =£ ( - ; i " 2 " W ' W i V V W " ! " ^ ' 
l C

 t (2.4) 

*/d Ec \ V

 (Eb'Bc> íteíV. I t , t » > . ) 
y b z c „ _ B J. , . c l a 

E -E +i e c c 

(2) 
From the form of I of (2.4), the properties of the intermediate state 

channel considered are rather evident. A c+C channel with an on-shell energy 

E is considered, where the orbital angular momentum of the relative motion 
c 

is denoted by I . ST is the inverse of the scattering S matrix in this channel, 
c l 

c 
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III. Cross Sections for Continuous Spectrum. 

The cross sections presented in Sec. II are very simplified versions for 

multi-step processes, in the sense that they were derived under the assumption 

that the nuclear states involved were of extremely simple nature. Actual states 

that are encountered in the usual spectroscopic analysis, i.e., the states 

with discrete nature, often include configuration mixing, and thus the reaction 

amplitude is normally written as a sum of contributions from a number of con

figurations. The resultant cross section thus contains in it a complicated 

contribution of interference. This interference further can include that between 

one- and two- (and higher-) steps. Therefore, to assume,as we did in Sec.II, the 

cross section to be separable for different number of steps is in general of 

little practical value. It may further be expected, that the situation will 

get worse in going into the continuum regime, where we encounter a host of 

still more complicated and often overlapping states. 

We shall now argue that the situation is not as bad as the above conjecture, 

which is a little too naive. We should note that, in the continuum 

regime, we are not interested in obtaining the cross sections to individual 

states. On the contrary, we are interested in only the summed or averaged cross 

sections. We can then show that the actual calculation may be done by replacing 

the complicated and realistic nuclear eigenstates simply by members of an appro

priately chosen complete set. Note that the very origin of the configuration 

mixing, and thus that of the interference, is the introduction of a complete 

set. If an eigenstate is a member of the complete set itself, there is no room 

for interference to take place. Also, two final (eigen) states, one being ex

cited by a one-step process and the other by a two-step process, are different 

eigenstates. Therefore, there is no way for the one- and two-step amplitudes 
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to interfere. Because of this situation, to have very simplified cross sections 

as given in Sec. II is of much practical meaning. 

In order to justify the abovfe statement, let us consider first an extreme 

case in which there are only two final eigenstates |A> and |B>, which are de

scribed entirely in terms of two members |l> and |2> of the complete set. Since 

|A> and |B> must be orthonormal, they should be written as 

|A> = a |l> + b |2> , |B> = b |l> - a |2> (a 2 + b 2 = 1). (3.1) 

The cross sections for leaving the final nucleus in states |A> and |B> are 

then obtained as 

2 2 
°A " a °1 + 2 a b°12 + b °2' 

(3.2) 
2 2 

°B * b °2 ~ 2 a b a i 2 + a °1" 

Here o.. and o are the cross sections which we would obtain if the states 

|l> and |2> were pure eigenstates themselves, while 0-_ is the cross section 

that originates from the interference of the contributions of |l> and |2> to 

the reaction amplitude. 

We may now assume that the states |A> and |B> are practically degenerate 

(or are overlapping) so that the experimentalists observe only the summed cross 

section a

A

+ c R , instead of the separate cross sections. From (3.2) we see, 

however, that o +a = o +a , which means that we can calculate o and o,, and 
A O Í Z Í £ 

use their sum as the theoretical cross section to compare with the experimentally 

summed cross section ° A

+ 0 D * This is the proof of the above statement. 
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The expression given in (3.1) is certainly an oversimplification for an 

actual eigenstw e of a nucleus, which is normally expressed in terms of a much 

lengthier linear combination of members of a complete set. Correspondingly, 

the amplitude |l>, say, would be distriubted over a much larger number of 

eigenstates, rather than just two, and these eigenstates may not necessarily 

be so much close lying. The above proof is thus rigorous only in a very re

stricted situations. We nevertheless believe that our statement concerning the 

absence of the interference is correct nn the average, i.e., in a statistical 

sense. 
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IV. Application to (p,p*) and (p,n) Reactions. 

Our basic technique explained above may become easier to understand by 
applying it to specific examples, and we shall begin with a (p,p') reaction. 
We assume that the target has a doubly closed shell (subshell closure included) 
and thus has 0 spin. An eigenstate excited by a one-step process would then 
have one-particle-one-hole (lplh) nature, and thus the nuclear aatrix element 
that appears in the DWBA amplitude may be written as <(j7 J*) |v[0>, where 

1 1 IM 

I is the spin of the final state and equals 1, which is the angular momentum 
that is transfered in this process. By going through a rather well known pro
cedure, we may rewrite the above matrix element as 

<(J-1j;>IM|v|o> - d j i j ' ; i P l (r)y I M (e,o), ( 4 m l ) 

where d . .,, • <j 1l| v
T||j'> is a simple geometric factor and may be called a 

spectroscopic amplitude. The form factor f_(r) should in fact depend on the 
orbit signatures j. and j', but we ignore this and give f.(r) a form which is 
obtained by taking an average over a large number of pairs (j,j.J). This is 
again justified because of the statistical nature of our calculation. 

We may now calculate the DWBA cross section o „ _(E',e), corresponding 
to (4.1) with d. , . - 1 there. This DWBA cross section may be identified 

3 1 3 1 ; 1 

as the one, previously given in (2.1), by identifying F^(r) of (2.2) with 
f T(r) in (4.1). 3ince d ., is not in fact unity, the cross section for 
i JlV1 

exciting our lplh state is now obtained as 

°£i;i V ' 'kiii-Sii V } - («•» 
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The continuum cross section that corresponds to the E' value ranging from 
P 

E' to E'+AK' is now obtained as 
P P P 

O ( 1 ) (E: ,9)AE: -y* of1* ,(E' ;e) - y D Í E . ^ ÍV^E^e) , (4.3) , ( E

P ' e ) A E p " E • j : j i ; l « ; 8 , ) " £ Pl<Eex>°ííïl<Ep;e>* 

with 

p_(E ) - V ,2 
1 e x f 5 . d j , j i 5 i . <*.«> 

J 1 3 1 X X 

In both (4.3) and (4.4), the summations are to be taken over all the possible 

O-iJÍ) pairs, whose excitation energies E fall in the interval between 

E -(E'+AE') and E -E'. In this way p depends on the excitation energy E . 
p p p p p 7 H K ** ex 

This p may very appropriately be called the spectroscopic density. 

The above argument is very simple, but already completes the explanation 

of how to obtain the contribution of the one-step processes to the continuum 

spectrum of a (p,p') process. Note that our cross section describes both the 

energy and the angular distributions. 

The derivation of the formula to describe the contribution from the two-

step processes to the continuum cross section is now rather easy, and we shall 

just write down the repult; 

a 

E 

( , ) <«;«»>«;-E / P " I 2

( E P ' - E ; ) ' > . 1

( V E I ; ' ) O » « ! > 1 I 2 I < E P - E P ' ' 0 " ' E '
 ( 4 - 5 ) 

hW \ 

The two-step amplitude includes in it the overlap integral, of the form of 
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(4.1), twice, which is the origin of the quadratic dependence on p of (4.5). 
(2) The cross section o_ 

is nothing but the (elementary) two-step cross section already given in (2.3). 

'mi T T T(E',E":6) that appears in the integrand of (4.5) 
1 2 p P 

The way the integral over E" appears in (4.5) is also easy to understand. 

This E " is the (on-shell) energy which the proton has at the end of the first 

step, i.e., at the intermediate state. Since the target is further excited 

in the second step, E" must exceed E', and this fact determines the lower 
P P 

limit of the integration. 

Since the DWBA cross sections depend very smoothly upon the energies in

volved, wo need to calculate them for only a very selected values of E', or 

pairs of values of E* and E " . Cross sections at other values of these energies 
P P 

can be obtained easily and accurately by interpolation. The calculation of 

the spectroscopic density p is also rather easy to do. Therefore, the calcula

tion of the continuum cross section, in the way described above, is indeed 

feasible. 

We show in Fig. 1 some results of our calculations, which are compared 
o 

with experiment . As is seen, our results fit the data very well. 

We have also applied our method to a (p,n) reaction. For that purpose, 

the formulas we gave above can be used almost as they stand. The only modifica

tion to be made is that we now have to create a one-proton-particle and one-

neutron-hole state, rather than a lplh state of either protons or of neutrons. 
9 We show in Fig. 2 an example of our results , which agrees very well with 

experiment . 
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V. Application to (p,a) Reactions. 

An inelastic scattering process nay be considered the simplest conceivable 

•ode of nuclear reactions, and thus the success accomplished in Sec. IV nay 

not yet be a sufficient evidence of the general applicability of our HSDR 

approach. A more challenging test nay be made by applying it to particle-

transfer reactions. We do this here, by taking up a (p,a) reaction. 

Although a transfer reaction is certainly different from an inelastic 

scattering, it is not difficult to see that equations like (4.3) and (4.5) 

can be used also for the former. The only modifications that have to be made 

are to replace the elementary DWBA cross sections o ' (i-1,2,**) by the ones 

appropriate to particular reactions under consideration, and then to rederive 

the spectroscopic density p correspondingly. The calculation of a is well 

known , however. We shall discuss here only the derivation of p. 

We first consider a one-step (p,a) process and obtain its cross section 

in terms of DWBA. We assume again that the target is an even-even nucleus 

in a 0 state and has a doubly closed (sub-) shell configuration. We again 

use the single-particle shell model as our complete set, which makes a final 

state for this reaction be of a three-hole nature. We may write the correspond-
3 

ing wave function somewhat symbolically as II i//. (£,), £. standing for a complete 
i-1 * 

set of coordinates and quantum numbers for a single particle. Actually a number 

of cigenstates can be formed from this hole configuration, because of the various 

possible couplings of the angular momenta of these holes (or the three nucleons 

to be picked up). 

Out of these eigenstates we retain onxy those which have a spin-doublet-

isospin-doublet nature, i.e., have a spin-iscspin wave function which may be 
22 denoted as <K O . Only such a wave function can have nonvanishing overlap 
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with the spin-isospin wave function of the triton in the a-particle. We next 

transform the orbital parts of the wave functions of the three nucleons into 

a (sua of) product(s) of the relative and center-of-aass (c.a.) wave functions, 

and retain only those in which the former + ., is an S state without nodes. 

The S state nature is required again to give a nonvanishing overlap with the 

triton wave function. The "no-node" requirement is aade so that the cm. 

wave function • N L (
R ) has the highest possible quantum number, i.e., has the 

largest amplitude at the surface,.'thus contributing most significantly to the 

reaction. 

The steps we described above may be summarized by the relation 

IS 
E3 

3 3 
n v-^)-• *(22r) n ̂ í^jn^) + GOyyi^jiou^^r)}, 
i=l i"l 

(5.1) 

the arrows indicating the procedure of retaining only specific sets of wave 

functions. Note that it is implicitly assumed that an LS coupling, rather 

than a jj-coupling, shell model was chosen. If we further introduce an 

oscillator shell model, n, = 2n, + £ is the total oscillator quantum number 

of the orbit i, and it is clear that the relation 2N+L * n.. + n. + n, (í A) 

holds. In the last version of (5.1) the constant G(n.n n ) = G({n,>) playp 

the role of the spectroscopic amplitude. It is given by the following simple 

analytic expression; 

GiínJ) « 3" A / 2N(ín 1})ÍA!/(ii 1!n 2!n 3!)J
1 / 2

1 
(5.2) 

where N({n }) - /o", /3,or 1 depending on whether all the n 's are different, 

two of them are equal,or all of them are the same. Eq. (5.2) was obtained by 

using the technique of Ichlmura et al. , who gave a similar formula to be 
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used for the a-par tide transfer reactions. 

Once the reduction of the three-nucleon vave functions is made in the way 

shown in (5.1), it is a simple matter to obtain the corresponding DWCA cross 

section. It is given as 

o ( 1 ) «n^.NL.-e) = G 2 ( { n i » o^L(0). (5.3) 

The last factor 0* ' (0) is identified with the one-step cross section of (2.1). 
DW*Li 

For fixed values of the oscillator constant f>u> and of in.}, the excitation 

energy for the residual nucleus associated with the creation of the above three 

holes can be calculated. For a given E , the energy of the projectile, and the 

known Q , i.e., the Q value for the ground state transition, a choice of {n } 

thus fixes the value of E , the energy of the outgoing particle. The cross 
section for E ranging from E to E . ._ is then cast into the form of (4.3) a a a + At 

a 
with p being given by 

%,a),I ( Ea>-E G 2 ( { i ;i } )- (5.4) 

A two-step process may proceed as a (p,n) process, followed by an (a,a') 

process. The corresponding continuum cross section is given by (4.5) again, 

if there (5.4) is used for P T and (4.4) is used for o . 
1 l2 

We have now completed the formulation of the MSDR calculation for a (p,a) 
54 reaction. We took up the case of Fe(p,a) as an example and compared the 

12 13 
result in Fig. 3 with experiment . Agreement is again very good. 
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VI. Application to ( 2 (W, 1 60) and ( ̂ e , C) Reactions. 

In order to overcome the Coulomb barrier, any heavy-ion reaction experimental 

work is done with much higher energies than normally employed in light-ion re

actions. This then means that the dominant part of the data obtained in heavy-
14 ion reaction.is of a-continuum nature . There are, however, data with discrete 

spectra as well, and there, we found over the years that MSDR theory worked 

well, as it did for light-ion reactions. In the preceding sections, we showed 

that MSDR theory worked well also for fitting the continuous spectra of light-

ion reactions. One may thus vonder if it might also be applicable to some of 

the continuum data in heavy-ion reactions. 

