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Abstract

This paper deals with turbulent or chaotic phenomena which occur in

the system governed by Duffing's equation, a special type of 2-dimension-

al periodic systems. By using analog and digital computers, experiments

are undertaken with special reference to the changes of attractors and of

average power spectra of the random processes under the variation of the

system parameters. On the basis of the experimental results, an outline

of the random process is made clear. The results obtained in this paper

will be applied to the phenomena of the same kind which occur in 3-dimen-

sional autonomous systems.
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by Duffing"s Equation
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1. Introduction

Duffing's equation

i f + k §* + f(x) = e(t) (1)
dt2 d t

where e(t) is a periodic function of the period 2ir, appears in various

physical problems. Even though, this equation is simple and deterministic,

random phenomena can occur in the system governed by Eq. (l). Such situa-

tion arises from small uncertain factors which always exist in the physical

systems but are usually not taken into consideration in formulating "the

equation from the real systems.

Strictly speaking, uncertain factors certainly lie between causes and

effects in physical systems. When these factors are small, the influence

of them can be neglected in many cases and the corresponding phenomena are

treated as deterministic processes. But in nonlinear systems, however small

these uncertain factors may be, they sometimes bring statistical properties

into phenomena correlated with the global structure of the solutions of the

deterministic differential equations of the systems.

Recently, the phenomena of this kind, generally called turbulent or

chaotic behaviors, have been vigorously attacked by many scientists in

various fields such as in plasma physics, fluid dynamics, chemical reac-

tions, biological, economic and social sciences and so on. The phenomena

in the systems described by difference equations are reported for example

in the papers of May [l], May and Oster [2], Li and Yorke[3]. The phenom-

ena in the system governed by ordinary differential equations are treated
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in the works of such as Lorentz [k], RSssler [5, 6], Tomita and Kai [7].

Mathematical interpretations of the phenomena have been argued by many

scientists, not to speak of Ruelle and Takens [8], Marsden and McCracken

[9]> Chorin, Marsden and Smale [10] and others.

We have undertaken computer experiments for the electric circuit with

nonlinear inductance under the impression of a sinusoidal voltage. The

circuit is described by Duffing's equation. In the computer-simulated

systems of the equation, turbulent or chaotic oscillatory phenomena are

observed. On the basis of the experimental results, we derived the follow-

ing interpretation about the phenomenon [11]. The phenomenon is not re-

presented by a single solution of the equation but by a bundle of solutions

which is asymptotically orbitally ttable and contains infinitely many un-

stable periodic solutions. l"he representative point of the physical state

wanders randomly among the solutions of this bundle under the influence of

small uncertain factors such as random noise, which are unavoidable in the

real system. Though the statistical properties arise from uncertain factors,

the power spectrum of the random process depends practically not on the

nature of uncertain factors but on the structure of the bundle of solutions.

We called the phenomenon represented by the bundle of solutions a randomly

transitional phenomenon.

Continuing to our previous work [ll], this paper also discusses the

randomly transitional process in the system governed by Duffing1s equation

with particular attention to the transition of the process under the varia-

tion of the system parameters.

2. Randomly transitional process

Following to the previous report [11], we consider the equation
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k £ + x
3 = B cos t (2)

f = y , g = - k y - x 3
 + Bcost (3)

as a specific example of Duffing1s equation.

2.1 Bundle of solutions representing randomly transitional process

To begin with, we show illustrative pictures for a system governed by

Eqs. (3) with the values of parameters k and B specified by the following

equations.

A = (k, B) = (0.1, 12.0) (M

In the system two types of steady phenomena occur depending on the initial

condition one of which represents a deterministic process and the other

a randomly transitional process. Solution curves representing steady

states in the txy space are shown in Fig. 1. Figure l(a) shows periodic

solution representing the deterministic process. Figure l(b) shows the

outline of a bundle of solutions representing the random process. The

bundle is asymptotically orbitalLly stable and is reproducible in every

computer experiment. Figures 2(a) and (b) show the trajectories of com-

puter solutions in the xy plane. In the figures, positions of the repre-

sentative point at the instant t = 2mr (n € Z ) are marked x. The traject-

ory of Fig. 2(b) is not reproducible in every analog-computer simulation.

