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I. Introduction 
Supergravity is a gauge version of Buperaymmetry which inclu

des necessarily the theory of gravitational field. At present 
there is no common supergravity formalism.Einstein's gravity 
theory is built on a beautiful geometrical basis, the concept of 
curved space-time. An analogous pattern would be most desirable 
for supergravity. However, the main results of supergravity (the 
renormalizability properties, the possibility of unification with 
internal symmetries, etc.) have been obtained in the framework 
of the во-called "practical" or "component" approach' ', This 
approach has nothing to do with geometry. There the supergravity 
group haB been realized as a group of complicated transformations 
of a set of ordinary fields. The form of the transformations and 
of the invariant action has (happily) been guessed by great 
computational skill hut without any geometrical ideas' '. The 
difficulty with the nonclosing transformation algebra has been 
solved by introducing an appropriate minimal set of auxilia
ry fields . Further attempts, to simplify and systematize the 
complicated technique of the component approach have led to 
"teneor calculuB" rules"'. These rules for handling sets of phy
sical and auxiliary fields strongly resemble the composition laws 
for the superfield components. In other words, the practical 
approach is gradually going close to a superfield one. However, 
its geometrical meaning remains unclear, and the component nota
tion used is not compact and manifestly covariant. Therefore a 
manifestly supercovariant formulation based on a transparent 
geometrical idea is desirable. 

'This set of fields has been prompted by the field content 
of the axial superfield which we had earlier proposed /4/ as the 
minimal adequate gravitational superfield. 
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It should be pointed out that the search for geometrical app
roaches to supergravity began even before the appearance of the 
component approach. Many authors have tried to solve this problem 
(see Hefs.' ' and referencea therein). 

The common point in those attempts was the use of the concept 
of superspace (SS below)J(*M, в\ 9^)^ ', In the SS the supergroup 
of general coordinate transformations was considered. However, suoh 
approaches were found to be too noneconomical. Firstly, the sym
metry group was enormously large. Secondly, the fundamental ob
jects in such theories (e.g., the "supervierbeins" £ M fxi&i 6 ) 
and the connections Ufas

c (х, в, в ) j . were very complicated su-
perfields (SF below) containing fields with spine 3, 5/2, etc. 
Therefore, in order to obtain physioal information, the gauge had 
to be fixed strongly and certain properly chosen nlpebraic cons
traints had to be imposed (as it was skilfully done by .Veas and 
uunino'6'). 

The most adequate formulation of supergravity has to be not 
only geometrical but also minimal (i.e.,the simplest possible 
groups and SP have to be used). 

The outlines of such a formulation were given in 1976 when 
we proposed'*' to consider supergravity as the theory of an axial 
SF л (Х/О/в) (the simplest SF containing spin 2) generated by 
the supercurrent. Following to this idea we succeeded to find 
the minimal group of supergravity' "• and then developed a forma
lism for constructing invariants of this group put of the single 
S F J T . 

In the present paper the minimal group of pure supergravity 
wi l l be described and i t s action on the components of the SF K. 
in the case of Einstein supergravity w i l l be studied in d e t a i l . 
The main geometrical ideas are the following. The complex super
group of general coordinate transformations in the complex l e f t -
handed chiral 4+2-dimenelonal SS [fa?, в'С)} and the conjugated 
supergroup in the conjugated right-handed SS j(3cjp, § в ) } are 
considered (here conjugation means: X* = (X?)* ,B£=(6C)+ )• 
Then the real ( i . e . , self-conjugated) physical S3 { ( * * Br

t 9^)} la 
introduced as a 4+4-dimensional Bupereurface in the 8+4-dimatislo-
nal SS {(3C7, X* ,Bft 5 g ) j with complex structure. This super-

. We label the vector (spinor) coordinates of SS by indicee 
С,М,И,...(Д^4,»{...) as i t la done, e . g . , in Ref. / 5 / . 
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surface is given by the equations 

where W* is an arbitrary superfunotion of the arguments 
ж-.5*.(*:•»;), eye:, s * . # . 
The coordinates X* в, 9V of the physioal SS together with the 
SF %щ(х* в" §*) transform under the initial left- and right-
handed chiral eupergroupB (but not under the larger general coor
dinate transformation supergroup in the 4+4-dimenaional real SS). 
Thus the supergravity group is realized in the physioal SS non-
linearly with the help of the SBjtn(X,e,§) . 

This group as a whole corresponds to Weyl supergravity, and 
a subgroup of it(singled out by the requirement that the вирег-
volume in the left and right SS be preserved) corresponds to 
Einstein supergravity. A somewhat weaker condition (when only the 
product of the left and right supervolumes 1в preserved) adds 
global chiral transformations to the Einstein supergravity group, 
The simplest action for Einstein supergravity роввеввев in fact 
such an additional chiral imparlance, and this leads to certain 
important selection rules for the possible counterterms. 

Further on in the paper it is shown that in the Einstein-su-
pergravity case after a partial gauge fixing the gravitational 
SP IK contains the graviton field S (*> , the gravitino 
field f^M and th» auxiliary fields S&), P(*) and fiF(x) . 
The action of the supergroup on these fieldB reduces to general 
coordinate, local Lorentz and local eupersymmetry transformations. 
The cloeure of the algebra of these transformations ia almost 
obvious. Finally, the transformations obtained are identified 
with those in the component approach. 

In Appendix A the notations are listed. In Appendix В the 
Einstein supergravity group including global Jiy -transformations 
is considered. 

In a forthcoming paper a differential geometry formalism in 
terms of the single SF К will be developed on the ground of 
the supergroup found. 

bet us make some remarks concerning the literature on this 
subject. 

An interesting paper of Siegel and Gates'1*' should be pointed 
out. They have proposed a formulation of eupergravity using both 
an axial and a spinor SF (the latter seems to be unessential). 
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Though being leas geometrical their approaoh haa much in common 
with oura (eapecially in the way of use of differential geometry), 
and the final resultв are equivalent. 

It is worthwhile mentioning that ohiral coordinates have also 
been discussed in Ref.' ' although we think the authorB have un
derestimated their relevanoe. 

After the appearance of our preprint '"' in Ref.' 1 5' the 
transformations of the chiral scalar SP were rederived starting 
with the teneor calculus results' , 

II. Superapaoe and Supergravity group 
II.1, The manifestly covariant formalism of global (flat) 

supersymmetry is based on the concept of SS. Usually an 4+4-
dimensional real*' SS f ("X ; 6t*, 8**) ] is_ considered where ЭС** 
is a real space-time coordinate and are left- and right-
handed conjugated Weyl BpinorB (Grassman variables). The super-
symmetry group is realized on functions T i ^ ^ p j f S F / as 
follows* ' _ 
^'ttje'.S'J-ipfoe,*). t (D 
Here the coordinate transformations besides the Foincare group 
transformations include aleo supertranslations 
•х'щ- x w + 1 e<rwJ - 1 л а - щ ё 

with constant (infinitesimal) Grassman parameters and "h^ . 
The most straightforward generalization of the supersymmetry 

group to the nonflat case is based on an analogy with the theory 
of gravitation. There the Foinoare group is replaced by the gene
ral coordinate transformation group. Similarly, in a number of 
geometrical approaches to supergravity ' 5~ 1 2' the global trans-

»j Here "real" means Belf-conjugated under complex conjugation in the bosonic sector and hermitian one in the fermionic 
aector. **) 

' In this paper we consider only scalar SP. SF with Lorentz 
indices will be defined in e paper on the differential geometry 
formalism. 
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formations (2) are replaced Ъу general transformations of the 
coordinates of SS 

e,Jt = е*+я*(*.о>5) ( 3 ) 

ё'л = ^¥^ix,el в) 
with arbitrary Buperfunotlons-parameters Я , 

However, as it was stressed in the Introduction, such a super
group is excessively large and includes too many superfluous gauge 
parameters. Indeed, in the decompositions of the superfunctions 
Шх.В,!?) in powere of 6 and Э there are 128 independent compo
nents (4 x 2* in /Г" , 2 x 2 4 in if and 2 x 2 4 in ̂  ) while 
only 14 of them have physical meaning (4 parameters of general 
transformations of the coordinates ЭС , 6 for the local Lorentz 
an 4 for the local supersymmetry transformations). To get rid 
of the remaining 114 ones the gauge has to be strongly fixed. 

