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CENTRAL COLLISIONS IN INTERMEDIATE ENERGY HEAVY-ION REACTIONS

Cheuk-Yin Wong
Oak Ridge National Laboratory*
Oak Ridge, Tennessee 37830

Abstract

We examine the central collisions in intermediate energy heavy-ion
reactions from both a microscopic and macroscopic viewpoint. In the micro-
scopic description the proper tool is the extended TDHF approximation in-
volving both the mean field and the particle collisions. To understand the
underlying physics, we study separately the effect of the mean field and the
effect of particle collisions. It is found that the sudden increase in the
density of the overlapping region can cause the "volcano" effect, leading to
the complete disintegration of one of the nuclei. The self-consistent mean
field also gives rise to the bunching instability when the two Fermi spheres
of the colliding nucleons separate. The collision between nucleons, on the
other hand, leads to irreversible dissipation, thermalization, and the possi-
bility of a hydrodynamical description of the dynamics. We study next the
dynamics of central collisions using the hydrodynamical description for many
combinations of targets and projectiles at different energies. The forma-
tion of shock waves, sidesplash, and the complete disintegration of the whole
nucleus are examined. Nuclear viscosity is found to affect the angular dis-
tribution of the reaction products and also the maximum compression ratio
achieved during the collision.

I. INTRODUCTION

In the discussion of heavy-ion physics, it is convenient to separate
the energy into the low energy region, corresponding to a few tens of MeV
per projectile nucleon, the high energy region for energies a few hundred
MeV per projectile nucleon, and the intermediate energy region in between.
Heavy-ion reactions can also be further separated into two types, depending
on the impact parameters. There are the peripheral collisions involving
large impact parameters.1 The phenomena of interest are the elastic, the
quasi-elastic, the deep inelastic, and the fragmentation process. In high
energy peripheral reactions, the Fermi motion of the nucleons is a domina-
ting factor. In low energy peripheral reactions, the deflection of the orbit
of the projectile is important. Intermediate energy peripheral reactions
are in the transition region in which both the Fermi motion of nucleons and
the deflection of the projectile are important.2 There are, on the other
hand, the central collisions. From a microscopic point of view, the relevant
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discussions involve the mean field potential experienced by each nucleon and
the collisions between nucleons. On? knows that in the low energy heavy-ion
reactions, the mean field dominates the dynamics due to the Pauli exclusion
principle, while in the high energy heavy-ion reactions, the collisions be-
tween nucleons are important. Again, intermediate energy heavy-ion reactions
lie in the transition region in which both the mean field and particle col-
lisions are important. In this energy range, the increasing importance of
particle collisions makes it reasonable to adopt also a macroscopic view-
point. The relevant physics of interest concerns the thermalization of nuclear
matter, ihe equation of state, and the transport coefficients. The possi-
bility of studying these bulk properties of nuclear matter is one of the most
exciting aspects of intermediate energy heavy-ion reactions. The phenomena
of interest from such a viewpoint are the formation of shock waves, side-
splash, forward punch, sidekick, and the complete disintegration of nuclei.

We shall focus our attention on the central collisions of intermediate
energy heavy-ion reactions, both from a microscopic and also from a macro-
scopic viewpoint.

II. SELECTION OF THE DEGREE OF CENTRALITY

Theoretical studies of the central collisions must be accompanied by the
experimental selection of these events. The selection procedure should enable
one to identify the impact parameter of a given collision with some small de-
gree of uncertainty. To be sure, the cross sections for collisions with
small impact parameters become smaller as the impact parameter decreases.
When one focuses attention on central, nearly head-on collisions, there may
be the experimental difficulty of accumulating a sufficient number of counts.
However, these collisions provide useful information which may not be ob-
tained by other means.

The most popular selection of central events makes use of the multi-
plicity of the collision products.3'4 It is intuitively reasonable that the
smaller the impact parameter, the more violent is the collision and thus the
larger the multiplicity. Theoretical estimates of the dependence of the
multiplicity on the impact parameter have also been carried out within the
spectator-participant model^ and the Monte-Carlo cascade model.5'6 They
support such relation of the multiplicity monotonically decreasing with the
impact parameter.

Given that multiplicity decreases monotonically with the impact parameter,
it is possible to invert the experimental information of the cross section
as a function of multiplicity to give a phenomenological relation between
the multiplicity M and the impact parameter b. From the definition of cross
section, we have

da _ dQrb2)
dM dM~~- (2"1}



he have, therefore

M
max , -

^ dM = irb2. (2.2)
M(b) M

That is, after one measures (do/dM) as a function of M, one can integrate
from M to the maximum multiplicity M^.^. The area obtained in the integra-
tion then gives nb and hence P direct relation between M and the impact
parameter b.

One notes in passing that do/dM varies inversely as dM/db. Thus, if
jdM/dbi is small near b = 0, as is expected in a collision of a small pro-
jectile and a large target nucleus,1" then do/dM decreases rapidly as a func-
tion of M near ^ . On the other hand, if | dM/db | is large, as in the case
of the collision of nuclei of comparable sizes, then do/dM decreases slowly
with M near Mmax.

In arriving at the above procedure to extract the dependence of M on b,
we rely on the existence of a unique functional relation between M and b.
However, for a given impact parameter, there is a width of the multiplicity
which may give some small uncertainty to the results of the extraction.
Nonetheless, the procedure is useful operationally in providing an approxi-
mate relation between M and b. The degree of uncertainty can be assessed if
there is another way to extract the impact parameter of a given collision.