In the present section, we attempt to extend the application of the MSDR 
20 theory to heavy-ion induced reactions. We take as specific examples the ( Ne, 

16 20 12 IS 20 27 
w0) and ( Ne, C) reactions , induced by 120 MeV * wNe impinging upon Ai. 

We are interested in seeing whether we can fit the data by asuming that the 

( Ne, 0) reaction proceeds primarily as a one-step a-transfer reaction, while 
20 12 ( Ne, C) proceeds as a reaction in which two o-partides are transferred 

successively. 

When MSDR theory was applied to discrete state data, it was found that 

an almost exactly the same physical understanding was applicable to both heavy-

ion and light-ion reactions. The only difference lies in the technology of 

carrying out the calculations. (For example, the use of zero-range approxima

tions was permissible in the light-ion case, but not in the heavy-ion case.) 

We may therefore reasonably expect that the same is true also for the application 

of MSDR to continuum data. In particular we take the point of view that Eqs. 

(2.1)-(2.4), (4.3) and (4.5) can be used as they stand also for heavy-ion re

actions. The only difference lies in the technology of evaluating the overlap 
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integral of (2.2). 

For light-ion reactions, discussed in the preceding sections, we evaluated 

these overlap integrals in a straighforward manner, but to do the same for 

heavy-ion reactions becomes somewhat too time consuming, and in fact is un

necessary. It is well known that DR amplitudes, i.e. these overlap integrals, 

for heavy-ion reactions accept a rather simple parametriz,ation . We may thus 

attempt to express our DWBA amplitude in terms of an analytic function that 

involves several parameters as well as quantum numbers, the orbital angular 

momenta. Since we want to use these parametrized overlap integrals to describe 

continuous spectra, the parameters involved can (or must) depend on the energies 

of the relative motions in relevant channels, an extension which we must make 

beyond what has been done before. 

*' ^tíiS.^iaxaaetTized form of I. „. (E. ,E ) we want to use is (see ref. 2 
;• J.,%% D a 

b a 
for notation, if necessary) 

\u<VV-IV* i e X P { i ( 6 a + V } * b a b a 

| I £ n I- exp[-{a^U-|*dl)+ (tfc-tj 0 ) 2 /^ + ( V * d ° ) ) 2 / r d } 1 ' ( 6 - 1 } 

b a 

p l / a J 4 a 

where l.m9.-t . In (3), a, \ and r are constants, while 6 (6.) is the Coulomb 
a b a a b 

plus nuclear phase shift in channel a_ (b). It should be emphasized that (3b) 

is characterized by two «.-windows, one for I. and the other for I.. The posi

tions of these windows depend on the channel energies, as is clear from (6.1). 

We performed exact-finite-ranee (EFR) DWBA calculations of I. .„ (E.,E ) 
*. ££ b a 
b a 

for about 3,000 sets of values of (£ H.E E. ) for the reaction 
a b a b 
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A( Ne, 0) P, and the 11 parameters that appear in (6.1) «ere fixed so 
2 that these I values are reproduced best in the sense of x • For the form factor, 

we assumed a ground-state to ground-state transition throughout. 

In using (2.4), in order to obtain the two-step amplitude, we note that 

the first factor I. „ . (E. ,E') is the overlap integral corresponding to the 
* *-£ D C 

31 16 12 35 c 

P( 0, C) C£ reaction. We used also for it a similar parametrization to 
that for the last factor I. . . (E',E ). The parametrization of S? (E*) was i i,i c a i c c 1 a c 
made similarly. 

We are now ready to carry out the integration numerically. The range of 

integration is, of course, from E ., the threshold energy of E , to <•>, and 

thus the task of performing this integration might look rather formidable. 
(2) Actually, however, it is not the case. Consider I of (2.4) with a fixed 

set of quantum numbers (£.,£_,£,£ ,£ and £ ) and of energies (E ,E and E ). 

Previously, we emphasized the presence of the £-window» in (6.1). Since 

£ has a Q dependence in it, these £-windows for the case of fixed quantum 

numbers play the role of a Q-window, which, in the integrand of (2.4), can be con 

sidered as an E'-window. In other words, the factors I in the integrand of 

(2.4) are very sharply localized in the E' space, making the actual range of 
c 

integration in (2.4) be very severely limited. Thus there is not much diffi

culty in performing the integration. 

The fact that the integrand is localized in E' space allows us to extend 

the lower limit of integration to -*, unless E is very close to E ... This 
fact, and the fact that the E'-window is of a Gaussian form then allows us ' c 
to carry out the integration even analytically! We used this analytic form 

extensively in the actual calculation. 

In calculating the spectra by using Eqs. (2.1) and (2.3), we also need some 
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knowledge of the spectroscopic density p, for which we again decided to use 

the functional form given by 

p(£,E*) « Poexp[{E*-£(l+l)(2J)_1}/T], (6.2) 

where p , £ and J_ are parameters. These parameters are fixed, by first cal-

culating p(i,E ) for a variety of £ and E values, by using the method described in 

some detail in the Sec. V, and then by reproducing these results by the r.h.s. 
2 of (6.2) optimumly in the sense of x • 

The result of our calculation is shown by solid lines in Fig. 4, and is 

compared with experiment . It is seen that the agreement obtained is rather 

good, although there is certainly rocm for improvement. In fact there are 

many ways to achieve such an improvement. For example, as we noted above, we 

used a fixed form factor in carrying out our EFR-DWBA calculations, i.e., that 

which corresponded to a ground state transition. We can certainly let the 

form factor depend on E (i.e., on E. ), which would have been more reasonable 
D U 

and could have helped us to obtain a better spectral shape. We did not go 

into such an elaboration, however, because we wanted to see how the MSDR method 

works, under the simplest possible assumptions. 

In summary, we have shown that MSDR theory is applicable to heavy-ion in

duced reactions, as well at. to light-ion induced reactions. Actually, we have 

also succeeded, as will be discussed in Sec. VII, in applying this theory to 
12 12 

explain the dependence of the polarization of B on the energy of B, created 

in a Mo( N, B) reaction . It is clearly seen there that the quantum 

mechanical treatment of the process, which is always made when the MSDR approach 

is used, was crucial in achieving such a success. In other words, the present 
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work and that of next section can be considered the first sucessful examples 

of treating quantum mechanically the deep-inelastic type heavy-ion reactions. 

These examples are those with comparatively light heavy-ions as projectile, 

and it may be that reactions with very heavy projectiles proceed in a way 

different from thore uith light projectiles . We nevertheless feel it worth

while to extend the test of the applicability of our approach to cases with 

still heavier projectiles, and such an investigation is under way. 

In such an extended application of our method, a further simplification 

of the formalism might become possible. In the above, we discussed the para-

metrization of the overlap integrals which depended on a number of quantum 

numbers. The cross sections obtained by using these overlap integrals, however, 

depend on much smaller number of quantum numbers; in fact only on the transferied 

angular momenta. In the examples considered above, we noticed that these cross 

sections can again be cast into forms of analytic functions, including again 

a few parameters that depend on Q. If these analytic forms are used In (1) 

and (2), and combined with the p of (7) which is also analytic, the summations 

in (1) and (2) over the transferred angular momenta, after being replaced by 

integral, may further be carried out analytically. This means that we can ob

tain the final form of the continuous cross section in an analytic form, making 

our theory extremely transparent. Use of such a method is under exploration. 
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VII. Polarization of 1 2 B in ( 1 4 N , 1 2 B ) Reaction. 

18 12 
Recently Sugirooto jet a_l. measured the polarizat ion P of B produced 

in the reaction 1 0 ° M o ( l t , N , 1 2 B ) 1 0 2 R u , with E, W ( 1 4 N ) - 90 MeV. The measured 
Jab 

P, reproduced in Fig. 5, has the following characteristic features, seen 
12 

as a function of the laboratory kinetic energy E. of B. It has a compara
tively large positive value for the highest E. ("»80 NeV) and then decreases 

b 

monotonically as E, decreases, until it vanishes at about E * 62 MeV, where 

the measured cross section, also reproduced in Fig. 5, has its peak value. 

For still smaller E. , P becomes slightly negative and stays almost constant 
D 

at a value of -0.08. (Throughout the present lecture, we use the Madison con

vention to define the sign of P. An opposite convention was used in ref. 
1.) 

19 Ishihara et_ aj_. attempted to explain the above data by employing the 
20 semi-classical model of Brink . Their prediction, also reproduced in Fig.5 

( as dotted line), agrees with experiment in trend, but not in detail. We 

believe that it is not appropriate to use Brink's model for reactions with a 

very large energy loss, as in the case here. 

We now want to apply the MSDR method to explain the data of Sugimoto 
18 et sa. . The DWBA amplitude is written as (cf.(2.1)) 

An 
B V W '"B""B"W"" "*•' 

(7.1) 

6em(e>- h C W * m S * \ u < ^ ) 1 / 2 ( - ) ' b ^ (e,0). 
a b b a b 

14 
Here we have assumed that the projec t i l e had spin s « 0. Actually N has 

a 

?. - 1, but the ( 1 4N, 1 2B) reaction proceeds primarily by letting rwo protons a 
14 carry away two units of angular momenta from N. This fact justifies the 
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12 use of Eq. (7.1) so long as we set s. * 2 (rather than - 1, the spin of B), 

and makes our discussion much more transparent than otherwise. 

In Eq. (7.1), the coordinate system used has z//k and y//k xk. , where 
a a b 

k (k, ) is the relative momentum in the incident (exit) channel. We found, 

however, that a new coordinate system , in which z//k xk. and x//k , is more 
a b a 

convenient to use for our purpose. We then have, in place of (7.1), 

TIRXRshX "
 Z£X « V B V J ^ V 8 ) -o 0 D b 

B.,(0) - E D ' .(H/2, W / 2 , n) Bf (6). JtA m m A Km 

(7.2) 

Clearly, X, X and X are projections, respectively, of i, I and s along this 

new z-axis. 

In Sec. VI, we directly parametrized the overlap integral I. .. of (7.1), 

b a 

and the rest of the DWBA (or MSDR) calculations was performed in a straight

forward manner. In order to describe the mechanism of polarization as trans

parently as possible, however, we shall here go one step further in simplification, 
22 

and use the following approximate relations ; 

l+l 
(i <H.m|*m) - (i/t.) (-) b D* . (0,^,0); k = t.-i , a b D m,K í o a 

Y£ _m(6,0) - i - l" l [2w s i n ^ e r t a x p I K ^ + i ) 6 - \ - i fU)J ( 7 ' 3 ) 

b 

+ exp[-i((i + | ) 9 - 1 - M * ) ] } , 

which are valid for large I and I. (as well as for 8 < m|/4. < v - 9). 
a D D 
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Using (7.3) and (6.1) in (7.1), the summation over I. , after being replaced 
b 

by an integral, can be carried out easily. (Summation over t , i.e., over 
a 

22 
I,, can be done trivially by using othorgonality relations of the D function .) 

We thus get 

B u - A<e)t(-)l+x<BJ[*
) + c V & ^ ) ; A(e) - (rb/y4wsine) exp[i*0J. 

(7.4) 

iff - exp[ - {c(i, ± x, i B ) + . o * * j 0 ) ) 2 / r j + r£(e + * )2/*> + i U b

0 ) e + | ) ] . 

The amplitudes 8,. and B ~ , characterized by the deflection angles ty>0 

and —4>1 <0, respectively, describe contributions coming from processes taking 

place on near and far sides of the nucleus. It is clear that |6 l<<l^oxl» 

so long as </>.. is large and positive. 

It is seen that e[~' have a A-window, JT ' - ± V° , with a width which 

turns out to be r,«7, a fairly small value. We also found that £. -

1.7 + 0.61 Q (Q in MeV), which is negative for all the Q values concerned; 

Q<Q , where Q » -7.5 MeV is the Q-value for the ground state transition. 
8 S 

Since r. is small, only negative A &l\ (positive J«-t, ) contribute dominatly 
d d d 

«• »£» <#>• 
In terms of 6 " , the cross section and the polarization for exciting a 

102 * 
single state in Ru with a spin I_ and excitation energy E_ are written as 

0 ( IBEB' e> ' ZJ*J2 ' l A ( e >! 2 Zni21 + "'C + ( - > £ | , « | 2 ' (7.5a) 

P ( I B E > ) * ihh>Q) * E u » l ( 8 b + i) /8 b ]
1 / 2 U'xioUx)Í»s b w(is b n B ; v ' ^ i ' x i r 

(7.5b) 

í 

i 
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The continuum spectra are then obtained as 

/d^ - Ej o(I BE B;9)p(I BE B) and P(EB;6) ^ * Ij P(I BE B;e)o(I BE B;e)p(I BE B). (7.6) 
B D B 

The result of our calculation based on Eq. (7.6) is presented in Fig.5 

as the solid lines, and it is seen that they agree with the data rather well. 

Had we avoided the use of the approximate relations (7.3), still better resutls 

might have been obtained. As was emphasized above, however, the use of (7.3) 

was to make our understanding more transparent. We shall thus be satisfied 

with the degree of agreement that has been obtained, and proceed to obtaining 

a further insight into what is taking place. 

For this purpose, we shall first put s, • 2 in (7.5b), and then express 

o 

explicitly the Racah and C-G coefficients that appear there. If we write 

P » P. + P_, the result is given as 

o P i " l A l 2 J 1 l R r T l T
A ( 6 + ^ + 1 ) - V 1 B + 1 ) ) l*n< ^ l 2 ' <7-7a> 

Mr A 

2 2 1/2 

0 p 2 , | A ( 2 ^ & - ~ ± 2 — [(I B^3)(l B- i +3)(I B + l-2) ( i-I B +2)1
1 / 2

 ( 7 J h ) 

(1*0) 

X IB*-1X 6£A V l A *l\ J' 

The P x originates from the l'«fc term in (7.5b), while P arises from the 

Vmi±l term. (In this sense we may call P- an interference term.) 

