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Executive Summary 

The purpose of this study is to evaluate kriging, a statistical tech

nique that has potential use in site selection and safety assessment for 

permanent storage of high-level radioactive waste. The predominant applica

tions have been in mining and meteorology. However, it has been increasingly 

used in oil exploration, most notably by Shell International Petroleum. 

Kriging is a statistical method for estimating functions that describe 

spatially-distributed phenomena such as groundwater elevation (potential) 

and depth to basalt. A potential geologic repository must be evaluated 

from very sparse data. Core samples which provide the most reliable informa

tion are intrusive and costly; thus, the objective is to minimize the number 

of cores taken. The contribution of kriging to this objective is two-fold. 

First, kriging produces a contour model of the geologic formation of a 

potential site with an associated measure of uncertainty. This provides a 

more complete characterization than can be gained from other contouring 

methods. Secondly, given the existing data, kriging can be used to optimize 

the selection of additional sampling locations. This feature provides a 

rationale for sample-location selection and could cut data acquisition 

costs significantly. 

The most efficient way to evaluate kriging is by experimenting with 

the techniques on representative data sets. The Hanford Wells data base 

proved to be the most accessible. 'later elevation tends to be a fairly 

smooth spatially-distributed phenomenon and since the-Hanford Wells water 

elevation data set is fairly extensive, the September 1973 and January 1975 

data were used to gain familiarity with the techniques. The top-of-basalt 

elevations from the well data base are more characteristic of the type of 
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data used to evaluate potential sites: that is, a rougher spatially-distri-

buted phenomenon and fewer data points. 

The kriging computations are performed using BLUEPACK, a computer 

package developed by the Paris School of Mines and installed at the OOE-

Las Vegas computing facility. It is currently being accessed using a 

OECWRITER terminal over Federal Telecommunications System lines. 

The basic criterion for evaluating kriging used in this study is how 

realistically it contours the water potential and basalt surfaces. The 

water potential surface is quite well-known; hand-drawn contour maps, based 

on substantive knowledge in addition to well data, are considered the 

standard. The kriged contours based on only the well data are quite 

similar to the hand-drawn contours. The kriging standard errors (measure 

of uncertainty) provide a quantification of the precision of these con-

tours in various locations of the reservation. They can be used to help 

select additional data sampling locations. 

The basalt surface is much less well-known than the water potential 

surface. Consequently, existing top-of-basalt contour maps rely very 

heavily on substantive knowledge. The presence of discontinuities, such 

as synclines, necessitates a more complex kriging analysis. The kriged 

contours based on only the well data and the approximate locations of two 

major syclines showed good agreement with the existing contour maps. The 

basalt kriging standard errors were much larger than those for the water 

elevation surface which reflects the more complex spatial structure of the 

basalt deposits. 

The main conclusion of this study ;s that kriging can be a useful tool 

in developing realistic contours of the geologic structure of a potential 

iii 



repository site. Second, the kriging standard errors provide a quantifica

tion of the precision of the contours; this can be useful evidential inform

ation for developing a site-selection rationale. Thirdly, insights gained 

from the kriging analyses can contribute to the substantive knowledge of 

the geologic or hydrologic phenomenon under study; an example is lithe inverse 

problem" in hydrology, which is the derivation of hydraulic conductivity 

(an aereal distribution) from groundwater potentiometric (point) measurements. 

The development of kriging into an effective tool for geologic reposi

tory site characterization for the licensing process requires an interdis

ciplinary environment. An immediate benefit of this environment would be 

improvements to the kriged groundwater and basalt surface contours presented 

in this document. More importantly, the interaction of kriging methodology 

with the traditional deterministic models of geologic phenomena will result 

in a more defensible repository site characterization; kriging can be used 

for the statistical evaluation of the physical models, and input from 

physical models will produce more realistic kriging models. 
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I. INTRODUCTION 

A. Background 

A proposed solution to the disposal of high level radioactive waste 

products is to isolate them in permanent underground repositories such as 

a salt or basalt deposit. The purpose is to keep the waste products con

tained until they are no longer radiotoxic. For some elements, this will 

be a long time: up to several million years. Since the primary man-made 

containment vessels will deteriorate in that time, the geologic structure 

serving as the repository will have to serve as the ultimate containment 

vessel. 

Before a site is chosen as a permanent waste repository, as much 

information as possible must be obtained on its geologic structure (shape, 

dimensions, presence of faults) and chemical composition. The most reliable 

information on both aspects is provided by core samples. Besides being very 

costly, cores are intrusive. Therefore, there cannot be a sufficient number 

of cores taken to adequately characterize the geologic structure without 

destroying its integrity. There are two approaches to the problem: 1) make 

inferences on the suitability of the site on very few data points, or 2) make 

use of less costly and nonintrusive measurement techniques such as seismic. 

Both approaches are used. 

Kriging is a statistical technique that can be useful for both approaches. 

First, it can derive more information from few data points than conventional 

methods. Second, it can be used to combine different types of data (seismic, 



core, and qualitative) to produce a more complete characterization of the 

geologic phenomenon. 

By definition, geologic phenomena are spatial phenomena. That means 

that if the water potential is measured at one point X (see Figure 1), it 

will agree pretty closely with that measured at point Y, and still be re-

lated, but less closely, to the water potential measured at point Z. This 

presents serious problems for elementary statistics, which assumes that the 

three measurements are independent, that is, not related. For that 

reason, many of the methods that have been used to map or contour spatial 

phenomenon have been deterministic rather than stochastic. Any text on 

mathematical geology is replete with these types of techniques. Statistical 

(or stochastic) techniques are receiving more attention because of problems 

associated with the deterministic techniques. Perhaps the most important 

is the fact that there is no way to quantify the accuracy of the deter

ministica1;y-fit surface. More geologic applications,such as repository 

site characterization, are demanding that type of information. The statis-

tical techniques have the potential to provide that information. 

There are two main statistical approaches to spatial estimation: trend 

surface methodology and kriging. Trend surface methodology is based on a 

polynomial fitting procedure primarily used in the United States and Britain 

(Watson (1969)). Kriging is a moving-average technique developed by the 

French and South Africans (Krige (1966) and Matheron (1971)). 

There are problems associated with trend surface techniques. The 

estimated contours are greatly affected by the location of data points. 

The kriging estimate of the contours on the other hand, is not as in

fluenced by the location of data points because it uses the correlation 

structure among the observations. Trend surface analysis can produce 
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FIGURE 1 

Example of Observations of a Spatial Phenomenon 
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extreme fluctuations in contours when there are few data points. Kriged 

contours tend to be more stable over distance if the data are sparse. In 

addition, kriging produces an associated measure of uncertainty (kriging 

error) for the contoured surface. This feature can be of real importance 

for site characterization because part of the work will be the evaluation 

of the quality of the information obtained, such as the estimated basalt 

surface. 

B. Scope of Study 

The purpose of this study is to evaluate kriging as a tool for 

characterizing potential repository sites. The characterization of a 

site is a many-faceted process: from measuring the size of the geologic 

structure, searching for discontinuities or faults, to evaluating its 

chemical composition. One aspect of characterization is to have as 

accurate a map of the location and dimensions of the geologic structure 

as possible. Kriging's contribution to site characterization is spatial 

estimation or a surface-mapping capability. It was decided to evaluate 

its performance for estimating a geologic or hydrogeologic surface, such 

as water elevation and top of bedrock. 