Previously, Bertsch and Amsden7 suggested the use of the coefficients of
the spherical harmonics of order two for the extraction of important infor-
mation on the prolateness and oblateness of the distribution of reaction
products. The procedure requires the measurement of all the particle dis-
tributions in the center-of-mass system, and it is given for equal mass
collisions. Recently, we have suggested a simplified method which emphasizes
the selection of the degree of centrality applicable to both equal and un-
equal mass collisions.8 Specifically, one makes the observation that a head-
on collision will lead to an axially symmetric mass distribution when the
fluctuation of particles are negligible. Furthermore, there is a plane of
reflection symmetry when the colliding nuclei are spherical. Therefore, it
is useful to introduce the centrality parameter defined by

W = I U rai5in2*i

where the summation J over i extends over all the particles in any polar angular

region y< in the laboratory system , m^ is the mass of a particle and ^j is
the azimuthal angle defined with respect to the beam direction. The choice
of ̂  depends on the experimental setup. It should be so chosen that the
number of particles in that region is large enough to give only small
statistical error. By proper choice of the angular region to include mostly
the projectile fragmentation products, the centrality parameter is then
approximately unity for grazing collisions whereas it is clearly zero for a
head-on collision. The range of the centrality parameter runs from zero to



unity and thus the centrality can be rough])' depicted as the ratio of the
impact parameter to the sum of the two nuclear radii.

The relation between the impact parameter and centrality can be made
more quantitative by using the same technique as before. One measures the
cross section do/dW as a function of the centrality W. Then, the centrality
can be related to b by solving for W(b) such that

> o
(2.4)

We have therefore two different procedures to select the degree of
centrality of a reaction on an event by event basis. It is of interest to
compare the impact parameters obtained by the two different methods and to
extract the width of M as a function of b by such a comparison.

Khen one of the colliding nuclei is non-spherical, a head-on collision
does not, in general, lead to an axially symmetric distribution. The
centrality parameter W corresponding to head-on collisions need not be zero
but assumes some small value. Thus, in the extraction of W as a function of
b involving deformed nuclei, the lower limit of the integration in Eq. (2.4)
must be replaced by the minimum value of W obtained experimentally. We note
further that when one of the nuclei is non-spherical, there is in general no
longer a plane of reflectional symmetry. The distribution of reaction
products with respect to the azimuthal angle should reveal a deviation from
reflectional symmetry. The larger the deformation of the projectile and/or
the target, the ;'',reater will be the deviation from reflectional symmetry.
Such a correlation, though physically reasonable, has not yet been studied.
It should be easily demonstrated with the results of the distributions of
particles obtained experimentally.3'1*

We note in passing that the quantity m^ in Eq. (2.3) need not be the
mass of the ith particle. It could very well be any scalar quantity charac-
terizing that particle. For example, mj could be the multiplicity number.
The difference in :he use of different quantities shows up in the different
ranges of W over which the statistical errors are small.

III. GENERAL MICROSCOPIC CONSIDERATIONS

From a microscopic viewpoint, the physics of interest in this energy
range involves both the mean field potential and collisions between particles.
To study only the effect of the mean field potential, the proper tool is the
TDHF approximation. However, in the TDHF approximation, the collisions be-
tween particles due to the residual interactions are not included. This may
be a good approximation for low energy heavy-ion dynamics; it may become less
so as the kinetic energy of the colliding nuclei increases. An inclusion of
the particle collisions will extend the region of validity of the TDHF
approximation to the intermediate energy range.

Following Kadanoff and Baym,9 Tang and I derived » approximate
equations of motion for fermion systems by including the collisions between



particles. In its simplest form, the resultant extended TDHF approximation
(ETDHF) can be summarized as follows: A complete set of states i//̂ (x,t) is
chosen to satisfy the modified time-dependent Hartree-Fock equation

such that the effect of collision can be included in terms of a variation of
a time-dependent occupaticn number nx(t) for the single-particle state ij^(xt)
The modifi3d Hartree-Fock potential is defined as

dx2 P (x2)v(x,x2)ij^ (xt)

(3.2)
v *

dx2 I ni I'K i M ' K i (X2)V(X>X2)'K (X2) •
x, A A A *

The interaction v(x,xo", "an be density dependent in which case it must in-
clude the rearrangement terms. The density p(x) is given by

p(x) = I nA(t)<^(xt)ij/*(xt). (3.3)
A

The occupation numbers n^ for the single-particle states now satisfy the
master equation:

7 3 4

^ ' • 5 ' 4 (3.4)
<12Iv ' |43-34> | 2

where subscr ip ts 1, 2, 3 , and 4 stand for the s t a t e l a b e l s . The matrix e l e -
ment of the res idua l i n t e r a c t i o n v ' i s defined as

< 1 2 | v ' | 4 3 - 3 4 > = J dxdx ' * * ( x ) * 2 ( x ' ) v ' ( x , x ' ) L ( x ) * 3 ^ ' ) - 0-3 O ) K (x ') j

and the single-particle energies e are "'
A

*(xt) [- f^V2
 + UN1HF(xt)]ex(t) - j dx t(xt) [- f^V

2
 + UN1HF(xt)] ^(xt). (3.6)

It is clear that the master equation (3.4) describes properly the physics
of the collision process as it takes notes of energy conservation, Pauli
principle and transition probabilities. Refinement and corrections to this
set of ETDHF equations are given elsewhere10)11 and will not be discussed
here. Similar equations have also been obtained slightly later by other
workers.*2



With the collaboration of K. T. R. Uavies,13 we are implementing the
ETDHF approximation into the existing TDHF codes. As of now, we have only
results in the low energy heavy-ion collisions. There, one finds a threshold
of heavy-ion energy below which nucleon collisions do not occur because of
the gap between single-particle states. Ke do not yet have results for in-
termediate energies. Nevertheless, we can examine the effect of the mean
field and particle collisions separate])- just to understand the physics in-
volved.