II.2. In what follows we are going to ргорове another, more 
adequate way to generalize aupersymmetry in the nonflat case, Ths 
basic idea is prompted by the existence of the so-called chiral 
(fundamental) representations of flat supersymraetry. They can be 
realized in SS more simply than the general_ones (1), (2). Instead 
of the 4+4-dimensional real SS i(X t 9*, B^*)j one can consider 
a complex 4+2-dimensional left-handed chiral SS \(X™ 6±)j and 
its conjugate right-handed one {(X™, 6%)} (l.e./jxjj'r (X™f, 
Q^-(6^)+ )• In these SS left-handed KfL(XLl QL) and right-handed 
Ура(Хц 6e)°hiral scalar SP car be defined on which global euper-
symmetry is realized as follows 
< * « « ; el,n) = <б,л (*h*; a,*) • 
Here the coordinate transformations include supe T r a n s l a t i o n s : 

Left SS _ RiRht SS_ 

е'£=б{ + У ё'£=ё£ + я~*. ( 4 ) 

It is clear that an attempt to generalize supereymmetry group 
just in the simpler chiral SS will lead to gauge groups smaller 
than (3). However, the vector coordinate X.L (X*^ ) in the 
chiral SS is complex while the physical coordinate ОсУ is real. 
How to imbed a physical SS into the ohiral опев? In the global 

7 



supersymmetry oase the answer is simple. Consider a 8+4-dimensio-
nal SS {(X™ X™, Qi, &$)} and define in it an 4+4-dimen-
eional supersurface. This means that four of the apace-time coor
dinates have to be excluded by four equations oovariant(or in this 
particular case just invariant) under the transformations (4) 
ЭСГ-***^©^ 1"^. (5) 
This superaurface can be parameterized as followsi 

Thus one obtains a 4+4-dimensioral SS with coordinates 

*-=f^r + *7) ,e^S^ (7) 
transforming just acoording to Eq.(2). 

So we conclude that global supersymmetry can be realized as 
the group of motions of the 4+4-dimensional supersurface (5) in 
the 8+4-dimensional SS with complex structure j(XllXn) ^i,V^)j 
(Fig. 1a). 

Note that the chiral coordinates (6) have been earlier consi
dered in the SS However, tbey have been re
garded just aa some bases in SS suitable to describe the corres
ponding chiral SF. We do not donsider Eq,(6) as definitions of 
certain bases in the 4+4-dimensional SS. Instead, we take them as 
equations of a supereurface in the 8+4-dimenaional SS. Such an 
interpretation can be nontrivially generalized in the nonflat case. 

Н.Э. this paragraph contains the basic ideaB of our geometric 
construction. Define in the left- and right-handed SS conjugated 
supergroups of general coordinate transformations. Their infinite
simal form is 

Left SS Right SS 

e'f = ei.+MxL, * ) e'i =H+&(х»> **2 w _ 
where ̂  A are arbitrary left-handed euperfunctions and Л , A 
are their conjugates (i.e., for instance, Ъ*(Хь,Ъь\=($*ФЬ.,в$* ). 

Further, when considering the 8+4-dimensional 8s{(x*)X* tQ£ t Q%)\ 
we have to get rid of a four-veotor coordinate. For this purpose 
let us define once again a 4+4-dimensional real supersurface to 
play the role of the physioal SS. Equations (5) are not more app
ropriate. They describe a particular supersurface (corresponding 

(8) 
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RSS 

RSS t 
Fig. 1a 

Pig. 1b 
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(11) 

to the flat SS) and are not covariant under the new transforma
tions (8), Therefore we shall define a general 4+4-dimonsional 
Bupersurface 

Here the real superfunotion it is not fixed (it is represented 
as a "curve" in Pig. 1b in contrast to tho "straight line" in Pi(j, 
1a). Introducing real spaoe-time coordinates 
I * = i ^ + * A ) ( 1 0 ) 

the supersurface equations take the parametric form _ 
tf» r xw+i К™(x,e, 9) xl = *~- i K"(*, в, ё) 

It should be stressed опое йоге that the Buperfunction л 
in Eq. (9) is completely arbitrary. This is due to two reasons. 
Firstly, we want full freedom in the choice of the Bupersurface 
(9). Thereby the geometry of the 4+4-dimensional physical S3 
(which is determined by the superfunction "И- , as it will bs 
shown in a forthcoming paper) is not restricted a priori. Second
ly, the form of the Buperfunction gi contains some gauge freedom. 
Indeed, let воте particular (although arbitrary) supersurface be 
fixed. Nevertheless, its equations (9) still depend on the coor
dinate frame chosen, i.e.,they will change under the transfoi'ma-
tions (8) of the coordinates of the й+4-dimensional SS. Consequ
ently, the Buperfunction has to transform together 
with the coordinates X and 0f of the 4+4-dimcnaional SS: 
a>~sX»+fF[x+ift(Xigtf)t9] +l3"[x-<KlXt6lS)le] (12a) 
e'J,-eJt-h7i/,[x+cH(^,o,9),e} огъ) 
§& = ё^ + Ъ*[х-<М(х,9,'§\ё] (12c) 

+ iJ«[x-M(*,e&,9l< ( 1 2 d ) 

Let ua summarize the different steps of our construction. We 
introduced two chiral SS $(Х?,9£)] and {&'}?, B%)] together with 
the corresponding general coordinate transformation supergroups. 
Then we considered these complex SS as a 8+4-dimensional SS with 
complex structure and identified the real part of its complex 
vector coordinate with the physical space-time coordinate. The 
imaginary part waa transferred into an axial (see p.III.1) super-
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field7l ^/""•'giving a 4+4-dimeneioral real superBurface (the 
physical SS) . The initial complex supergroup (8) was realized 
nonlinearly (12) in the physical SS with the help of the SF 
In what follows we shall identify this group with the supergravi-
ty group and the SP #""with the gravitational super fie Id. This 
step will he justified by the detailed analysis of the transfor
mations (12) In terms of components of 3t carried out in Sec
tion III. 

Note that besides the gravitational SF /t general and 
chiral scalar SF's can also be defined in the physical SS. Under 
the transformations (12) the general ones transform as follows 
<f>'fr', в',в') - ф(х,е,ё) (1 за) 
and the chiral ones 

with XL and ЗСд from Eq.(11). The group character of theee laws 
is obvious. SF with external indices will be defined in a forth
coming paper. 

11,4. Comparing the transformation supergroup (3) underlying 
the straightforward generalizations of supersymmetry and our su
pergroup (8) (or, which is the same, (12)), one can see that 
the latter is rather simpler. Indeed, Ihe chiral superfunctions -
parameters 7\ and "X in Eq.(8) contain 48 components (4 x 2 in 
Я , 2 x 2' in and the same number in Д and Ti-S* ) instead 
of the 128 ones in the general superfunctions in Eq.(3) (see the 
end of p. II.1). However, the supergroup (8) can be narrowed 
farther. 

It is easy to see that it has nontrivial subgroups. To show 
this, consider the analogue of Jacobian (superdeterminant or Bere-
zinian'1 ') of the coordinate transformations in the left (or 
right) SS 

It has the multiplicative property 
") Mote that in their pioneering paper Volkov and Akulov''1'''' 

identified the Огаввтап coordinate of SS with the neutrino field. 
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чтншчш%1 (14) 

Owing to this property the transformations (8) restricted by the 
condition 

H / M I = i 

form a subgroup of the supergroup of general transformations of 
the left SS. This subgroup has clear geometrical meaning: It 
preserves the "supervolumG" in the left SS ': 

In infinitesimal form Eq.(15) reads 

^rKM-ii^^A)=%lf(-ifH) ( 1 5 - ) 
(here the index M takes values W. andy< ; pfw)=C,P{«)^l)._Ttie 
analogous condition holds For the conjugated parameters Я /X1* of 
the right supergroup. Tht -jnstraint (15)and its conjugate reduce 
the number of the independent gauge parameters to 40. 

. Two more subgroups are worth mentioning. They are given by 
conditions weaker than (15): чет-нети -
in infinitesimal form they reacT 

О>«я м ^Л м )Н) р ' м ) = 0 ( 1 6 , ) 

(з;г-^лн)р ( м )--й ( 1 7 , ) 

11.5. Now we shall formulate the main statements which have 
to he proved. 

A. The transformation supergroup (8) is the group of Weyl 
(confomal) supergravity. 

B. The transformation supergroup (8) with left (and right)-
supervolume-preservation condition (15) is the group of Einstein 
(№1) supergravity. 

C. The transformation supergroup (8) with conditions (16) or 
T ) An analogy: in spc>;e-time {(x**)} the group of general 

coordinate transformations b * r-fTx) has a subgroup singled out 
by the constraint 2>ei||a*72bcII = 1Л?/Эл~^ 1 И = О . Note that on the 
way towards the theory of general re lat iv i ty Einstein / 19 / has 

intensively discussed th i s volume-preserving subgroup. 
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(18) 

(17) is the Einstein eupergravity group plus global chiral or 
scale transformations. 