We shall assume for simplicity that |flj^|« \^i\ \ a n d t h e n ""«ind our

selves that |f] £ A| has a Window, A* ', which becomes large and negative 

as |Q| increases. As |Q| increase, it also happens that states with larger 

I- become available, which allows I to be also large; note that £»í_ + Í. 
B 
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However, the speed with which |x | increases as |Q| increases is faster than 
that with which L, the maximum value of I with a given |Q|, increases. This 
makes the factor exp{-(|A| - |X < 0 > |> 2/I^} in 0 ^ very small, unless |*| 
takes its largest possible value, i.e., |x|=L, which also requires that i-L. 
In other words only one term with I m - A m L survives in the double sum in 
(7.7), and we arrived the asymptotic relations for P and P_ given by 

• P l l i P lA|2<-a.MB£L>2; . P 2 l ¥ » |A| 2U 2-X 2) 1 / 2<i£> L> 2. ( 7- 8> 

2 2 1/2 (For P. we retained a small factor (£ -A ) which of course vanishes if the 
limit £»-A • L is taken literally.) Applying a similar argument to (7.5), 
we also get the asympto .̂  relation o , n i |A| (2L)(0 ) . We thus have 

Ixl"**0 L,-L 
?1 -*• -1, and P -> 0 as \ Q \ - " ° . 

It is clear from (7.7b) that P is positive definite, so long as |6,.| « 
18,. |, and will of course have nonvanishing values for smaller | Q | , although 
P. -+ 0 for large |Q| as we showed above. This behavior of V. is very much 
the same as that of the experimental P for large E, . 

D 

Unlike P_, P. is negative, not only for large |Q|, but also for small |Q|. 
The factor (6+fc(£+l)-I_(I_+l)) in (7.7a) is negative (positive) for smaller 
(larger) I, but is positive on the average. Since the factor A is negative 
definite, due to a negative window, P. is negative as a whole. Its magnitude 
for small |Q| is rather small, because the contributions from smaller and larger 
I cancel one another, (due to the varying sign of the above-mentioned factor). 
Thus for small |Q|, 1' dominates, explaining by itself the experimental P, 
while for E « 60 MeV, positive P„ and negative P. compete, making P « 0 . For 
E. lower than 60 MeV, P. dominates, and tends to make P approach - 1 . 
D 1 
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It is now very important to remark here further that P_ is entirely due 

to the recoil effect, because it is due to the interference between i.*s that are 

of natural and unnatural parities. As we emphasized above, P_>0. This fact, 

combined with what we just discussed in the preceding paragraph, allows us to 

conclude that had we made a no-recoil approximation, we would have failed to 

predict positive P, and would have been unable to explain the major part of 

the data. 

We remarked above that P-»-Rj*-l for large |Q| , and this fact is going to 

make our theoretical P deviate from experiment for E, ̂ ,55 MeV; See Fig.5. 
b 

We do not think this is a significant trouble in our theory, however. It 

should be noted that in the energy region we are concerned, we are also some

what underpredicting the cross section, which we believe is due to the fact 

that we have not included the contribution of higher-step processes. Post

poning to a future work the inclusion of such effects in our calculation, we 

shall here simply assume that the descrepancy between the theoretical and 

experimental cross sections can be accounted for this way, and therefore that 

we can use the experimental, rather than the theoretical, cross section in 

the formula defining P in (7). (This assumes further that the higher-step 

processes are so complicated that their contributions to P average out to 

zero.) If this is done, we obtain a new theoretical result, shown in Fig. 5 

by a dashed line, which is seen to be in good accord with experiment. 
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VIII. Concluding Remarks 

We have shown that the MSDR method can be applied to explain the continuous 

cross sections of a variety of reactions, ranging from light-ion induced to 

heavy-ion induced reactions. So far the latter application has been limited 

to cases in which the projectiles were of comparatively light ions. Its ex

tension to cases with heavier projectiles continues as a very challenging 

problem. 
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Figure Captions 

Fig. 1. Comparison of the calculated (p.p') cross sections with experiment 

of ref. 8. Both the experimental and theoretical cross sections 

are integrated over 10 MeV energy range as shown in the figure. 

The solid lines represent the sum of one- and two-step cross sections, 

while the dotted lines represent only the one-step cross section. 

Fig. 2. Comparison of the calculated (p,n) cross sections with experiment 

of ref. 10. The solid lines represent the sum of one- and two-step 

cross sections, while the dotted lines represent the one-step cross 

section. 

Fig. 3. Comparison of the calculated (p,a) cross sections with experiment 

of ref. 13. The rest is the same as that of Fig. 2. 
20 16 20 12 27 Fig. 4. Spectra at © l a b* 20° of reactions ( Ne, 0) and ( Ne, C) from A£ 

20 Target with E, . ( Ne) = 120 MeV. Circles represent data of ref. 15, lab 
while the solid lines represent results of the present theoretical 

calculations. 

Fig. 5. (a) Number of observed 3-particles, N a, which is proportional to the 
p 

12 
cross section, and (b) the polarization of B, at 8. . » 20°. Ex
perimental data was taken from ref. 18. Prediction of ref. 19 is given 
by dotted lines, while our prediction is given by solid and dashed 
lines. Theoretical cross section has been normalized at the peak of 
the N.distribution. 
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Experimenls related to quantum electrodynamics of strong fields 

P. Kienle 

Physik-Department, Technijche UniversitSt Miinchen 

In this lecture I shall try to introduce you into a new 
field of quantum electrodynamics -Q.E.D.- namely that of 
strong fields. By strong fields, I moan Coulombfieids with 
coupling strenghts Zx > 1. Thus the effective charges, 
which we are interested in, are larger than 137. 

The lecture is divided up into two parts. In section A we 
sketch the basic concepts and review the observable pro
cesses of Q.E.D. of strong fields. Section B deals with 
first experimental results on K-shell ionization, £ -ray 
emission and positron production of quasiatoms formed in 
heavy ion atom collisions with effective charges Z >137. 

Lecture held at the post-conference school "Topical themes 
in heavy ion scattering". Johannesburg, South Africa 
9 - 1 1 August 1978. 
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A) Basic concepts of Q.E.D. processes in strong fields 

1) Gedankenexperiments 

He start off by doing a simple Gedankenexperiment 
in which we increase a point charge Z steadily and 
ask for the eigenvalues of an electron in the Coulomb-
field. By solving Dirac's equation, we find continuum 

solutions of positive and negative energies with 
2__ «. 

(ra c ) + (pc) . The positive energy solutions 

are electron continuum states the negative ones describe 

the antiparticle continuum (Dirac sea). The gap between 
„ 2 , 2 
E = +mc and -mc contains discrete bound states, the 
energies of which are given by the Sommerfeld fine-structure 
formula: _ 

2 

-1/2 

« = " ' L1 + ( n-íxf+ïx*- (Za
2] 1' 2 ' 

E_, = mc2 1 + ( ., .Z ' a * rrrr) 

with X " + 1' t 2 ••• a n d n • 1,2 

The solutions become unphysical - the energy eigenvalues 
become imaginary- at Z = 137, due to the divergence of the 
Coulombfield of a point charge. This can be cured by 
assuming an extended charge like in a real nucleus . 
Then the eigenvalues E . become zero at Z*140 and 
even negative with increasing charge until the 1s-/2-
state reaches with E.. .. ., » -mc the negative energy 

1 SI I c 911141 

continuum at a critical charge Zc*M69 ' ; 'as shown in fig.1 
More recent calculations give the following values of 
Z c for the lowest levels 1s l / 2 (172) 2p 1 / 2 (185)5). 
Beyond the critical charge Z , first the Is^*" t n e n 

the 2p1y2" state dive into the negative energy continuum. 
The original discrete states spread their strengths with 
a characteristic spreading width f1 over the continuum 
states similar to the behaviour of an autoionization 
state in the positive energy continuum of an atom. Such 
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a state would show up in a Gedankenexperiment, in which 
one would observe positron scattering, as a resonance 
dispersion anomaly caused by the interference of the 
normal continuum scattering amplitude with the resonant 
one of the state spreading over the continuum. 

A much discussed way of observing such a state, spread 
into the negative energy continuum, is closely related 
to Kleins paradox ' which predicts in strong electric 

2 
potentials with eV > 2rac transitions between negative 
and positive energy continuum states. In an atom with 
Z>Z , in which a discrete state becomes degenerate 
with the negative energy continuum a transition may 
occur, if the state is vacant,in which an electron 
from the negative energy continuum is bound by the state 7) and a positron is emitted . Because of the two fold 
spin degeneracy of the "Is.,, " state two electrons be
come bound and two positrons will be emitted. The 
decay width is equal to the spreading width. The new con
cepts which had to be introduced in Q.E.D. to describe 
the phenomena in strong fields have been developped 
since 1969 by a great effort of two schools, one in 

5) 8) 
Frankfurt ' and the other in Moscow '. The most im
portant concept is that of the charged vacuum spontaneously 
formed in cvercritical fields by binding electrons in 
states spread into the Dirac sea and emitting positrons. 
For a review of these very basic theoretical develop
ments we like to refer a recent article by Reinhardt 

9) 
and Greiner . 
We should like to point out a further Gedankenexperiment 
for observation of the resonance in the negative energy 
continuum. In a photoproduction experiment of pairs 
from atoms with Z > Z c r one would observe an interference 
anomaly in the positron spectrum due to the coherent 
superposition of transitions irom the negative to the 
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positive energy ccntinuum with those from the resonance 
to the positive energy continuum. The interference ano
maly originates from the energy dependance of the phase 
of the state spread in the negative energy continuum. 

2) Quasiatoms with Z > Z . 
c 

The problem is focusing now on the question: "How to 
produce atoms with Z > Z ? This difficult question 
seems to have an answer, since we have heavy ion beams 
available with energies high enough to come close or 
even overcome the top of the Coulombbarrier in collisions 
with heavy atoms. In such a heavy ion-atom collision, 
a quasiatom may be formed during the scattering process 
for a short time with an effective charge for the 
combined Coulombfield of about (Z* + Z_). Let us con
sider a U-U-collision with E, , =1.4 GeV, corresponding 
to a velocity v .'( »)/c = 0.11. In a head on encounter 
the distance of closest approach 2a is about 17 fm, 
compared to the sum of the radii of the two colliding 
U-nuclei 2R(U) - 16 fm. So both charges are nearly 
touching at the turning point. During a short collision 
time which may be defined as "X c*2 X~7ET ^ 1 0 " s 

an effective charge Z 1 + Z- = 184 produces the Coulombf ield. 

The electrons are exposed during the collision to the 
two center Coulombfield from charge Z. and Z- which 
also depends on the inter nuclear distance R (t) which 
chang>s with time t. The time dependant two center 
Coulombfield V (Z., Z,, R(t) ) may transfer momentum to 
the electrons, so that they get ejected during the 
collision. The strongly bound ones with velocities close 
to c may adjust their charge distribution during the 
collision to V(Z,, Z,r R(t)) to form quasi stationary 
states which are called "quasimolecular states" or 
"quasiatomic states" if R(t) becomes small compared 
with the extension of the electron charge distribution 
of the state considered. Energy eigenvalues of such states 
have been calculated by solving the Dirac equation for 
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the two center potential V(Z.,, Z 2, R) ' ' . The 
results for Pb+Pb and U+U are shown in fig. 2. One 
notices that the lowest quasimolecular state -denoted 
by 1stf which becomes the 1s.j , 2"~ s t a t e i n t f t e united 
atom limit dives into the Dirac-sea at R c = 35 fm. 
At R = 17 fm, the energy of this state which is now 
spread in the Dirac sea becomes about -1300 keV. Note 
also the large increase of the 1stf -binding energy 2 between R = 200 and 15 fm of about 2mc . This leads 
to a strong relativistic contraction of the electron 
wave function. 

3) Dynamic effects in quasiatom formation 

Most informative for the investigation of the properties 
of the quasiatoms, seem to be the transitions between 
the quasimolecular states caused by the time-changing 
Coulombfield during the collision. The processes which 
can be investigated are: 

i) The ionisation of the inner shell quasi 
molecular states. 

ii) The pair creation, which may be looked at a 
transition from the negative to *he positive 
energy continuum. 

For studying processes in strong fields it turns out 
to be of greatest importance that the transition 
matrix strongly increase at very small internuclear 
distance, whict. means that quasiatoms can be favourable 
studied. This concentration of the transition amplitudes 
in regions of the highest fields, is due to the relativistic 
contraction of the wave functions and the rapid time change 
of the interaction at small distances as pointed out before. 
What electrodynamic processes can we really study in heavy 
ion-atom collisions? The simplest one is the Coulombioni-
sation of the most strongly bound molecular orbits like 
the )1& and 2p^- state. One can measure the vacancy pro-
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duction probability as function of the combined 
charge Z. + Z-, the impact parameter and the relative 
velocities of the collision partners. More elaborate 
experiments aim at measuring in addition the energy 
spectra of the ejected electrons (6-rays) including 
their angular distribution. 
Concerning the pair creation three processes have ba .. 
discussed, the amplitudes of which add up coherently 
because they have the same initial and final states. 
Two pair creation processes may be induced by the 

111 time varying Coulombfield, one being a direct transition 
from the negative to the positive energy continuum the 
other presenting a two step process " , in which an inner 
shell vacancy is formed in the first part of the 
collision and then decays through the excitation of an 
electron from the Dirac sea into the vacant bound 
state plus the emission of a positron. In collissions 
with (Z1 + Z2) y Z and R

m < n ^ R
c » a 1s$ vacancy 

created in the first part of the collision may decay 
when diving into the Dirac sea spontaneously by binding 
an electron and emitting a positron '''' '.This fundamental 
new process is unfortunately two orders of magnitude 
weaker than the dynamic processes in U-U-collisions. 
One way to identify the spontaneous vacuum decay might 
be to extend the investigations to heavier collision 
systems such as U + Cm (Z = 188) or U + Cf (190). Even 
then It may be very difficult to find a unique signature 
for the vacuum decay thus only a very detailed comparison 
with a reliable theory may lead to its identification. 