The work was broken down into two tasks. 1) Gain experience with 

kriging techniques on a "well behaved" phenomenon; that is, one that can 

be adequately described by a continuous function. 2) Evaluate kriging on 

a data set more characteristic of the data used to evaluate a site: less 

well behaved phenomenon and fewer data points. An example of this type of 

data would be top of a geologic structure or its thickness from sparse 

core data. The Hanford Wells Data Base (containing water potential and 

other geologic information) proved to be useful for two reasons: it was 

readily accessible, and because of its 300-plus wells, provided a rather 
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complete data set for the purpose of this study. Water elevation was ch05en 

to be the data set for the first task. The basalt elevations were chosen for 

the second task because they are a less complete data set (half the size of 

the water elevation data set); also a typical basalt surface is of interest 

since basalt under or near the Hanford Reservation is a candidate for a waste 

repository. The top-of-basalt surface is also known to be a much rougher 

surface and therefore much harder to model. The objective of the study was 

then to contour basalt and water elevations using kriging techniques. 

II. KRIGING 

A. Overview of Kriging Theory 

Kriging is a statistical spatial estimation technique. In contrast to 

deterministic models it makes no attempt to describe the physical mechanism 

of the underlying phenomenon; instead it models, using statistical principles, 

the structure of the available spatially-distributed data to provide as 

accurate an estimate as possible of the contours of a geologic phenomenon. 

The basic idea of kriging grew out of a problem encountered in the South 

African gold fields: that of estimating the ore grade in a mining unit from 

blast or bore hole data. A straight average of the bore hole ore grades often 

led to erroneous predictions; and, in addition, it was felt there should be a 

systematic method to use information contained in adjacent mining units. 

Named after D. G. Krige, the South African mining engineer who first described 

the problem, the techniques were generalized, given mathematical rigor, and 

named the theory of regionalized variables by G. Matheron of the Paris School 

of Mines. 

Although kriging is heavily oriented to mining problems because of its 

origins, the techniques are general and can be applied to any spatial 

phenomenon, such as the contouring of groundwater potential and air 
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pollution concentrations, the mapping of a geologic surface, or the delinea-

tion of an oil field. 

The trend surface approach to spatial estimation is based on a rela

tionship of the form: 

The tenn Z(~) is the observed value of the phenomenon at location ~; F(~) 

is a function that describes a systematic or predictable component and E(~), 

called noise, or error, is a random component. The trend surface method 

assumes that for various locations ~, the terms Z(~) are not related because 

the object of the analysis is to find a function F(~) that reduces the terms 

E(~) to white noise. However, in practice, the errors often appear correlated. 

Kriging is also based on a linear relationship: 

however, the terms m(~) and u(~) are interpreted differently than in trend 

surface analysis. The term m(~), called the drift, is a function that 

describes a deterministic component. However, in contrast to trend surface 

methods, kriging places importance in the term u(~), which is not assumed 

to be totally random, but to have a structure. This means that for two 

locations say ~l and ~2' u(~l) and u(~2) are related and the relationship 

can be described as a function of the intervening distance. Kriging utilizes 

this structure to provide the "best" estimate of Z(~) at location x from the 

surrounding data. 

Like trend surface analysis, kriging is a linear estimation technique, 

but it calculates the estimates differently from the standard regression 

method of trend surface analysis. Suppose we have N locations xl' ... , x - -'N 
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for which we have observations Z(~l)' ... , Z(~N). We then want to 

estimate the value of Z at some new location ~; we do this by a linear 

combination of the Z(X.)IS. The kriging estimate, denoted Z*(xn ), is 
-1 ----v 

N 
Z*(xn ) = l: LZ(x.) 

----v • 1 1 -1 
1= 

where the coefficients Ai are called the kriging weights. How these 

weights are calculated differentiates kriging from trend surface techniques. 

Recall that we have assumed that we can represent a spatial phenomena 

as 

Z (~) = m (~) + u (~) (1) 

but every term is unique; i.e., it is a function of the location x. In 

order to use statistical theory to estimate Z(~), we need replication. To 

obtain a type of replication, we have to make some assumption. Matheron 

assumes that the first order difference (or increment), 

forms a stationary process, which he calls the Intrinsic Hypothesis. This 

means that for two locations, say ~l and ~2' [Z(~l+h) - Z(~l)J and 

[Z(~2+h) - Z(~2)J have the same probability distribution. The only thing 

that affects the distribution is h. This may not be totally realistic in 

practice, but it is a better (less restrictive) assumption than assuming 

that Z(~) itself must be stationary. Kriging does not require that the 

Intrinsic Hypothesis hold throughout the entire field of interest, but only 

over the distance used to make an estimate. This property is called local 

stationarity, which will be discussed in more detail later. 
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The heart of the kriging approach to spatial estimation has three 

equally important aspects: 

1) maximum range over which data are taken to make an estimate, 

2) drift, and 

3) variogram structure. 

The three are mutually dependent so in practice must be considered simul

taneously; one cannot specify them sequentially. A description of each and 

a discussion of how they interact will explain the kriging estimation pro

cedure. 

Range 

Since kriging is a local estimation procedure, the surrounding data 

are used to estimate the value at a specified point. However, the question 

of how many data points to use and over what distance they should be taken 

is a complex one. It certainly depends on the proximity of the data to the 

point of interest. Generally, the more data used to make an estimate the 

better. However, for spatial estimation there are cases where this is not 

true. If one is trying to estimate a geologic unit elevation in the bottom 

of a valley, the elevation of that unit at a nearby mountain is worse than 

no help; it can lead to erroneous results. This is an example of drift 

which we will discuss next. 

Drift 

For kriging, the drift is the systematic component m(~) of Equation 1. 

Drift tends to be a large scale phenomenon. If the distance over which data 

are drawn to make an estimate is smaller than the distance over which the 

drift begins to exert its influence, then the Intrinsic Hypothesis holds. 

However, there is a conflicting objective: to use all of the information in 
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the surrounding data to estimate Z(~). How does one decide when a data 

point contains relevant information? This is provided by the variogram 

which will be discussed next. 

Variogram 

The variogram provides information on the form of the relationship 

between two observations, say water elevations, as a function of the 

intervening distance. 

The variogram is defined as 

where the E(') notation represents mathematical expectation (that is, 

moments of a function). It is esti~ated empirically by 

21N L (Z(~+b) - ZC~))2, 
x 

the average squared difference between two data points h distance apart. 

Under the assumption of no drift, that is 

E(Z(~)) = m, a constant, 

\'Jhich is -t:1e variance of t:le first order increment (2). A.ssume that 

estimates the variance of (Z(~+h) - Z(~)). The theoretical variogram has 

several general properties: it is nonne0ative;at Ihl = 0, Y(I~I) = 0; 

and it is monotonically increasing as the distance increases. There are 
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several ways it can behave within the above constraints. The common 

variograms shown in Figure 2 illustrate the type of information to be 

obtained from the variogram. Figure2(a) shows a linear variogram given 

by the equation 

where Ihl is the measure of distance between two points in space. For 

one dimension, Ihl is simply the difference between two numbers. For 

higher dimensions, say two, where a point is represented as a vector (x,y) 

The interpretation of the linear variogram is that the variability between 

two observations increases linearly (from zero) as the distance between 

them increases. In theory this continues forever, but in reality there is 

a limiting distance where one observation provides no information on the 

value of an observation at a larger distance. This situation is reflected 

in the next two variograms so they will be discussed together. Figure 2(b) 

shows a spherical variogram, which is given by 

3 
y ( Ihl) = C[~ I~I - Ih13 ] Ihl S a 

2a 
C Ihl > a 

Figure 2(c) presents an exponential variogram which is described by 

the equation 

-Ihl 
y(lhl) = C[l-e T]. 
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The parameters C and a are respectively called the sill and the range. 