Case A has been considered in our paper' '. Саве Р will be 
investigated in detail in Section III of the present paper and 
case С in Appendix B. 

III. The Einstein supergravity group and the components 
of the superfield 3im 

In the present aeotion it will be demonstrated that the axial 
SP <f( (xi'/8' describes the gravitational supermultiplet, and the 
group (B), (12), (15) (case B) is the Einstein supergravity group 
To this end we shall establish the physical meaning and the tran
sformation properties of the field components entering into the 
decomposition of 3l in powers of в and в : 

1Г(х,9,5) = 8 V ) + i ' ^ ; f r ) - / 9/,?Г*(х) + е<гаё£а*"ы+ 
+x9&(Рщм +.,Гм)*x §ё(рЪ)- • .TV* >) + 
+i* т. 9r4f(xyixee.e/i'fr"Ax)+x вв. »§ С"м. 

AMI 

In this decomposition the tensor f i e ld б (X) w i l l describe 
graviton (the vierbein f i e ld ) ' and the Rarita-Schwinger f i e ld 
VTVx), У*У(Х) w i l l correspond to gravit ino. The constant X of 
dimension omf^C^iJwill be identified with the gravitational cons
tant. All the other f i e lds in Eq.(18) w i l l be either auxiliary 
ones or purely gauge degrees of freedom. 

This section i s planned as follows. F i r s t , we have to get rid 
of the nonpolynomiality of the tranaformation law (12). This can 
be achieved by auch a partial gauge f ixing in which the f i r s t s e 
veral terms in Eq.(18) vanish. Afterwards there remains certain 
c lass of transformations (12) which preserve the fixed gauge. Their 
action on the remaining components of i s established. This 
c lass of transformations turns out to consist of Einstein general 
coordinate transformations, local Lorentz, and local supersymmetry 
ones. The evident group property of these transformations ia de
monstrated. Final ly , we prove the equivalence of the results ob-

/ p / tained to those of the component approach' ' . 
*T For tnis reason we cal l the superfield H "axial": the 

tensor f ie ld в"™ (хч i s the coefficient of the axial combina
tion 0<T, $ . 
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III.1. We begin with a discussion of the funotions—parameters 
in the decomposition of the superfunctions Я (*к,0& • 
Г(х,, e)=-aTfa )+ifK)+4tWh.)+ 006> А ) -Н>"<**)) ( 1 9 , 
and their conjugates ~$P(Xnt9) (the parameters fl,',S tP are 
real functions, e.g,fa*Y*i))* =• ft fa») ) . In Einstein supergravity 
(case B) there ie the condition of supervoluma preservation (15) 
which leads to the following restrictions 
Qi PW(XL) = •£ <T(xt) = о < 2 0 a > 
^^) = -i^Vw^«l) „ , rtg J 2 0 1 1 5 

(and to the corresponding equalities for the conjugated quantiti
es). Without IOSB of generality one can regard the antisymmetric 
tensor in Eq.(20o) as a real function . 

III.2. Several gauge functions in Eq. (19) can be used to 
exclude some components of ~j( (18). To show thie let us write 
down the transformation law (12d) as a form-variation of 

-/[a*fr**,0) + **&-••*, ё)]\ Kw(x,e,§) - (si) 

Now decompose the right-hand side in powera of ~i\ singling out 
the terme without #4 

- j ee{s"cx)+iy*<x))+jc9e (sTM-sp-*/*))+--- . 
-УИ «y "• 7 w - 1J*» 

We see that the components D t Jly )Av °* ** set completely ar
bitrary additive contributions at infinitesimal level. This fact 
indicates that they are pure gauge degrees of freedom which can 
be removed by an appropriate gauge choice. 

5 Й Cft(flrt**J?9 d u e t 0 t h e "entity %4-jt6itedired. 
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So, there ex i s t s such a gauge in which the a x i a l superfield 
decomposition i s reduced t o __,_.w . . , » , \ „ p; ,na>v</ i. 

In t h i s gauge the transformation law (21) acquires a polynomial 
form because the th i rd power of ~j% vanishes. In the supersymmet-
r i o Yang-Mills theory V/ess and Xumino used a s i m i l a r gauge in 

/21 / order to get r id of nonpolynomiali t ies ' " . 
111.3. I t i s very important that a f t e r euch a p a r t i a l gauge 

f ix ing there remains a s e t of transformations of the type (21) 
preserving the form (22) of ji™. These transformations have the 
following specif ic parameters 

£ W= 0 (23a) 

ч**=2Цг"е/-*&(Р-1&'У ( 2 3 с ) 

Here we come across a peculiar phenomenon: Due to the partial 
gauge fixing the transformation parameters become dependent on 
the fields. Just for this reason the bracket parameters 
("structure constants") of looal supersymmetry depend on the fields, 
iVe shall discuss and use this property in what follows. 

111.4. Now we consider separately the role of the functione-
parameters f!"(X) and s"(X) in Eq,(19). Under the transforma
tions (21) they change the component fielde P flf), £ (x) and 
C^fx) only: 
S*P"(X> =£?"<*> (24a) 
S xrW--i5 s" M „ (24b) 
Б'С-^РЧ^^ЧР'-^Р-Р'ЧГ ( 2 4 C ) 
In Einstein supergravity the longitudinal parts of the gauge 
functions p" and S * vanish owing to the restriction (20a). Then 
equations (24a), (24b) tell us that the transversal parts of the 
fields P Cx) and fi M are gauge degreee of freedom. Beoause of 
this it is expedient to introduce fields 
P = ̂ P " , $ = %*$* (25a) 
^ГЧ^РЧГ-^ЧР") (2 5 b ) 
that do not change under transformations (24). How one can forget 
about the parameters D*Yar) and S*7ac) as they have already played 
their role. 
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III.5. Thus after the partial gauge fixing at our disposal 
there remain the functions-parameters ftwft),J2 to) and &fi>(t **W • 
In this paragraph it will be shown that they serve as parameters 
of general transformations of coordinated ОС , of local Lorentz 
transformations! and of local supersymmetry, respectively. 

III.5.1. We begin with the parameter cC*(X). Under the trans
formations (21) with this parameter one has 

S g S ^ a ^ f a ^ t f (b) 
Su*eftW *%a". eTVrf"\ eaw-г*аГ. e a * <e> де> 
W -1^- ЧГ+*тЪ ЧГ-% *"• ft* ( d ) 

Here the Weyl splnors у ? t̂ ""/* are oombined into the Majorana 
spinor (in this section we shall use 4-component notation) 

We see that dC"ft) is a general coordinate transformation para
meter, the index * 4 of the fields 6* , 4^ and 2) being a 
world contravariant one. The indices Л of the field 6 and d. 
of the field V^t are not affected by transformations (26). We 
shall see in the next paragraph that they • are local Lorentz in
dices. To distinguish suob Indices from the world ones we ehall 
denote them by the first letters of Latin (vectors )and of Greek 
(spinors) alphabet. 

Rote that all the fields have nonzero weight (1 for г , S 
-A*** » III"** пУ* . 

and СГ , -=r for 4if , 2 for & ) . Of course, these weights 
can be eliminated multiplying the f i e lds by appropriate po-
were of Zte6//e , , M / / . ftg 

I I I . 5 .2 . The transformations with parameter have 
the following form 

г*С=£П а в (<Ы'/ '* , /« (о) 
« 2 Г = - | Ъ , Л в ' ^ y e ^ e " " ' . (d) 
These are local Lorentz transformations. The fields P and 
$ are soalars. The field В CX) with respect to index a. 
transforms as a Lorentz veotor (its eecond index D l l s a world 
one, so £, is the vierbein field), ty* is a Lorentz spinor 
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( ci ) and a world vector (1*1 ). Only the field 2) has a non
standard transformation law (28d). So it is convenient to intro
duce a new field variable 

A^^-^^e^e*, ( 2 9 ) 

£ = Савса с- с с в v - r « \ 
and e w a . i s the inverse vieroein matrix ^ t n » C- = O-w J . The 
contravariant f ie ld A obtained has now standard transformation 

ъ*/Г=о. ( 2 8 d , ) 

III.5.3. Finally, consider the transformations with parameter 
which have to be the local superaymmetry transformations. One 
obtains 

£$ = &(? vi 

where jfi ~ /'л ° ) i* ~ T "t*a € •* . The symbol Цц denotes 
the covariant derivative for fields of nonzero weight. (Its defi
nition is given in Appendix A, Eq.(A.2)). 