Very recently we have suggested14*an alternative way possibily 
suited to identify the resonance in the negative energy 
continuum in systems with Z} Z , based on the same 
principle underlying the Gedankenexperiment, to detect 
such a resonance as a dispersion like anomaly in the 
positron spectrum from photo pair production. In the 
Coulomb collision/ the real photons are replaced by 
virtual photons having a frequency spectrum which is 
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the Fouriertransform of the collision. Thus in the 
experiment one should look again for an anomaly in 
positronspectrum in coincidence with scattered particles 
in order to fix the distance of closest approach. The 
main problem originates from the time dependance of the 
resonance energy during the collision. Yet the largest 
transition amplitudes originate from the turning point 
of the trajectory which will be fixed. Thus we still 
may have the chance to detect an interference term 
in the positron spectrum around the energy of the 
resonance at the smallest distance of closest approach. 
Such a measurement, if practical, would allow a detailed 
spectroscopy of the charged vaccuum. 

4) Kinematics of Coulombionization 

The momentum transferred to an electron in the collision 
«^ q is related to the initial and final momenta of the 

-*. -* colliding particles K. and K f by 

~» -* "*> 
q • K ± - K £ 

The minimum momentum transfer q„ 

«. s Ki " Kf 

can be related to the energy transfer £ E using energy 
conservation 

* (K^ - K f

2 ) = AE 
2t 

withfKA + K f V 2 K. one ge t s 

2 * K i * (K4 - K-) = AE or 
2g i r 

qm = (A E/fiv) 
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This relation says that for a given energy transfer 
to a bound electron £E = T f + B, equal to the sum 
of its kinetic energy T f plus the binding energy B, 
a minimum momentum has to be transferred. 
Thus using momentum conservation for the ejected 
electron with k. as the momentum of the bound electron 
in the initial state and k the momentum of the 
ejected electron in the final state 

k f = q • k A 

and replacing q byq , one can infer from a measurement 
of k f the momentum of the initally bound electron, 
assuming one can calculate q . For this one has to 

m 
know the binding energy of the ejected electron 
which depends on the internuclear distance 
R. In the quasiatomic limit B would be the binding 
energy jafthe united atom. The matrix element 
4 fj .e^ r|i for a certain minimum momentum transfer 
q has its main contribution within a region given 
by 

R £__L = •** 
m q m &E 

When the transition matrix elements become large at 
small internuclear distances R one has to use the 
binding energy of the united system to determine 
q m . Vizeversa one can determine the relevant binding 
energy of an electron by measuring its transition 
amplitude as function of R m or o £ the impact parameter b 

Under the assumption that the transition matrix elements 
become dominant at small inter nuclear distances at 
which quasiatoms are formed, one can calculate the 
energy spectrum of the electrons (6-rays) in Born 
approximation using wave functions for the quasi-
atom. One finds 
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d ' * 

2 

dJ ldk f V f i v c ? J f J ^ * 
^min 

F(k i) 

with the form factor F i?^ (-**& *&*, ,̂ ,,3,. 
(k^ * /e e li *r' r 

and a = Z / (Z + Z_.) and a . = — a . 

A measurement of the 6-ray-spectrum should therefore allow 

to determine the form factor o f t n e electron-distribution 

of a quasiatom with high Z. 

B) Experimental results 

In the following we shall review experimental results from 

very heavy quasiatom formation as has been gained by several 

groups during the last two years mainly using heavy ion 

beams from the Unilac at the 6SI in Darmstadt. 

1) Inner shell ionization 

A series of experiments have been carried out by the 

group around Armbruster to investigate systematically 

the inner shell vacancy production probability for a 

large number of target projectile combinations and at 

various relative velocities ' . More recently this 

program was substituted by a detailed study of the 

impact parameter dependance of the vacancy production 

especially in Ï80 - and 2pg-molecular states as 

function of the quasiatomic charge (Z* + Ẑ ) up to 

overcritical systems l 8 ) / 1 9 )' 2 0 ). 

The 1gf-vacancy production probability P 1 s- per collision 

was determined from a measurement of the K-X-rays, emitted 

in the decay of the vacancy after the collision in the 

heavier of the colliding atoms in coincidence with the 

atoms scattered by a certain angle. It could be shown 

that for asymmetric collision systems the transfer of a 

vacancy produced in the 1 --state, which normally ends in 

the K-shell of the lighter collision partner, to the 

K-shell of the heavier one, which contains the hole 



produced in the Istf-state, is small. For more symmetric 
its contribution was estimated from a measurement of 
the K-X-rays of the lighter collision partner and using 
the Meyerhof-Detnkov vacancy sharing model. 

The measured dependance of P l s g on the impact parameter 
b is approximated by the simple exponential form 

P1s6 t b ) = p { o ) e x p ( ~ b / a o * * 
The fall off width a is inversely proportional to the 
minimum momentum transfer q - which is related to the 

^m 
energy transfer AE as pointed out in section A. 

B = 2a ~* — — = J~— , with the averaged impact-
parameter E = 2a . 

In case of ionization of a 1s£ -quasi molecular state 
&E is given by its binding energy at the distance of 
closest approach R , B..- (Ro), which can be determined 
from a measured value of a. 

The measurements of the (Pb+Ag) and (Pb+Sn) systems are shown 
in fig. 3. The extracted values for the fall off width a, 
are summarized in table 1. 
The most important result is the concentration of the 
1s(-ionization probability on impact parameters or 
distances of closest approach (R ), which are smaller 
than the mean radii of the inner shell. This means 
that inner shell ionization in heavy ion atom collisions 
is indeed a process which accurs after formation of a 
quasiatorn. Thus in studying this process one can investi
gate properties of the quasiatom. This has been done 

22) intensively by now.Armbruster et al. ' have extracted 
from a measurement of the fall off width a, the binding 
energy of the quasimolecularstate as shown in fig. 4 for 
the 1s£- and 2pf-states as function of the united charge 

21) ZUA* T n e s o ^ i d a n d dashed lines present calculated values 
of the respectiv binding energies with (solid curve) and 
without shieldung (dashed). From a simple measurement 
of the Dopplerbroadening of the X-rays emitted at 90°-
relative to beam Armbruster's group'9' could determine 
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an average value for the impact parameter b, which 
can also be used to determine binding energies of 
quasimolecular states» making use of its relation 
with the energy transfer as explained before. 

23) Greenberg et al. developped an elegant method of 
determining the impact parameter dependance of inner 
shell vacancy production in heavy ion-atom collisions, 
by measuring the Dopplershift of the X-ray under 
0 -degrees relative to beam. Fig. 5 shows P(b) distri
bution gained with the Dopplershift method for Xe-Pb-

23) collisions . Also included are P(b) data from Liesen 
20) et al. taken with the particle X-ray coincidence 

method for the similar system Xe-Au at the same pro
jectile energy. These complete data demonstrate again 
the strong concentration of P(b) on small impact parameters, 
The experimental results do not compare well with 
theoretical calculations by Soff et al. and Amundsen 

21) Very recently Soff et al. seem to get fair agreement 
with theory, taking account also multistep ionization 
processes. 

A further very informative method of studying quasiatom 
formation by determining the electron distribution form 
factor from the energy spectra of 6-electrons, emitted 
in Coulombionisation has been developped by Kozhuharov 
et al. 1 5 ) and Bosch et al. 2 5*. 

Fig. 6 shows the 6-ray spectrum from S+Pb-Collisions, 
measured by a triple focusing electron transport system 
with a cooled Si-detector. Electrons up to 400 keV, have 
been observed. The spectrum is quantitatively reproduced 
in Born approximation using relativistic form factors 
of the quasiatom with (Z. + Z~) s 98. This shows most 
convincingly that quasiatoms are formed and that their 
wave functions can be determined. This method was 
recently extended on the study of very heavy quasiatoms. 
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Fig. 7 gives the 6-ray spectrum from Pb+Pb collisions 
up to 1.7 MeV energy -corresponding to a momentum 
transfer of up to •=— fm . It is compared with cal-

21) 
culated values of Soff et al using a monopole approxi
mation. There seems to be reasonable agreement in the 
fall off of the spectrum, but a factor of 5 is missing 
in the absolute value of the calculated cross section. 

A preliminary evaluation of first data on the impact 
parameter dependance of the 6-ray-spectra from Pb-Pb 
collisions indicates the possibility of determining 
the binding energies of different quasimolucular states 
as function of the impact parameter or distance of 
closest approach. 

Paircreation 
26) 27) 

Two experiments ' have been reported up till now 
in which the paircreation has been observed and studied 208 in heavy ion-atom collisions using high energy Pb 
and 238U-projectiles (up to 5.9 MeV/u). For this it was 
necessary to develop positron detection methods suited 
for measuring small cross section in the presence of 
huge numbers of Y-rays, 6 -e lectrons and neutrons, which 
may cause a disturbing background. The initial experiments 
used two completely different approaches to detect the 
positrons with high efficiency and large background 
reduction; one method used a long solenoid to transport 
the positrons far away from the target, the other used 
a 0-spectrometer of large solid angle to focus the 
positrons on a detector. For a further background 
suppresion one or two annihilation quanta of the positron 
were detected. 

Fig. 8 shows a schematic sketch of the solenoid positron 
detection device. Positrons from the target spiral in 
the magnetic field produced by two long solenoid and 
are thus transported with high efficiency on a Al-catcher 
60 cm away from the target. Two additional coils at both 
ends of the main solenoid provide mirror fields which 
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increase the positron transport efficiency. The 
positrons annihilate in the catcher. Two pairs of 
3" x 3" Nal-counters, placed face to face around 
the catcher, detect the two collinear 511 keV 
annihilation quanta. The overall positron detection 
efficiency has a constant value of £= 2.8 % up to 
positron energies of 1 MeV as shown in the insert 
of fig. 8. Thus this instrument measures the energy 
integrated positron yield up to around 1 NeV to a 
fair approximation. This energy range should comprise 
the major part of the positron distribution, as has 

28) been shown very recently by a first attempt to 
measure the positron spectrum. In this experiment 
the Al-catcher was replaced by a Si-detector, which 
measures the positron energy. A major problem is the 
number of 6-rays, which are also transported by the 
magnetic field on the detector, causing a very severe 
pile up problem. 

In order to measure the impact parameter dependance of 
the positron production two plastic foil-scintillator-
counters were placed at (23 +_ 4.5)° and (45 + 10)° 
to detect the scattered particles in coincidence with 
positrons. 

Fig. 9 shows the set up to measure the positrons with 
a 0-spectrometer of the "orange type" is sketched. It 
uses a toroidal magnetic field produced by 60 current 
coils to focus positrons emitted from the target onto 
a 60 mm dia x 100 mm long, hollow cylindrical plastic 
scintillator detector. To further reduce the background 
one of the positron annihilation quanta was detected by 
a 51 mm dia x 100 mm long Nal-counter placed inside of 
the plastic scintillator. Within the focused momentum 
band of 15 %, the positron detection efficiency was 2.6 %. 
Thus this instrument measured the positron yield in 
moment'im bites of 15 % around the momentum set by the 
magnetic field. Im principle it allows the measurement 
of the whole positron spectrum in a very clean way by 
measuring at a sequence of field settings. In order 



-134-

to make this practical, the positron detector was 
replaced by a different one, which does not need the 
coincidence requirement with on» annihilation quantum, 
thus increasing the detection efficiency by one order 
of magnitude. This new detector consists of a 
6 - 10 mm 0, 150 mm long plastic scintillator rod, 
placed along the axis of the 3-spectrometer. In order 
to reduce the Y- and neutron sensitivity it is surrounded 
by a cylindrical proportional counter placed along the 
focal cylinder of the B-spectrometer. Requiring a 
coincidence between the proportional counter and the 
plastic scintillator reduces the background so much 
that positrons focused by the spectrometer can be re
cognized as a line in the pulse hight spectrum of the 
plastic scintillator. 

Scattered ions were detected in coincidence with 
positrons using a annular parallel-plate-avalanche 
counter with 4 concentric anode rings subtending 4 
angular ranges from 13.5° - 32.3°. The detector rings 
were capable of operating individually up to counting 
rates of 10 s , thus permitting small positron yields 
to be measured. 
There is unfortunately an inherent positron background 
from nuclear states excited in the collision. If the 

2 energy of the excited nuclear state exceeds 2mc , it 
can decay with a small branch, given by the internal 
pair conversion coefficient, \ (e+) / P , by emission of 
an electron-positron pair. Because the positrons are 
related to the Y-spectrum, the" can be determined by 
measuring the Y-spectrum and using a theoretical or 
empirically determined conversion coefficient. In the 

208 208 unique case of Pb- Pb collisions, the positron 
background from nuclear origin is very small and easy 
to be determined. For bombarding energies below the 
Coulombbarrier, the main positron background originates 
from the decay of the Coulomb-excited 3~-state at 2.61 MeV. 
Its contribution to the observed positrons has been 
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determined by a simultaneous measurement of the 

ï-decay branch and an additional determination of 
212 the internal pair conversion ratio using a Pb-Source 

— 208 which also populates the 3 Pb-state. 