The range is the distance at which the variogram levels off. Observations 

greater than a distance a apart are no longer related. The sill is the 

value of the variogram at Ihl = C, or a measure of the basic variability 

between two unrelated observations. This is the maximum variability in 

the system. The variogram in Figure 2(d) has a discontinuity atlbl = O. 

The magnitude of the discontinuity CO' is called the nugget effect. The 

name arose from the gold mining industry where the gold tends to occur in 

isolated pockets within the substrate. The estimated ore grades from 

adjacent bore holes could.differ substantially if one of them contained 

the IIpocketll and the other did not. In practice, the nugget effect can 

result from a combination of other factors besides the discontinuity in 

the physical phenomena: measurement error in the data, and the size of 

the sample on which the observation is made. For example a bore hole (the 

smallest measuring unit), does not have zero mass, so there can be varia-

bility within the sample itself. A nugget effect can be added to any of 

the other variograms to reflect this. The last variogram (Figure 2(e)) 

is all nugget effect or constant variance. This corresponds to the case 

of independent observations and m(~) a constant, which is assumed by the 

trend surface approach to sratial esti~ation. 

These three factors exert their influence on the estimate of Z(~) 

through the kriging equations. Recall that our estimate Z*(~) is defined 

as 

N 
l: 
i =1 

A,'Z(X.). -, 

We want our estimator Z*(~) to have certain optimal statistical properties. 

For expository reasons, we omit the mathematical details here. For a more 
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complete derivation, see the appendix. The first property is unbiasedness 

which is defined as 

Under the assumption of a constant drift this implies that 

If the drift is not constant, assume that it can be represented as a sum 

of monomial terms fR., 9" =0, ... , L where, for two dimensions, 

fO(~) 

f 1 C?S) = x 

f2C?S) = Y 

f3(~) = xy 

f4C~) = x2 

f5(~) = y2, etc. 

Then the unbiased condition implies that for each 9", 9" = 0, ... ,L 

N 9" L Lf (x.) = 
i =1 1 -1 

The second optimal property of the kriging estimator is minimum 

variance. To achieve this, we minimize 

under the constraint of unbiasedness using the Lagrangian multiplier technique. 
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The function to be minimized is 

N N N 
2 ~ It. y ( 1 ~l' - x(1l) - ~ ~ It. A. Y ( 1 x. - x ·1 ) L.. 1 -v L.. L.. 1 J -l-J i=l i=l j=l 

which leads to a system of linear equations, called the Universal Kriging (UK) 

equations, given here in matrix form: 

A·l\=r. - - -

The system of equations is solved for the vector ~, consisting of the 

weights Ai and the Lagrange multipliers ~~. The matrices for L = 2 are 

o 

o 

A = 
y( I~-~ll) y( 1~-~21) 0 xN YN 

1 0 0 0 

xl x2 x3 xN 0 0 0 

Yl Y2 Y3 YN 0 0 0 

Al Y(I~l-~1 ) 
A2 Y(I~2-~1 ) 

l\ = AN r = Y(I~~~I)I -
I 

~o 1 
~l Xo 
~2 

14 
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A detailed derivation is given in the appendix. 

At this point it may be helpful to compare the kriging estimation 

procedure to that of trend surface analysis. In trend surface analysis 

the difference between the true surface and the estimated surface can 

be assumed to be a minimum only at data points. Kriging was designed 

to produce estimates which minimize this difference at locations 

where there are no data. It can do this because the optimum kriging 

weights depend only on the location of the data and the form of the 

variogram. 

With the estimates for A, we then have an estimate of the kriging 

variance a~. This variance is a theoretical or model variance and not 

an empirical measure of lack-of-fit, which is what is usually associated 

with the residual or mean square error in regression. This variance can 

be interpreted as how much different realizations of the surface could 

vary with the same underlying drift and variogram structure. This is 

not strictly a measurement variance in the sense of replication. That 

is reflected by the nugget effect. The absence of a nugget effect can 

be interpreted as indicating a good measurement technique, small within-

sample variability, and/or a smooth underlying phenomenon. 

This variance provides little information on the adequacy of the 

structure to explain the data. One method to assess the fit of the model 

to the data is by visual inspection of the contours. An empirical estimate 

of the kriging variance can be obtained at each data point by deleting the 

point and estimating it from its neighbors. The estimate of the kriging 

variance is then A2 2 
a = (Z*(x) - Z(x)) . K - -

The point has to be deleted, since the kriged estimate of a data point 

15 



is the observed value. That can be seen from an examination of the 

kriging equations. These differences can be inspected to look for regions 

where the model does not fit well, and using the Intrinsic Hypothesis, 

statistical tests can be used to evaluate the overall fit of the model 

to the data. 

The drawback to this approach is determining the drift and extracting 

it from the variogram. Using nonlinear regression techniques to estimate 

the variogram seems to have been abandoned because it often produces a 
function which is not a permissible variogram. There is one saving grace, 

only the order of the drift (constant, linear, quadratic) has to be known; 

the parameters of the drift cancel out of the kriging equations so there 

is no need to estimate them. 
Another approach to the drift and structure identification problem 

is to make use of an algebraic property that higher order differencing of 

variables filters out polynomials in the expectation. Suppose for ease 

of exposition that we have a one-dimensional phenomenon Z(x) which has a 

linear drift, that is, 

E(Z(x)) = aO + alx. 

Then the difference of the two first order differences, such that 

x2 - xl = xl - xo' 

has a zero expectation; that is, 

The phenomenon represented by the second order difference 
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now has zero mean. For two dimensions, a first order difference for the 

configuration of points 

is 

(1,1) 

(-1,0) ___ -+-(0_,0_) __ (1,0) 

(0,-1) 

Z ( 1 ,0) + Z ( - 1 ,0) + Z ( 1 ,1) + Z ( 0, - 1) - 4Z ( 0 , 0) . 

If we let the coefficients of the Z(X.)IS be denoted A., then 
--1 1 

N 
L:: A. f'~ = 0, O __ <.R,<L 
i = 1 1 1 

where L is respectively, 1 and 0, for these two examples. Sums with this 

property are called generalized increments. In general, a (k+l)st order 

difference with the above property is a kth order increment. A second 

order increment (the difference between two first order increments) in 

one dimension is given by 

it filters out quadratic, linear and constant terms with L=2. The original 

random function Z(~) is called an intrinsic random function of order k 

(abbreviated k-IRF) where k is the highest degree polynomial filtered. 
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The purpose of taking generalized increments is to produce a sta-

tionary regionalized variable from one with a drift. This is the 

n-dimensional analog of the Box-Jenkins approach to time series analysis. 