III.5.4. At first sight formulas (30) differ significantly 
from those in the component approach' '. However, these differen
ces are superficial and can be eliminated. For this purpose one 
has to do the following. Firstly, one has to remove the weights 
multiplying the fields by appropriate powers of 6=0ei0#mn||. Se
condly, some redefinition of the fields4£" t £>, P and A* 1 i a 

needed. The new field variables are the folloving 

(30) 
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«here ] Г ф €ft*\ J,»" e Д e ' ^ , К = « £ * в ' ; У"* . 
Thirdly, the indices of a l l the contravariant vectora have to be 
lowered with the help of the metric tensor 9 W H —Q*»a. &y\ • 
Finally, the transformations (30) have to be modified by combining 
them with Lorentz transformations (20) with the parameter 

The resulting loca l Bupersymmetry transformations of the new f i e l d 
variables have the form(primes are implied everywhere) 

ЪтР ---ity<r™V^+i(?^JS+ ( 3 1 ) 

where ^ , is the covariant derivative (see itB definition in 
Appendix A, Eq.(A.2)» note that terms bilinear in ̂ /"appear in 
the connection ooefficienta (A.3) juet becauee of the changee of 
variables made). The transformations (31) coincide with those 
earlier gueBsed by other authors in the component approach'2'. 
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Strese once more that the representations of local supersymmetry 
(30) and (31) are equivalent. 

Bote also that in the component approech' ' transformations 
of the so-called "scalar" and "vector" multipietв of matter fields 
have been found. These multiplets correspond to the chiral and 
general ecalar SP defined in Eq.(13). It can be shown (we shall 
not do this here) that the SF laws (13) in terms of component /2/ fields give the same results as the oneв of Hef. . 

III.6. Now we have to check that the transformations (12) and 
(15) in the gauge (22) (i.e.,thoee with specific functione-para-
meters (23)) form a subgroup of the group (8), (19). 

In the component approaoh the only method to prove thiB fact 
ie a straightforward calculation of the commutators of transfor
mations (31) between themselves and with transformations S & 
and оi . Then one muet succeed in identifying the different 
parts of the commutators obtained with the initial transforma
tions having воше new ("bracket") parameters. ThiB is a nontri-
vial technical task. The main difficulty is due to the field 
dependence of the bracket parameters. 

In our approach we can prooeed much more simply and effec
tively because we know the clear group structure. We have a field 
dependence of the parameters from the very beginning as a conse
quence of the gauge fixing (23). The only question is what hap
pens to this dependence when one commutes the transformations. 

Consider symbolically the general situation. Take a set of 
fields that transform infinitesimally according to 
У-» У+ G(a-)4>, (32) 
where <K is a set of parameters and & are the generators of 
the transformations, bet the transformations (32)form в group. 
This means that the commutator of two transformations with pa
rameters A, and Лг respectively is a new transformation of the 
same type with воше bracket parameter 
|>fa2),6f«,)Jip = G f«i ( а ь а г ) ) f. (зз) 

How let the parameters depend on the fields, &-=Ct(if) : 
if-*<f+&(«<YJ)V. (34) 
Then two successive transformations give (taking into account 
the infinitesimality of the parameters) 
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The commutator of these transformations Is equal to 

We conclude that due to the group law (33) and to the evident 
property &(а,)+&(а!,) = 6 (a'+a") this commutator is again a tran
sformation (34) «ith bracket parameters 

a«TM= | £ &ft,M)tp-1$ &W*))f+аа|а,«),ва f Wj - ( 3 5) 
The last question is whether the bracket parameters depend on 
the set of fields, Clfiz = <K (4) , in the ваше иву ав the ini
tial ones do, И. = OL(if) . In our case the answer is yes. Indeed, 
the field dependence (23) is a consequence of gauge fixing and 
the commutator of two gauge preserving transformation? preserves 
the gauge too. 

So, the knowledge of the supergravity group structure makes 
evident the closure of the transformation algebra oi field compo
nents. Moreover, it gives a simple expression (35) for the brac
ket parameters. We shall not use their explicit form. 

IV. Conclusions 
The analysis carried out in Section III corroborated that 

our group is in fact the supergravity group. The structure of 
this group proved to be very simple and transparent although 
unusual. Two features should be stressed especially. First, the 
initial SS where the group is defined has complex structure. 
Second, in order to introduce the physical SS, the imaginary part 
of the vector coordinate is identified with the axial gravita
tional SF, i.e.,it is converted into a dynamical variable. 

The dynamics is based on the symmetry group. To describe 
dynamics, it is necessary to express invariantly the action and 
possible counterterms via the dynamical variables. In a forth
coming publication we shall adapt the formalism of differential 
geometry for construction and investigation of invariants. It 
will essentially differ from the one applied in Ref.'" in two 
aspecte. First, all the geometrical quantities will be expressed 
in terms of the single dynamical variable, just the axial SF 

Second, our local Lorentz group acting on the external 
indices of the superfields will not be independent. Instead, its 
transformations will be induced by the world transformations. 
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Appendix A 

In the preeent paper the Van-der-Waerden two-component f o r 
malism i s mainly used. The basic notation i a as follows: 

№)- i -n ,5 r b,fSbr , l =fi > - ? ) A , t 

At the end of Section III four-component notation la employed. 
The Majorana epinor ia written down as 

In Eq.OO) the vierbein g*" 4 hae weight 1 and for fields of 
nonzero weight the covariant derivative ^ has the form 

HerelJ" 1н the weight of the field tf>* (i.e. S*V*! = zr/La*tPyt+ 

С = ^ - V « - ^ ^ 4 a . ei - f «Ян * f c. e*) 
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In Eq.(31) the vierbein and all the other fields have zero 
weight and the covarlant derivative ^ , takes the form 

whez*e 

С = | ( - ^ e w . e e W W : , -f hw eia.e\ )+• f*.~*) 
«j'= ^ e t e ^ - ^ e ^ e ' ^ e w . е™еа*ев"0+ ( А ' 3 ) 

As a consequence of the field redefinition (p.II.5.4) there appeers 
a gravitino-field-dependent tern in the expression for connection 
»)•£* . 

Appendix В 
Here we analyse the subgroup of the group (8) preserving 

the product of left and right- eupervolumes (restriction (16)). 
Using the decomposition (19) we write down condition (16') for 
the parameters-Buperfunctions ав 

2£ a>b) +»К «Ъ) +*/'tf ^ ) + в 9 № ™+l^^}> 

-SijiM + zef^fl^Ot < B - 1 > 
w h e r e _. ,.•*. _ , 

X? = x" + Ht ft,©,», * ; = *"-«"« ^ * ' ^ (B.2) 
The partial gauge fixing is again given by Eq.(22). It is easy 
to check that transformations with parameters в violate this 
gauge, so we have again 
<T-0. (B.3) 

How we substitute Eq.(B.2) into Eq.(B.I) taking into account 
Eqs. (22)and (B.3). The decomposition (22) of ̂ ""begins with terms 
bilinear in Q and (or) в ^Therefore the coefficients of zero 
and first powers of 6 and в in Eq.(B.1) must vanish 
V*>--$3?#"<*>* %*'*> --1Ъ*Ф'?ех) (B.4) 
<A)/M + OJ$(X)= 2 fy* «.'"Vx). (B.5) 
Equation (B.4) coincides with Eq.(20b) while Eq.(B,5) is somewhat 
weakerjthan Eq.(20o). Further, an analysis jf the coefficients of 
&в i 9 9 andSfl^Q gives the conditions 22 



which are the same ав (20a) and 
ЪпСш^М -й)-^(х)) = О. __ (в.б) 
The coeff icients of the higher powers of 6, в vanish automatically. 

Conditions (B.5)and (B.6) lead to 
OJ/(X),(i^wawfx) n'i)l/+f J2*'ftj (*Ц V ". (B.7) 
Eq.(B.7) ia the same ав Eq.(20c) except for the extra constant 
real parameter fl . It ia not hard to verify that th i s parameter 
generates global J* f -transformations of the field-components of 
Ж • So, we conclude that global chiral transformations can e a s i 
ly be introduced into Einstein eupergravity just by replacing the 
volume-preserving condition (15) by a s l ight ly weaker one (16) . 
The implications of th i s fact wi l l be discussed elsewhere. 