238 

For collisions with U as projectile, the back

ground situation is more severe. Due to Coulomb-

excitation many states up to high energies are 

populated. The Y-spoctrum taken with a Nal-detector 

is continuous with an exponential fall off up to 

energies of 6 - 7 MeV. In order to determine empirically 

ratios of positron to Y-ray intensities systematic 

measurements on a large number of targets with Z between 

57(La) and 92 (U) have been performed using 5.9 MeV/u 
238 

U-beams. Fig. 10 shows the number of detected positrons 

in the energy intervall 0.44^ E ^0.55 MeV in coincidence 

with scattered particles N in a given angular range 

relative to the number of Y-rays above 1.44 MeV in 

coincidence with scattered particles N . For lower 

Z-targets these ratios are fairly constant and increase 

steadily for the higher Z-collision systems, U+Pb and 

U+U. For the latter two collisions systems the number 

of positrons correlate more with the number of scattered 

particles N .Thus suggesting the following dependance for 

the positron yield 
N e + P

 = P < V 9 ) N p + C N Y P 

with P(Z ,6) beeing the positron production probability 

due to the action of the Coulombfield alone, which 

depends on the total charge of system Z u = 2-i+Z,
 a n d 

on the scattering angle 9. C is the empirically deter

mined ratio of positron to Y rays of nuclear origin. 

Fig. 11 shows for Pb-Pb collisions the energy integrated 

positron production probability per scattered particle 

at &iai, = (45 + 10)° in the bombarding energy range 

between 3.6 MeV/u^E l a b L 5.6 MeV/u as function of 
Rmin^^D w i t n R m i n b e e i n t n e m i n i m u m distance of closest 
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approach and V the relative velocity of the collision 
system at lJ—»«•. Note that R m i n/ TTD IS inversely pro
portional to the energy transfer in a Coulomb collision. 
The solid pointed which present the position production 
probabilities of non nuclear origin fall off exponentially 
with R m ;j n/ V D as expected for a proc~ss caused by the 
time changing Coulombfield. The solid line represents 
the calculated positron yield by Reinhardt et al., given 
mainly by the direct transition from the negative to 
the positive energy continuum caused by the strong time 
changing Coulombfield of the colliding nuclei. The 
contributions from the Coulomb excitation of the 3~(2.61) 
and the 2 , 4.09 MeV states are also indicated; they 
fall off steeper with R

m :i n/tf e 8» because of larger 
energy transfer needed for their excitation. 

Fig. 12 shows the positron production probability per 
scattered particle in an energy intervall of 1 MeV 
centered around 480 keV for U+U, U+Pb and Pb+Pb collisions 
at the same relative velocity, Tf/c = 0.11, as function 
of the cm-scattering angle or the minimum distance of 
closest approach in units of a, with 2a = R m i n for 
the central collisions. The positron yield shows again 
an exponential decrease with R . for all three collision 
systems with similar slope, representative for an energy 
transfer of about 1.5 MeV needed to create a pair with 
a positron kinetic energy of 0.5 MeV and an electron 
with an energy close to zero. This indicates again very 
strongly that the pair is created by the time changing 
Coulombfield. One also notes a remarkable increase of 
the positron production probability proportional to 
(Z-j+Z,)11 with n = 17. The dependance of the positron 
yield on Z^Zj On R m i n as well as the absolute value 
is well reproduce by a calculation of Reinhardt et al. 
-full and dashed line- which takes account a coherent 
superposition of the direct and two step ionization of the 
Dirac sea by the time changing Coulombfield. The strong 
Z-dependance of the positron yield reflects directly 
the large influence and strong increase of the relativistic 
contraction of the wavefunction at the orgin of the 
united charges (Z-J + ZJ) . The U+U-system shows, within the 
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relatively large errors, no increase of the positron 
yield for R

m i n < R
c ' " 3 4 ^ m due t o t n e diving of the 

1s*"-orbit into the Dirac sea. It must be pointed out, 
that such an effect can most probably not show up 
under the present experimental conditions, because 
the diving energy of the 1s C-level is smaller than 
500 keV, the energy of the positrons observed. 

Presently a new generation of experiments is beeing 
prepared for investigating of the pair production 
process by strong Coulombfields with higher precision 
and in more detail, with the hope to detect an influence 
of the 1stf resonance in supercritical systems on the 
positron yield. 
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Table 1: Fall off width a of an exponential modell 
function for'P l s- (b). 

Collision system a Q (fm) 

Pb + Mo 41.0 + 5 
Pb + Ag 39.5 • 5 
Pb + Sn 34.7 ± 4 
Pb + Sm 26.5 + 4 

'•4 

i 
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Figure Captions 

Fig. 1 Atomic binding energies as a function of the 
nuclear charge Z calculated in the Hartree-Fock-
Slater-approximation. 

Fig. 2 Energy eigenvalues of the quasimolecular states 
as function of the internuclear distance R 
for the Pb+Pb (a) and U+U (b) systems. The curves 
are taken from W. Betz, Diplom thesis Frankfurt 
1976. 

Fig. 3 Ionization probability of the 1sC -molecular-states 
for the systems Pb+Ag and Pb+Sn as function of 
the impact parameter compared with theoretical 

21 calculations 

Ei^v 4 Binding energies of 2p(J- and 1s*-states and the 
corresponding mean frequencies of the ionizing 
field as function of the united charge of the system 
Z„.. The solid and dashed lines are calculated 

U A 21) 
binding energies by Soff et al. 
The points in the negative energy continuum are 
deduced from measurements of the impact parameter 
dependance of the production of positrons with 
energies between 440 and 550 keV for Pb+Pb, Pb+U, 27) and U+U, collisions ' 

Fig. 5) Ionization probabilities of the 1stf-states of 
the system Xe+Pb and Xe+Au as function of the 

23) 
impact parameter b from Dopplershift and 20) coincidence experiments . The theoretical curves 

21) 24) 
are by Soff et al. and Amundsen 

32 Fig. 6 6-ray-spectrum from collisions of 120 MeV S-ions 
208 with Pb. The lines are calculated spectra using 

Born approximation with form factors from relativistic 
wava functions of the united atom ( ) and of the 
target atom ( ) and from non relativistic ones 
for the united atom. 
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Fig. 7 6-ray-spectrum from 2 0 8 P b - 2 0 8 P b collisions at 

E = 4.. 7 MeV/u taken with various electron 
spectrometers in comparison with calculated 

211 values by Soff et al. . 

Fig. 8 Solenoid positron transport system. The magnetic 
field distribution along the axis is also shown. 
The insert exhibits the total positron detection 
efficiency as function of the positron energy. 

Fig. 9 "Orange type" 0-spectrometer used to focus positrons 
on a cylindrical plastic scintillator containing a 
Nal-crystal. Scattered particles are detected by an 
annular parallel-plate avalanche counter with 4 
concentric anodes. 

Fig. 10 Number of positrons N per observed number of if 
rays N , both coincident with a scattered particle 
as function of ['l. + Z-). 

?$q. 11 Positron production probability as function of 
3/2 

Rmin °( Rmin ^T^D i n c o i n c * d e n c e with scattered 
particles at (45 + 10)°. 

Fig. 12 Energy differential positron production probability 
at E . = 480 keV as function of R_<„ / a (or the cm e+ m m 
projectile scattering angle) after subtraction of 
positron background of nuclear origin for Pb-Pb, 
Pb-U, and U-U system at 5.9 MeV/u projectile 
energy. 291 The calculated curves are due to Reinhardt et al. 
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ABSTRACT 
The collective modes excited in deep-inelastic reactions and 

their natural hierarchy provided by their characteristic relaxation 
times is described. The relaxation of the mass asymmetry mode is 
discussed in terms of a diffusion process. Charge distributions and 
angular distributions as a function of Z calculated with this model 
are in good agreement with experimental data. This diffusion model 
also treats the transfer of energy and angular momentum in terms of 
particle transfer, and is successfully compared with experimental y-ray 
multiplicities as a function of both Q-value and mass asymmetry. The 
angular momentum transfer is again considered in connection with the 
sequential fission of heavy, deep-inelastic fragments and the excitation 
of collective modes in the exit channel is considered. The role of the 
giant El mode in the equilibration of the neutron-to-proton ratio is 
discussed. 
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I. INTRODUCTION 

The spectacular evolution of a nucleus into two new nuclei as 
discovered in fission, faced physicists with a large scale nuclear motion 
that was hardly matched by any well understood collective mode, and 
seemed to defy any attempt for a microscopic explanation. As the shell 
model and nuclear structure fluorished under a steady flow of spectro-
scopical data, nuclear fission for a long time remained a separate and 
stunted branch of nuclear physics. It was really a "vox clamantis in 
deserto" professing an altogether new perspective and phenomenology 
for nuclear physics. 

Strutinski showed how to calculate the potential energy in 
collective space, but the fission process was to remain as mysterious 
as it was tantalizing. No matter how much one probed the compound 
nucleus, forming it with a variety of energies and angular momenta, 
not to speak of mass and charge, it would undergo fission, selecting 
its own collective paths in a way well beyond the view of the experi
mentalist. 

What was clearly needed was a way to manipulate the initial 
conditions more or less precisely and yet flexibly to test the individual 
degrees of freedom under well defined conditions, possibly one by one. 
In fission this was never possible. At length, it occurred to the 
people of fission persuasion that heavy ions, possibly very heavy ions, 
provided the clue to the solution. The recipe: put together two nuclei 
with various kinetic energy, mass, charge, neutron-to-proton ratio, 
etc., and see what happens. 

The spectacular phenomenology that has sprung forth is now well 
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documented in hundreds of papers and several review articles. Its 
popularity has been confirmed (if it ever needed to be) by the large 
investments in heavy-ion facilities made by the international physics 
community. 

Yet the traditional nuclear physics and the heavy ion phenomenology 
are not completely integrated. The language is still very different 
and, to some, the physics may appear almost unrelated. It may now be 
possible to dispel such worries. The phenomenological and macroscopic 
description of deep-inelastic processes reveals only the surface of a 
large body of microscopic features. But how do the microscopic degrees 
of freedom, so dear to nuclear structure, conspire to create the stupendous 
collective phenomena observed in heavy-ion reactions? This is the 
fundamental quest in heavy-ion studies and the essence of the many-
body problem. It may also become the final and most ambitious goal 
in nuclear structure. At this point the title of this lecture becomes 
justified. The deep-inelastic process may well become, if it is not 
already, the most versatile workbench for the study of the many-body 
problem. 

In what follows we want to briefly illustrate the salient features 
of deep-inelastic collisions and point out the most relevant microscopic 
implications. Rather than striving for completeness, we shall try to 
present those aspects which have particularly attracted the attention of 
our group both experimentally and theoretically. After a schematic 
description of the relevant degrees of freedom, we shall concentrate 
on attempts to understand the Z distributions and angular distributions 
as a function of Z in terms of a diffusion model. This approach will 
guide us towards the problem of angular momentum and energy transfer and 
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the one-body aspects of these processes. The problem of angular 
momentum transfer will be again considered in the study of sequential 
fission where the statistical excitation of collective modes in the 
exit channel will be suggested. Finally, we shall consider the effect 
of the giant El mode on the equilibrium neutron-to-proton ratio of 
deep-inelastic fragments. 

II. DEGREES OF FREEDOM EXCITED IN DEEP-INELASTIC PROCESSES 
AND THEIR RELAXATION TIMES 

Because heavy-ion reactions involve a broad range of interaction 
times, it is useful to associate a characteristic time with the evolution 
of each excited collective mode, namely the relaxation time. Estimates 
of these relaxation times provides a natural hierarchy for categorizing 
the various collective degrees of freedom. The exercise obtained in 
estimating these relaxation times is also very effective in acquainting 
one with the landscape provided by heavy-ion reactions. Let us first 
list the degrees of freedom and try to estimate the relaxation times. 
The most prominent modes to date include the relaxation of the 

1) Relative motion 

2) Neutron-to-proton ratio 

3) Rotational degrees of freedom 

4) Mass asymmetry. 

a) The relaxation of the relative motion degree of freedom 
and the energy thermalization 

Although a wide range of Q-values are observed in heavy-ion 
reactions, extending from zero to nearly complete relaxation, the strong 
energy damping is so prominent that it has led to the labelling of these 
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reactions as "deep-inelastic" processes. In several cases when the 
ratio of the center-of-mass kinetic energy to the Coulomb barrier, E/B, 
is larger than 1.5, interesting patterns are seen in the cross section 
plotted as contour lines in the total kinetic energy-angle plane (see 
Fig. 1). The pattern can be related to the deflection function if one 
can relate the energy loss with angular displacement from quasi-elastic 
peaks. If one assumes that the system rotates with angular velocity 

. - -H- CD 
u r o 

and that the centroid of the quasi-elastic peak decays exponentially 
with time, one obtains a relaxation time given by 

„.i w L <E(e) - E n )J 

where 8 is the grazing angle, 6 is the angle of observation, and E(8) 
is the centroid of the kinetic energy at that angle. For a typical system 
one obtains T £ a 3.0 x 10 sec which is very short time indeed and is 
barely larger than a nucleonic period. For E/B ratios smaller than 1.5, 
the cross section patterns in the kinetic energy-angle plane are more 
complex, and depend dramatically upon the mass asymmetry (Fig. 2). 
However, the mean kinetic energies, for angles far removed from grazing 
are well below the Coulomb energies of two touching spheres (Fig. 3). 
One may question where the kinetic energy goes. It is remarkable that, 
for the most part, the missing kinetic energy is found as fragment 

excitation energy and the two fragments appear to be in thermal equilib-
7 8 7 

rium. ' Figure 4 chows some results obtained in our study of the 
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40 nat reaction 340 MeV Ar and Ag. The simultaneous detection of both 
fragments together with the measurement of both kinetic energies, both 
angles and the Z of one fragment enables one to reconstruct the average 
kinematics and deduce the pre-evaporation fragment masses as well as the 
mean number of neutrons emitted by each fragment. The results of such 
an analysis are consistent with an isothermal sharing of the excitation 
energy. 