The advantage to this is that the covariance structure of the spatial 

variable can be estimated without the effects of the drift. This is done 

by studying the generalized covariance of the k-IRF which differs from 

the variogram,which is only legitimate for the O-IRF case. 

Let Z(A) be a generalized increment, 

LA. Z(x.) 
. 1 -1' 
1 

of a k-IRF Z(~). Then the variance of the generalized increment is given 

by 

2 l: l: E[(Z(A)) ] = .. A. A. K(lx.-x.!), 
1 J 1 J -l-J 

where the function K( !hl) is called the generalized covariance function. 

There are various classes of functions that satisfy the conditions of a 

covariance, but one class with nice properties for identification purposes 

(that is, linear in the coefficients) is the class of polynomial generalized 

covariances. The form of these generalized covariances, which depends on 

the order of the increment, is listed in Table 1. 

TABLE 1 

Drift k Polynomial Generalized Covariance Model 

Constant 0 K( Ihl) = co bolhl 

Linear K( Ihl) = co bolh! + bllhl3 

Quadratic 2 K( Ihl) = co bolhl + bllh!3 - b21h!5 
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The conditions imposed on the coefficients are as follows: 

in R2 (two-dimensional space): 

in R3 (three-dimensional space): 

Note that for k = 0, the only covariance function is a linear one 

which is much more restrictive than the variograms given in Figure 2. How 

does the generalized covariance compare to the variogram in the O-IRF case? 

Let Z(A) = Z(~i) - Z(~j)~ then it can be shown that 

K( 1 x,' - x·l) = - y( 1 x. - x·l) - -J -'-J 

We have shown that for a non-stationary process, we can produce a 

stationary one by forming the kth order increments. We can then estimate, 

from the generalized covariance, the covariance structure of the stationary 

process. The question is, how does this help us to estimate the non-

stationary process? Recall that, from the unbiasedness condition introduced 

earlier, the sum of the kriging coefficients for the estimate, 

of Z (~) sat; sfy 

Z*(xn ) = 2A. Z(x.), 
-v .,-, , 

N 
L Ai = 1. 
i=l 
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Consider the kriging error (Z*(!o) - Z(!o)) and define the coefficient 

of Z(!o) to be 

then for Z*(!o) - Z(!o)' 

AN+ 1 = -1, 

N+l 
2: Ai = O. 
i=l 

Therefore, the kriging error is a generalized increment. 

The mechanics of the estimation process are similar to the UK situation. 

Recall that if (Z*(~) - Z(!o» is a generalized increment of order k, 

Since we assume a polynomial drift, this implies that 

where L(k) is the value of L associated with a kth order increment; these 

are the familiar unbiasedness conditions of the UK. The variance of the 

generalized increment is 

= 2: 2: A. A. K( I x. - x·l) 
i j 1 J -1 -J 

K(lx - x I) -?" A. K(lx. - xf"1l) + "2: A· A. K(lx. - x·I)· = ~ ~ .... 4 1 -1 -u ~. 1 J -1 -J 
1 1 J 
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As for the UK case, minimizing the variance of the generalized increment 

under the unbiasedness constraints leads to the system of equations: 

N 
.~ A. K(lx. - x·l) L.. J -1 -J i=l, ... , N 
J=l 

? Ai f,Q,(~) f,Q,(xo) ,Q, = 0, ... , L(k) . 
(4) 

1 

This system is the same as for the UK except that K(lhl) is used in place 

ofy( III I ). 
This section was designed to give a brief introduction to the kriging 

theory. It was purposely kept as non-mathematical as possible. For a more 

complete treatment of the theory consult the papers in the reference section. 

We next turn to a description of the computer codes BLUEPACK and GAMMA which 

perform the computations outlined in this section. 

B. Computer Codes 

GAMMA and BLUEPACK are computer codes written primarily by P. Delfiner 

of the Paris School of Mines, Center for Geostatistics. They are flexible, 

modular, and user-oriented packages currently available in IBM and CDC 

versions. The current releases can handle one and two dimensions; a new 

release to be available during the first half of 1979 will reportedly 

handle the third dimension. 

These codes are currently installed on a CDC 6600 at the Las Vegas 

Department of Energy computing facility and can be used for any DOE-funded 

project. They are maintained by Desert Research Institute (DRI) personnel 

in time-share mode, so that they can be accessed interactively over commer

cial and Federal Telecommunications System lines. The purchase agreement 
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between DOE and the School of Mines stipulates that the codes cannot be 

implemented at any other installation outside of DRIls Las Vegas and 

Reno facilities. 

GAMMA 

GAMMA calculates the empirical variogram, 

y( Ib.-l) = 21N 2: [Z(~) Z(~+b)]2. 
x 

Up to this point there has been no mention of a direction, as well as a 

distance, effect on a spatial variable; however, this is often the case. 

An example is ground elevation along a ridge compared to the elevation 

perpendicular to the ridge. The elevations along the ridge should show 

more similarity at the same distance than those at right angles to it. 

These directional effects are called anisotrophies. 

GAMMA calculates a total of five variograms: one for each of four 

directions (north-south, east-west, northwest-southeast, and southwest

northeast), and a variogram which is the average of the four directional 

variograms. Since the data are usually not equally spaced, in order to 

calculate a variogram for two-dimensional data, the plane is divided into 

eight sectors of 45° about each of the direction lines. The sectors are 

further partitioned into distance classes by concentric circles whose 

spacing is specified by the user (Figure 3). For example, if the distance 

between classes is 100 feet, all pairs of points, Z(~) and Z(~+h), for 

which h lies in the NE or SW sectors and Ihl < 100 will contribute to the 

estimation of the point of the NE-SW variogram at distance llil, the average 

distance in that distance class. 
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FIGURE 3 
Diagram of Direction and Distance Classes Used 

for Empirical Variogram Computation 

The reason for calculating directional variograms is to detect ani so-

trophies, which can be a serious problem in calculating the kriging estimates. 

Recall that only one variogram is used in the system of equations (3). If 

there are anisotrophies, which variogram should be used? Certain types of 

anisotrophies can be corrected by a translation of the coordinates x of the 

data points (Huijbregts, 1975)). 

In practice, many geologic phenomena become anisotrophic as the distance 

between data points increases; the water and basalt elevation data presented 

in Section III exhibit this behavior. However, if the anisotrophies occur 

at larger distances than needed for the local grid estimation, they are of 

little concern. Anisotrophies and the estimation and use of the variogram 

will be discussed more fully in the context of the analysis of the data in 

Section III. 
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BLUEPACK 

BLUEPACK computes the kriging estimates and standard (kriging) errors. 

The main feature of BLUEPACK is the estimation of points on a regular grid, 

which is preliminary to producing contours of a spatial phenomenon. It 

will do other things as well: estimation of a surface at isolated points, 

block or area estimation, estimation of the surface at data points by the 

leave-one-out method. However, we will be primarily concerned with grid 

estimation and the estimation at the data points. 

There are two approaches to estimation possible in BLUEPACK. The first 

is by the user specifying the drift and variogram structure. The kriged 

estimate of the surface and its standard error at each grid node are pro

duced from the solution of the UK equations (3) for the AIS. Taken together 

the estimates and their standard errors for all the grid nodes constitute 

the kriged model of the surface. The model is the minimum variance, 

unbiased estimate of the surface under the assumed drift and variogram 

structure. However, it does not provide a means to test the adequacy of 

that assumption with respect to the data; the next method described does this. 

