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ABSTRACT 

The theoretical solutions of the Landau-Vlasov initial value problem 
giving mode-mode coupling usually neglect the free-streaming contribution. 
We solve theoretically this problem including the ballistic terms. We find 
that a new mode appears resulting from the nonlinear interaction between 
the Landau component and the ballistic perturbation. The amplitude of this 
mode is calculated as a function of distance and compared with experimental 
results in a plasma column. 
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I - INTRODUCTION 

Many theoretical and experimental investigations have been performed 
on the interaction of two plasma waves. If two such waves are continuously 
excited in a plasma column by externally applied potentials* the perturba
tion of the distribution function associated with each wave is often 
analysed in terms of landau and ballistic contributions I 1,2)• The Landau 
contribution is characterized by a wave-like electric field, whereas the 
ballistic or free-streaming portion carries essentially no electric field. 
The second order interaction of the two Landau contributions gives the well 
known mode-coupling effect [3»M. On the other hand two ballistic perturbations 
are known to interact in the echo phenomenon |5,6] . But the third type of 
interaction between the ballistic portion of one perturbation and the Landau 
portion of the other is usually considered as ineffective on account of phase 
mixing. 

However several theoretical results have shown that the interaction of 
two plasma waves cannot be fully described in terms of hitherto well known 
effects. In particular Best (7,8], solving the initial value problem for the 
Vlasov equation to second order in the wave amplitudes, found a new type of 
wave with the same phase velocity as one of the two generating waves and 
the difference of their wave numbers. Recently Gros et al. [91,with the help 
of a multiple water-bag model* confirmed the existence of this wave. By 
using the ordering of the Krylov and Bogoliubov asymptotic method, one of 
us solved the initial value problem of the Vlasov equation in the case of 
Langmuir waves 110] and arrived at a description of non linear effects in 
terms of proper waves and free-streaming or ballistic perturbations. Then 
the non linear interaction of a wave with a ballistic perturbation is 
indeed found to occur and to take the form of a resonant wave-particle 
interaction. The resulting wave has the same phase velocity and wave number 
as found by Best and an additional selection rule is obtained, namely that 
the wave number of the parent wave must be larger on absolute value than 
the wave number of the ballistic perturbation. A heuristic version of the 
latter theory [111 makes it possible to treat the space dependent problem 
and to derive an analytical model which is applicable to the experimental 
situation. 
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Experimental results obtained on a plasma column are reported in this 
paper and compared with theory. By using a low density plasma in a strong 
magnetic field* modes can be found which satisfy the required selection 
rules and resonance conditions. But slowly damped waves muse be used and 
as a result it is not possible to have a pure ballistic perturbation 
interact with a wave. Although the observations will be on waves generated 
by two parent waves, the new effect will be clearly distinguished from the 
usual effects of mode coupling and forced oscillation. 

The paper is organized as follows. In section II, the solution of the 
Vlasov equation* including ballistic terms, is given for plasma waves in 
a uniform and infinite magnetic field ; in section III the experimental 
observations concerning the identification, the amplitude and the spatial 
evolution of the "Landau-ballistic" (L.B ) mode are discussed and compared wi 
theoretical results. 

II - THEORY 

A - Basic equations 

The non linear interaction of waves with free-streaming perturbations 
was considered in a previous paper [II] , where the time dependent problem 
was treated. The experiments to be described in this paper are made by 
exciting waves at one end of a cylindrical plasma column and by observing 
their evolution along the axis of the column which will be chosen as the 
z axis. Thus the problem to he considered here is the "space dependent 
problem", i.e. the evolution of the wave-like and free-streaming 
perturbations with z, where the perturbation at z = 0 is prescribed and 
stationary in time. This type of problem was treated by Landau in the 
linear approximation in the second part of his original paper [12]. 

We thus consider plasma waves in a uniform magnetic field parallel to 
the z axis. In th« conditions of the experiments, nice ̂* w p e, so that the 
magnetic field can be treated as infinite. Then the electron distribution 
function g(x,y,z,v,t) depends only on the z component of the velocity 
denoted by v and satisfies the following Vlasov system of equations. 
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at 3a m 92 Dv 

A* + 4w e n 0 ( f g dv - 1) = 0 (2) 

In the following it will be assumed that g differs from an unperturbed 

distribution function f(j(v) by a small perturbation f(x,y,z,v,t) : 

g = f c + f ( f f 0dv = 1) (3) 

In order to represent the finite extent of the plasma in the x and y 

directions in a simple way, a periodicity condition on x and y will be 

imposed and f will be expanded in a Fourier series in x and y. As the pertur

bations are stationary in time, f will also be expanded in a Fourier series 

in t. The Fourier coefficients of f and $ will depend on a perpendicular 

wave number K and on a frequency »>, both of which will be denoted by a 

single index IJ for simplicity. Thus the transformed equations are : 