The thermalization of kinetic energy is substantial even at 
high bombarding energies. In an experiment, Cu was bombarded with 2 0 N e 
at 158, 252 and 343 MeV. The coincident fragments were identified in 
Z and their kinetic energy measured. The missing charge near symmetric 
splitting could then be determined as a function of total exit channel 
kinetic energy (Fig. 5a). The missing charge dramatically increases 
with bombarding energy, and depends linearly upon the excitation energy 
which can be estimated from kinematics (Fig. 5b). The slope of the line 
corresponds to about 25 MeV/charge. Since the total mass loss is about 
twice the evaporated charge, one obtains an average energy loss for 
particles of ~12.5 MeV, consistent with a simple estimate from 
evaporation. This indicates that even at the highest bombarding energies 
the near symmetric fragments are very close to complete thermalization. 
Recent results based upon the direct measurement of the emitted neutrons 

shows that this thermal equilibrium between fragments is established 
9 10 for a broad range of Q values. ' 

b) The neutron-to-proton ratio 

When two nuclei having different neutron-to-proton ratios come in 
contact, it is expected that their neutron-to-proton ratio will change 
so that the potential energy of the two touching nuclei is minimized. 



-161-

This has been seen in several instances. " Even more interesting 
is the observation (see Fig. 6) that for a given fragment Z the isotopic 
distribution changes as one moves in angle from the quasi-elastic to the 
deep-inelastic region. In the quasi-elastic region the neutron-to-
proton ratio is correlated with that of the projectile while in the 
relaxed region the ratio is more typical of the equilibrated system. 
Using the same method as above, one estimates a relaxation time of 
TN/Z ~ **̂  x 1 0 ~ 2 2 s e c » e v e n fas*61" than the relaxation of the kinetic 
energy. 

c) The rotational degrees of freedom 

As two nuclei approach one another, the angular momentum is exclu
sively concentrated in orbital motion. During the interaction, the two 
nuclei can start spinning as angular momentum is transferred from orbital 
to intrinsic rotation. A secular equilibrium is reached when the angular 
velocities of the orbital and intrinsic motion are matched. At this point 
the system is said to be rotating rigidly. Rigid rotation implies a 
definite partition of angular momentum between orbital and intrinsic 
motion. Intrinsic angular momentum can be inferred from the y-ray 
multiplicity associated with deep-inelastic collisions. In the reaction 
n a t A g + 175 MeV 2 0Ne (see Fig. 7) the rigid rotation limit is attained 
at 9, a b ~ 90° while at more forward angles rigid rotation is not observed. 
Assuming that the events at 90° correspond to trajectories which have 
orbited past 0°, one obtains an upper limit for the angular momentum 
relaxation time, T, • 15.0 ><10"22 sec. 
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d) The nass asymmetry 

A great variety• * of mass or charge distributions have been 
observed in deep-inelastic reactions - from extremely narrow ones for 
ratios of E/B < 1.5, to very broad or.es for ratios of E/B > 1.5 (see 
Fig. 8). As the interaction time increases, the particle exchange also 
increases, leading to mass or charge distributions which are progressively 
broader. Even at fixed bombarding energy the breadth of the mass distri-

17 but ion is seen to vary with angle. From the angular dependence of 
the mass distribution breadth one can infer the relaxation time: 
T - 60 x 10" sec, by far the largest observed so far. It is indeed 
the length of this relaxation time, slightly longer than the typical 
interaction times, that has allowed a detailed study of the equilibration 
of the mass asymmetry degree of freedom and has led to the formulation 
of diffusion models. 

III. THE TIME EVOLUTION OF THE MASS ASYMMETRY MODE 
IN TERMS OF DIFFUSION THEORIES 

The varied pattern of equilibrium and nonequilibrium features 
characteristic of heavy ion reactions prompted the suggestion that a 
diffusive regime should be prevailing at least for the slowest collective 

18-20 modes. In other words, it was expected that a slow collective mode 
like the mass asymmetry would evolve in a Markovian fashion toward 
equilibrium by maintaining a strong coupling to the heat bath provided 
by all the other degrees of freedom. The applicability of the Master 
equation and of the Fokker Planck equation to the time evolution of the 
various collective modes has been discussed in detail without a clear-cut 
conclusion. However, the success of their application to a great variety 

http://or.es
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of features in heavy-ion reactions is undoubtable. Therefore, we shall 
try to illustrate some of their applications to the analysis of the Z 
distributions, angular distributions, and angular momentum transfer. 

If we assume that the intermediate complex has a shape close to 
that of two touching fragments, the asymmetry of the system can be 
characterized by either the mass or the charge of one of the two fiagments. 
We further assume that the time evolution along the asymmetry coordinate 
is diffusive in nature and describable in terms of the Master Equation: 

• (Z,t) = J*dZ'[A(Z,Z')<KZ',t) - A(Z\ZH(Z,t)] (3) 

where <|>(Z,t) and 4>(Z,t) are the populations of the configurations 
characterized by the atomic number Z of one of the fragments and their 
time derivative at time t; and A(Z,Z*) and A(Z',Z) are the macroscopic 
transition probabilities. 

If in Eq. (3) one writes V = Z+h and all the quantities are 
expanded about Z in powers of h, one obtains to low order: 

<KZ,t) = - A [ux4>] + \ ±f [v2<|>] (4) 

which is the well-known Fokker-Planck equation. The quantities v1 and 

u 2 in Eq. (4) are the f irs t and second moment of the transition 

probabilities 

y, - /hA(Z,h)dh ; y2 = /h2A(Z,h)dh . (5) 

The Fokker-Planck equation has simple analytical solutions when y,,y2 

are constants and for the initial condition <KZ,0) S 6(Z-Z ): 

<j>(Z,t) * (2TTu2t)"*exp{-[Z - ( Z ^ P j O l ^ t ) . (6) 
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Notice that the centroid of the Gaussian moves with velocity u which can 
be related to the driving force F = -V^ and to the friction coefficient 
K by the relation: K * UjF. 

When the force is harmonic, 

vz • f ( Z - V > 2 - ^ ! • 
an analytic solution is also available 

k? I 2ct \ f^ ( c[h-h exp-ct/K] J 
• Ch.t) = c* [ZHTÍI -exp - ̂ ) ] x exp J 5 \ 

V K / J I 2T(1 -exp -2ct/K) ) 
(7) 

where we have made use of the Einstein relation yj/u2 = -V^/2T and T is 
the temperature. From general phase space considerations one can consider 19 the following ansatz for the transition probabilities. 

KfP. 
A(Z,Z») = X(Z,Z»)pz = , \ (P ZP Z.)' 

where X(Z,Z') is the microscopic transition probability, p_ is the final 
it 

state density, K is a particle flux, and f is the window area between 
the two fragments. This can be rewritten as 

A(Z,h) - tcf exp(-V^h/2T) . (8) 

The Pokker-Planck coefficients can then be calculated as 
Kfv: 

V = -2icf sinh V'/2T * z 
l v T 

V 2 = 2<f cosh V^/2T * 2*f 
(9) 

which for large T satisfies the Einstein relation. Such an ansatz 
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implies for the friction coefficient: K = T/»cf. 
In Eq. (9), the quantity icf can be considered a form factor for 

the transition probability, which should depend upon the overlap between 
the two fragments. If one takes the idea of a particle transfer 
seriously, it is possible to write such a quantity, which is a particle 

21 transfer rate, as suggested by Randrup 

icf = /nda - 2TrnQRb M O (10) 

where n is the particle flux in nuclear matter at saturation density, 
R - C^/CCj-^) is a reduced radius expressed in terms of the central 
radii of the two fragments, b is the skin thickness, and iji(s) is a 
universal function depending upon the separation between the sharp 
surface of the two fragments in units of the surface thickness. This 
approach neatly factors out the geometrical features of the problem. 

In general, the potential energy of the intermediate complex as 
a function of Z can be written as 

v(z,« = V L D ( Z ) • V L D ( Z T - z) * vprox(z,£.) • V c o u l • v r o t (ii) 

where i is the total angular momentum, V.JJ represents the liquid drop 
energies of the two fragments, and V is the nuclear interaction or 

22 proximity energy. 
The total potential V depends on the fissionability of the 

system x, on % and on the distance between centers D. At low values 
of all these parameters, V monotonically increases from Z*0 to Z 
where it reaches a maximum. As x, I, and D increase, the second 
derivative at Z goes through zero and changes sign; thus for large 
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values of these parameters, V initially increases with Z, it reaches a 
maximum at some intermediate value of Z, it then decreases until it 
reaches a minimum at Z_ . 

sym 
The driving force which arises from this potential depends dramat

ically on the entrance channel asymmetry, as well as on x, £., D. It may 
either drive the system towards symmetry or towards extreme asymmetries. 
For a reaction like 620 MeV Kr +Au, the driving force is in the direction 17 of s)Timetry most of the time. The potential energies for such a system 
are plotted in Fig. 9 as a function of the Z of one of the fragments for 
various angular momenta. The Master Equation can be solved to obtain 
the probability distribution along the main asymmetry coordinate as a 
function of time. The results of such a calculation can be seen in 
Fig. 10 for the potential energies shown in Fig. 9. The one-body 
friction has been used with moderate success to evaluate the dynamical 
aspects of the reaction. From it an average interaction time can be 
obtained as well as an average window to be used in the diffusion calcu
lation. With these quantities one can then solve either the Fokker-Planck 
or the Master Equation to obtain the charge and angular distributions. 

23 197 
The results of a calculation of the latter type for the reaction Au 

1 SI Rfi 

and Ta + Kr are shown in Fig. 11 and 12. It is rewarding to notice 
that not only are the Z distributions reproduced with remarkable accuracy, 
but also the angular distributions associated with individual asymmetries. 
The latter fit is perhaps the most demanding of the theory. It can be 
obtained only if the I dependence of the interaction times and of the 
diffusion coefficient are accurately predicted. Any theory will find it 
relatively easy to fit the Z distribution but will have to prove its 
soundness in fitting the angular distribution as a function of Z. 
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IV. THE RELAXATION OF ROTATIONAL DEGREES OF FREEDOM 

Encouraged by this success we can try to study a problem which i s 

intimately related, namely the dependence of the angular momentum 
24 transfer upon Q value and mass asymmetry. The total kinetic energy 

can be written as 

n V .(Z.A) 
E = V C b u l ( Z ) + ^ < 1 2 a ) 

"*"• 2u(Z) d2(Z) 

where I , is the orbital angular momentum in the exit channel, u is the 
reduced mass, d is the distance of the two fragments at scission, and 
Z is the atomic number of one of the two fragments. It follows that the 
above problem is equivalent to drawing the lines of constant entrance 
channel angular momentum in the plane of the total kinetic energy and of 
the fragment atomic number. Empirical precriptions suggesting that such 

25 lines are horizontal lines parallel to the Z axis appear so dangerous 
that a deeper study is warranted. 

In the limit of infinite radial friction (the relevance of which is 
discussed in a later section of this lecture), there are two limiting 
patterns these lines should display, corresponding to the two extreme 
regimes associated with the rotational degrees of freedom of the inter
mediate complex. In the first limiting case the reaction occurs with 
no transfer of angular momentum from orbital motion to intrinsic spin. 
In this case, the angular momentum of relative motion as a function of Z, 
Jtrej(Z,Jl) is a constant independent of Z and equal to A. The curves 
in Fig. 13a show examples for this case assuming the shape of the complex 
to be two touching spheres. 
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In the second limiting case the complex is rotating as a rigid 
body at the time of scission, regardless of the impact parameter (fc-wave) 
In this case, the relative angular momentum is Z-dependent, and given by 

,2 
y Z d Z 1-elCZ.*) " i — * (12b) 

rel y zd* • I(Z) + I(ZT-Z) 

where I(Z) is the moment of inertia of a fragment with charge Z about 
its own axis, and Z_ is the total charge in the composite system. This 
expression can be substituted in Eq. (12a) to calculate the lines of 
constant I for this case. The curves in Fig. 13b show examples of this 
behavior for the same £.-waves as for the previous case. 

These two cases may be considered as the regimes prevailing at 
short and long interaction times, respectively. For short interaction 
times, as in nearly grazing trajectories, the first mechanism is expected 
to be relevant for Z's close to the projectile. If angular momentum 
transfer (from orbital to intrinsic spin) is mediated by nucleon exchange 
between the reaction partners, the amount of ^-transfer must be a function 
of the number of nucleon exchanges, which is directly related to the 
interaction time. Even though the average lifetime of the complex may 
be short, the fragments with Z's far removed from the projectile are 
associated with systems which have survived the longest. Thus, one 
would expect the ^.-transfer for that particle asymmetry to be very large. 
Qualitatively, one would expect the correct curve for near grazing 
A-waves to look like the dotted curve in Fig. 13c. For Jl-waves 
associated with longer interaction times, one would expect the i--transfer 
to be almost complete, even for Z's near the projectile, since many 
nuclear exchanges will have occurred during the time of interaction, 



-169-

although the net exchange may be small. Therefore, one would expect 

the curves to look like those in Fig. 13b. A more reliable conclusion 

on the qualitative and quantitative aspects of this problem can be 

obtained from a model calculation. 

Consistent with experiment, it is assumed that the radial 

kinetic energy is dissipated immediately at the interaction radius. 