The other method, called automatic structure identification, implements 

the k-IRF theory described in Section IIA to select a kth order increment, 

corresponding to the order of the drift, and a covariance function that 

best describes the structure of the data. The estimate of the surface and 

kriging error at each grid node is calculated from the solution of equa

tions (4). An advantage of automatic structure identification is that it 

avoids biases in estimating the variogram when a drift exists; the data 

are used directly to select the structure and the selection procedure is 

based on statistical criteria. The three possible orders of drift that 

are considered are constant, linear, and quadratic. A selected subset of 
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the data is divided into two groups and each data point is predicted 

from the data in the other group, assuming first a constant, then a 

linear, and finally a quadratic drift. For each data group, the three 

drift structures are ranked on the size of their mean squared error, 

lL: Z(A.)2 
N. 1 

1 

The order of the drift producing the smallest average rank over all 

of the data points is considered the "best. II 

Once the order of the drift has been chosen, the number of functions 

which are candidates for the generalized covariance is automatically 

determined. They consist of all possible combinations of terms from the 

equations in Table 1. For example, for a constant drift, the three 

possible covariance functions are 

K(lhl) = c, 

K( Ihl) -bO Ihl, 

The higher the order of the drift, the larger the number of possible co-

variance functions. All possible covariance functions are then used to 

estimate the data points in one group using the data in the other group; 

the functions are then compared on the basis of the ratio 

1 
The three covariance functions having a jackknife statistic closest to 

1.0 are selected for testing on a representative (with respect to location) 

I 
See appendix. 
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subset of data points. The covariance function that is finally chosen 

is the one which minimizes the following two criteria: the mean squared 

error, 

and the standardized mean squared error, 

If no covariance function minimizes the two criteria, the one with the 

best jackknife statistic is chosen. 

The adequacy of the chosen model with respect to the entire data set 

can be evaluated using universal kriging to estimate each data point from 

its neighbors. This is called a verification analysis and its use is 

illustrated in Section III. 

Another feature of BLUEPACK that has proved useful for this work is 

the FAULT option. It allows the user to screen off an area of the grid 

from unrelated adjacent areas. The motivation for this option grew out of 

the need to deal with surface discontinuities such as geologic faults. 

The use of the FAULT option preserves discontinuities which would other

wise be smoothed. 

BLUEPACK produces printer-plots of the contours obtained from the 

grid estimates; however, they are difficult to read. The contour plots 

in this report were produced by linear interpolation using Pacific North-

west Laboratories Water and Land Resources Department graphics equipment 

and software. 
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III. PRACTICAL RESULTS 

A. Description of Data 

The Hanford Site is located within the Pasco Basin, in the north

central portion of the physiographic province known as the Columbia River 

Plateau (Figure 4). The main geologic features of the Hanford Site are 

shown in Figure 5. The Columbia River Plateau contains one of the largest 

deposits of continental tholeiitic basalts in the world (ARHCO, 1976 and 

Lillie and Richard, 1977). The basalt under the Site is being considered 

as a potential waste repository (ARHCO, 1976). 

Some 2200 wells drilled in various locations within the Site boundaries 

(Figure 6) are collectively known as the Hanford Wells. They were not all 

drilled for the same purpose. Approximately 200 are old farm wells and 

largely abandoned. The newer wells were either drilled by DOE prime con

tractors or the U.S. Geological Survey. The majority of the 1700 functioning 

wells are used for groundwater hydrological data collection or basalt strati

graphic characterization. The wells are currently the responsibility of 

Rockwell Hanford Operations. 

About 850 wells are drilled into the groundwater table. From them, 

periodic measurements of groundwater potential (among others) are taken. 

There are approximately 190 wells drilled into the basalt bedrock, providing 

information on the location of the top of basalt. The Water and Land Re

sources Department of Pacific Northwest Laboratories (PNL) maintains data 

from the wells in what is called the Hanford Wells Data Base. The well 

locations are referenced with respect to a rectangular grid system (measured 

in feet) whose origin is at the southwest boundary of the Hanford Site. The 

area covered by the grid is approximately 144,000 feet (27 miles) by 

172,000 feet (32 miles). For comparison purposes, we have used the same 
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grid size (2000 feet by 2000 feet) which is customarily used by PNL to 

generate the groundwater potential contours for the Site. This grid size 

was also used for the basalt elevation contours. In this section we first 

summarize our work with the groundwater data and compare the kriged esti

mates and standard error contours to the routine potential contour map 

estimated by conventional methods. We then present the results of our 

analysis of the basalt data and the kriged estimates and standard error 

contours of the basalt surface. 

B. Hanford Reservation Groundwater Potential 

The two groundwater potential data sets fronl the Hanford Wells data 

base were made available to us by PNL's Water and Land Resources Depart

ment personnel. They were taken in September 1973 and January 1975, 

respectively. Groundwater potential is known to be a smooth phenomenon; 

that is, it tends to change slowly and predictably with distance. For 

that reason, it should be a fairly easy surface to contour, and hence a 

good first test for the kriging techniques. 

For September 1973, there were water potential data from 332 wells. 

The locations of the wells are shown in Figure 7. The data are contained 

in a rectangle measuring 124,000 feet by 134,000 feet. They are certainly 

not uniformly distributed throughout the area; because of the activities 

at the Site they tend to be concentrated in the area between Rattlesnake 

and Gable Mountains. The water elevations (in feet above sea level) for 

this period ranged from 340 feet along the Columbia River in the southeast 

corner of the Site to over 480 feet between Umtanum Ridge and the Rattle

snake Hills. 

In order to produce contour estimates for the area covered by the 

data on a 2000 foot grid, the area had to be divided into four subgrids 
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in order to not exceed the capacity of BLUEPACK as it is currently 

implemented at the Department of Energy Las Vegas computing facility. 

For convenience, the subgrids were of equal size. 

The first step in a kriging analysis is to calculate the directional 

and combined empirical variograms from the data. The average and the 

two extreme directional variograms for the 1973 water potential data are 

given in Figure 8; at first sight they have little resemblance to the 

theoretical variograms discussed in Section II. The theoretical vario

grams are mathematical constructions, and an idealized version of reality. 

The empirical variograms represent reality. The fluctuations in the 

empirical variogram are a result of several things; among them: sampling 

variability (where the samples were taken), the presence of drift (no 

phenomenon is ever actually stationary), and measurement variability. In 

this case, the measurement error is probably negligible since repeat 

measurements taken at the same location are all within several hundredths 

of a foot. 

The overall impression of the variograms is of no nugget effect and 

parabolic curve up to about 25,000 feet followed by a leveling off. The 

absence of a nugget effect suggests a smooth phenomenon, and the parabola, 

the presence of a drift. The range or sphere of influence appears to be 

about 25,000 to 30,000 feet. 

There are definite anisotropies, but they are probably not too 

severe up to 10,000 feet. The largest variogram belongs to the east-west 

direction and the smallest to the northwest-southeast direction. This is 

reasonable since the major geologic features (mountains and basalt synclines) 

tend to orient on a northwest-southeast axis. 
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An automatic structure identification analysis was performed for 

the entire grid. It chose a linear drift and generalized function co

variance with a linear and cubic component: 

K(lhl) = -.2648E(-02) Ihl + .3080E(-10) Ih13. 