M 3z m 3z 0 x ' m u ' 3z 3v 

*• ° (£j.'"0 V - y' = (K_I - £_£» u - w 1 ) (6) 

The equations for jçL = 0 and for to = 0 should be included in order to 

have the full system of equations and similarly the sunt over y' includes 

<l = 0 and u' = 0. This system of equation determines the z dependence 

of fu and d>p once these two quantities are given for z » 0 together with 

3$ u/3z. 
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B - Linear approximation 

The linear approximation is justified in the limiting case of very 
small perturbations and consists in neglecting terms which are quadratic 
in the perturbation. In this process equation (5) is not modified and 
equation (4) becomes t 

&f„ e
 3*u 

i w f » " v ^é + IT — 5 7 fn< v> - 0 (7) 
u dz m 3z 0 

A solution of (7) and (5) is sought for given f u, 4»u and a<frM/az at 
z = 0, It is therefore appropriate to use a Laplace transformation on the 
z variable : 

,«<>v> - j " 

•i' 

" i k z fy(z,v) dz (8) 

(Im k<0) 

'~ikz t,fz) dz (9) 

The transformed equations on f u and $„ are easily written and solved, 
but the inverse Laplace transformation back to f^ and 4 U cannot be carried 
out explicitely. However only the asymptotic form f u and 4>u for large z 
will be required and they can be found explicitely by a classical method [ 12,13], 
which involves defining the analytic continuation of f u and 5 y for 
h k > 0. Unfortunately the process of analytic continuation is more 
difficult than in the familiar case of the time dependent problem, but it 
is discussed extensively in Landau's original paper [ 12]. 

In this way the asymptotic form of + u(z) for z -*• +» is found to be 
given by the Laplace inversion formula in which the integral over k is taken 
solely along small circles around the zeros k p a of the dispersion function 



5. 

Du(k) i 

2 k f ffl dv (10) 

wberes L is the usual Landau path of integration and consists of the real 
axis and a loop around the pole u/k if necessary so as to pass below this 
pole if « > 0 and above it if u < 0. The asymptotic form of 4 (z) found 
in this vay can then be transformed by the same procedure as in the time 
dependent case [ 11 ] into the following appropriate form : 

(11) 

where Che sum extends to all zeros k of D (k) lying close to the real 
axis and where : 

•v C (z) 
W z ) ' -k ^—; ( , 2 > v , a Kn,a(K? + k 2 )D' (k ) 1 u.o, u u,a 

c (2)= 4 uennk I £ (s,v) v ,d v — + K} $ (z) + ik 'V" (13) 

where the path of integration L has the same definition as I- in (10) 
with respect to u/k 

In a similar way the appropriate expression for the asymptotic form 
of f is found to be: 
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f (z.v)!. - — S • M - ^ T J (z,v) (14) 

F^C.v) - f/*,v) - -|- £'(v) {4 T C n 0 J" f^z.u) ^ 
c (15) 

where the path of integration C consists of the real axis and a possible 
loop around the pole u • v so as to pass below it if u > 0 and above it 
if M < 0. 

'V The functions F (z.v) and 4 (z) are defined by the above equations in V M 
terms of f (z,v) and $ Cz). Then it is easy to check the following result: 
when f (z,v) and $ (z) satisfy equations (5) and (7) of the linear 
approximation» $ (z) and F (z,v) have the following simple dependence on z 

*p,aCz) * W 0 ) e x p i k u , a 8 ( 1 6 ) 

F p(2,v) - F u(o,v) e x p i e z (17) 

In fact when these expressions are inserted into (12) and (15), the more 
straightforward asymptotic forms are recovered. 

It follows from (16) and <17) that the quantities, 

* (z) exp(-ik z) and F (z,v) exp(-i — a) are first integrals of p,o. r u,a u v 
equations (5) and (7) of the linear approximation. 



As in the case of the time dependent problem [111 the connexion» which 
has just been established» between the asymptotic forms for large z and 
the first integrals of the equations is a key point for the treatment of 
the non linear problem. 

C - Non linear evolution of the wave amplitudes 

(5) is now considered. Retaining the same definition of & (Z) in terms 
f (z,v), 4 (z) and 36 /3z through (12) and (13), the z dependence of $ (z) 
is no longer given by (16) and it is easily seen to satisfy the following 
equation : 

3 ^ - i k J 4 T e n ° f "a, viv .... 
u,a M y,a ^ p,a 

where O f /3 Z) N» corresponds to the quadratic term in equation (4) : 

3f S* , . 3f , , u_. m _e_ v Ti-ii J uj 
3z NL m . 3z v 3v 

(19) 

As in the previous treatment of the time dependent problem Oil « it will 
be assumed that in the right hand side of equation (18), $ _ u'(z) a n^ 
f i(z,v) may be replaced by their asymptotic forms of the linear approximation 

In this way the following system of equations is obtained : 

