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Abstract 

!•! n previous paper, .1 showed that in each order of perturbation 

:!wory there is an upper bound on the range of validity of a gauge 

'.lerarchy. rhus constructing a large hierarchy requires a fine-

'v:iiii)4 of the scalar-field parameters. I stated that the possibility 

<>•' .n inherent bound on the hierarchy exists, but the question of the 

•.ctual existence of such a bound was left completely open. Since then 

several authors have addressed this problem. Some of what ,1 asserted 

v.io misunderstood, and incorrect conclusions hav-. ueen drawn from 

recent computations. It has been claimed that tiit .xistence of large 

hierarchies has been demonstrated. It is the purpose of this paper 

to refute this claia, to help clarify the situation, and to explain 

why the status of this problem has in fact not really changed in 

recent years. 
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Embedding SU(3) of the strong interactions with SU(2)xU(l) of the 

weak and electromagnetic interactions into a simple gauge group has 

been an alluring possibility for some time now.l ' However, it is 

essential to such a scheme that there be superheavy vector bosons in 

order that unobserved interactions be suppressed. Thus the symmetry 

breaking occurs at two mass scales, that of the h and Z bosons and 

that of the superheavy vector bosons. If one defines the magnitude 

of this gauge-symmetry hierarchy to be the ratio of the heavy-vector-

meson masses to the light ones, then both the empirical constraint of 

proton stability and the theoretical requirement that the effective 

coupling constants of SU(3)xSU(2)xU(l) merge into the gauge coupling 

constant of the simple unifying group at the superheavy mass scale 

U [2] 
lead one to contemplate hierarchies of the order of 10 .' ' 

In a previous paper, I pointed out that constructing such 

hierarchies is not nearly so trivial as was assumed;1 ' in fact, there 

may even be an inherent bound on the hierarchy. Since then, several 

authors have addressed this problem. ~ ' ' However, on the one 

hand, some of what I originally asserted was misunderstood, while on 

the other hand, incorrect conclusions have been drawn from recent 

computations. Thus, a certain confusion pervades the subject. It is 

the purpose of this note to help clarify the status of the problem. 

Originally I chose the following simple example to make ay point: 

The gauge group is 0(n), and the scalar fields transform as two 

n-vectors, x and n. If <X> and <n> are such that one of them is 

jrtiraiioual and small compared to the other, then there is a gauge-

.,w_ . - hierarchy: Oi.n) is strongly broken down to O(n-l) and 

i , „:wn to 0(.n-2j. 



If one assumes the theory is also synaetric under a reflection of 

one of the fields, then the tree approximation to the effective 

potential is 
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For f ^ o (with the other three couplings positive), one concludes 

that the hierarchy i s ' ' 
f2"f 
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where R , and M, are the mass scales of the heavy and light vector 

vector mesons, respectively. Thus one is led to the naive conclusion 

that an arbitrarily large hierarchy can be induced by choosing an 

appropriately large ratio for the scalar-field masses. 

To understand why this conclusion is false, consider the case 

f, i 0. Then,[3] 
' 2 
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We see from this that by coupling the two representations, m, and m . 

both appear in the numerator and the denominator of H. One does not 

now produce a large hierarchy by choosing fliT/mi; to be large. To 

obtain a large hierarchy, one must choose the parameters of the 

scalar sector such that the denominator of H is small. 

But why consider f-^0? The point is that the radiative correc

tions to the effective potential will couple the representations. 

Thus, in order to construct an arbitrarily large hierarchy one must 

be able t o adjust parameters such that some quantity may be made 
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arbitrarily small, even when the radiative corrections are included. 

If all the paraaeters were free, this would be trivial to acconplish; 

however, the gauge coupling g is eapirically fixed to be of the order 

of the electroaagnetic coupling constant e. 

For simplicity let us assume that all the f's are of order a 

(the fine structure constant). If one evaluates the potential up to 

a and finds that one can adjust the parameters such that the 

CI 

denominator of H is arbitrarily small at an absolute minimum of the 

potential, then one only knows for sure that hierarchies up to 

0(an/2) can be constructed. That is, since terms proportional to 

a have been ignored, one can only be sure that the denominator can 

be made as snail as 0(an* ), and this implies an upper bound on the 

range of validity of the hierarchy of 0(an'2). When one includes 

terms proportional to a n + , one of two obvious possibilities occurs: 

Either H can be Bade arbitrarily large so that the range of validity 

is extended to 0(a ) or this is not the case and there is an 

absolute bound on the hierarchy of 0(o z ) . (These conclusions 

maintain even when the simplifying assumption about the magnitude of 

the f's is removed.)' ' Note that I have defined two types of bounds; 

both are important. The first bound is a limitation of the approxi

mation scheme: If one onl/ includes terms in the potential up to a , 

then one can be sure only of hierarchies up to 0(a ' ); to see if 

larger hierarchies are possible, one aust do a higher order computa

tion. The second bound is an inherent property of the full theory. 