IV. EFFECT OF THE MEAN FIELD

A. Complete Disintegration of Nuclei due to the Action of the Mean Field

We wish to discuss first the effect of the mean field on the dynamics
of the collision process by using only the TDHF approximation. To help guide
our intuition in understanding the underlying physics, we can study the time-
dependent Hartree-Fock approximation from a classical viewpoint. We have
shown previously that11* the time-dependent Hartree-Fock approximation is
approximately equivalent to a purely classical pseudoparticle simulation. In
this simulation, a collection of pseudoparticles are introduced to discretize
the phase space of spatial and momentum coordinates. The dynamics is com-
pletely determined by following the pseudoparticle trajectories which are
the same as the trajectories of real particles moving in the self-consistent
field. An application of the concept of the pseudoparticle simulation to
study the nearly-head-on low energy heavy-ion collisions leads to a better
understanding of the origin of the low-j, fusion window observed in the TDHF
calculations. 1L<

We can now apply the same concepts to examine the nucleon dynam cs in inter-
mediate energy heavy-ion collisions. The dynamics of the collision c.re suf-
ficiently complicated that we limit our attention to the (pseudo) nucleons at
selected spatial points along :tie symmetry axis in conjunction with the whole
momentum space points. In the configuration space, we choose the points A,
B, i", D, E, and F (Fig. 1) which are fixed in space. We consider for sim-
plic:ty head-on collisions of two equal nuclei. The points A and F are at
the far sides of the surfaces; C and D are initially at the near sides of the
surfaces of the nuclei, and points B and E are initially at the center of the
nuclei (Fig. lfa')). The velocity of the left nucleus is represented by f,
while the velocity of the right nucleus by -\?. The initial distribution
function f(rj?) at points A, B, C, ..., F in the momentum space are shown in
Fig. 1(a). They are Fermi spheres with uniform density snifted by mv" and
-mf for the left and the right nucleus, respectively. In the classical pseudo-
particles simulation, since all the nucleons have definite trajectories, it
is possible to distinguish the nucleons as originating either from the left
or from the right nucleus. We shall distinguish those nucleons from the
right nucleus by the shaded region as shown in Fig. 1.

We proceed to a later time when the common boundary between the two
nuclei disappears so that a simple common mean field potential acts on the



nucleons. There are two effects on the dynamics of the nucleons due to the
disappearance of the boundary. First, those nucleons originating from point
C of the left nucleus and coming to the boundary points will follow a straight
line trajectory and proceed to the right nucleus. The speed of these nucleons
may be decreased because of the increase in potential due to the increase in
density. Secondly, in the absence of the boundary and the subsequent change
of the trajectories of these nucleons, the left part of the original Fermi
sphere at C are not replenished by nucleons from the left nucleus. In place
of these vacated phase space points now arrives the nucleons from the other
nucleus, the most energetic ones being the first to arrive.

At a time approximately 2RQ/(Fermi velocity) after the removal of the
common boundary, the most energetic pseudonucleons from one nucleus arrive
at the far surface point of the other nucleus. They are expected to suffer
some loss of energy. They are now ready to give an assault to the "walls"
at the surface points. Whether or not the wall can contain these most ener-
getic nucleons depends on the "height" of the wall and the energy of these
nucleons. Furthermore, besides these nucleons that have just arrived, a
large array of energetic nucleons originally from the other nucleus have
positioned themselves at more distant points to prepare for an assault of the
wall at a later time. Such a "collective" behavior of the nucleons is a con-
sequence of the initial condition of colliding nuclei. How the dynamics will
proceed further depends on the containment of these most energetic nucleons
by the wall. As containment is possible only when the colliding kinetic
energy in the CM. system is less then about 0.4 MeV per nucleon,11* the
nucleons in an intermediate energy collision cannot be contained by the po-
tential wall. A flow-through motion therefore follows to lead to two sepa-
rate nuclei with masses approximately the same as the original nuclei.

Based on this picture, one observes that in the overlapping region, the
momentum distribution is approximately that of a Fermi bisphere where the
two spheres are separated by the relative momentum of the two nuclei. The
density in the overlapping region is greater than the equilibrium density no.
It is given approximately by

n = n.
'lab' p

(4-1)

where Ej^/Ap is the laboratory kinetic energy per projectile nucleon and cr
is the Fermi energy. The high density tends to return to the equilibrium
density value. This tendency, however, must compete with the rapid flow-
through motion of the two nuclei.

