
KFKI-b/9-28 

L. MIHÁLY 

APPROXIMATE TREATMENT 
OFTH) SOLITON SOLUTIONS 
OF THE SINE-GORDON EQUATION 

* 

Wuaguüm Ъсадеад of "Science» 
CENTRAL 
RESEARCH 
INSTITUTE FOR 
PHYSICS 

BUDAPEST 



KFKI-1979-28 

APPROXimTE TREATMENT OF TND SOLITON SOLUTION 
OF THE SINE-GORDON EQUATION 

L. Mihály 

Central Research Ins t i tu te for Physics 
H-1525 Budapest, P.O.B.49. Hungary 

Solid State Communication» 

HU ISSN 036в 5330 
ISBH »a $71 ш г 



ABSTRACT 
The ao called breather aolution of the aine-Gordon equation ia phenome-

nologically described by an appropriately chooaen potential acting between 
two particlea. Por aoae applications the aiethod proves to be equivalent to 
other classical and quantum calculations. 

АННОТАЦИЯ 

Так называемые двух-солитониые решения уравнения саян-Гордона излагаются 
феиомеяалогическим образом, используя специально выбранный потенциал между 
двумя частицами. Метод оказался эквивалентны* другому классическому или кван-
товомеханичесхому вычислению/ применяющемуся иа практике. 

KIVONAT 
A sine-Gordon egyenlet két-szoliton megoldásainak fenomenol6gikua leira

tát adjuk agy magfelelően válaastott kölcsönhatáai potenciál segítségével. A 
módszer néhány alkalmazáaa ekvivalens máa, klaaazlkua éa kvantum számítással. 



Nonlinear wave equations which admit large amplitude solita
ry wave (soliton) solutions play an important role in different 
fields of physics. In this Letter we deal with the two soli ton 
("breather") solutions of the sine-Gordon equation and we discuss 
an application for a class of quasi one-dimensional organic salts» 
where Fröhlich type charge density waves may occur . To illus
trate the importance of two soliton solutions we mention that in 
the early paper of Dashen, Hasslacher and Neveu the spectrum of 2 soliton pairs was calculated and recently Каир and Newell have 
shown the possibility of conductivity at finite frequency due to 

3 breathers in quasi one-dimensional salts . Maki have calculated 
the probability of soliton pair creation at zero temperature and 
nonlinear conductivity was interpreted by the dissociation of 
breathers. 

Our purpose is to present an approximate treatment of two 
soliton solutions of the sine-Gordon equation* The idea may be 
applied to classical as well as to quantum soli tons and in addi
tion to the simplicity of the physical picture it allows to reach 
quantitative conclusions. The Lagrangian under consideration is 

L(*) - ̂ {|ф 2-с 0
2ф х

2-« р
2(1-совф)) +ее*ф (1) 

where the first term represents the sine-Gordon equation for the 
field ф, and the second one describes the effect of an external 
field e. The parameters N 0, o0, u^, e* may be of different micro
scopic origin, the case of Fröhlich charge density waves was dis
cussed by Rice et.al.6. 

Let us consider first the e - 0 case. The breather solution 
is 
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Ф в 5 » 4 tan"x{(sinßt)/(u cos x/d)} 

0 - »p u/(l+u 2) 1 / 2 (2) 

d - c o/w p(l+u 2) 1 / 2 

where u Is a parameter of the solution. The excitation energy of 
the breather is 

E - 2Mc 2/(l+u 2) 1 / 2 (3) 

2 where Mc »/8 N ULC is the single soli ton excitation energy. 
Eq( 2) is rather complicated but it becomes much simpler in the u-K) 
and u-*-l limits. A simple calculation shows that the Ф в5(х/0 " 
• Ф в(х-х 0)+ ф^(х+х0)-21Г sum holds in both cases for fixed time if 
the centers of single soliton and antisoliton (Ф в and Ф-) solu
tions are chosen properly. However, the dynamics is far from be
ing simple, the positions of soliton and antisoliton, x Q(t), de
termined by Eq(2) are complicated functions of time. 

The above arguments and other analytic and computer calcula
tions on soliton collisions support the guess that the solitons 
can be treated as particles, and the breather is a bound pair of 
a soliton and an antlsoliton. On the other hand Fogel et.al. have 
shown' that in the presence of an external field the single so
litons behave also like particles of mass И obeying the Newton 
laws. A consistent particle picture is desirable especially as 
even the approximate two soliton solutions become rather compli
cated in the presence of an external field. 