To summarize, what I had shown in ay paper is that the problem 

of constructing large jiuge hierarchies is steeped in the radiative 

corrections- The traditional assumption that one could construct an 



s 

arbitrarily large hierarchy simply by considering the tree approximation 

is false. In particularfone can trust a tree-approximation hierarchy 

only up to 0(a ^ ) . To see if larger hierarchies are possible, one must 

consider radiative corrections. The construction of an arbitrarily 

large hierarchy requires that one fine-tune the scalar field para

meters in each order of perturbation theory such that some quantity is 
n/-i made arbitrarily small. (That is, for hierarchies of 0(a ' ' ) , one 

•ust calculate the potential, including all terms up to S(a ), and 

then carefully adjust the parameters). The requisite fine-tuning 

certainly removes this mechanism far from the notion of natural. As 

to whether the theory in fact allows such hierarchies or whether there 

is an inherent bound, I stated in my paper that this question is 

completely open. One could run into a bound, for example, if one 

found that in trying to fine-tune the parameters in a given order of 

perturbation theory one encountered a first-order phase transition, 

where the absolute minimum of the potential shifted discontinously to 

a non-hierarchial minimum. Later I'll discuss a related example of 

just such a phenomenon. 

Inclusion of the one-loop corrections would have been a very 

interesting computation had they led to the conclusion that there is 

an inherent bound in the theory. Of course, one-looo calculations 

would not shed much light on the situation if they led to no bound, 

since the range of validity of the hierarchy in the one-loop approxi

mation is up to 0(a) (far removed from the magnitudes in which onp i< 

interested in grand-unification schemes -Severn mrnoro have mder 

IS-91 taken this computation. ' When onlv the vector-loop contributions 

were included, it was found that one could adiust tit- -caiar-field 



parameters such that the coefficient of the term proportional to g that 

then appears in the denominator of H (Eq.(3)) is set equal to zero. J 

2 2 
(For the case of 0(3) this just requires that one set m, * 2m,-) Thus 

the effect of the radiative correction can be ma.e to vanish. It is 

obvious that such a program should not be expected to work in higher 

orders: one very quickly will use up the available free parameters. 

However, this scheme became moot when it was found that with the inclu-
roi 

sion of scalar-loop contributions it is no longer viable. J But even 

when the scalar-loop contribution is included, it has been claimed that 

one can fine-tune the parameters such that the total denominator of H 

goes to zero (though no one has shown that the corresponding extremum 

is an absolute minimum).'''-' Unfortunately, this claim has led some 

authors to incorrectly assert that arbitrarily large hierarchies have 

been shown to be possible;' " ' these authors hav'j ignored the range 
/ F2 of validity of the hierarchy in the one-loop approximation. 

There have been attempts to get a handle on the problem of 

'10-121 hierarchies by reparametrizing the potential; ' instead of using 

the coefficients of the quadratic and quartic terms in the tree 

approximation, the potential is parametrized by the location of and 

the curvature at its symmetry breaking extremum (these correspond to 

the vector and scalar meson masses). Obviously a correct reparamet-

rization is always a legitimate option; however, more often than not 

this particular reparametrization has led authors astray. (One pit

fall' ' to avoid: one oust always remember to compute what values a 

reparametrized solution implies for the original parameters; for 

example, a solution is not valid if it implies that one of the 

original quartic couplings is greater than or equal to 0(1). It has 
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been claiaed that the only condition on the mass parameters is the 

positivity of the mass matrix, and that therefore an arbitrary hierarchy 

can simply be chosen. This is false. Such an approach would, 

for example, be completely blind to the first-order phase transition 

to which I have already alluded. One must not forget to require that 

the minimum of interest be in fact an absolute minimum of the potential. 

It has also been concluded that the computation of gauge hierarchies 

leads to a breakdown of perturbation theory.' The argument basically 

corresponds to the following: If one constructs a very large hierarchy 

in tree approximation, then H is extremely small. The one-loop 

correction will change H by 0(a). Since 0(a) is much larger than the 

original tree approximation value, perturbation theory has broken down. 

QED. Of course the conclusion is false. Higher order corrections lead 

to smaller and smaller changes in H~ , as perturbation theory require 

The fact that the tree-approximation H~ is much smaller than many of 

the radiative contributions is just a consequence of the initial choice 

of parameters. (An analogous situation occurs when one artificially 

sets the mass term equal to zero in the Lagrangian: '• nonzero mass will 

be radiatively induced). The correct conclusion to bo drawn from the 

above scenario is that the construction of large hierarchies requires 

a careful fine-tuning of the tree-approximation parameters! 