(For the lowest £,-waves, the interaction times appear to be long compared 

to the relaxation time of the radial kinetic energy, and for the highest 

A-waves, even though the interaction times are short, very little of the 

kinetic energy is in the radial coordinate). The analysis is restricted 

to a system of two spheres separated by an I-dependent distance, d(l), 

dynamically determined as described further on in the text. We need to 

calculate how the orbital angular momentum (£„•,) is transferred into 

the spins of the nuclei (I,, I 7) and the functional dependence of I 
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and L o n the asyirroetry of the complex (Z). This calculation may be 
performed in two steps: 

1) The complex, initially at asymmetry Z , is assumed to live at 
time t and to decay with asymmetry Z. The average rate of change of 
the charge of nucleus 1 is 1, = (Z-Zp)/t. Since the charge-to-mass 
ratio has been shown experimentally to equilibrate on a much faster 
time scale than the charge-asymmetry mode, one may write 

^ - (Z-Zp)a/t (13) 

where A. is the mass of nucleus 1 and a is the A/Z ratio for the composite 
system. The average rate of nucleon transfer from one nucleus to the 
other is given by n o , where n is the bulk flux of nuclear matter and 
a is the effective window between the nuclei. By forcing the system 
to arrive at asymmetry Z at time t, we impose an asymmetry on the 
right (r,2) and left (r 2 1) nucleon transfer rates, which can be written as 

r12 = n o - * A 1 ' 
(14) 

r2l ' n o + * A 1 ' 

Knowing these transfer rates, we can write the following system of coupled 
differential equations for the spins and the orbital angular momenta: 

h = dl[ rl2 dl ( é " V + r 2 1 d 2 ( é "*2>] / h 

(15) 
'h ' d2[ r12 dl ( é-V + ^ 2 1 d 2 ^ - V ] / h 

*rel " - ( * l + i 2 > 
where d« and d 2 are the distances of the nuclear centers from the window 
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* • • 

and 6, 6,, 6, are the rotational frequencies for the orbital motion, 
spin 1 and spin 2, respectively. By integrating Bqs. (15) and (13), 
subject to the proper initial conditions, we arrive at values for 
IjCZ^.t) and I 2(Z,*,t). 

2) The functions I.(Z,£), I2(Z,£) are obtained by integrating out 
the time dependence. The average lifetime of the complex for a given 
£,-wave is approximated as the time necessary for the dynamical system 
with no mass transfer to return to the strong absorption radius under 
the influence of the Coulomb and the Proximity potentials and subject to 
Proximity friction. A Gaussian lifetime distribution, ir(t,fc), about this 
average value is used with a variance given by a 2(£) = 1.5 T ( £ ) . The 
quantity d(£) [mentioned earlier] is the average value of the distance 
between centers along the trajectory using the Proximity Flux function 
i|»(r) for the probability weight function. It is also necessary to weight 
the I. (Z,£,t) by the probability for forming the system Z at time t. 
This function, $(Z,t), can be obtained by solving a Master Equation or 
an associated Fokker-Planck equation. 

Figure 14a shows the predictions of the model of the system 1156 MeV 
1 % 197 

Xe + Au. Each pair of adjacent lines brackets 51 of the reaction 
cross section. The qualitative behavior predicted above is now very 
apparent. Figure 14b shows the upper portion of Fig. 14a with contours 
of constant cross section (as calculated by the Fckker-Planck equation) 
drawn in. The horizontal lines divide the data into ten bins, 30 MeV wide. 
(Only every other line is shown for ease of viewing.) The lines of 
constant I calculated by the model are chosen to coincide with the 
parallel lines at the Z of the projectile. Figure 15 is a plot of the 
ratio of the variance predicted by the present model and the variance 
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derived from the parallel cuts. Note the large difference for the first 
few bins. It is exactly in this energy region that a previously mentioned 
discrepancy between the experimental and theoretical (one-body theory) 
energy loss per particle was found. The empirical analyses seemed to 
indicate that the experimental energy loss per particle, calculated as 

(E - TKE.. ) 
e = a n

2 ^>m (16) 
[az • a] 

was between two and three times larger than that expected from a one-body 
dissipation mechanism. If the empirical variances are in error by as 
much as indicated by the present work, the discrepancy between theory 
and experiment disappears. 

This model, which allows one to calculate the Z and Q value dependence 
of the intrinsic angular momentum, can be used to analyze the experimental 
y-ray multiplicities. * All that is needed is a transformation from 
angular momentum to y-ray multiplicity. The trans formation from fragment 
spin to y-ray multiplicity is based upon the assumption that most of the 
fragment angular momentum is removed by stretched E2 decay. More 
specifically we use the following transformation: 

< I
1

( Z l E k ) > * < I 2 ( W > = 2 ( V 2 £ ° ( 1 7 ) 

where I, and I 2 are the fragment spins, M is the y-ray multiplicity, 
and a is the mean number of statistical y-rays emitted by each fragment. 
Compound nucleus studies with heavy-ion reactions indicate that a s 2-3.5 

28 depending upon the nucleus. Because of this uncertainty, caution must 
be exercised in comparing the absolute values of the measured and 
calculated multiplicities. 
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The kinetic energy dependence of the y-ray multiplicities will be 
considered first. In Fig. 16 the y-ray multiplicity M^ associated with 
both fragments in the reactions Au, Ho, Ag + 618 MeV Kr is plotted as 
a function of the total kinetic energy of each pair. Both in the experi
ment and in the theory, the y-ray multiplicities are integrated over all 
the exit channel asymmetries, The number of statistical yrays per 
fragment is taken to be three. 

The plateau in the experimental multiplicities and the maximum in the 
calculated multiplicities corresponds to a regime very close to rigid 
rotation. The theoretical drop at lower kinetic energies is due to the 
effect of the Coulomb energy (which in the model is taken to be that of 
two touching spheres) and the fact that lower angular momenta, in the 
limit of rigidly rotating touching spheres, are associated with lower 
kinetic energies. The experiment does not show a drop in multiplicity 
as large as the theory does because the exit channel configuration is not 
constrained to that of two touching spheres. Thus the deep-inelastic 
component is spread over an energy range extending well below the Coula-'b 
barrier. Furthermore, fluctuations in shape may destroy the simple 
correlation between kinetic energy and angular momentum predicted by the 
model at these low energies. 

The second aspect to be analyzed is the Z-dependence of My in the 
quasi-elastic region. Focamples of data are shown in Fig. 7 and 17. 
Calculations for some of these cases are shown in Fig. 19. The charac
teristic V-shaped pattern is very nicely reproduced by the calculations. 
The qualitative explanation of this pattern is again rather simple. 
Fragments close in Z to the projectile and with substantial kinetic 
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energy on the average have exchanged fewer nucleons than fragments 

farther removed in Z from the projectile. Thus less angular momentum 

is transferred to the former than to the latter fragments, giving rise 

to the rapid increase of the y-ray multiplicity as one moves away from 

the projectile in either direction. This good agreement is consistent 

with the agreement observed between experiment and theory in Fig. 16 at 

the highest kinetic energies. From both of these figures one is tempted 

to conclude that particle exchange is sufficient to quantitatively 

explain the dependence of the angular momentum transfer upon kinetic 

energy loss, without invoking the excitation of giant collective modes. 

Apparently the same one-body theory that reproduces both the Z distributions 

and the angular distributions versus Z so satisfactorily, also handles the 

energy and angular momentum transfer more than adequately. 

The final aspect to be considered is the Z dependence of the y-ray 

multiplicity in the deep-inelastic region. Examples of data are shown in 

Fig. 18 and of calculations are given in Fig. 19. Again, the experimental 

data are reproduced quite well. It must be emphasized that in this 

energy region the calculation predicts near rigid rotation throughout 

the Z range. Yet the rise of M, with decreasing Z, commonly considered 

a fingerprint of rigid rotation is conspicuously absent. The reason for 

this behavior is to be found in the angular momentum fractionation along 

the mass asymmetry coordinate as first inferred elsewhere. The main 

cause for angular momentum fractionation is the interaction time 

dependence upon I. The high A-waves are characterized by a short 

interaction time and cannot spread too far away from the entrance channel 

asymmetry. The low I-waves are characterized by a longer interaction 
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time and can populate asymmetries farther removed fn Q the entrance 
channel. Consequently as one moves towards more extreme asymmetries 
one selects progressively lower fc-waves. 

Furthermore, at high angular momentum, the driving force is strongly 
directed towards the higher Z's and discourages any diffusion towards 
low Z's (see Fig. 9). As the angular momentum decreases, the driving 
force also diminishes and may even reverse its direction, thus allowing 
for a substantial diffusion to occur in the direction of the low Z's. 
Consequently the low Z's are selectively populated by low A-waves and 
hence the lack of rise in the y-ray multiplicity with decreasing Z. 

V. SEQUENTIAL FISSION AND THE EXCITATION OF COLLECTIVE 
MODE IN THE EXIT CHANNEL OF DEEP-INELASTIC REACTIONS 

An interesting phenomenon, accompanying the deep-inelastic process, 
30 namely the fission of the heavy partner, has recently been observed in 

1Q7 1 % 

the reaction Au + 979 MeV Xe. This special kind of decay can 
potentially provide information on: 

a) the transfer of angular momentum from orbital to intrinsic 
rotation 

b) the transfer of energy from the entrance channel to internal 
degrees of freedom 

c) the possibility of prompt fission of the heavy partner in 
the Coulomb and nuclear fields of the light fragment. 

Recently we have studied sequential fission in the reaction Au 
+ 620 MeV Kr with an apparatus consisting of a AE(gas), E(solid state) 
telescope to identify the atomic number Z_ and energy E, of the light 
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partner, and a large, solid angle, X-Y position-sensitive counter to 
simultaneously detect either the heavy partner (Z.) or one of its fission 

32 fragments. The latter detector, which has a position resolution of 
1°, and subtends 24° both radially and vertically, provides information 
on both the energy E. and the in- and out-of-plane angular distributions 
of the correlated fragments. 

Figure 20a depicts cross section contour lines in the E.-Z- plane 
and illustrates the clear separation between the non-fissioning binary 
events and the sequential fission events. To obtain the fission 
probability of the heavy fragment (Z.), the number of singles events for 
the corresponding Z_ value weTe compared with the number of coincidence, 
non-fission events (after correction for the coincidence efficiency 
which was measured with elastic scattering). In Fig. 20b, this fission 
probability, integrated over the deep-inelastic region of E», is shown 
as a function of Z-. Although the fission probability is quite small, 
around Z,=40 (Z.=75), it rises very rapidly and approaches 100% for 
Z 3 < 30 (Z 4 > 75). 

In Fig. 21 the fission probabilities for the heavy recoils are shown 
as a function of the light fragment kinetic energy for representative 
atomic numbers. For all cases the fission probability increases with 
decreasing kinetic energy E-. Qualitatively, these features can be 
understood in terms of a fission barrier which decreases with increasing 
Z^ and an excitation energy E, which increases with decreasing E-. These 
fission probabilities reach astoundingly large values at the highest 
excitation energies, namely > 801 even for recoils with an atomic number 
of 79. Because of partial wave distribution in heavy-ion reactions, 
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fission may select out the very highest angular momentum transfers 
which enhances the fission probabilicy. Thus the t-distribution of the 
sequential fission channel may not at all reflect the overall A-distri-
busion for the deep-inelastic process as a whole. 

The out-of-plane angular distributions of the fragments from 
sequential fission are nearly Gaussian and are peaked on the reaction 
plane. The FWW4 of these distributions in the laboratory and in the c m . 
of the recoiling heavy fragment are shown as a function of Z_ in Fig. 22. 
For fission fragments originating from elements heavier than the target 
(Z- < 36) the cm. width is 47°-50°, in agreement with the previously 

33 measured value, which is an average over the entire Z-distribution. 
One should note that the out-of-plane angular distribution for a binary 
reaction not followed by fission (see Fig. 22) appears to be consistent 
with the de-excitation of both fragments mainly by neutron emission. 

The out-of-plane angular distribution of fission fragments may be 
due to two possible causes (which are not mutually exclusive): 1) the 
fluctuations of the fission axis about the normal to the angular momentum; 
and 2) the misalignment of the primary fragment angular momentum. If 
the angular momentum of the primary fragments is aligned (M • J) , the 
emitted gamma rays, which are expected to be mostly stretched E2 decays, 
should show a strong anisotropy, though attenuated by the presence of El 
decays. The expressions for the angular distributions arising from 
completely aligned syotems are 

E2: W(6) - (5/4)(l-cos*9) 9 E l : W(6) - (3/4) (1 +cos 28) 

where 9 is the angle of emission with respect to the angular momentum 
direction. However, the evidence ' is that the gamma ray angular 
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distribution is isotropic to within 5-35%. This fact can, to some extent, 

be explained away by invoking El decay. However, a very unlikely 50-50 

contribution from El and R2 is barely sufficient to explain the largest 

measured anisotropy of 1.35. This dilemma forces one to either abandon 

the assumption of stretched E2 decays, which is disastrous because it 

compromises all our understanding of the yrast decay, or to seek another 

explanation. Recently, Berlanger et al proposed that bending vibrations 

could be excited in the primary deep-inelastic process. Along the same 

line, but more generally, we suggest that collective modes like bending 

(doubly degenerate) and twisting (non-degenerate) may be thermally excited 

thus generating random components in the angular momentum. 

If we assume such a depolarization mechanism, simple statistical 

considerations lead to the following partition function (for simplicity 

an intermediate complex consisting of two equal touching spheres is 

assumed) 

Z = (4TT) 2|I 2 e x p i - I 2 / ^ ) dl (18) 

and 
AnZ = a + 3/2 Jln(^T) (19) 

where Jf is the moment of inertia of one fragment, T is the temperature, 

and a is a constant. The resulting rms angular momentum per fragment 

is: 

I~2 « - 3 í n Z = ItfT . (20) 
3 [1A/T] L 

86 197 For the present reaction of 618 MeV Kr + Au and using r * 1.22 fm 
~2 k and T » 2-3 MeV, (I j 2 is estiiMted to be about 13 to 16fi per fragment, 

randomly oriented, rather than perpendicular to the recoil direction. 
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(These results are not very sensitive to small deviations from symmetric 
splitting.) 