Similarly, condition (17) can be Bhovro to allow for extra 
global scale transformations (instead of the V-g -ones) . 
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I. Introduction 
Supergravity is a gauge version of Buperaymmetry which inclu

des necessarily the theory of gravitational field. At present 
there is no common supergravity formalism.Einstein's gravity 
theory is built on a beautiful geometrical basis, the concept of 
curved space-time. An analogous pattern would be most desirable 
for supergravity. However, the main results of supergravity (the 
renormalizability properties, the possibility of unification with 
internal symmetries, etc.) have been obtained in the framework 
of the во-called "practical" or "component" approach' ', This 
approach has nothing to do with geometry. There the supergravity 
group haB been realized as a group of complicated transformations 
of a set of ordinary fields. The form of the transformations and 
of the invariant action has (happily) been guessed by great 
computational skill hut without any geometrical ideas' '. The 
difficulty with the nonclosing transformation algebra has been 
solved by introducing an appropriate minimal set of auxilia
ry fields . Further attempts, to simplify and systematize the 
complicated technique of the component approach have led to 
"teneor calculuB" rules"'. These rules for handling sets of phy
sical and auxiliary fields strongly resemble the composition laws 
for the superfield components. In other words, the practical 
approach is gradually going close to a superfield one. However, 
its geometrical meaning remains unclear, and the component nota
tion used is not compact and manifestly covariant. Therefore a 
manifestly supercovariant formulation based on a transparent 
geometrical idea is desirable. 

'This set of fields has been prompted by the field content 
of the axial superfield which we had earlier proposed /4/ as the 
minimal adequate gravitational superfield. 
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It should be pointed out that the search for geometrical app
roaches to supergravity began even before the appearance of the 
component approach. Many authors have tried to solve this problem 
(see Hefs.' ' and referencea therein). 

The common point in those attempts was the use of the concept 
of superspace (SS below)J(*M, в\ 9^)^ ', In the SS the supergroup 
of general coordinate transformations was considered. However, suoh 
approaches were found to be too noneconomical. Firstly, the sym
metry group was enormously large. Secondly, the fundamental ob
jects in such theories (e.g., the "supervierbeins" £ M fxi&i 6 ) 
and the connections Ufas

c (х, в, в ) j . were very complicated su-
perfields (SF below) containing fields with spine 3, 5/2, etc. 
Therefore, in order to obtain physioal information, the gauge had 
to be fixed strongly and certain properly chosen nlpebraic cons
traints had to be imposed (as it was skilfully done by .Veas and 
uunino'6'). 

The most adequate formulation of supergravity has to be not 
only geometrical but also minimal (i.e.,the simplest possible 
groups and SP have to be used). 

The outlines of such a formulation were given in 1976 when 
we proposed'*' to consider supergravity as the theory of an axial 
SF л (Х/О/в) (the simplest SF containing spin 2) generated by 
the supercurrent. Following to this idea we succeeded to find 
the minimal group of supergravity' "• and then developed a forma
lism for constructing invariants of this group put of the single 
S F J T . 

In the present paper the minimal group of pure supergravity 
wi l l be described and i t s action on the components of the SF K. 
in the case of Einstein supergravity w i l l be studied in d e t a i l . 
The main geometrical ideas are the following. The complex super
group of general coordinate transformations in the complex l e f t -
handed chiral 4+2-dimenelonal SS [fa?, в'С)} and the conjugated 
supergroup in the conjugated right-handed SS j(3cjp, § в ) } are 
considered (here conjugation means: X* = (X?)* ,B£=(6C)+ )• 
Then the real ( i . e . , self-conjugated) physical S3 { ( * * Br

t 9^)} la 
introduced as a 4+4-dimensional Bupereurface in the 8+4-dimatislo-
nal SS {(3C7, X* ,Bft 5 g ) j with complex structure. This super-

. We label the vector (spinor) coordinates of SS by indicee 
С,М,И,...(Д^4,»{...) as i t la done, e . g . , in Ref. / 5 / . 
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surface is given by the equations 

where W* is an arbitrary superfunotion of the arguments 
ж-.5*.(*:•»;), eye:, s * . # . 
The coordinates X* в, 9V of the physioal SS together with the 
SF %щ(х* в" §*) transform under the initial left- and right-
handed chiral eupergroupB (but not under the larger general coor
dinate transformation supergroup in the 4+4-dimenaional real SS). 
Thus the supergravity group is realized in the physioal SS non-
linearly with the help of the SBjtn(X,e,§) . 

This group as a whole corresponds to Weyl supergravity, and 
a subgroup of it(singled out by the requirement that the вирег-
volume in the left and right SS be preserved) corresponds to 
Einstein supergravity. A somewhat weaker condition (when only the 
product of the left and right supervolumes 1в preserved) adds 
global chiral transformations to the Einstein supergravity group, 
The simplest action for Einstein supergravity роввеввев in fact 
such an additional chiral imparlance, and this leads to certain 
important selection rules for the possible counterterms. 

Further on in the paper it is shown that in the Einstein-su-
pergravity case after a partial gauge fixing the gravitational 
SP IK contains the graviton field S (*> , the gravitino 
field f^M and th» auxiliary fields S&), P(*) and fiF(x) . 
The action of the supergroup on these fieldB reduces to general 
coordinate, local Lorentz and local eupersymmetry transformations. 
The cloeure of the algebra of these transformations ia almost 
obvious. Finally, the transformations obtained are identified 
with those in the component approach. 

In Appendix A the notations are listed. In Appendix В the 
Einstein supergravity group including global Jiy -transformations 
is considered. 

In a forthcoming paper a differential geometry formalism in 
terms of the single SF К will be developed on the ground of 
the supergroup found. 

bet us make some remarks concerning the literature on this 
subject. 

An interesting paper of Siegel and Gates'1*' should be pointed 
out. They have proposed a formulation of eupergravity using both 
an axial and a spinor SF (the latter seems to be unessential). 
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Though being leas geometrical their approaoh haa much in common 
with oura (eapecially in the way of use of differential geometry), 
and the final resultв are equivalent. 

It is worthwhile mentioning that ohiral coordinates have also 
been discussed in Ref.' ' although we think the authorB have un
derestimated their relevanoe. 

After the appearance of our preprint '"' in Ref.' 1 5' the 
transformations of the chiral scalar SP were rederived starting 
with the teneor calculus results' , 

II. Superapaoe and Supergravity group 
II.1, The manifestly covariant formalism of global (flat) 

supersymmetry is based on the concept of SS. Usually an 4+4-
dimensional real*' SS f ("X ; 6t*, 8**) ] is_ considered where ЭС** 
is a real space-time coordinate and are left- and right-
handed conjugated Weyl BpinorB (Grassman variables). The super-
symmetry group is realized on functions T i ^ ^ p j f S F / as 
follows* ' _ 
^'ttje'.S'J-ipfoe,*). t (D 
Here the coordinate transformations besides the Foincare group 
transformations include aleo supertranslations 
•х'щ- x w + 1 e<rwJ - 1 л а - щ ё 

with constant (infinitesimal) Grassman parameters and "h^ . 
The most straightforward generalization of the supersymmetry 

group to the nonflat case is based on an analogy with the theory 
of gravitation. There the Foinoare group is replaced by the gene
ral coordinate transformation group. Similarly, in a number of 
geometrical approaches to supergravity ' 5~ 1 2' the global trans-

»j Here "real" means Belf-conjugated under complex conjugation in the bosonic sector and hermitian one in the fermionic 
aector. **) 

' In this paper we consider only scalar SP. SF with Lorentz 
indices will be defined in e paper on the differential geometry 
formalism. 
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formations (2) are replaced Ъу general transformations of the 
coordinates of SS 

e,Jt = е*+я*(*.о>5) ( 3 ) 

ё'л = ^¥^ix,el в) 
with arbitrary Buperfunotlons-parameters Я , 

However, as it was stressed in the Introduction, such a super
group is excessively large and includes too many superfluous gauge 
parameters. Indeed, in the decompositions of the superfunctions 
Шх.В,!?) in powere of 6 and Э there are 128 independent compo
nents (4 x 2* in /Г" , 2 x 2 4 in if and 2 x 2 4 in ̂  ) while 
only 14 of them have physical meaning (4 parameters of general 
transformations of the coordinates ЭС , 6 for the local Lorentz 
an 4 for the local supersymmetry transformations). To get rid 
of the remaining 114 ones the gauge has to be strongly fixed. 