"HT *».« " i k '».. " («f * kS)D;w *, * k" V U ' . Y 
(20) 

; -^{-^r 2 ?,,».« ,.,t-T,U, * F,,.Cz,v)) u - kv 3v m « u ,B ai'-k'v 
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with the abreviated notation : 

" ' V a '"' -V.» '""-Vu'.T (21> 

The integral over v in this equation is well defined because the asymptotic 

form of f ,(z,v), which enters between the brackets, is holomorphic in v 

near the real axis provided f ,(0,v) is assumed to have this property. In 

order to be able to separate the integrals over the various terms of the 

asymptotic form of f ', a path of integration must be chosen with respect 

to the poles u/k , a. Such a path will be denoted by L , and will be 
P » P Uftttii 

defined below. 

D - Coupling of waves and free-streaming perturbations 

The various terms in the right hand side of (20) have a clear physical 

meaning : the quadratic terms in * , Ï , fl describe the well known 

effect of wave-wave coupling and the terms containing F « correspond to 

a new physical effect, namely the non linear interaction botween waves and 

free-streaming perturbations. This latter type of term will be discussed 

in more detail. It can be simplified by using the asymptotic method which 

is valid when the wave amplitudes are small so that non linear effects 

occur only for large values of z. This approximation is used r the 

treatment of the time dependent case [(1| and it allows one to replace 

quadratic terms in the right hand side of (20) by their asymptotic form 

for large z- The terms in F , are proportional, as regards th^ir z dependence, 

to the integral • 

> W I ,., - „"" v -=-F,..<..»> <22) S 
L , v,*tv 

3v 

In exactly the same way as in the time dependent problem this integral 

can be shown to have the following asymptotic form for large z : 



Ï O * w liSr-^il il-è *...«•*>] ,. C23) '*R ~ T̂ l ' T ' "âw uF 

This result depends on a specific choice of the contour L « with 

respect to the zeros k , .of the disrersion function D ,,(k), namely 
M iC M 

L , should pass below or above k , „ according to whether u,r > 0 or < 0. 

By substituting the asymptotic form (23) for I(z) in equation (20) the 

final system of equations on the wave amplitudes is obtained : 

iwp 2 

~5i 'w,a " l k *i>,a " (K| + k^D'flc) l' y k Vu'.T 

{- -S- ï Ï , 
(24) 

ITT * «) U \ r d „ , v. , 

with the abreviated not*.t:ons (6) and (2!) 

The terms involving the free streaming perturbation contain the 

derivative of F , with respect to the velocity and this introduces a 

secular dependence on z as F , is proportional to exp (izwr/v) apart 

from the slow z dependence due to the non linear effects. In the same way 

as in the time dependent problem this simply results in restricting the 

validity of the final equations to z - 0 (l//e) rather than z = 0 (1/e) 
if s is the small parameter proportional to the perturbation. In addition 

to this secular dependence, thfese terms have an oscillatory dependence 
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on z through the factor 

i 
exp i(k , + -=- k - k )z 

The corresponding terms are significant in equation (24) when this 
oscillatory dependence disappears, i.e. when the following resonance 
condition is satisfied : 

k k , 
Hi» m |i-u',Y (25) 

which means that the two waves involved in this non linear effect must 
have the same phase velocity* in which case the free-streaming perturbation 
interacts through particles which have this common velocity. 

It is apparent in equation (24) that the terms describing the coupling 
of waves and free-streaming perturbations vanish unless u u 1 < 0. A 
straightforward and interesting consequence is that w, u' and w"« u-u* 
satisfy the relation : 

|»|- kM-ln'l (26) 

Thus the interaction of a wave of frequency w" with, a free-streaming 
perturbation of frequency u' gives rise to a wave of frequency u smaller in 
absolute value than the frequency u" of the initial wave. In addition the 
interaction is possible only if |tu"| > [ta* | -

III - EXPERIMENT 
•r . 

A - Experimental design considerations 

Two waves of frequencies F| and F 2 (Fi = 150 MHz» 60 < F 2 < 110 MHz) 
and wave numbers kj and k2 are launched by means of two probes at one end 
of a plasma column having the following characteristics : a useful length 
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of 70 cm, a radius of approximatly I cm, Te * 2 eV, ng * !0 9 cm"3, 
B 2 - 1.500 gauss. The pressure of 10"6 Torr during operation ensures that 
the plasma is collisionless [14 ) . The launching probes are made of a staight 
tungsten wire of one centimeter length which is the continuation of the 
inner conducter of a coaxial line, the two probes are 7 cm apart. The 
amplitudes (?) ci the emitted waves are always smaller than 0.5 volt. To 
determine these amplitudes, we measure the transmitted power between two 
identical probes, and taking into account the group velocity of the trans
mitted wave, the Landau damping coefficient and the radial profile V is 
numerically calculated. The accuracy of the result is estimated of the 
order of 2 db. 