The rapid increase in the density leads to a positive increase of the
mean field potential in the overlapping region. Such a sudden appearance of
a repulsive potential is not unlike the potential in the "volcano" effect of
Feller and Wheeler, well known in the study of nuclear fission as a possible
mechanism for the ejection of prompt neutrons. Likewise, the volcano ef-
fect should cause some nucleons to become unbound. The unbound nucleons
lower the depth of the self-consistent potential and may lead to the complete
disintegration of one of the two nuclei.



We show in Fig. 2 the time sequence of the density contours in the
collision of 1 60 on **°Ca at an energy of 100 MeV (lab) per projectile (160)
nucleon17 to illustrate the points we just mentioned. At time t = 0.04S x
10~21 Sec, the two nuclei begin to overlap and the density in the overlapping
region increases. At time t = 0.072 x 10~21 sec, the maximum density in-
creases to about 0.21 fm"3 and the region moves to the right as the oxygen
nucleus passes to the right. At t = 0.096 * 10-21 sec, the oxygen nucleus
has reached the far side of the Ca nucleus and begins to emerge outward.
The emergence continues on and one obtains the configuration of two nuclei
which have passed through each other in Fig. 2.8. The masses and charges of
the °0 and "*°Ca nuclei do not undergo any change. What is even more re-
markable is that the density of 1 60 is only 0.04 fm-3. A nucleus with such
a density is an unbound nucleus. On the other hand, the central density of
ii0Ca is about the same as the equilibrium density. In such an encounter, the
1 60 nucleus is completely disintegrated, while 4 0Ca becomes only highly ex-
cited. It is reasonable to infer that because of the smaller size of the
1 60 nucleus, the volcano effect gives a more drastic effect in ejecting the
bound nucleons of 1 60 into the continuum than those of 4 0Ca. The unbound
nucleons in 1 60 then decrease the depth of the self-consistent potential and
lead to the complete disintegration of the 1 60 nucleus. At still a higher
collision energy of 250 MeV/AMU, the 1 60 disintegrates into many more pieces
in the form of vortex rings of dilute Fermi gas, while the 't0Ca nucleus re-
mains bound but highly excited (Fig. 3 ) .

EL Bunching Instability due to the Mean Field

In the intermediate energy heavy-ion reactions, there is yn additional ef-
fect due to the mean field in giving rise to a bunching instability,18 a phenomenon
well known in plasma physics. It arises when two groups of collisionless
particles interpenetrate each other and interact through the self-consistent
mean field. A perturbation in the direction of collision propagates outward
from the origin of the perturbation. If the group of particles which cause
the perturbation catches up with the perturbation, then the perturbation will
grow and lead to instability. This instability is particularly important at
the higher end of the intermediate energy range for large nuclei. To study
such an instability, we consider a nuclear matter as consisting of two media
passing through each other with velocity v and -v with the magnitude |v |
greater than the Fermi velocity Vf = fikf/m. The momentum distribution is
given by

fQ(p) = g[a(ttkf-|p-mv|) + e(fikf-|p + mv|)] (4.2)

where g is the degeneracy of the single-particle states. We assume a mean
field interaction of the Skyrme type

The Vlasov equation, which is an approximation to the TDHF approximation,
reads



:.P) = 0. (4.4)

We consider now a small perturbation of the momentum distribution of Eq.
(4.2):

f(r,p) = foCp) + F(p)e" * . (4.5)

After keeping terms only first order in F(p), we obtain the dispersion re-
lation

,3-»- A £-V f (p)
I H ^ T ^—=0. (4.6)

where A = - ^ = j t0 + j t3p
2. (4.7)

The solution for the eigenvalue w as a function of k can be greatly sim-
plified if one replaces the Fermi spheres by Fermi cylinders. We further
focus our attention on perturbations where k is in the same direction as v.
Upon using the coefficients of tg and t3 from Skyrme VI, one finds that the
frequency u is imaginary when

v <_ |v| <_ 1.96 vfJ (4.8)

independent of the wavenumber k. In terms O"f the energy of the colliding
system, the range in which bunching instability occurs is

l ah
140 MeV/AMU < - ^ < 539 MeV/AMU. (4.9)

P
The above result implies that as the Fermi spheres are separated, a

small perturbation of the momentum distribution along the beam direction
will grow in time and bunches the particles in the direction of the beam.

V. EFFECT OF PARTICLE COLLISIONS

A. Degree of Particle Collision

As is well known, collisions between particles are inhibited in low
energy heavy-ion collisions because of the P""ii. exclusion principle. As
the heavy-ion energy increases, the degree particle collision increases.
A simple measure of the degree of particle i Jision can be obtained by
examining the fraction of nucleons capable oi making a two-body collision.
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The rr.omentUT. distribution in the spatially overlapping region between
the two colliding nuclei can be approximated by a Fermi bisphere whose centers
are separated by a distance of 2 mv (Fig. ]"":. In the momentum space, nucleons
in the overlapping region cannot make a two-body collision, while the nucleons
outside the overlapping region can. Thus, the fraction of nucleons capable
of making a two-body collision is just the ratio of the volume of the bisphere
outside the overlapping region to the whole volume:

Fractiui: of nuc Icons

ai lowed t >• ral e a

t w . - . - b o d ••• vo] 1 i s i o n

One notes, however,
two-body co]1is ion
to the shape oi thi

(5.1 :

that not all the nucleons which are allowed to have a
scatter in the same degree. Because of the blocking due
> momentum distribution, some nucleons can reach more final

state phase space points than some other nucleons. Furthermore, the blocking
is more severe at lower energies than at higher energy. Nonetheless, the
fraction as piven by Eq. (5.1) can be an approximate indicator of the degree
of imjiortar.ee of two-body collisions. We plot in Fig. 2 this fraction as a
function of the laboratory energy per projectile nucleon Fi^g^/Ap. As one ob-
serves, the fraction of nucleons capable of making a two-body collision in-
crease rapidly is a function of F^^/A.,. It reaches a value of greater than
0." when H^i^Ar is greater than 20 MeV/AMU. One expects that at an energy of
many Tens of" MeY per projectile nucleon, particle collisions become very
important in the dynamics of the collision process.