II.2. In what follows we are going to ргорове another, more 
adequate way to generalize aupersymmetry in the nonflat case, Ths 
basic idea is prompted by the existence of the so-called chiral 
(fundamental) representations of flat supersymraetry. They can be 
realized in SS more simply than the general_ones (1), (2). Instead 
of the 4+4-dimensional real SS i(X t 9*, B^*)j one can consider 
a complex 4+2-dimensional left-handed chiral SS \(X™ 6±)j and 
its conjugate right-handed one {(X™, 6%)} (l.e./jxjj'r (X™f, 
Q^-(6^)+ )• In these SS left-handed KfL(XLl QL) and right-handed 
Ура(Хц 6e)°hiral scalar SP car be defined on which global euper-
symmetry is realized as follows 
< * « « ; el,n) = <б,л (*h*; a,*) • 
Here the coordinate transformations include supe T r a n s l a t i o n s : 

Left SS _ RiRht SS_ 

е'£=б{ + У ё'£=ё£ + я~*. ( 4 ) 

It is clear that an attempt to generalize supereymmetry group 
just in the simpler chiral SS will lead to gauge groups smaller 
than (3). However, the vector coordinate X.L (X*^ ) in the 
chiral SS is complex while the physical coordinate ОсУ is real. 
How to imbed a physical SS into the ohiral опев? In the global 
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supersymmetry oase the answer is simple. Consider a 8+4-dimensio-
nal SS {(X™ X™, Qi, &$)} and define in it an 4+4-dimen-
eional supersurface. This means that four of the apace-time coor
dinates have to be excluded by four equations oovariant(or in this 
particular case just invariant) under the transformations (4) 
ЭСГ-***^©^ 1"^. (5) 
This superaurface can be parameterized as followsi 

Thus one obtains a 4+4-dimensioral SS with coordinates 

*-=f^r + *7) ,e^S^ (7) 
transforming just acoording to Eq.(2). 

So we conclude that global supersymmetry can be realized as 
the group of motions of the 4+4-dimensional supersurface (5) in 
the 8+4-dimensional SS with complex structure j(XllXn) ^i,V^)j 
(Fig. 1a). 

Note that the chiral coordinates (6) have been earlier consi
dered in the SS However, tbey have been re
garded just aa some bases in SS suitable to describe the corres
ponding chiral SF. We do not donsider Eq,(6) as definitions of 
certain bases in the 4+4-dimensional SS. Instead, we take them as 
equations of a supereurface in the 8+4-dimenaional SS. Such an 
interpretation can be nontrivially generalized in the nonflat case. 

Н.Э. this paragraph contains the basic ideaB of our geometric 
construction. Define in the left- and right-handed SS conjugated 
supergroups of general coordinate transformations. Their infinite
simal form is 

Left SS Right SS 

e'f = ei.+MxL, * ) e'i =H+&(х»> **2 w _ 
where ̂  A are arbitrary left-handed euperfunctions and Л , A 
are their conjugates (i.e., for instance, Ъ*(Хь,Ъь\=($*ФЬ.,в$* ). 

Further, when considering the 8+4-dimensional 8s{(x*)X* tQ£ t Q%)\ 
we have to get rid of a four-veotor coordinate. For this purpose 
let us define once again a 4+4-dimensional real supersurface to 
play the role of the physioal SS. Equations (5) are not more app
ropriate. They describe a particular supersurface (corresponding 

(8) 
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RSS 

RSS t 
Fig. 1a 

Pig. 1b 
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(11) 

to the flat SS) and are not covariant under the new transforma
tions (8), Therefore we shall define a general 4+4-dimonsional 
Bupersurface 

Here the real superfunotion it is not fixed (it is represented 
as a "curve" in Pig. 1b in contrast to tho "straight line" in Pi(j, 
1a). Introducing real spaoe-time coordinates 
I * = i ^ + * A ) ( 1 0 ) 

the supersurface equations take the parametric form _ 
tf» r xw+i К™(x,e, 9) xl = *~- i K"(*, в, ё) 

It should be stressed опое йоге that the Buperfunction л 
in Eq. (9) is completely arbitrary. This is due to two reasons. 
Firstly, we want full freedom in the choice of the Bupersurface 
(9). Thereby the geometry of the 4+4-dimensional physical S3 
(which is determined by the superfunction "И- , as it will bs 
shown in a forthcoming paper) is not restricted a priori. Second
ly, the form of the Buperfunction gi contains some gauge freedom. 
Indeed, let воте particular (although arbitrary) supersurface be 
fixed. Nevertheless, its equations (9) still depend on the coor
dinate frame chosen, i.e.,they will change under the transfoi'ma-
tions (8) of the coordinates of the й+4-dimensional SS. Consequ
ently, the Buperfunction has to transform together 
with the coordinates X and 0f of the 4+4-dimcnaional SS: 
a>~sX»+fF[x+ift(Xigtf)t9] +l3"[x-<KlXt6lS)le] (12a) 
e'J,-eJt-h7i/,[x+cH(^,o,9),e} огъ) 
§& = ё^ + Ъ*[х-<М(х,9,'§\ё] (12c) 

+ iJ«[x-M(*,e&,9l< ( 1 2 d ) 

Let ua summarize the different steps of our construction. We 
introduced two chiral SS $(Х?,9£)] and {&'}?, B%)] together with 
the corresponding general coordinate transformation supergroups. 
Then we considered these complex SS as a 8+4-dimensional SS with 
complex structure and identified the real part of its complex 
vector coordinate with the physical space-time coordinate. The 
imaginary part waa transferred into an axial (see p.III.1) super-
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field7l ^/""•'giving a 4+4-dimeneioral real superBurface (the 
physical SS) . The initial complex supergroup (8) was realized 
nonlinearly (12) in the physical SS with the help of the SF 
In what follows we shall identify this group with the supergravi-
ty group and the SP #""with the gravitational super fie Id. This 
step will he justified by the detailed analysis of the transfor
mations (12) In terms of components of 3t carried out in Sec
tion III. 

Note that besides the gravitational SF /t general and 
chiral scalar SF's can also be defined in the physical SS. Under 
the transformations (12) the general ones transform as follows 
<f>'fr', в',в') - ф(х,е,ё) (1 за) 
and the chiral ones 

with XL and ЗСд from Eq.(11). The group character of theee laws 
is obvious. SF with external indices will be defined in a forth
coming paper. 

11,4. Comparing the transformation supergroup (3) underlying 
the straightforward generalizations of supersymmetry and our su
pergroup (8) (or, which is the same, (12)), one can see that 
the latter is rather simpler. Indeed, Ihe chiral superfunctions -
parameters 7\ and "X in Eq.(8) contain 48 components (4 x 2 in 
Я , 2 x 2' in and the same number in Д and Ti-S* ) instead 
of the 128 ones in the general superfunctions in Eq.(3) (see the 
end of p. II.1). However, the supergroup (8) can be narrowed 
farther. 

It is easy to see that it has nontrivial subgroups. To show 
this, consider the analogue of Jacobian (superdeterminant or Bere-
zinian'1 ') of the coordinate transformations in the left (or 
right) SS 

It has the multiplicative property 
") Mote that in their pioneering paper Volkov and Akulov''1'''' 

identified the Огаввтап coordinate of SS with the neutrino field. 

II 



чтншчш%1 (14) 

Owing to this property the transformations (8) restricted by the 
condition 

H / M I = i 

form a subgroup of the supergroup of general transformations of 
the left SS. This subgroup has clear geometrical meaning: It 
preserves the "supervolumG" in the left SS ': 

In infinitesimal form Eq.(15) reads 

^rKM-ii^^A)=%lf(-ifH) ( 1 5 - ) 
(here the index M takes values W. andy< ; pfw)=C,P{«)^l)._Ttie 
analogous condition holds For the conjugated parameters Я /X1* of 
the right supergroup. Tht -jnstraint (15)and its conjugate reduce 
the number of the independent gauge parameters to 40. 

. Two more subgroups are worth mentioning. They are given by 
conditions weaker than (15): чет-нети -
in infinitesimal form they reacT 

О>«я м ^Л м )Н) р ' м ) = 0 ( 1 6 , ) 

(з;г-^лн)р ( м )--й ( 1 7 , ) 

11.5. Now we shall formulate the main statements which have 
to he proved. 

A. The transformation supergroup (8) is the group of Weyl 
(confomal) supergravity. 

B. The transformation supergroup (8) with left (and right)-
supervolume-preservation condition (15) is the group of Einstein 
(№1) supergravity. 

C. The transformation supergroup (8) with conditions (16) or 
T ) An analogy: in spc>;e-time {(x**)} the group of general 

coordinate transformations b * r-fTx) has a subgroup singled out 
by the constraint 2>ei||a*72bcII = 1Л?/Эл~^ 1 И = О . Note that on the 
way towards the theory of general re lat iv i ty Einstein / 19 / has 

intensively discussed th i s volume-preserving subgroup. 
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(18) 

(17) is the Einstein eupergravity group plus global chiral or 
scale transformations. 