Continuing with their line of reasoning, the same authors observe 

that the full theory might have a large hierarchy while various orders 

of perturbation theory do not have it.' ' If this is true, they 

again assert that the correct interpretation is that naive perturbation 

theory breaks down. The conclusion is apain false. In fact, hhat the 

authors have done is rediscover the original assertion that there is a 



bound on the range of validity of any hierarchy which is computed from 

a given order of perturbation theory. If the potential includes 

only terms up to 0(a n), then one can only trust the fine-tuning of 

parameters for hierarchies up to 0(a 

Finally, using a similar reparametrization scheme, another group 

was led to the conclusion that a simple constraint on the physical 

Higgs masses results in a large hierarchy in every order in the loop 
r 121 

expansion. ' They actually derive results in terms of a mixed set 

of parameters (drawn from the two previously suggested sets) which are 

not independent; this by itself puts their conclusions on shaky ground. 

They then assume that since the Higgs masses are physical, they can 

take on any ratio. This assumption is then used to deduce that a 

large Higgs mass ratio implies a large vector meson mass ratio. Of 

course, vector mesons are no less physical than Higgs scalars, so it 

would have been much more direct to just assume that large hierarchies 

are possible. Also, they forget to demand that they only consider 

solutions corresponding to an absolute minimum of the potential. 

Prior to writing my paper on gauge hierarchies, I wrote a paper 

with Steven Weinberg in which we proposed a scheme that would result 

in large gauge hierarchies.' ' We suggested that the superstrong 

symmetry breaking of the grand-unifying group may result in an effec

tive field theory at "ordinary" energies with only massljss scalar 

fields; the second-stage symmetry breakdown can then be ruuiutively in-

ducuu.lt «as shohiHusii.g the renormali;ution groupithut if one made the 

additional assumption that the scalar quartic coupling constants were 
t 

of order g" at the grand-unifying mass scale, then 
in H - Otl/g2;. (4) 

http://ducuu.lt
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In the conclusion to my paper on gauge hierarchies I referred to this 

possibility, and stated that it was not limited by my bound. ' It is 

not limited by the bound since the superstrong symmetry breaking was 

not calculated perturbatively, but was just assumed to occur; the 

bound on the range of validity of a hierarchy was derived fqr a 

perturbative calculation. While I find this proposal quite attractive, 

I never considered it to be a resolution of the problem of gauge 

hierarchies since it suffers from a severe drawback: it rests on the 

assumption of mass less scalars after superstrong symnotry breaking, 

and this assumption is as strong as that of just assuming that a large 

gauge hierarchy exists. 

In a recent'paper, Weinberg has repeated this proposal. In 

addition, he has integrated the rmioraalization-group equations for 

two simple examples in order to explicitly determine the proportional

ity constant which relates the two sides of Eq.(4). He also studies 

the effect of varying the mass of the scalar field. This variation 

F3 
results in a first-order phase transition, the discontinuous jump 

being to a non-hierarchial minimum. This leads to an upper bound on 

the gauge hierarchy. However, this bound is not to be confused with 

the possible inherent bound of the theory to which I have referred. 

Weinberg's bound occurs if you fix the coupling constants and only 

vary the scalar-mass term; I was suggesting that it is theoretically 

possible that a similar phenomenon might occur when you vary both the 

scalar masses and their couplings. Only the latter case would 

correspond to an inherent bound for the theory. 

In summary, I showed that if one calculates a gauge hierarchy per-

tumatively, then to each order in perturbation theory there is an uopcr 
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bound on the range of validity of the hierarchy. In order to con

struct an arbitrarily large hierarchy, one must fine-tune the scalar 

parameters. For hierarchies of 0(a /2), one must include in the 

potential all terms up to 0(ot ), and then carefully adjust the para

meters. The fine-tuning removes this mechanism far from the notion of 

natural. There is the possibility of an inherent bound on the 

hierarchy, but the question of the existence of such a bound is 

completely open. Recent claims that it has been demonstrated that 

arbitrarily large hierarchies are possible are not correct. In an 

earlier paper by Steven Weinberg and myself, a scheme was put forward 

that wouji;1 result in large hierarchies. However, as attractive as 

the scheme may be, it does not resolve the problem of constructing 

gauge hierarchies, since it is based on an assumption which is as 

strong as just assuming a gauge hierarchy exists. (It would of course 

be nice if there existed a larger synnetry which would serve as a 

rationale for the massless-scalar-fieldsassumption.)' ' The fact that 

the grand unification mass is of 0(10 J GeV compels one to consider 

gravity- as a most neural source of the superstrong symmetry breaking. 
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Footnotes 

Fl: I restrict »y attention here to absolute minima. One could also 

f41 consider unstable local minima;^ ' these must be constrained to 

• be consistent with cosmology. Such considerations could 

quantitatively affect results such as bounds on hierarchies, but 

will not alter the qualitative features discussed here. 

F2: Lest anyone be te»pted to ask whether we should really worry 

about the effects of higher-order corrections if we find no 

problem in the one-loop analysis, I would like to point out 

that even the one-loop hierarchy is relatively simple Cbeing 

only a quadratic function of the f's); the potential for 

mathematical mischief increases dramatically with the number 

of loops. 

F3: This corresponds to the first-order phase transition which 

leads to a lower bound on Higgs boson masses. 
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