By means of a receiving probe, which is movable along the plasma 
column, one can observe in particular the signal at the difference frequency 
F3 * Fj - Fj resulting from the coupling of the two waves of frequencies F^ 
and Fj. This signal is detected by a cristal followed by a circuit which 
gives the square root of the power, and this yields directly the spatial 
evolution of its amplitude ; a Fourier analysis can be performed to determine 
the wave numbers associated with the frequency. This Fourier analysis is 
made in a classical manner on the intercorreiation product, which is 
obtained by mixing the signal from the receiving probe at frequency F3 with a 
reference signal. A schematic diagram of the system which is used for the 
Fourier analysis is shown in Fig. !. The intercorreiation signal is dlgitalized 
and stored in the 1,024 channels of a first memory. Using a purely numerical 
system the Fourier transform of the signal is computed. A second memory of 
1,024 channels stores the Fourier transform which can be retrieved in 
analogic form. The first memory is synchronized with the start of the 
movable probe motion. Several data acquisition rates are available and 
the proper rate is chosen to satisfy Schannon's criterion. The 
Fourier spectrum can thus be determined over the whole or a part of the 
movable probe path. 

The Fourier analysis of the intercorrelation signal shown in Fig. 2-a 
gives the wave number spectrum associated with the frequency F3 (see 
Fig. 2b) and it reveals three wave numbers : 
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F a wave number k 3 - ki - k2 associated with the forced mode of 
oscillation resulting from the coupling of the initial Landau modes 
of frequency Fi and F 2. 

- a wave number k3 such that —•! "i -^- which may attributed 
k%B R l 

to the coupling between the initial Landau mode at frequency F} and 
the ballistic perturbation at frequency F2. 

This latter mode retains our attention. He shall first give its 
qualitative properties and then a quantitative comparaison with the 
theoretical model will be performed. 

B - Experimental observations 

We first investigate in what frequency domains the wave number 

K3 - -sr* F3 is observed. 

1. The wave number spectra obtained by emitting a fixed frequency Fi and a 
variable frequency F2 show for certain values of the frequency F3 = Fj - F2 
a wave number k$ such that =£ = =̂ - . These frequencies are plotted an the 
dispersion diagram of Fig. 3 and the points corresponding to the "L.B." 

Fi modes lie on the straight line -r-1- going through the origin. It is seen 
Kl 

that they show up only for the low values of the frequency F3. It was 
seen in the theoretical part that in order to exist the "LB" modes have to 
be resonant or close to a resonant mode. By considering the dispersion 
curves for the secondary modes of the column i.e. (in = 0, n - 2) and 
(m • 0, n » 3) it appears indeed that the "L.B." modes show up only if 
their wave number k3 are close to that of a resonant mode. Experimentally 
the maximum mismatch compatible with the existence of the "L.B." mode 
can be estimated to be of the order of I0Z of k.3. The dispersion curves 
of the secondary modes are obtained experimentally by emitting a single 
rfave of frequency F and by making a Fourier analysis of its inter-
correlation function : secondary peaks K{j and Kl of very small amplitude 
are seen on the spectra and lead to the secondary dispersion curves. 
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2. It can be checked that these "LB" modes of wave number k,3 are not 
produced by the mechanism which gives rise to the resonant modes of 
wave number kf - kg which can be sometimes observed on the interferon 
grams. There are two possible mechanisms which can lead to a resonant 
mode* The first is the "Landau-Land?u" coupling if the energy of the 
forced oscillation is transferred to the resonant mode through the particles. 
Secondly there can be a coupling of the Landau mode Fj from the first 
emitter with the oscillation of frequency Fg in the highly non linear 
sheath of the second emitter so that the wave of frequency F3 propagates 
as a resonant mode. 

In order to check this point, waves were emitted at variable frequencies 
FI> F2 by keeping the difference Fj- F 2 • constant i the resonant wave numbers 
of the first two secondary modes corresponding to the frequency F 3 keep 
constant whereas k 3 varies as (-^^Fa* The results displayed on fig. 4 

LB 1 " R R 
show that, when k3 is notclose to one of the secondary wavenumbnrsk' and kg , 
peaks of small amplitude are observed in the spectra near k' R and kj R 

LB ft 
(Fig. 4b), whereas when kj is very close to k 3 a large amplitude peak 
is observed (Fig. 4a). In the former case the mechanism leading to the wave 
numbers k^R and kg R is not "L.B." coupling and in the latter case it seems 
that this coupling plays an important part in creating the observed mode, 
3. Another method was used in order to check more directly that the mode 

in question is due to the coupling of the wave of frequency Fi with the 
free-streaming perturbation of frequency Fj. The amplitude of the wave 
of frequency F 2 was decreased by 5 to 6 db by superposition of a second 
wave at the same frequency and of opposite phase emitted by a third 
antenna. This is found to result in an increase of the L.B. mode as 
compared to the forced mode and to the resonant mode showing that the 
wave part of the perturbation of frequency Fj plays a little or no role 
in the production of the L.B. mode. Conversely a decrease of the wave 
component of the perturbation of frequency Fj results in reducing the 
amplitude of the L.B. mode. 
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It is iu?.te understable that the effect of the phase shift is different 

on the wave part and on the ballistic part of the perturbation* Suppose 

that the two perturbations at the frequency F 2 are perfectly identical and 

synchronous and that they are launched by two probes which are a distance 

A2 apart. Then the twu waves will have a phase shift k^oz and the two free 

streaming perturbations will have a velocity dependent phase shift of 

(<i>2/v)Az which will be different from k 2Az for v * 1113̂ 3. 