The simplest way of working out the particle picture is to 
Introduce an interaction potential V(x) between the soliton and 
antisoliton. The situation is well known from classical mechan
ics t the motion of two particles is given and the force between 
them is to be determined. There are two different methods for ob
taining the solution 
1) The period of the motion and the binding energy is known from 

Eqs(2) and (3). From these the function 0(E) may be con-
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structed and then the expression 
V 

x(V) - |[2M(V-E)]" 1 / 2 Й(Е)" 1 ЛЕ 
0 

y i e l d s the inverse of V(x) function, 
i i ) I f the energy of the breather i s fixed* Eq(2) determines the 

pos i t ion x of the component p a r t i c l e s . The v e l o c i t y dx /dt 
as a function of x can be calculated and f i n a l l y the 
E « V(x) + E. . expression g ives the p o t e n t i a l . This method 
i s convenient only in the weak and strong binding (u-4), u*l) 
l i m i t s . 
Actually fl2(E) « <о р

2 | 1 - (Е /2Мс 2 ) 2 | and the inverse of the po
t e n t i a l proves to be an e l l i p t i c in tegra l 

V 
x(V) = | í 2 M ( V - E ) ( ü p

2 [ l - ( E / 2 M c 2 ) 2 ] } ~ 1 / 2 dE (4) 
О 

The second method results in V - 2Mc exp(-x<i>_/c ) for large x 
and V « l/2u>p Mx for small x. There is no a priori reason for 
the equivalence of the two methods and the fact that the series 
expansion of Eq(4) gives similar expressions strongly supports 
the validity of the interaction potential picture: the shape of 
the potential function does not depend on the actual value of pa
rameter u in Eq(2). 

The potential described by Eq(4) is the main result of our 
calculation. The interaction is the consequence of the nonline-
arity of the Lagrangian and it is not connected to the actual 
value of electric charge of the particles. The shape of the po
tential curve is shown on Fig. J. In a characteristic quasi one-
-dimensional pinned charge density wave system the depth of the 
potential well 2Mc 2 is in the order of 100 K°, the width 2 c0/Up 
is about 100 Ä. The curvature at x • О ensures that the frequen
cy of low energy oscillations equals to the pinning frequency of 
change density waves. 

Having a periodic motion in a potential well we may apply 
the Bohr quantum conditions ft 0 • Bn"*n-Í # T n e semi classical 
method works for large quantum numbers only and in that case the 
differential form 



- 4 -

dBn/dn « ttl = *Wfc[l-(E n/2Mc£) 2] 1 / 2 (5) 

is appropriate. The solution is 

En * 2 M c o cosir/2(l-n/n0) (6) 

2 where n Q *• irMc/uu« This spectrum is equal to that found by 
Dashen et.al. using the WKB approximation of field equations. 

The effect of an external electric field may be taken into 
account assuming that the motion is determined by the superposi
tion of the external potential and V(x). As an application in 
solid state physics we discuss the conductivity mechanism de-
scribed by Каир and Newell . In the framework of the classical 
field theory they have shown that at sufficiently high, oscillat
ing electric field the breathers may contribute to the conduct! 
vity. The power dissipated by the breathers proved to be indepen
dent of the exciting field. 

In our picture the soliton antisoliton pair perform a peri
odic motion in the potential (4). He treat the problem in a quasi 
harmonic approximation. The energy content of a harmonic oscil
lator of resonance frequency w is 

E - 1/2 f 2Mc£[(w 0

2-ui 2) 2 • у 2 « 2 ] " 1 (7) 

and the time averaged power dissipation is 

P - Y ( W 0
2 / W

2 ) E (8) 

where у is a damping constant and f * e*e/M is the strength of 
the external field oscillating with frequency u>. The potential 
described by Eq(4) is not harmonic, the higher the energy the 
less the resonance frequency. Although the forced enharmonic os
cillator needs detailed calculations, the results are simple if 
6ia - w-Wp is positive and би><<и>у. As the oscillator acquires 
energy from the external field, the resonance frequency u>0 • 0(E) 
approaches the exciting frequency и and the energy gain becomes 
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easier. In the ш 0 =wp equilibrium state the oscillator energy is 
В • 2Me (ÜL, - w 2) ' and corresponding to Bq(8) the power loss 

z 1/2 
is P • 2Мс*(26и)/ыр) ' . We found the same result as Каир and New
ell did, and the "frequency window", critical field strength and 
phase difference prove to be also similar. (The reason for minor 
differences may be the different approximations applied in the 
two methods.) 

The frequency locking may occur only at high field strength 
and frequency. Another application of our model may be the esti
mation of the complex dielectric constant for ш<<Шр frequencies. 

The particle picture of solitons has been living in the 
physicist's mind for a long time. We took the idea more seriously 
and we have shown that quantitative conclusions can be reached. 
The simplicity of the method opens a wide range of applications 
in the classical and quantum mechanics of solitons. 
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Figure 1. 

Shape of the interaction po
tential between eoliton and 

antieoliton 
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