This result is not inconsistent with the interpretation of the vario

grams. A separate structure identification analysis was performed on 

each of the four subgrids. All analyses identified a linear drift. The 

choice of covariance function, however, varied among the subgrids; the 

summary of the results is given in Table 2. 

TABLE 2 

Grid Location Covariance Function 

SW K( Ihl) = .1829E(-08) Ihl 3 

2 SE K( Ihi) = -. 2082E (-01) Ihl 

3 NW K( Ihl) = -.2086E(-02) Ihl + .5916E(-10) Ihl 3 

4 NE K( Ihl) -.1379E(-02) I hi + .8082E(-10) Ihl 3 

Another analysis of Grid 4 yielded the covariance function 

K(lhl) = -.5189E(-02) Ihl + .2042E(-09) Ih1 3. 

Although the choice of a covariance function is supposedly made robustly 

(not influenced unduly by extreme data values), the location of the data 

pOints within each of the grids and the data chosen to select the model 

exert their influence. Comparing these six covariance functions, a 
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covariance with a linear and cubic component was selected four times. 

This generalized covariance function is consistent with the empirical 

variograms. Because of the consistency of the selected covariance 

functions, it was decided to try one covariance function for all four 

grids. The function, 

K( Ihl) = -.5l89E(-02) Ihl + .2042E(-09) Ih1 3, 
- - -

was representative; the coefficients of the Ihl ter~s makes little 

difference in the grid estimates. The kriged contour map of the ground-

water elevation using this covariance function is shown in Figure 9. For 

comparison, the contour map of the same data produced by the Water and 

Land Resources Department from a digitized hand-drawn potential map is 

shown in Figure 10. The two maps are quite similar. The person drawing 

the potential map relies on substantive knowledge: behavior of a ground

water system and geology of the region. In contrast, the kriged contour 

estimates were produced only from the water potential data, without sub-

stantive knowledge of the phenomenon. 

A contour map of the kriging standard errors (square root of the 

kriging variance) is shown in Figure 11. The standard error is less than 

5 feet throughout most regions of the data and then gradually increases 

to the boundaries. This increasing trend reflects the fact that the 

boundary area grid point estimates must be made from data scattered over 

a large area than for the more centrally located grid points. 

The interpretation of the map of standard errors (using a normal 

theory approximation) is that the true water potential surface lies within 

flO feet (two standard errors) of the kriged surface (and hv extensiori, 

the hand-drawn contour) 95% of the time. 
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At any rate, 10 feet may seem excessively large at first consideri~g 

the fact that at anyone location the water potential can be measured 

with an error of a few hundredths of a foot. The kriging error is not 

just a measure of reproducibility, but a measure of the error in the 

surface at locations which have not been sampled. The kriged surface 

can be made to honor the data points, but there is no guarantee that the 

data are absolutely correct so the use of a filter to smooth the contours 

was used here. In any event, standard errors at the unsampled locations 

will still be of this order of magnitude. Since the kriging variance (and 

standard error) is only a function of the assumed variogram and data 

locations, the impact of a potential sampling location can be evaluated 

before that location is sampled. The optimum location is the one which 

produces the largest reduction in the kriging variance. 

There is a strong caveat associated with the use of the kriging vari

ance that applies as well to any statistical technique. These standard 

errors are realistic only if the chosen structure (order of the drift and 

covariance function) is a reasonable representation of the data. This can 

be checked in at least two ways: 

1) Do the kriged contours look reasonable? If not, then the 

standard errors are meanin~less. 

2) Krige each of the data points and compare the estimate to 

the observed value. If the agreement is good, then again 

the standard errors are probably fairly accurate. 

From a comparison with the hand-drawn contour which is considered the 

standard map, the kriged contours certainly pass the first test. A 

verification analysis using all of the data produced the observed errors, 



where Z(~) is the observed value. These errors are divided by the 

kriging error aK(~) to produce a standardized error 

Z*(~) - Z(~) 

aK(~) 

The histograms of the errors and standardized errors are shown in 

Figures 12 and 13, respectively. Both are remarkably symmetric with 

respectively 6% and 9% of the absolute values of the error greater than 

2.5 standard deviations, which is high for a normal distribution. Exami-

nation of a map of the standardized errors (Figure 14) can provide clues 

to the cause of the discrepancies. The letters and numbers represent 

intervals of 0.5 in the standard error scale; the legend is given under 

the map. The circled values represent absolute standardized errors 

greater than 3.00. They tend to cluster into three groups: along the 

Columbia River, Gable Mountain, and Yakima Ridge. The discrepancies are 

too systematically located to be caused entirely by incorrect data. The 

groundwater system for the area between Yakima Ridge and the Rattlesnake 

Hills acts nearly independently of the groundwater on the rest of the Site 

which can explain those deviations from the model. The groundwater system 

throughout most of the Site is an unconfined aquifer. However, the data 

set used to produce the kriged groundwater contours contains both con

fined and unconfined water measurements. The confined aquifers tend to 

be located in the areas of large deviation from the kriged model along 

the river and near Gable Mountain. Also, the water level in the river 

can fluctuate several feet due to the daily regulation of the power-gener-

ating Priest Rapids Dam located just upstream (EROA-1538, p. II.3-0-4), 

which causes fluctuations in the water measurements in the nearby wells. 

These irre0ularities will be investigated more fully at a 10ter date. 
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the basic form (convex curve with a leveling off at about 30,000 feet) 

is similar. One reason is the range of the data (-216 to 1250 feet above 

sea level) as compared to the water potentials (335 to 510 feet above sea 

level). This is reflected in the two orders of magnitude difference in 

the values of the two variograms throughout much of their range. The 

directional variograms do not show the separation seen for the water 

potentials; a partial explanation for this is the fewer number of data 

points. The rule of thumb used at the School of Mines is that one needs 

a minimum of 50 pairs of data points to have confidence in a single point 

of the empirical variogram. Most of the points defining the directional 

variograms are estimated with 30 or fewer data pairs. Because of the 

large fluctuations, the anisotrophies are not as apparent; however, the 

positions of the north-south and east-west variograms appear to be reversed. 

One explanation is the presence of the Pasco and Cold Creek synclines 

(Figure 21) which tend to run in an east-west direction across most of the 

Site until they near the river. An unexpected result is the small nugget 

effect (4.56 squared feet) considering the range of the data. 

The variogram suggests basically the same covariance structure (presence 

of drift and a range of about 30,000 feet) as seen for the water potentials. 

The automatic structure identification analysis for all of the data selected 

a linear drift and a covariance structure, 

-.2839E(-01} JhJ + .1639E(-07} JhJ3, - -

which is again similar to that of the water potential data but the co-

efficients are larger in absolute value. A verification analysis using the 

above structure reveals regions where the model did not perform well 

(Figure 23). The circled points represent discrepancies of greater than 
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three standard error units. Comparing this to Figure 21, these discrep

ancies tend to occur along the two synclines. 

As for the water potentials, in order to contour the area bounded by 

the data using a grid size of 2000 feet square, the grid had to be 

quartered. Again for logistic reasons, the four subgrids were made of 

equal size. 