C - Application of the model to the experiment 

In a simplified analysis of the experimental results it can be assumed 

chat only three frequencies come into play : Fj , Fg . F3. A first pertur

bation is launched at z • 0 with a frequency F} and a second one in 

launched at some z > 0 with a frequency F 2< ?i* It is expected that the 

wave of frequency Fi will interact with the streaming portion of the 

perturbation of frequency F2 to give rise to a wave of frequency F3 - F;- Fj. 

Denoting by (i)i.<H2»U3 the angular frequencies corresponding to F^, F2» F3, the 

correspondance with the notations of equation (24) is the following : 

u • d>3 * 2irF3 M - w r * ail a i 1 " -w2 

k - k 3 k" - k! 

and 

Ï • A 3 tf » - 4i F , - Fj 
\i,<x * u-u,a L M *• 

The slowly varying amplitudes of the two waves will be denoted by $\ 

and 1 3 ; 

*l(z) -vMOOe* 1 1 1 1 2 <Mz) -v>a(2)e + i k 3 Z 



Equation (24) then becomes : 

ks(4+k|)DjCk 3) 3 V v- S3_ 

An approximate expression for the dispersion function (10) can be used 
since the phase velocities of the waves are large compared to the thermal 
velocity V̂ , : 

or 

This latter form of D(k) leads to a very simple dispersion equation : 

...2 *? ..,2 ̂  3 k 2 v 2 ( 2 9 ) 

k? + k 2 
WP ^ J " "T 

"1 

which can be fitted satisfactorily to the experimental fundamental dispersion 
curve shown in Fig* 3 by ajusting the value of k< (k, = 0.64 cm - 1 ) . 

The expected effect can occur only if the two waves (u>i,k].) and (103^3) 
satisfy the dispersion relation and have the same phase velocity. It is seen 
in Fig. 3 that it is passible if («3^3) lies on a dispersion curve of 
higher radial or azimuthal mode. Such a mode can be represented by the model 
dispersion function (28) if ki and V_, are replaced by k[ and V„ which are 
calculated using the experimental data of Fig. 3. 



16. 

There is inevitably some uncertainty in the choice of the free-streaming 
perturbation F2(z,v) which enters equation (27). In fact the actual pertur
bation depends on the detailed excitation process and cannot be determined 
experimentally. It will be assumed that at a distance from the excitation 
point where the transients have damped out the perturbation takes the 
following simple form which is particular case of the asymptocic expression 
(14) : 

*2<«,»> * -£-** J L ^ ~ < * i k 2 Z - ^ B) C30) 
V " k 2 

Where the free-streaming portion is 

and cancels out the singularity at v = w 2 / kg associated with the wave. 
This feature seems reasonable since the initial excitation has no reason 
to introduce a singularity at the phase velocity of the wave. Further this 
assumption for the free-streaming perturbation has proved successful in 
the interpretation of the echo experiments { 6 ] . 

The unperturbed distribution function f(j(v) which enters expression (31) 
through it derivative will be assumed to be a maxwellian corresponding to 

f0<v) -/-f f - exp (- ̂  > (32) 

Using the resonant condition I13 • I13 = — 3 . j^ f o r t n e L.B, mode and 
expressions (28), (31) and (32), equation (27) can be written : 

- 5 - - A *j * 2 IBZ + cl (33) 



] ? . 

. —|. — _ — ^ _ _ — _ ^ _ _ ^ _ 
| k ' 2 + ( _ S a . k l )

2 l V T [(_™L , ) 2 + 3 t _ 2 1 _ * L ) z l [ H L -«82. I 
[h * < U 1 " > ' ' U k ] V { ' J l ui T j ' l l k l V T k 2 v T ' 

B - i-ïïï- ki 
01] 

"2 2 

u , l k!V T

 ; 

If we take into account the spatial Landau damping of the exciting and 

generated waves their amplitudes are : 

^j " $3 e x P ~ kî z where k^ is the spatial Landau damping coefficient 

Under this condition we obtain for (33) : 

|^-3 - k3 *j = Jj ?2Al Bz + c] exp - (le{ + k|)z (34) 