Irreversible !>i ssipat ion and Thermal i zat ion

F-rom the r e s :lts o f t h e T D H F c a l c u l a t i o n s , o n e f i n d s t h a t t h e k i n e t i c

energy of relative motion is often dissipated to give rise to the intrinsic
excitation of the colliding nuclei. As the TDHF approximation is a time-
reversai conserving approximation, the dissipation is a reversible dissipa-
tion. Particle collisions introduce an additional dissipation which is, how-
ever, irreversible. The irreversibi1ity is best demonstrated by introducing
the cntropv

S = -k.. (1-n,)£n(l-n 1]
A \

(5.21

where k^ is the Boltzmann constant. From the master equation for occupation
numbers, Fq. (3.4), it is easy to prove the H-theorem that entropy never de-
creases1 - > ! '

f> 0.
dt --

(5.3)

It becomes natural to define thermal equilibrium as the circumstance at
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vhich the entropy becomes stationary. One can easily show that when thermal
equilibrium is reached, the occupation numbers of the different states are
related to the single-particle energy e^ by a Fermi-Dirac distribution10'
characterized by constants Ef and T which we can identify respectively as the
Fermi-energy and the temperature

nA = 1/fl + exp{(EA-Ef)/kBT}]. (5.4)

The results of Eqs. (5.3) and (5.4) imply that no matter what the initial
condition is, the occupation numbers of a confined nuclear system will al-
ways develop irreversibly into a Fermi-Dirac distribution characterized by a
temperature. How is such a distribution achieved?

The collision process we are considering is a real process and is there-
fore subject to the restriction of energy conservation. Changes in the mean
field and the kinetic energy of the particles bring about changes in the
values of E^ . The change of E^ as a function of time then gives rise to
accidental near-equality of the levels E^ = Ej + E 2 and Eg = E 3 + E^, an
occurrence which we call level crossing. A "collision" then takes place to
rearrange the occupation numbers of the four different single-particle states.

How the occupation numbers rearranged themselves can be studied by
solving the master equation (3.4) for four isolated single-particle states.
The results are given by analytic formulae10'11 involving a parameter G'
which is analogous to the parameter G in the Landau-Zener formula. For ex-
ample, in the case of n-j = n2 and n3 = n4, the occupation numbers do not
change much after the levels cross when the residual interaction is weak or
when the motion is rapid. However, as distinctly different from the Landau-
Zener case, the occupation numbers tend to be equal after the levels cross
when the residual interaction is large or when the motion is slow. One can
easily see that this type of level crossing leads any initial configuration
eventually to thermal equilibrium.10.11

C. Establishment of Local Thermal Equilibrium and Hydrodynamics

What we have just discussed is the thermalization of the whole system
in a global sense. To study the dynamics in a local framework, it is con-
venient to go to the semi-classical description of the collision process and
to make use of the distribution function f(<j>) where <j> is an abbreviation for
f and p". One writes down the collision integral heuristical ly, following
Uehling and Uhlenbeck19 and Landau:20

(5.5)
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where h" (4>j <fr2 , $3$k )<5 (pj +p2 -P3-Pi,) i s the t r a n s i t i o n p robab i l i t y for a pa i r
of nucleons at phase space po in t s 4>i and <t>2 s c a t t e r i n g in to another phase
space points <}>3 and ^ . The quan t i ty e^ i s the energy of the nucleon at <t>j

(5.6)

To reduce the equation into a simpler form, we shall specialize to
collisions due to short-range interactions only as any Long-range inter-
actions can be included into the mean field potential \/(f). For the short-
range interaction, collision takes place when r, = r2 = "?a = r^. We redefined
W(p. p2 ,p p^ )6 (pj

 +p2-Pj -p^ )<5 Cf j -"?22̂  f̂ i -^3)6 f?j -rv) as the transition proba-
bility for a pair of nucleons at r with momenta pj and p2 scattering into a
pair of nucleons with momenta ^ 3 and j^ at the same spatial point "?. Equation
(5.5) is now simplified to be

-v -*•-*•

dpjdp2dp3

3̂  w(.P1P2'P3P4.)
lHPl+P2-P3~Pi».J'Hel+e2~e3~e4-1

(5.7)

A direct comparison with the Uehling and Uhlenbeck equation for ar. infinite
medium gives

•+ ̂  -y ->• 1 e d afPrP3^
K(p p ,p p ) = —-%--3 • (5-8)