By randomly coupling this angular momentum to that transferred from 
2fi orbital motion (~30 ft as is inferred from gamma-ray multiplicity data ) 

one obtains a rms angular momentum misalignment *' of the order of 24° 
to 28°, more than adequate to explain by itself the width of the out-of-
plane sequential fission distribution. This misalignment comes from 
the deep-inelastic process itself. If this is the case, the explanation 
of the fission fragment out-of-plane distribution lies in a depolarization 
inherent to the deep-inelastic process and not in the fission mechanism. 
This explanation does not contradict the existence of fluctuations in 
the fission direction. However, one should note that the (I ) * generated 
by these bending and twisting modes may be larger than K and thus may 
be the dominant effect in producing the out-of-plane fission widths. 
The presence of such a depolarization substantially helps to explain 
the gamma-ray anisotropy with a much smaller ai xmt of El transitions. 

VI. THE GIANT El MODE AND ITS ENERGY BROADENING FROM 
THE CHARGE DISTRIBUTIONS IN HEAVY-ION REACTIONS 

The giant El mode is best known through its photoexcitation which 
-1/3 is manifested in a peak at an energy E - 78 A ' McV vrith a width of 

typically 4-6 MeV. The same degree of freedom is involved in the charge 
37 distribution at fixed mass asymmetry in binary heavy-ion reactions 

(and in fission). Since the equilibration of the El mode in heavy-ion 
reactions, or the equilibration of the neutron-to-proton ratio of the 
two fragments, seems to occur quickly, the most probable charges can be 
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obtained by minimizing the potential energy of the two fragments in 
contact with respect to the charge of one of the fragments at constant 
fragment mass. This well documented feature of heavy-ion reactions 
only provides information about the potential energy term of the collec
tive El Hamiltonian. In principle one could obtain information for 
the whole Hamiltonian by a measurement of the charge distribution at 
fixed mass. 

Since in the great majority of cases the El phonon energy is 
expected to be much larger than the temperature, the El mode is expected 
to be in its ground state. As an example, let us consider the reaction 
Ni + Ar at 280 MeV bombarding energy whose mass and charge distributions 
have been studied in detail. From the maximum linear dimension of 
the intermediate complex one obtains the relevant El phonon energy: 
ftco = 94/d = 8-10 MeV, where d is the semi-major axis of the intermediate 
complex. From the internal excitation energy of the complex one obtains 
T = V E x/a » 2 MeV. Since hw/T a 4-5 » 1, the collective El mode 
should be mainly in its ground state. Therefore the Z distribution 
at fixed mass asymmetry should be given by the modulus square of the 
ground state wave function and the second moment of the distribution 
is expected to be 

az = "1c" * °' 6 " 0 # 8 ( c h a r2 e "Juts) 2 

where c is the stiffness constant associated with the El mode, or 

c ( z - z j 2 

V = ° (El) 2 

The analysis of the experimental charge and mass distribution shows that 
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mass and charge are strongly correlated as expected, with a correlation 

coefficient r = 0.97. However, the intriguing result for the second 

moment of the Z distribution at constant A is a\ = 0.3 (charge units) , 

substantially smaller than expected. The disagreement is all the more 

evident since the experimental o* should be (and has not been) corrected 

for particle evaporation, which could decrease its value by an additional 

amount. Even more surprising is the fact that the experimental value 

of ol is well reproduced if one assumes just a classical statistical 

distribution in Z, namely, 

o* » T/c a 0.3 (charge units) 

The outstanding problem is then to understand why the distribution in 

Z is classical rather than quantal, as one would expect. 

The explanation may reside in the damping of the collective El 

mode. In photoexcitation, the giant resonance is mainly a lp,lh state 

and presumably owes its width to the coupling into the 2p,2h states. 

In the present case, at relatively high excitation energy (60 MeV), 

the collective mode is an (np,nh) state which may couple into 

(n+lp, n + lh) or (np,nh), or again, ((n-l)p,(n-l)h) states. The 

resulting damping is energy-dependent and due mainly to the increasing 

density of the doorway states with increasing energy. It is interesting 

to see the consequence of this coupling to the Z distribution. 
38 Following Bohr and Mottelson with a simple generalization, we can 

describe the coupling of the collective state |a> to the doorway states 

|a>. The exact state |i> is given by 

|i> . | a> + - 1 - V | a > (21) 
E 4 - H 0 - V 
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where P = £ |o> <o|, H is the unperturbed Hamiltonian, and V is 
a 

the perturbation. 

The relevant charge distribution is given by p.(z) = /dx|i(i.(ztx) \ , 

where ^(ZjX) - < z,x|i > , and x denotes all other variables which 

must be projected out. In order to compare theory with experiment we 

have to consider the average of the distribution over an energy interval 

around E-. We can write 

Pi<z>ave " J" [KV'-^avel2 * « I ^ C D l ^ ] 

(22) 
fi. 

with *. = tj/. -{^}-.,- the "fluctuating" wave function. The fluctuating l l i ave 

part can be shown to be responsible for the broadening of the distribution. 

It leads to a statistical distribution for 7.. We want to show that the 

first term can lead to a narrowing of the distribution. For this purpose 

we have to consider the averaged Green function {1/(E.-H -V)},^ . 

° i o ave 
39 This average has been considered extensively in the literature. 

For large systems and high excitation energies only the average diagonal 

matrix elements of the resolvent have to be considered and it can be 

shown that 

Í I P 1 1 
(o a> • (23) 

l C _U -V ' *\ta V.. - V. ~lV 
E 4-H-V ave i »o ' ° v " i o 

where r is the imaginary part of the "equivalent optical potential" 

describing the dissipation of the state |a> into the states |a>. The 

amplitude of the state |a> contained in the average eigenstate |i> is 

given by 
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v^ •-* 
a \ ^ (E--E -irr / (24) 

_ - in* / 
i a 

D being the spacing of the states a. 
In suimary, and omitting for simplicity the bracket of the 

average, 

|i> = c (i)|a> + Zc o(i)|a> • (25) 
a 

The next step is to establish that the sum over o is the above 
equation is a coherent one and thus the corresponding term describes a 
wave packet, i.e., it leads to a narrowing of the distribution. One 
can prove that if Af is random, the vectors |a> contain phases which 

aot ' r 

destroy the random property of V . Having established this point 
from first principles, we are entitled to use as first guess a simple-
as-possible model. The average wave function associated with the 
charge asymmetry coordinate can be written as 

•jiz) - c 8 ( i ) t a ( z ) * i | d E a c a ( i ) y z ) (26) 

where D is the level spacing of the available doorway states and t|>_(z) is the groundstate wave function of the El mode: tyAt) = V 2irnw/c 
exp[-cz2/2ho)]. Qualitatively one sees already that, as the coupling 
increases, the integral in Eq. (26) becomes progressively dominant and 
the more |a> states that are called into play by the strength of the 
coupling, the narrower <j>.(z) becomes. As a qualitative first guess on 
the \j» (z) we can use the plane wave expression 

i|/a(z) * V2irtiw/c exp (iz\Zc/2haj VEa/Dj ) 
(27) 
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where the plane waves are normalized to unit/ in a z box of volume 
corresponding to that of the harmonic oscillator. By taking r = 
•h(X + X + X ) , where X ,X ,X~ are the transition probabilities from 

37 (np,nh) to (n+lp, n+lh), (np,nh) and (n-lp, n-lh) states, respectively, 
the integral in Eq. (26) can be evaluated and gives as a result 

2TT exp í-iz Vc/2hu y/ljB^ V E± - ir ) (28) 

The second moment of the z distribution, o*, can then be obtained 
from the z distributions given by the modulus square of Eq. (26). 

The calculated second moment of the distribution o| versus 
excitation energy is shown in Fig. 23. The narrowing of the distribution 
with increasing energy is quite evident. Since this calculation does 
not include thermal fluctuations, they are introduced in the simplest 
way, 

°z " uz,Q T uz,T ol - oln + olT (29) 

where the labels Q and T stand for quantal and thermal. The possibility 
of experimentally observing the minimum of al and its rapid rise with 
decreasing energy is of extreme interest because it would provide us 
with information on the danping of a giant resonance in a hot nucleus. 
This is particularly attractive considering the extremely difficult 
alternatives, like gamma decay from highly excited nuclei. 
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V. CONCLUSION 

In summary, the general features of deep-inelastic reactions have 

been discussed emphasizing the mass asymmetry mode, the relative motion, 

the transfer of angular momentum and the equilibration of the neutron-

to-proton degree of freedom. For the mass asymmetry mode, good agreement 

has been observed between the experimental data and a diffusion model. 

In addition, a natural extension of this model to include the transfer 

of energy and of angular momentum via a particle transfer mechanism 

has been discussed and successfully compared with experiment. The 

agreement with gamma-multiplicity data not only supports the underlying 

features of the diffusion model, but also lends credence to the one-body 

nature of the energy and angular momentum transport processes. Further

more, on the basis of sequential fission data it has been suggested 

that the angular momentum transferred in deep-inelastic reactions may 

be partially depolarized through the excitation of collective modes at 

scission. This mechanism also explains the absence of an appreciable 

gamma-ray anisotropy. Finally, the effect of the giant El mode on 

the equilibrium neutron-to-proton ratio of deep-inelastic fragments 

has been described. It has been shown that the widths of the Z distri

butions for fixed mass asymmetry can be explained by the coupling of the 

El mode to the intrinsic degrees of freedom. 

This work was supported by the Nuclear Science Division of 

the U.S. Department of Energy. 
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FIGURE CAPTIONS 
Fig. 1. Contour map of the cross section for K ions in the E _ - 6 _ 

2T7 40 c m . c m . 
plane for the reaction n h + 388 MeV Ar. 

Fig. 2. Contour plots of the cross section in the total kinetic 
energy-angle plane for various exit channel asymmetries in 
the reaction 620 MeV 8 6Kr + 1 9 7 A u . 

Fig. 3. Mean center of mass fragment kinetic energies and widths as 
a function of fragment Z. 

Fig. 4. Masses prior to evaporation and number of evaporated neutrons 
versus the Z before evaporation. Symbols A and • refer to 
the light and heavy fragments, respectively. 

Fig. 5. a) Missing charge versus total exit channel kinetic energy 
for various bombarding energies in the reaction He + Cu. 
b) Missing charge versus excitation energy. 

Fig. 6. Contour plots of d2a/dE d0 (arbitrary units) in the E, a b, 
mass plane for the K isotopes detected at 0. . =18° (close 
t 0 t h e W «* 9lab = 8 ° ' 

Fig. 7. Gamma-multiplicity as a function of Z for the Ag • 175 MeV 
20 Ne reaction at three lab angles. 

197 Fig. 8. a) Lab charge distributions for the reaction Au + 506 MeV 
Kr. b) Lab charge distributions for the reaction Ag • 

732 MeV 8 6Kr. 
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Fig. 9. Potential energies versus the atomic number of one fragment 
for various angular momenta for the system Kr + Au. 

Fig. 10. Diffusion calculations for tie system 620 MeV 8 6Kr + 1 9 7 A u 
for the same i waves as in Fig. 9. 

Fig. 11. Z distributions calculated from the diffusion model for 
1 9 7 A u and 1 8 1 T a + 620 IfcV 8 6Kr. The dots are the experimental 
results. 

Fig. 12. Angular distributions for fragments of different atomic 
number for the reactions 1 9 7 A u and 1 8 1 T a + 620 MeV 8 6Kr. 
The solid lines represent the theoretical results. 

Fig. 13. a) Lines of constant total angular momentum in the Z, TKE 
plane without angular momentum transfer; b) Same as in a) 
for a rigidly rotating system; c) Qualitative expectations 
for the correct lines of constant angular momentum. 

Fig. 14. a) Lines of constant angular momentum in the TKE versus Z 
plane, b) An expanded view of a) including contours of 
constant cross section. 

Fig. 15. The ratio of the charge widths calculated for energy cuts 
along lines of constant angular momentum and of constant 
total kinetic energy versus the bin number for the energy 
loss. 

Of. 

Fig. 16. M versus total kinetic energy for three Kr-induced reactions. 
The data have been averaged over ten Z-values. The solid and 
dashed curves are fits to the data. 

Fig. 17. Gamma-ray multiplicities versus Z for the quasi-elastic 
component in 618 MeV 8 6Kr + 1 6 5 G o and 1 9 7 A u . 

Fig, 18. Gamma-ray multiplicities versus Z for the deep-inelastic 
component in 618 MeV 8 6Kr + 1 0 7 ' 1 0 9 A g , 1 6 5 H o and 1 9 7 A u . 
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Fig. 19. M« versus Z 3 for the reactions 1 0 7 » 1 0 9 A g and 1 6 5 H o • 618 MeV 
Kr for the quasi-elastic (open symbols) and deep-inelastic 

(solid symbols) components. Solid curves are fits to the data. 

Fig. 20. (Top): Cross section contour lines in the E^-Zj plane for 
coincident events. (Bottom): Percent fission of heavy 
recoils (Z. » 115-Z,) integrated over the deep-inelastic 
component. 

Fig. 21. Percent fission of heavy recoils as a function of the lab 
energy of the light fragment. 

Fig. 22. FWttt of the out-of-plane fission and non-fission components 
as a function of Z_. 

Fig. 23. The quantal curve (curve 1) and classical (curve 2) widths 
of the Z-distribution for fixed mass asymmetry versus 
excitation energy. Curve 3 is the sum of both contributions 
and the triangle indicates the experimental value. 
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