LB 
This equation supposes that k3 is equal to kj wave number of a resonant 

mode at pulsation u>3, but, as it can be seen on the Pig*(3), this condition 

is not always completely satisfied. It is possible to write : 

LB 
k3 • ks - Ak3, where Ak3 «*. k3, and $3(z) becomes : 

LB 
•3(s> = * 3 e i k3 z = * 3 e i C 4 k 3 + k 3 > z 

then equation (34) has the form 

| p - (k3 - iûk s)* 3 » A ?j ? 2 IBI + ÇJexp - [k} + kj + i -Si ik 3] z (35) 
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and its integration yields : 

? 3 U ) -
 A 1 2 [ exp(-kj + iAk3)z][ (exp I*)(B* - y- * C) + -p - C] (36) 

where : 

I* - k| - kî - kj - iûk 3(l
+ -~2-) 

we have assumed that V-(z • 0) = 0 

In the case where the landau damping of the three waves is negligible and 

the mismatch is equal to zero» it is easy to see that ; 

?3(z) « A ? ! ? 2 1-^+ Cz] 

It follows from this that the L.B. mode is growing function of z. 

As expected) the damping coefficients of the excited waves kj and k 2 

and those of the created wave k$ have not the same influence on the evolution 

of ? 3 . In the limit where k\ » Ak3 = 0 and for small values of z we obtain : 

* 3 U > - A ?j ? 2 [ Bs
2 + C* - (kj + kj) - ^ 1 

which is an increasing function of z. 

In the opposite limit where k 3 = Ak 3 = 0 and z + », we see that 
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a decreasing function of kj +• k;> all the other parameters being kept 
constant. The numerical calculation of v with the typical values in our 
experiment of the parameters and 0.1 cm"1 < kj + kg ̂ 0.25 cm - 1 shows 
that the saturation appears for distances between 10 and 20 cm. 

damping of the L,B. mode. The result is illustrated in Fig. 5, where we 
<\, L B 1 

have drawn the nudui's of ?. , i.e. v> , versus z for several values of k 3 

and kj + kg • C t e . It is shewn that the maximum value of <p$ decreases as 
kj is increased, and this maximum occurs for smaller and smaller distance 
as ka increases. 

The value of the mismatch Ak3 does not have a great influer ce on the 
space evolution of ̂  ; it gives only a reduction in the amplitude. If 

Ak3 « 0.04 k3 , 13 is reduced by 30 %.These calculations have shown that 
the spatial variation of ̂ 3 is mainly controlled by the damping coefficients 
of the three waves. 

A few words on the validity of the theoretical model are in order. The 
first condition of validity to be checked is that the distribution function 
may be replaced by its asymptotic form (14) in the non linear terms of the 
Vlasov equation. The condition for this is essentially that a transient 
term of the form 

J ikz./ ID ... e f(-̂ -)dk 

damp out for values of z smaller than the distance over which non linear 
effects appear. The function f(v) is similar to a distribution function and 
takes its maximum value for v ̂  V™ so that the integral becomes small for : 



20. 

with F « F] or F 2 ^ 60 MHz and V T = 10 8 cm s"1 the condition is 

0.6 z c m > l 

which is reasonably well satisfied for the values of z over which the non 
linear effects are observed. However if the condition was perfectly well 
satisfied the forced oscillation should not appear in the k spectrum as 
it is part of the transients which are supposed to damp out faster than 
the non linear evolution. The second condition of validity to be considered 
is that integral (22) may be replaced by the asymptotic form {23} and it 
can be brought back to the same inequality on z as above. 

D - Discussion of the experimental results 

In order to make a comparison with the theoretical results, we have 
first tried to obtain the spatial evolution of the L.B. mode. For this 
purpose the total displacement of the receiving probe was divided into 
small intervals of length 1 = 6 cm, these have been chosen as small as 
possible in order to be abble to distinguisb the different nodes which can 
exist. The intervals overlap and are centred on points z n = H-s - + ~5"")+ zo 
where n is an integer égal to 0,1.. and ZQ the distance between the 
second antenna and the beginning of the movable probe displacement. So we 
obtain the amplitude of the L.B. mode at the point Zj,, and also those of 
the resonant and forced modes, as shown in Fig. 6. For the present case 
the average amplitudes of the three modes are decreasing. To get the real 
evolution of the modes the correlation losses must be taken into account. 
The correlation losses result from the plasma noise and have an effect on 
the intercorrelation product. If a monochromatic wave of frequency F 
propagates in a turbulent medium its wave number oscillates around an 
average value. For example if the fluctuations are well described by a 
gaussian function centered on a value kg, the wave number distribution 



21. 

can be written : 

eflfl « 1 1 r k-k 0 , z 

8 ( 1 0 -7T-5T ^ P - l - s i ^ l 
The corresponding intercorrelation product is multiplied by the coefficient 

6k 2 

exp -(—r1 z) . This correlation loss is experimental? measured using the 
intercorrelation product of a wave of frequency F3 injected into the plasma, 