To study the approach to local equilibrium, we begin first by introducing the
local entropy density a (r",t) as

a(r\t) = -kB J dp {f(rp,t)in f(rp,t) + [1-f(?p,t)]£n[l-f(rp.t)]} (5.9)

where kg is the Boltzmann constant. We define a total time derivative of the
local entropy cr(r",t) by

where the entropy flow velocity p (r)/m is defined by
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dp ftfp.t) en f ( ?P' t } -. (5.11)
l-f(rp.t)

With the kinetic equation (5.7), we can prove the H-theorem concerning
local entropy

(5.12)

which states that the total time derivative of the local entropy density
never decreases. It becomes natural to describe the situation when the total
rate of change of local entropy is zero as the state of local thermal
equilibrium. One can show that when local equilibrium is reached, the dis-
tribution function is given by a Fermi-Dirac distribution:

1 + exp o
2m V f

(r) -£f(r)

characterized by a local temperature T(r), a local Fermi energy ef(r) which
is related to the local density, and a local displacement po(r) which is re-
lated to the local velocity field. Thus, when there is local equilibrium,
the local stress tensor, as obtained from the momentum distribution, depends
only on the local temperature, the local density and the local velocity fields.
Then, by using the well-known Enskog-Chapman procedure of moment expansion,
one can approximate the Vlasov-Boltzmann equation by those of hydrodynamics.21

As the establishment of local equilibrium is necessary for the reduction
of the Vlasov-Boltzmann equation (5.7) to nuclear hydrodynamics, the crucial
question becomes whether the relaxation time leading to local equilibrium is
short compared with the total time involved in the interaction. The magni-
tude of this relaxation time is yet to be firmly established, although attempts
are being made to calculate it for some model cases.22"2"1

In heavy-ion collisions, the momentum distribution of the nucleons in
the colliding region is approximately a Fermi bisphere whose centers are
separated by the relative momentum determined by the kinetic energy per pro-
jectile nucleon. As the blocking due to the Pauli principle becomes less
inhibitive when the separation of the centers in the Fermi bisphere increases,
the fraction of nucleons capable of making a two-body collision and the phase
space of the final states increases with bombarding energy. One expects that
the relaxation time decreases with increasing bombarding energy until the
energy is so high that the bisphere separates into two disjointed Fermi
spheres. Thereafter, the relaxation time becomes less sensitive to the change
of bombarding energy. Thus, for the bombardment energy in the range of
250 MeV/AMU to 2.1 GeV/AMU (where the Fermi bisphere becomes disjointed),
the relaxation time was found to be of the order of 5 fm/c.23 This result
agrees with the estimate of Bertsch24 based on the moment of the collision
integral:
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for lower energy heavy-ion collisions. The relaxation ti.-.e in the inter-
mediate energy range is therefore roughly 50 fm/c •T..-r an energy of Ejg^/Ap =
20 MeV'/AMU and 4 fm/c for Ejab/Ap = 250 MeV/AMU.

Hydrodynamical description will be a proper approximation if the inter-
action time fpr the reaction process is large compared with the thermal re-
laxation time. The interaction time for a head-on collision of 20Ne on 1?/Au
is about 200 fm/c for a collision with an energy of E}ab/

An = 50 MeV/AMU,
130 fm/c for a collision with an energy of Elab/Ap = 100 MeV/AMU and 100 fm/c
for a collision with an energy of Elab/Ap = 250 MeV/AMU. Therefore, it appears
that at least for these collisions involving large nuclei, the hydrodynamical
description may be appropriate. Of course, one is reminded that these esti-
mates of relaxation time are based on a nuclear matter equilibration. There
are effects due to finite sizes, nuclear surface, and shell structure which
may affect these estimates. In the final analysis, a direct confrontation
between experimental and theoretical results is needed to establish or re-
ject nuclear hydrodynamics for some aspects of heavy-ion collisions.

Knowing the approximate relaxation time, we can return to discuss the
possible effect of nucleon collisions on the 160 + t|0Ca reactions. The time
scale for the reaction, as is seen from Tigs. 2 and 3 is 0.1 * 10~*-l sec
(= 30 fm/c) for 100 MeV/AMU and 0.06 * lO"*! sec (= 24 fm/c) for 250 MeV/AMU.
It is likely that local thermal equilibrium can be established to modify the
dynamics to be closer to those of hydrodynamics. However, the presence of
the single-particle shell gaps may delay the thermalisation process. The
presence of the nuclear surface may also modify these simple estimates based
on a uniform nuclear matter. A definitive answer to these questions in the
microscopic description must still await future ETDHF calculations for these
systems.

VI. NUCLEAR HYDRODYNAMICS

With the collaboration of Henry Tang, we have studied the dynamics of
heavy-ion collisions using the hydrodynamical description. We shall briefly
summarize the special features of exactly central collisions in the inter-
mediate energy range. The details of the results are given elsewhere.25 In
the calculations we take the nuclear incompressibility K to be 186 MeV.26

A long-range Yukawa interaction is introduced to give good surface properties:

vfc r2,r2) = 6 e 'Irl"r2' f6-1)

where 6 = -85 MeV/fm and a = 2.1 fm , the coefficients being chosen to give
good binding energies and root mean square radii for nuclei along the 6-
stability line. We use a set of transport coefficients estimated from the
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Landau Fermi-liquid theory and also from the width of the nuclear giant mono-
pole resonances. They are:

the shear viscosity coefficient

n = 0.75 MeV/fm2c,

the compressiona] viscosity coefficient

? = 18.76 MeV/fm2c,
(6.2)

and the thermal conductivity

< = 0.014 e/fm2.