Case A has been considered in our paper' '. Саве Р will be 
investigated in detail in Section III of the present paper and 
case С in Appendix B. 

III. The Einstein supergravity group and the components 
of the superfield 3im 

In the present aeotion it will be demonstrated that the axial 
SP <f( (xi'/8' describes the gravitational supermultiplet, and the 
group (B), (12), (15) (case B) is the Einstein supergravity group 
To this end we shall establish the physical meaning and the tran
sformation properties of the field components entering into the 
decomposition of 3l in powers of в and в : 

1Г(х,9,5) = 8 V ) + i ' ^ ; f r ) - / 9/,?Г*(х) + е<гаё£а*"ы+ 
+x9&(Рщм +.,Гм)*x §ё(рЪ)- • .TV* >) + 
+i* т. 9r4f(xyixee.e/i'fr"Ax)+x вв. »§ С"м. 

AMI 

In this decomposition the tensor f i e ld б (X) w i l l describe 
graviton (the vierbein f i e ld ) ' and the Rarita-Schwinger f i e ld 
VTVx), У*У(Х) w i l l correspond to gravit ino. The constant X of 
dimension omf^C^iJwill be identified with the gravitational cons
tant. All the other f i e lds in Eq.(18) w i l l be either auxiliary 
ones or purely gauge degrees of freedom. 

This section i s planned as follows. F i r s t , we have to get rid 
of the nonpolynomiality of the tranaformation law (12). This can 
be achieved by auch a partial gauge f ixing in which the f i r s t s e 
veral terms in Eq.(18) vanish. Afterwards there remains certain 
c lass of transformations (12) which preserve the fixed gauge. Their 
action on the remaining components of i s established. This 
c lass of transformations turns out to consist of Einstein general 
coordinate transformations, local Lorentz, and local supersymmetry 
ones. The evident group property of these transformations ia de
monstrated. Final ly , we prove the equivalence of the results ob-

/ p / tained to those of the component approach' ' . 
*T For tnis reason we cal l the superfield H "axial": the 

tensor f ie ld в"™ (хч i s the coefficient of the axial combina
tion 0<T, $ . 
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III.1. We begin with a discussion of the funotions—parameters 
in the decomposition of the superfunctions Я (*к,0& • 
Г(х,, e)=-aTfa )+ifK)+4tWh.)+ 006> А ) -Н>"<**)) ( 1 9 , 
and their conjugates ~$P(Xnt9) (the parameters fl,',S tP are 
real functions, e.g,fa*Y*i))* =• ft fa») ) . In Einstein supergravity 
(case B) there ie the condition of supervoluma preservation (15) 
which leads to the following restrictions 
Qi PW(XL) = •£ <T(xt) = о < 2 0 a > 
^^) = -i^Vw^«l) „ , rtg J 2 0 1 1 5 

(and to the corresponding equalities for the conjugated quantiti
es). Without IOSB of generality one can regard the antisymmetric 
tensor in Eq.(20o) as a real function . 

III.2. Several gauge functions in Eq. (19) can be used to 
exclude some components of ~j( (18). To show thie let us write 
down the transformation law (12d) as a form-variation of 

-/[a*fr**,0) + **&-••*, ё)]\ Kw(x,e,§) - (si) 

Now decompose the right-hand side in powera of ~i\ singling out 
the terme without #4 

- j ee{s"cx)+iy*<x))+jc9e (sTM-sp-*/*))+--- . 
-УИ «y "• 7 w - 1J*» 

We see that the components D t Jly )Av °* ** set completely ar
bitrary additive contributions at infinitesimal level. This fact 
indicates that they are pure gauge degrees of freedom which can 
be removed by an appropriate gauge choice. 

5 Й Cft(flrt**J?9 d u e t 0 t h e "entity %4-jt6itedired. 
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So, there ex i s t s such a gauge in which the a x i a l superfield 
decomposition i s reduced t o __,_.w . . , » , \ „ p; ,na>v</ i. 

In t h i s gauge the transformation law (21) acquires a polynomial 
form because the th i rd power of ~j% vanishes. In the supersymmet-
r i o Yang-Mills theory V/ess and Xumino used a s i m i l a r gauge in 

/21 / order to get r id of nonpolynomiali t ies ' " . 
111.3. I t i s very important that a f t e r euch a p a r t i a l gauge 

f ix ing there remains a s e t of transformations of the type (21) 
preserving the form (22) of ji™. These transformations have the 
following specif ic parameters 

£ W= 0 (23a) 

ч**=2Цг"е/-*&(Р-1&'У ( 2 3 с ) 

Here we come across a peculiar phenomenon: Due to the partial 
gauge fixing the transformation parameters become dependent on 
the fields. Just for this reason the bracket parameters 
("structure constants") of looal supersymmetry depend on the fields, 
iVe shall discuss and use this property in what follows. 

111.4. Now we consider separately the role of the functione-
parameters f!"(X) and s"(X) in Eq,(19). Under the transforma
tions (21) they change the component fielde P flf), £ (x) and 
C^fx) only: 
S*P"(X> =£?"<*> (24a) 
S xrW--i5 s" M „ (24b) 
Б'С-^РЧ^^ЧР'-^Р-Р'ЧГ ( 2 4 C ) 
In Einstein supergravity the longitudinal parts of the gauge 
functions p" and S * vanish owing to the restriction (20a). Then 
equations (24a), (24b) tell us that the transversal parts of the 
fields P Cx) and fi M are gauge degreee of freedom. Beoause of 
this it is expedient to introduce fields 
P = ̂ P " , $ = %*$* (25a) 
^ГЧ^РЧГ-^ЧР") (2 5 b ) 
that do not change under transformations (24). How one can forget 
about the parameters D*Yar) and S*7ac) as they have already played 
their role. 
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III.5. Thus after the partial gauge fixing at our disposal 
there remain the functions-parameters ftwft),J2 to) and &fi>(t **W • 
In this paragraph it will be shown that they serve as parameters 
of general transformations of coordinated ОС , of local Lorentz 
transformations! and of local supersymmetry, respectively. 

III.5.1. We begin with the parameter cC*(X). Under the trans
formations (21) with this parameter one has 

S g S ^ a ^ f a ^ t f (b) 
Su*eftW *%a". eTVrf"\ eaw-г*аГ. e a * <e> де> 
W -1^- ЧГ+*тЪ ЧГ-% *"• ft* ( d ) 

Here the Weyl splnors у ? t̂ ""/* are oombined into the Majorana 
spinor (in this section we shall use 4-component notation) 

We see that dC"ft) is a general coordinate transformation para
meter, the index * 4 of the fields 6* , 4^ and 2) being a 
world contravariant one. The indices Л of the field 6 and d. 
of the field V^t are not affected by transformations (26). We 
shall see in the next paragraph that they • are local Lorentz in
dices. To distinguish suob Indices from the world ones we ehall 
denote them by the first letters of Latin (vectors )and of Greek 
(spinors) alphabet. 

Rote that all the fields have nonzero weight (1 for г , S 
-A*** » III"** пУ* . 

and СГ , -=r for 4if , 2 for & ) . Of course, these weights 
can be eliminated multiplying the f i e lds by appropriate po-
were of Zte6//e , , M / / . ftg 

I I I . 5 .2 . The transformations with parameter have 
the following form 

г*С=£П а в (<Ы'/ '* , /« (о) 
« 2 Г = - | Ъ , Л в ' ^ y e ^ e " " ' . (d) 
These are local Lorentz transformations. The fields P and 
$ are soalars. The field В CX) with respect to index a. 
transforms as a Lorentz veotor (its eecond index D l l s a world 
one, so £, is the vierbein field), ty* is a Lorentz spinor 
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( ci ) and a world vector (1*1 ). Only the field 2) has a non
standard transformation law (28d). So it is convenient to intro
duce a new field variable 

A^^-^^e^e*, ( 2 9 ) 

£ = Савса с- с с в v - r « \ 
and e w a . i s the inverse vieroein matrix ^ t n » C- = O-w J . The 
contravariant f ie ld A obtained has now standard transformation 

ъ*/Г=о. ( 2 8 d , ) 

III.5.3. Finally, consider the transformations with parameter 
which have to be the local superaymmetry transformations. One 
obtains 

£$ = &(? vi 

where jfi ~ /'л ° ) i* ~ T "t*a € •* . The symbol Цц denotes 
the covariant derivative for fields of nonzero weight. (Its defi
nition is given in Appendix A, Eq.(A.2)). 