6k we find —~ to be of the order of a few percent. To obtain the L.B, mode 
evolution without correlation losses the intercomlation product is 

âk 2 

multiplied by exp + (-s— s) and the Fourier transform is made on the result* 
In Fig. 7 the experimental L.B. mode evolution is shown for three different 
values of F3Îfor each experimental point the error bars corresponding to 
the correlation losses are indicated. In this figure the theoretical 
evolutions calculated using (36) are also represented. To eliminate the 
great uncertainty on the amplitude of ̂  due to the error on *., <fi2t V_ 

3 LB 
(as it can be seen further) the theoretical curves <fi. (z) are vertically 
adjusted to fit best the experimental points. Then the theoretical 

LB i i i 
evolution of 1?, depends only on the damping coefficients k],, kj and k3 
and the thermal velocity V T. These latter terms are known with a good 
accuracy, and the uncertainty on the theoretical evolution is negligible. 
The damping coefficients kj and kz are determined using a quadratic detector 
connected to the moving probe ; in all the presented cases we have k 2 « 0 
and k[ » 10 m-l, the uncertainty is of 2 Z. The damping coefficient k\ i& 
not accessible through the experiment but it can be calculated using the 
Landau damping law, the value found is a few meters , the uncertainty 
is 10 %. This determination is made using the thermal velocity, which is 
mesured using an electrostatic analyzer with an error of 5 %. 

The investigation of Fig. 7 shows that the theoretical curves are 
maximum for distances z < 20 cm approximatly equal to the distance where 
we have the first experimental points, the maximum is not clearly observed 
in the experimental points. Nevertheless we obtain a satisfactory agreement 
between the experimental points and the theoretical curves. 



To carry out a quantitative comparison of our experimental value of 

$ with the calculated value, we introduce the experimental parameters in 
3 LB 

(36). Using our usual parameters the values found for the maximum of v>3 

are e'jual to a few millivolts» they are in agreement with experiment. Note 

chat these calculated values are subject to an error of 120 %,. This important 

error result for a nan negligible part of the error on V T (-ŝ  « 3 % , the 

thermal velocity appears indeed in an exponential term» At this latter error 

must be added the one resulting from the uncertainty on iP, and ? 
60, Èifi9 

< 1 T * - ^ • » * > • 

In order to study the evolution of <fi with the amplitudes of the two 

emitted waves, one wave is kept constant whereas the second one is varied by 

2 db steps. The results are shown in Fig. 8 where we have plotted l, versus 
LB 

iPj (for >P2 - 79.4 mV), and <P3 versus *p (for ifi. » 178 mV). The amplitude 

of the L.B< mode was deduced from the total amplitude *p. of the signal 

detected at frequency F3, which can be expressed by i 

L B / ^ 3 2 * 3 2 R p 
v ^ 0 /l + (—To) +• (—rsO 1 where <p and v are the amplitudes of the 
3 3 , U LB 3 3 

resonant and forced modes, the ratios —=-=• and —T-=- are evaluated using 

"3 *3 

e termine *p. w 

obtained on a spectrum analyzer connected with the receiving probe. Then 

the peak corresponding to v>3 can be compared to the peak corresponding to ¥>„, 

for example, for which the absolute amplitude is known. The values found 

for i 3 are of the order of a few millivolts. It can be seen from Fig. 8 

that # 3 varies first linearly with v> (or ¥> ) for * 2 (or ̂ j) % 10Q mV and 

afterwards y. exhibits a saturation. 

0.029 

for the curve \p - ffo.) and ef x p = 0.052 for the curve 0, - f(sO- Due 
LB 

to the uncertainty on ifl and •fi.iot >fi ) these values are subject to an 

error of 50 %, The corresponding calculated values are & 2 - 0.037 and 

Si = 0.084 ; in these calculations we must include a large uncertainty 
flath 
(—rr- a 100 % ) , resulting from the uncertainty in V^ and $2 (or Vj). In this 
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condition we have a quite acceptable agreement between theory and experiment. 

Note also that if the uncertainties ate taken into account it is reasonable 

to find experimentally two different values for x " .,'J (x2 * °-
3 7 volts"1, 

X. - 0.30 volts-1) which differ by 20 Z. In this case the calculated value 

of x is of the same order (x"1 * 0.47 volts - 1). For all these comparaivons 

we calculate ¥>, at a distance z • -a- + ZQ (L • 45 cm)» it is supposed that 
LB the experimental value of v> corresponds to this point. This latter value 

indeed results of the Fourier transform of the intercorrelation product 

obtained for the displacement L of the movable probe and using a symétrie 

apodisation function. 