For simplicity, we shall refer to the calculations with this set of trans-
port coefficients as the viscous case.

A. Unequal Mass Collisions and Effects of Viscosity

Figure 5 depicts the time evolution of the density field in the center-
of-mass system for the collision of 20Ne on '^7Au at an energy of Ej^/A-, = 250
MeV/AMU for the case with viscosity. The density contours are graded in
levels of 0.025 fnT"\ At about 20 fm/c, a region of compressed nuclear matter
is formed. The density continues to rise until it reaches a maximum value
of about 1.5 times the normal density. The high density region can be called
the shock region. The thickness of the shock is about 2-3 fm. The shock
region displaces towards the right as a whole, squeezing some of the nuclear
matter of the target nucleus sideways to give rise to the sidesplash. After
attaining the maximum density at about 30 fm/c, the high-density region be-
gins to relax and expand. The expansion continues on until the density de-
creases much below the normal nuclear matter density. The calculation is
stopped when the maximum density reaches half the normal density. The
knowledge of the density field and the velocity field at the end of the cal-
culation allows us to calculate the angular and energy distributions of the
outgoing nucleons.

The angular distribution of the reaction products in the laboratory sys-
tem is given in Fig. 6. There appears, roughly speaking, three angular peaks.
There is the forward angular peak of slow nucleons which represents much of
the projectile nuclear matter stopped in the target nucleus, in addition to
the nucleons from the expansion of the shock region. There is the backward
angular peak of slow nucleons due to the expansion of the shock region into
the backward direction. There is the side angular peak of slightly faster
nucleons corresponding to the sidesplash of the target nuclear matter due to
the impact of the projectile.

It is of interest to note that the position of this side peak is sensi-
tive to the transport coefficient. Upon setting the transport coefficients
to zero, one finds the angular distribution as given by Fig. 7. There the
absence of viscosity and thermal conductivity leads to an upward shift of
the side peak position by 20° and also a narrowing of the energy distribu-
tion for nucleons under this peak.
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Recent experimental measurements of the proton spertra in the collision
of 20Ne on 197Au at 400 MeV/AMU indicates the presence of a sidesplash when
only high multiplicity events are selected.3 A careful comparison of the
experimental observation and theoretical results may provide information on
the validity of nuclear hydrodynamics.

B. Equal Mass Collisions

We show in Fig. 8 the density contour in the collision of 208Pb on ;-'0f-Pb
at an energy I"jâ /̂ p of 100 McV per projectile nucleon for the case with
viscosity. At about 25 fm/c, a central region of compressed matter is formed.
The shock region reaches a maximum density of about 1.5 times the normal
density at 60 fm/c. Thereafter, the shock region begins to expand. Beginning
at about 35 fm/c, there is, in addition, a jet of nuclear matter coming out
in the 90° direction in the center-of-mass system and eventually the com-
posite system becomes disc-like before the final overall expansion takes
place.

The angular distribution for the reaction products in the laboratory
system is given in Fig. 9. Besides the forward peak of slow nucleons corres-
ponding to stopped projectile nuclear matter, there is the side peak of morj
energetic nucleons at about 50° corresponding to nucleons ejecting at 90° in
the center-of-mass svstem.

C. Compression Ratio

Since the formation of compressed nuclear matter and its consequences
are among the most important motivations for high-energy heavy-ion physics,
we shall study some of our results with these questions in mind. The main
results of various calculations are presented in Fig. 10. The
curves are the compression ratios (maximum density/normal density) achieved
in the 20Ne + 197Au and 208Pb + 208Pb reactions plotted against bombarding
energy. Each curve corresponds to one set of transport coefficients. It is
clear from the figures that the compression ratio increases monotonically
with increasing energy. Also, it appears that a high compression ratio is
favored more by large projectile-target systems.

The role played by the transport coefficient is rather significant- Large
viscosity and thermal conductivity results in the generation of considerable
thermal energy. Not only is the density and energy profile smoothened out
by a large viscosity, but the maximum density reached is also substantially
reduced.

D. Complete Disintegration of the Composite System

From many of the hydrodynamical results, one observes that when the
colliding energy exceeds a certain limit, the nuclear matter is so much com-
pressed in the shock region that when it expands it keeps on expanding into
a dilute Fermi gas without collapsing back into clusters of normal nuclear
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matter density. This limit of energy can be best estimated in the center-
of-mass system. The nuclear matter of the projectile fAp] and the target
(Aj.) has an average kinetic energy per nucleon given by EQJ/ (A.,+At) . How-
ever, the nuclear matter is approximately at rest when the shock region ex-
pands. Thus, there is a loss of average kinetic energy per nucleon of about
EQ|/(Ap+At). When this amount exceeds the binding energy per nucleon of
- 10 MeV, then complete disintegration of the composite system is expected.
Our examination of various combinations of projectile and target at differ-
ent energies appears to support such an estimate.

It should be noted that a complete disintegration of the nuclear sys-
tem can lead to a coalescence of nucleons after the hydrodynamical stage as
a result of the final state interaction. The resultant reaction products
consist of many species of nuclear matter. If chemical equilibrium is es-
tablished, the elemental content of the different species can be determined.
Measurement of the reaction products after a complete hydrod>Tiamical disin-
tegration will be of great help in assessing the degree of thermal and chemi-
cal equilibrium.

