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ABSTRACT

The circumstances of the existence of the physical correlation factor in the Nernst-
Einstein relation are discussed. Use is then made of the linear phenomenological
equations of irreversible thermodynamics to show that the physical correlation factor
must also be present in the Darken equation. Computer simulation results in the
nearest neighbor interacting lattice gas are then presented to verify this finding.



INTRODUCTION

The lattice gas, i.e., a gas consisting of
interacting particles (atoms) distributed over
a lattice of initially unoccupied sites, remains
of considerable interest in modeling the ther-
modynamic and transport properties of solids
with a highly disordered sublattice. Such
solids include not only the superionic con-
ductors such as the 3-aluminas but also inter-
stitial solid solutions such as austenite and
grossly nonstoichiometric compounds such as
pei_6o.

Most work on the lattice gas has been concen-
trated on the problem of coping with nearest
neighbor interactions. The problem then is
analogous to the classical "Ising magnet in an
external magnetic field. Transport in such a
lattice' gas is thus quite equivalent to the
kinetic Ising magnet with conserved magnetiza-
tion. The quantitative behavior of even this
simple model has, however, been quite difficult
of access, and Monte Carlo computer simulations
have been used extensively to provide exact
results [1-7].

Partly as a result of these calculations there has
been the introduction of the so-called 'physi-
cal' correlation factor [8]. It is this factor
and its occurrence in diffusion phenomena which
form the subject of the present discussion.

THE NERNST-EINSTEIN RELATION

A convenient starting point is the very general
Nernst-Einstein relation:

— = -3- (1)
D kT U J

c
where u is the drift mobility, Dc is the charge
carrier diffusion coefficient, q is the charge
and k and T have their usual meanings. One
cannot determine Dc directly, either in a com-
puter or experimentally. Instead, one deter-
mines the tracer diffusion coefficient Dt«
Computer calculations have now definitely es-
tablished the following relationship between u
and Dt for the lattice gas:

(2)



where fc is the physical correlation factor and
f̂. is the tracer correlation factor. Equations
(1) and (2) can only be compatible if

Dt - T Dc • (3)

c

Furthermore, by analogy with Dt, Dc can be ex-
panded as:

Dc = \ TX% (4)

where T is the jump frequency and A is the jump
distance. Ther& is, however, no direct proof
of eqn 4 in the form of an expansion from the
Einstein relation. In the sense that eqn 4 is
meaningful, fc is a 'true' correlation factor
but since it actually results from eqn 2, a
better and perhaps safer name would be drift
mobility factor.

THE ORIGIN OF PHYSICAL CORRELATION

A non-trivial, i.e., a non-unity value of fc

arises because of site inequivalence a priori,
or interionic interactions or both. In the
former case, at low temperatures a jump from a
low potential energy site to a high potential
energy site tends to be followed by the reverse
jump. This applies to all atoms, distinguish-
able or not. Similarly, in the latter case
above, a jump which disorders the local lattice
tends to be followed by the reverse jump. Phys-
ical correlation is then simply a manifestation
of unequal jump frequencies along a given jump
vector. Both f^ and fc contain physical corre-
lation effects; ffc, of course, contains the
usual geometrical correlation effects as well.
In general, both fc and ft are temperature de-
pendent but the temperature dependence tends to
cancel in the ratio. There has been no physi-
cal reason advanced so far to suggest that the
ratio cannot be temperature dependent but re-
sults so far suggest that the temperature de-
pendence is small. In general, then, in a sys-
tem which is not highly ordered the ratio
should vary smoothly between the limits of
unity and the appropriate value for diffusion
via a single vacancy.



The above remarks have been directed to the
vacancy mechanism but it is of some interest to
discuss the interstitialcy mechanism and physi-
cal correlation. For definiteness let us con-
sider a lattice with alternate high potential
and low potential energy sites. Let us consider
low temperatures where the low potential energy
sites are predominately occupied. As we dis-
cussed above this situation with the vacancy
mechanism gives rise to physical correlation
effects. On the other hand, if two atoms jump
in unison, the jump frequency in the forward
direction is identical to that in the reverse
direction and there is no physical correlation.
However, as soon as one considers ad hoc binding
of an interstitial to certain sites, in other
words, as soon as unequal jump frequencies are
introduced physical correlation must enter the
analysis [9]. A recent calculation of ft alone
[10] in a situation of binding to certain sites
must inevitably be incompletely representative
of all correlation effects appropriate to the
Nernst-Einstein relation.

The presence of fc has, of course, made the in-
terpretation of experimental determinations of
Dt/Dc, i.e., the Haven ratio, much more diffi-
cult. Nonetheless, some workers have not con-
cerned themselves at all with fc or even the
defect concentration dependence of f(-. Con-
clusions thus drawn concerning the diffusion
mechanism can only be suspect. It would be
useful, however, if more information could be
gathered about the nature of fc in diffusion
processes. To this end we invoke the linear
phenomanological equations of irreversible
thermodynamics.

PHENOMEMOLOGICAL EQUATIONS

We write for the fluxes of A atoms, tracer A
atoms (A*) and vacancies:

JA " LAAXA + LAA*XA* + L A v V (5a)

JA* " LA*AXA + LA*A*XA* + W V (5fa)

Jv = - W a + JA*)» (5c)

where X^= -grad y^. Since the electron flux is
ignored, this treatment is applicable only to
materials where electronic conduction prevails.

For diffusion, of A* into an initially homo-
geneous crystal we easily obtain [11):



LA*A* LA*A

where N is the number of entities per unit
volume and c-̂  is the mole fraction.

In the case of chemical diffusion we obtain

til]:

D =
a

V A + LA*A*)CA 1 °A* ainYV
: L - c L c l V dc } *
A A*A* A* A*A J V V

(7)

The symbol 'a' refers to a flux of both A and
A*. Equation 7 is the well known Darken equa-
tion with the addition of the factor in brackets.

In the case of drift in an electric field, X^ is
given by

Xi = q±E .

We easily find that the drift mobility of tracer
A* is [11]

.]
The ratio of u ^ to D 4 is:

^ V _ V (LA*A + LA*A*)CA ,
D kT I (c L - c T * I * l9J
UA* K 1 L A^A*A* CA

We see that the term in brackets in eqn 9 is
identical to that in eqn 7. Since for the
interacting lattice gas computer calculations
have shown that the bracketed term is fc/ft
(eqn 2), then the Darken equation (eqn 7) can
be written as:

and from eqn 3

l 9 l n Yv



The pleasingly simple form of eqn 11 is remi-
niscent of eqn 1.

VERIFICATION OF THE DARKEN EQUATION

It is of interest to verify eqn 10 in the case
of the interacting lattice gas. At present,
the only rigorous way to do this is through
computer simulation. Recently, a computer simu-
lation procedure was designed to calculate Da to
high precision [12]. Those results in the
simple cubic lattice gas were then coupled with
previous computer calculations of y [6], fc [7]
and DA* [2]. The result of the comparison is
shown in Fig. 1. It can be seen that the agree-
ment is excellent both in situations of nearest
neighbor attraction and also repulsion (e<0,e>0).

We have, therefore, showed that fc is a funda-
mental quantity not only to the Nernst-Einstein
relation but also to the Darken equation. This
is an illuminating result which not only enhances
our understanding of fc but also will lead to a
better understanding of transport in highly dis-
ordered solids.
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Fig. 1. Compositicnal dependence of Da at four values of
exp(-e/kT)
o : MC estimates, : eqn 23, ••• ; ideal mixing.