Automatic structure identification analyses for each subgrid produced 

a larger variety of models than were seen for the water potential data. 

These models are given in Table 4. 

TABLE 4 

Gri d Location Drift Covariance Function 

1 SW 1 i near K( I hi) = -3.862Ihl 

2 SE linear K( I hi) 598.0 - .97l61hl + .7324E(-10)lhI 3 

3 NW 1 i nea r K( I hi) = . 4829E (-08) 1.b..13 

4 NE constant K( Ihl) = .1339E(05) 

The notable deviation from the pattern established for the water 

potential models is the model for Grid 4. The selected drift is a constant, 

and the covariance function chosen was a pure nugget. This is a very con

servative model but it seems unrealistic. A partial explanation could be 

the result of the fact that Grid 4 contains few data points scattered over 

a large area, so that the data could appear to be unrelated. Although these 

models (except for Grid 4) honored the data within their grid range better 

than the model selected by all of the data, they smoothed the discontinuities 

in the basalt surface along the synclines. Discontinuities can be preserved 
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by partitioning the area to be contoured into separate regions using the 

FAULT option for grid estimation. This prevents data on one side of a 

discontinuity from being used in the estimation of points on the other 

side. Certain trade-offs result from the use of the FAULT option because 

of the location of the data points with respect to the fault lines. 

BLUEPACK is programmed to require between 8 and 16 data points to estimate 

a point. With the given fault lines, this may be impossible. Another 

problem is the distance that has to be covered to get the desired number 

of data points may become very large, resulting in very large kriging 

variances. A method to alleviate that situation is to require fewer data 

points, sometimes as few as two; this can be quite reasonable depending 

on the situation. In the case of the basalt, it seems more reasonable to 

use fewer highly-related data points to make an estimate than to go large 

distances to find less-related data for the sole purpose of satisfying a 

criteria for the minimum number of data points. 

For this set of data, the fault lines were drawn for the Pasco and 

Cold Creek synclines referring to Figure 21, but the final decision was 

based on the data. Automatic structure identification analyses for each 

grid were redone; the selected models are shown in Table 5. 

TABLE 5 

Grid Location Drift Covariance Function 

SW cubic K( Ihl ) = .1792E( -07) Ihl 3 

2 SE constant K( Ihl) = .2992E(+05) 

3 NW linear K( Ihl) = -.9598E(-02)lhl + .8073E(-08) Ihl 3 

4 NE 1 i near K( I hi) = -.1832Ihl + .3l04E(-08)lhI 3 
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Comparing these structures to the no-fault analyses in Table 4 

shows a number of notable differences, among them the cubic drift for 

Grid 1 and the constant drift for Grid 2. Interestingly, the automatic 

structure identification chose a linear drift for Grid 4. With the 

changes in estimated drift, the covariance functions also changed. 

Structure selection does depend to a certain extent on the data 

points used for the analysis, although the selection procedure itself 

is based on fairly robust criteria. We experimented with other structures 

to observe the effect on the estimated contours. In particular, the 

selected structure for Grid 2, constant drift and constant covariance, 

did not seem reasonable. An imposed structure with constant drift and 

a linear covariance (K(I~I = -1.3391~1) produced more realistic contours. 

After comparing the results of all of the analyses, the best contour 

map was judged to be the composite of the contours produced by the auto

matic structure identification analyses for Grids 1, 3, and 4 and an 

imposed constant drift and linear covariance for Grid 2. The plot of the 

top-of-basalt surface is given in Figure 24. Compare these contours to 

the basalt contours which are given in Lillie and Richard, 1977 (Figure 

25). After some adjustments are made for differences in locations of 

the above-ground basalt deposits (Yakima Ridge and Rattlesnake Hills) 

between the two maps, they appear to be quite similar. The major 

features: an increasing trend at the Rattlesnake Hills, the Cold 

Creek syncline, and the depression between Gable Butte and Gable Mountain 

and the river, are readily apparent. The only real discrepancy is that 

the kriged contours have the Pasco syncline bisecting Gable Mountain. 

When the synclines were drawn for the kriging analyses, Figure 20 was not 
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available; with very little data near Gable Mountain, it was impossible to 

infer its exact location. It can be easily corrected, but since it would 

have little effect on the other contours, it was decided to leave it as it 

is for this report. 

The contour map of the kriged standard errors is given in Figure 26. The 

standard errors are generally an order of magnitude larger than those for the 

water potential data; this was expected froM the Ma9nitude of the variogram. 

The basalt surface at short distances is just not that well known, although for 

most of the Hanford Site, it is one continuous basalt flow (Elephant Mountain 

flow). An examination of Figure 4 in Lillie and Richard (1977) confirms what was 

observed from the data: The elevation of the top-most basalt layer can vary at 

least 40 feet over short distances. The kriged standard errors are usually 

larger than that, but they represent an average calculated over the entire region 

which includes irregularities caused by synclines, anticylines, and errosion. 

It should be emphasized that the kriged contour of the top-of-basalt 

surface under the Hanford Site was not done to fulfill any purpose other 

than to try the kriging technique on a set of data in some sense typical 

of those from which site evaluation decisions will be made. For some 

purposes, for example, an overall view of the basalt surface, it may be 

adequate. However, if the purpose demands more resolution over a smaller 

area, say a 1000 foot radius, the currently available data are probably 

not sufficient to do it adequately with any contour estimation technique. 

However if more resolution is required, the contours will be improved by 

using the kriging variance, in conjunction with substantive knowledge, to 

optimize the locations of additional data. 

IV. SUMMARY AND RECOMMENDATIONS 

The purpose of this study was to evaluate kriging techniques as a 

potential tool for geologic waste repository site characterization. We 
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believe they have demonstrated their usefulness for that purpose: they can 

produce realistic contours of a geologic phenomenon and an accompanying 

error, which can then be used to assess the accuracy of the contour. 

The kriging techniques (using the computer code BLUEPACK) were applied 

to water potential data and top-of-basalt elevations from the Hanford 

Site. The water potential contours were in close agreement with a hand

drawn contour map which is used as a standard by PNL's Water and Land 

Resources Department. The basalt surface is very erratic and therefore 

not well known. However, the kriged contours appear to provide a realistic 

large-scale representation of the basalt surface that agrees rather well 

with the referenced contour maps. 

These results are preliminary. They should in no way be considered 

as the best that can be produced from the kriging techniques. Kriging 

itself is in an evolutionary stage. Also, the work reported here made 

use of only data from drilled wells. In reality, much more information 

(data from gravity profiles and seismic readings, as well as substantive 

knowledge) would be used to generate a contour map or make decisions on 

the suitability of a potential site. 

Kriging is a powerful mathematical and statistical tool for modeling 

geologic phenomena. As with any other spatial estimation technique, such 

as trend surface analysis, it can be used inappropriately. Kriging cannot 

be used blindly; as with any statistical tool, proper application requires 

an understanding of the assumptions underlying it and a thorough knowledge 

of its strengths and weaknesses. The work reported here is the beginning 

stage to attaining this knowledge and to developin9 kriging as a useful 

tool for site selection and characterization required for the licensing 

process. 
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A general recommendation for kriging with respect to waste repository 

siting centers around its use in'an interdisciplinary setting: all the 

people involved, geologists, physicists, chemists, and statisticians, 

interacting to develop an adequate characterization of a potential 

repository site from all of the available data. The work done to date and 

the availability of BLUEPACK make this feasible. In this interdisciplinary 

environment, more realistic empirical (kriging) models for a geologic site 

could be developed. In addition, the error analysis aspects of kriging 

theory can be used to evaluate the performance of deterministic physically

derived models with respect to the data. 