Although the theoretical evolution of the two emitted waves has not been 

considered, it is interesting to study their evolution vhen the L.B. interaction 

process is strong. The higher frequency wave Fj decreases more quickly if the 

lower frequency wave F 2 is simultaneously excited (Fig* 9a). The wave of 

frequency Fi interacts with the wave of frequency F2» but it is not possible 

to distinguish the mode-mode coupling contribution from the L.B. coupling 

contribution. The spatial evolution of the wave F2 is not disturbed by the 

other wave Fj (Fig. 9b). This assymétrie behaviour of the two waves can be 

easi'y explained by the existence of the L.B. mode. 

IV - CONCLUSION 

Due to the coupling between a Landau wave and a ballistic perturbation 

a new mode, called L,B, mode»appears. Its phase velocity is equal to the 

phase velocity of the Landau wave. Nevertheless, to appear,this mode must 

coincide with a resonant mode of the plasma, or must be in the vicinity of 

the latter (aka/k3 < 10 % ) . Under these conditions the theoretical model, 

developped in the first part of this paper allows to study in detail the 

behaviour of the L.B. mode. Experimental results in a plasma column are 

found to be in satisfactory agreement with this model. The main origin of 

uncertainty occurs in the measurement of the mode amplitudes and of the 

electron temperature which appears in the exponential of the Maxwellian term. 
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This new mode exhibits a saturation level comparable to that of other 
non linear mechanisms predicted to occur in the same plasmas. 

Similar to the case of the echo phenomenon, the significant contribution of 
free-streaming particles persists after the damping of the macroscopic mode. 
We have shown that, in fact, these particles scierate a new macroscopic, 
mode in the plasma. 

l " 
i . 
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FIGURE CAPTION 

Fîg. 1 Schematic experimental bloc diagram for intercorrelation product 
and Fourier transform. 

Fig- 2 Wave-number determination of the beat wave F 3 - Fj - F 2. Experimental 
parameters are : 
V T - 1.1 108cm/s (3.5 eV), Ft * 150 MHz, ki - 2.77 cm"1, 
F 2 - 70 MHz, k 2 • 0.56 cm"1, n * 109el/cm3. 

Fig. 3 Existence domain of the "Landau-ballistic" mode. Crosses give the 
observed "Landau-ballistic" mode for Fj -= 150 MHz and F 2 variable, 
dashed line is the theoretical "Landau-ballistic" mode location. 
Solid lines represent the three experimental electron wave dispersion 
curves corresponding to the first three modes. Experimental 
parameters are : V T • 0.9 10a cm/s, n • 9.108 el/cm3. 

Fig. 4 Experimental wave-number spectra showing the effect of a mismatch 
on the "Landau-ballistic" mode. V T = 1.1 IO8 cm/s, n » ID9 el/cm3 

Fig. 5 Theoretical spatial evolution of the "Landau-ballistic" mode 
calculated with parameters : n - 9. 108 el/cm3 , V T = 0.8 10 8 cm/s 
Fi = 150 MHz, kj -2.82 cm - 1, F 2 - 80 MH2, k 2 * 0.9 cm - 1, k} = 0.23 cm~ 
k 2 = 0 and k| variable 

Fig. 6 Spatial evolutions of the three modes at frequency F 3 - Fj - F 2 

deduced from the Fourier analyse of the intercorrelation signal. 
Experimental parameters : n * 9.5 10* el/cm3, Fj - 150 MHz, 
kj - 2.82 cm"1, F 2 « 85 MHz, k 2 = 0.88 cm"1 

Fig. 7 Experimental data and theoretical curves showing spatial amplitude 
variations for different frequencies F3 . Crosses are experimental 
points and solid circles are expnrimental points with correlation 
losses corrections ; solid lines represent the theoretical curves. 
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Plasma wave parameters 

Fi - 150 MHz , kj * 2.75 cm - 1, k\ »0.!0 era"1 , k* - 0 

a) F 2 - 100 MHz , k 2 - 1.2 cm"1, k\ - 0.035 cm'1, Ak 3 - 0.I cm"
1 

b) F 2 - 90 MHz , k 2 - 0.95 cm"
1, k\ - 0.04 cm"1, Ak 3 - 0. 

c) F3 - 85 MHz , k 2 - 0.88 cm"
1, k| - 0.045 cm'1, 4k3 - 0. 

Amplitude variation of the "Landau-ballistic" mode as a function 

of the exciting wave amplitudes. 6. is the slope of the linear 

part of the curve.The amplitudes corresponding to saturation are 

indicated. Experimental parameters are ï n « 9 10fi el/cm3, 

Fi - 150 MHz, ki » 2.75 cm - 1, F 2 - 80 MHz, k 2 - 0*75 cm*
1. The 

corresponding theoretical x value is 0.47 V'1 

Spatial evolution of the exciting waves with Fi and F 2 and 

without the second one. The experimental parameters are : 

F! » 150 MHz, ki - 3.19 cm - 1, F 2 « 90 MHz, k 2 - 1.05 cm"
1, 

n - 0.8 109 el/cm3. 
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