III.5.4. At first sight formulas (30) differ significantly 
from those in the component approach' '. However, these differen
ces are superficial and can be eliminated. For this purpose one 
has to do the following. Firstly, one has to remove the weights 
multiplying the fields by appropriate powers of 6=0ei0#mn||. Se
condly, some redefinition of the fields4£" t £>, P and A* 1 i a 

needed. The new field variables are the folloving 

(30) 

17 



«here ] Г ф €ft*\ J,»" e Д e ' ^ , К = « £ * в ' ; У"* . 
Thirdly, the indices of a l l the contravariant vectora have to be 
lowered with the help of the metric tensor 9 W H —Q*»a. &y\ • 
Finally, the transformations (30) have to be modified by combining 
them with Lorentz transformations (20) with the parameter 

The resulting loca l Bupersymmetry transformations of the new f i e l d 
variables have the form(primes are implied everywhere) 

ЪтР ---ity<r™V^+i(?^JS+ ( 3 1 ) 

where ^ , is the covariant derivative (see itB definition in 
Appendix A, Eq.(A.2)» note that terms bilinear in ̂ /"appear in 
the connection ooefficienta (A.3) juet becauee of the changee of 
variables made). The transformations (31) coincide with those 
earlier gueBsed by other authors in the component approach'2'. 
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Strese once more that the representations of local supersymmetry 
(30) and (31) are equivalent. 

Bote also that in the component approech' ' transformations 
of the so-called "scalar" and "vector" multipietв of matter fields 
have been found. These multiplets correspond to the chiral and 
general ecalar SP defined in Eq.(13). It can be shown (we shall 
not do this here) that the SF laws (13) in terms of component /2/ fields give the same results as the oneв of Hef. . 

III.6. Now we have to check that the transformations (12) and 
(15) in the gauge (22) (i.e.,thoee with specific functione-para-
meters (23)) form a subgroup of the group (8), (19). 

In the component approaoh the only method to prove thiB fact 
ie a straightforward calculation of the commutators of transfor
mations (31) between themselves and with transformations S & 
and оi . Then one muet succeed in identifying the different 
parts of the commutators obtained with the initial transforma
tions having воше new ("bracket") parameters. ThiB is a nontri-
vial technical task. The main difficulty is due to the field 
dependence of the bracket parameters. 

In our approach we can prooeed much more simply and effec
tively because we know the clear group structure. We have a field 
dependence of the parameters from the very beginning as a conse
quence of the gauge fixing (23). The only question is what hap
pens to this dependence when one commutes the transformations. 

Consider symbolically the general situation. Take a set of 
fields that transform infinitesimally according to 
У-» У+ G(a-)4>, (32) 
where <K is a set of parameters and & are the generators of 
the transformations, bet the transformations (32)form в group. 
This means that the commutator of two transformations with pa
rameters A, and Лг respectively is a new transformation of the 
same type with воше bracket parameter 
|>fa2),6f«,)Jip = G f«i ( а ь а г ) ) f. (зз) 

How let the parameters depend on the fields, &-=Ct(if) : 
if-*<f+&(«<YJ)V. (34) 
Then two successive transformations give (taking into account 
the infinitesimality of the parameters) 
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The commutator of these transformations Is equal to 

We conclude that due to the group law (33) and to the evident 
property &(а,)+&(а!,) = 6 (a'+a") this commutator is again a tran
sformation (34) «ith bracket parameters 

a«TM= | £ &ft,M)tp-1$ &W*))f+аа|а,«),ва f Wj - ( 3 5) 
The last question is whether the bracket parameters depend on 
the set of fields, Clfiz = <K (4) , in the ваше иву ав the ini
tial ones do, И. = OL(if) . In our case the answer is yes. Indeed, 
the field dependence (23) is a consequence of gauge fixing and 
the commutator of two gauge preserving transformation? preserves 
the gauge too. 

So, the knowledge of the supergravity group structure makes 
evident the closure of the transformation algebra oi field compo
nents. Moreover, it gives a simple expression (35) for the brac
ket parameters. We shall not use their explicit form. 

IV. Conclusions 
The analysis carried out in Section III corroborated that 

our group is in fact the supergravity group. The structure of 
this group proved to be very simple and transparent although 
unusual. Two features should be stressed especially. First, the 
initial SS where the group is defined has complex structure. 
Second, in order to introduce the physical SS, the imaginary part 
of the vector coordinate is identified with the axial gravita
tional SF, i.e.,it is converted into a dynamical variable. 

The dynamics is based on the symmetry group. To describe 
dynamics, it is necessary to express invariantly the action and 
possible counterterms via the dynamical variables. In a forth
coming publication we shall adapt the formalism of differential 
geometry for construction and investigation of invariants. It 
will essentially differ from the one applied in Ref.'" in two 
aspecte. First, all the geometrical quantities will be expressed 
in terms of the single dynamical variable, just the axial SF 

Second, our local Lorentz group acting on the external 
indices of the superfields will not be independent. Instead, its 
transformations will be induced by the world transformations. 
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Appendix A 

In the preeent paper the Van-der-Waerden two-component f o r 
malism i s mainly used. The basic notation i a as follows: 

№)- i -n ,5 r b,fSbr , l =fi > - ? ) A , t 

At the end of Section III four-component notation la employed. 
The Majorana epinor ia written down as 

In Eq.OO) the vierbein g*" 4 hae weight 1 and for fields of 
nonzero weight the covariant derivative ^ has the form 

HerelJ" 1н the weight of the field tf>* (i.e. S*V*! = zr/La*tPyt+ 

С = ^ - V « - ^ ^ 4 a . ei - f «Ян * f c. e*) 
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In Eq.(31) the vierbein and all the other fields have zero 
weight and the covarlant derivative ^ , takes the form 

whez*e 

С = | ( - ^ e w . e e W W : , -f hw eia.e\ )+• f*.~*) 
«j'= ^ e t e ^ - ^ e ^ e ' ^ e w . е™еа*ев"0+ ( А ' 3 ) 

As a consequence of the field redefinition (p.II.5.4) there appeers 
a gravitino-field-dependent tern in the expression for connection 
»)•£* . 

Appendix В 
Here we analyse the subgroup of the group (8) preserving 

the product of left and right- eupervolumes (restriction (16)). 
Using the decomposition (19) we write down condition (16') for 
the parameters-Buperfunctions ав 

2£ a>b) +»К «Ъ) +*/'tf ^ ) + в 9 № ™+l^^}> 

-SijiM + zef^fl^Ot < B - 1 > 
w h e r e _. ,.•*. _ , 

X? = x" + Ht ft,©,», * ; = *"-«"« ^ * ' ^ (B.2) 
The partial gauge fixing is again given by Eq.(22). It is easy 
to check that transformations with parameters в violate this 
gauge, so we have again 
<T-0. (B.3) 

How we substitute Eq.(B.2) into Eq.(B.I) taking into account 
Eqs. (22)and (B.3). The decomposition (22) of ̂ ""begins with terms 
bilinear in Q and (or) в ^Therefore the coefficients of zero 
and first powers of 6 and в in Eq.(B.1) must vanish 
V*>--$3?#"<*>* %*'*> --1Ъ*Ф'?ех) (B.4) 
<A)/M + OJ$(X)= 2 fy* «.'"Vx). (B.5) 
Equation (B.4) coincides with Eq.(20b) while Eq.(B,5) is somewhat 
weakerjthan Eq.(20o). Further, an analysis jf the coefficients of 
&в i 9 9 andSfl^Q gives the conditions 22 



which are the same ав (20a) and 
ЪпСш^М -й)-^(х)) = О. __ (в.б) 
The coeff icients of the higher powers of 6, в vanish automatically. 

Conditions (B.5)and (B.6) lead to 
OJ/(X),(i^wawfx) n'i)l/+f J2*'ftj (*Ц V ". (B.7) 
Eq.(B.7) ia the same ав Eq.(20c) except for the extra constant 
real parameter fl . It ia not hard to verify that th i s parameter 
generates global J* f -transformations of the field-components of 
Ж • So, we conclude that global chiral transformations can e a s i 
ly be introduced into Einstein eupergravity just by replacing the 
volume-preserving condition (15) by a s l ight ly weaker one (16) . 
The implications of th i s fact wi l l be discussed elsewhere. 

Similarly, condition (17) can be Bhovro to allow for extra 
global scale transformations (instead of the V-g -ones) . 
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