Specific technical recommendations to improve the contour estimates 

include: 

1) the weighting of data with respect to its accuracy or importance, 

2) limiting the distance over which data are taken to calculate a 

grid estimate, and 

3) gaining more experience in selecting and modeling sub-areas 

within a larger region; for example, the four subgrids within 

the Hanford Site. 

Implementation of these points would contribute to increased under

standing of the geologic structure underlying the Hanford Site. 
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APPENDIX 

The purpose here is to derive the conditions which lead to the 

kriging equations introduced in Section II. 

Unbiasedness Condition 

1) Constant Drift. Assume E(Z(~i)) = m for all 

N 

This implies that 

E(Z*(x n )) = E(2: A. Z(x.)) 
--v . 1 1 -1 

1= 

N 
= 2: Ai m = E(Z(~)) = m. 

i=l 

N 
2: A. = 1, 

1 i =1 

which is the unbiasedness condition. 

x. , 
-1 

then 

2) Non-Constant Drift. Assume that the drift can be represented by 

a sum of monomials, fJl,(~i)' JI, = 0, ... , L, so that E(Z(~)) = ~ aJl,fJl,(~). 

The terms aJl, are constants. Then 

Interchanging sums yields 

A-l 

N 
= ~ A. ~ a fJl,(x.) 

L , L JI, -1 
i = 1 JI, 



N 9, 9, 
Since the f9,(·) are monomials, then for each 9" 2: A. f (x.) = f (xn ). 

. 1 1 -1 ---v 
1= 

These are the unbiasedness conditions for the non-constant drift case. 

Minimum-Variance Condition 

In order to derive the kriging equations, it is useful to have the 

relationship between the variogram and the covariance (when it exists) 

under the assumption of a constant drift. Recall that the variogram is 

defined as 

2y ( I x . -x . I) = E (Z (_x 1') - Z (x . ) ) 2 = Va r( Z (x .) - Z (x . ) ) 
~~ ~ ~ ~ 

2 + [E(Z(x.) - Z(x.))] . 
-1 -J 

Under the assumption of stationarity (constant drift) 

2y ( I x . - x . I) = Va r( Z (x .) - Z (x . ) ) -1 -J -1-J 

= Var(Z(x.)) + Var(Z(x.)) - 2Cov(Z(x.), Z(x.)), -1 -J -1-J 

and since we can assume that 

Cov(a,S) = C(S-a), 

then 

21'(Ix.-x·l) = 2C(0) - 2C(lx.-x.I). 
~ ~ 1 J 

Therefore, 

or 

y(lx.-x·l) = C(O) - C(lx.-x·I). 
-1 -J -1 -J 

A-2 



We desire the kriging estimate Z*(~) at a point ~ to minimize the 

theoretical variance, 

:::: Var(Z*(~)) - 2Cov(Z*(~), Z(~)) 

+ Var(Z(~)) 

N 
:::: Var(L A. Z(x.) 

. 1 1 -1 1:::: 

+ Var(Z(~)) 

N N 
:::: L L A. A. COV(Z(~1·)' Z(~J.)) 

i=l j::::l 1 J 

N N 
:::: L 

i:::: 1 
L A. A. [C(O) -

1 J j=l 

N 
- 2 L Ai [C(O) - y( ~i-~ )] + C(O) 

i =1 

N N 
= -" "A. A. y( X.-X. 

i~ j~ 1 J -1-J 

A-3 

(A-1) 



Since the coefficients Ai are the only terms in Equation (A-l) not 

fixed, we minimize a? with respect to A. subject to the constraints 
1 

of the unbiasedness conditions 

N £ £) LA. f (x.) = f (x" , £ = 0, ... , L. 
i =1 1 -1 -v 

The function to be minimized by the Lagrange multiplier method is 

N N N 
=2L A. y(lx.-x"l) -

i =1 1 -l-v 
L 
i = 1 

" A. A. y(lx.-x.l) L..J 1 J -l-J j=l 

By taking partial derivatives with respect to each of the parameters 

Ai' i=l, ... , N and Lagrange multipliers ~£' £=0, ... , L and equating 

them to zero, we obtain N+L+l linear equations of the form 

N L £ 
~= Y(I~l·-x"l) - L A. y(lx.-x·l) - L ~n f (~.) 0 dAi -v j=l J -1 -J £=0 N 1 

i = 1 , ... , N 

~= 
N 

f£ (x. ) £ L A. - f (~O) = O. 
d~£ i = 1 1 -1 

£ = 0, ... ,L 

A-4 



By rearranging terms and recalling that y{O) = 0 and then expressing 

the equations in matrix form, 

the structure of the equations for L=2 becomes clear: 

a y{lxl-x21) ... y(lx1-xNI) fO{~l) fl(~l) f2{~1) A1 

o y{ Ix2-xN I) fO(~2) fl (~2) f2{~2) A2 

• = 

y(lxN-xll) 0 fO{~) 1 2 f (~) f (~) AN y{ I~-~I) 

fO (~l ) fO(~2 ) fO(~) 0 0 0 llO fO{~) 

f 1 (~l ) 1 
f (~2) 

1 f (~) a 0 0 III fl{~) 

f2 (~l ) f2 (~2) 2 0 f2{~) f (~) 0 0 ll2 

The values of Ai and ll£ which minimize are obtained from the solution of 

this system of linear equations, 

-1 
A = A r. 

To see the structure of the Ai's, assume for exposition purposes that N=2 

and L=O. The system of Equations (A-2) is 

fA1 

., 
0 y( 1~1-~21) y{ 1~1-~ I) 

I 
Y(I~1-~21) 1 

I 
y( 1~2-~ I) 0 • iA2 = 

1 0 llO 
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The solution is given by 

-1 

- 1 y ( I ~ 1 -~21) • y ( I ~2 -~ I ) 

y( 1~1-~21) -y~ 1~1-~21) 

performing the multiplication yields: 

Note that the variogram for all pairs of points enters into the calcu-

lation of each A; this prevents adjacent points containing redundant 

information from being too heavily weighted. 

The minimum or kriging variance, o~, can be calculated from 0 2 and 

the system of Equations (A-2) as follows. Recall that 

For each i, from the set of Equations (A-2), 

Making this substitution in Equation (A-3) yields 
N 

o~ = ;L: Ai Y(I~i-~I) - Lfl f9v(~). 
1=1 9v 9v 
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Jackknife Statistic 

Recall that the criterion for evaluating the kriging model is based 

on 

p = 
E[~Z(Ai)21 

E 2:8i 2 
i 

which should be close to 1. It is estimated by the statistic 

r = 

however r is a biased estimator of p. An improved estimator can be 

obtained by splitting the data into two groups, 11 and 12, and comput in0 

2: Z(A.)2 
. I 1 1£ . 

r. = J j = 1 ,2, 
J ",2 

L 0. 
1 

id. 
J 

and forming the jackknife statistic, 
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