E. Ring Formation in a Forward Punch

For an expanding composite system, there is a tendency in the density
field to form clusters when the colliding energy is less than the limit for
complete disintegration. In the three-dimensional head-on collisions, a
clustering in the direction of the collision axis corresponds to a fission-
like behavior, while a clustering perpendicular to the collision axis corres-
ponds to the formation of a ring of nuclear matter. In order to investigate
this aspect, we perform calculations for 2O.\'e + 197Au at 50 MeV/AMU with zero
impact parameter. Figure 11 depicts the results for the case without vis-
cosity. At about 7U fm/c, the composite system relaxes in response to the
compression of nuclear matter. At 114.13 fm/c, we begin to see some clus-
tering effect in the radial direction. At 198.70 fm/c, this eventually leads
to the formation of a ring of nuclear matter with density of about 0.07S fm~-\
The central cluster has a normal density. At the end of the calculation, this
ring goes towards the right, while the central cluster goes in the opposite
direction. The clustering effect with the formation of a ring is much re-
duced in the presence of viscosity and thermal conductivity.

VII. SUMMARY AND CONCLUSIONS

The intermediate energy region is a transition region. In this region,
the physics which enters in the low-energy heavy-ion reactiorj am' the physics
which enters in the high-energy heavy-ion reactions both come in at the same
time. There is the mean field potential which still maintains an important
role. On the other hand, particle collisions begin to affect the dynamics
and may allow the concept of hydrodynamics to be applicable in this energy
range. The possibility of extracting bulk properties of nuclear matter such
as the equation of state anr1 the transport coefficients is one of the most
exciting aspects of the intermediate energy heavy-ion collisions.
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We discuss the characteristics of • he dynamics when there is no particle
collision. This is embodied in the results from the TDHF calculations. We
discuss also the characteristics of the dynamics when there is a lot of
particle collisions. This is embodied in the results from the hydrodynamical
calculations. Actual collisions should fall between these two limits. One
speculates that experimental observation should consist simultaneously of
the two different components of rather different dynamical behavior. There
is the "TDHF component" of fast nucleons of disintegrated projectiles in the
forward direction. There is also the "hydrodynamical" component of expanding
shock wave and sidesplash. The relative importance of the two components
depends on energy, nuclear size, and possibly nuclear shell effect. Future
me -surements of the energy and mass distribution of the reaction products
and their associated multiplicities using large arrays of multiplicity
counters,3'4'27 streamer chamber28 and photographic emulsion27 will be of
great help in shedding light on the dynamics of the collision process.
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Figure Captions

Fig. 1. Spatial and momentum distribution of pseudonucleons in a head-on
collision of two equal nuclei. (a1) Distribution of spatial density
before contact. Points A, B, C, D, E, and F are selected spatial
points. (a) The initial momentum distributions at the selected
points. (b'1 The distribution of spatial density at a time when
the boundary between the two nuclei disappears. (b) The momentum
distribution at the selected points shortly after the disappearance
of the boundary. (c) The momentum distribution at the sampling
points at a time - R0/v.p after the boundary between the two nuclei
disappears. (d) The momentum distribution at the sampling points
at a time - 2Ro/v£ after the boundary between the two nuclei dis-
appears .

Fig. 2. Density profile for the collision of 160 and 1+0Ca at an energy of
Elafj/Ap = 100 MeV/AMU in the TD1IF approximation. The density pro-
files are graded in such a way that a number I represents density
in the region 0.041 <_ n <_ 0.041 + 0.02 in fnT3.

Fig. 3. Density profile for the collision of 160 on L|0Ca at an energy of
Elab/A = 250 MeV/AMU in the TDHF approximation.

Fig. 4. Fraction of nucleons allowed to undergo a two-body collision as a
function of the heavy-ion energy.

Fig. 5a. Density contour in the center-of-mass system for the collision of
20Ne on 197Au at Ejab/Ap = 250 MeV/AMU for the case with viscosity.
The density contours are graded in levels of 0.025 fin-5.

Fig. 5b. Continuation of 5a.

Fig. 6. Angular distribution of reaction products in the laboratory system
for the collision of 20Ne on 197Au at E}ab/Ap = 250 MeV/AMU. The
transport coefficients are those given m Eq. (6.2).

Fig. 7. Angular distribution of reaction products in the laboratory system
for the collision of 20Ne on 197Au at Elab/A = 250 MeV/AMU.' The
transport coefficients are set to zero. "

Fig. 8a. Density contour in the center-of-mass system for the collision of
208Pb on 208Pb at an energy of Elab/Ap = 100 MeV/AMU for the case with
the transport coefficients of Eq. (6.2).

Fig. 8b. Continuation of Fig. 8a.

Fig. 9. Angular distribution of reaction products in the laboratory system
for the collision of 208Pb on 208Pb at an energy of Ej b/A = 100 MeV/AMU.
The transport coefficients are those given in F.q. (6.2J. ^
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Fig. 10. Compression ratio for various combinations of projectiles and tar-
gets for the case with viscosity (and thermal conductivity as given
by Eq. (6.2)) and the case without viscosity.

Fig. 11. Density contour in the center-of-mass system for the collision of
20Ne on 197Au at an energy of Elab/Ap = 50 MeV/AMU for the case
without viscosity and thermal conductivity.
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