Therefore, this trajectory is a realization of the randomly transitional

process.

Here we introduce a discrete dynamical system on the xy plane by using

the solutions of Eqs. (3). To this end, let us consider the solution

x = x(t, xQ, y Q ) , y = y(t, xQ, yQ) of Eqs. (3) which when t = 0 is at the

point p.(x-, y.) of the xy plane. Let p.. (x. , y ) denotes the point
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specified by xx = x(2ir, X Q , y 0 ) , ŷ ^ = y(2ir, xQ, y Q ) , then we define a

C - difIsomorphism f
A

R2 ^ Vt2R ^ RR2R

P0 I — Pj_

X = (k, B)

(5)

p
of the xy plane into itself, or a discrete dynamical system on R .

The steady state in the system governed by Eqs. (3) is represented by

an attractor of the diffeomorphism f. . Figures 3(a) and (b) show the

attractors observed in the same system as in Figs. 1 and 2. Figure 3(a)

shows a completely stable fixed point representing the deterministic peri-

odic process, while Fig. 3(b) shows an outline of the attractor represent-

ing the randomly transitional process.

2.2 Summary of the previous investigation [ll]

In this section we briefly explain the main results on the randomly

transitional process in the system governed by Eqs. (3) obtained in our

previous investigation.

(1) Randomly transitional process occurs resulting from the global struc-

ture of the solutions of nonlinear differential equation. This phenomenon

is not a special one which appears only for the particular values of the

system parameters but can be observed in a rather wide range of them.

(2) The bundle of solutions is a set of solutions whose initial points

at t = 0 belong to the attractor of the corresponding difisomorphism f,.

The attractor will reasonably be defined by the asymptotically stable

invariant closed set of f. containing infinitely many unstable minimal

sets which are connected one another by the influence of uncertain factors

in the real system. The attractor M corresponding to Fig. 3(b) is iden-

tical with a closure of unstable manifolds of the directory unstable
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fixed point 1D1 of fx, i.e., M = Cl W
U( 1D 1). The set M = Cl WU(1D1)

contains infinitely many periodic points. In fact, as shown in Fig. h of

the reference [11 ], the unstable manifolds W ( D ) intersect the stable

manifolds Vr( D ) forming a homoclinic cycle. However, the existence of

a minimal set representing nonperiodic solution is not known. The struc-

tural stability of M in the sense of Andronov-Pontrjagin seems to be in-

valid.

(3) Experimental results reveal that mean values ^(t) and m^t) of the

randomly transitional processes {X(t)} and {Y(t)} are periodic functions

of t with the period 2ir. It is also clear that the bundle of solutions

is periodic in t with the same period. Hence these processes are regarded

as periodic nonstationary processes. As mentioned before, the average

power spectra of these processes depend practically not on the nature of

uncertain factors but on the structure of the bundle of solutions. The

other statistical characteristics of the process depend reasonably on the

nature of uncertain factors as well as on the structure of the bundle of

solutions. However, no attempt has been made to relate the transition

probability of the process with the nature of uncertain f'.-tors.

3. Experimental results

By making use of analog and digital computers, we show some experimen-

tal results concerned with the randomly transitional process which occurs

in the computer-simulated systems governed by Eqs. (3). The region in

which this type of processes occur lies roughly estimated in the range

k = 0 ~0.3 and B = 6 ~ 13. Within this extent, however, there are another

regions in which different types of steady states are sustained and they

sometimes overlap partly with one another. Under these circumstances,

we focus our attention to a transition of the randomly transitional
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process in the case when the system parameter, either k or B, is varied

from the value specified by Eq. [k). .

3.1 Dependency of the attractors on the system parameters

At first we show the change of attractors of the system governed by

Eqs. (3), particularly in the case where the parameter B is varied while k

is kept constant, k = 0.1. Outlines of the attractors in such a case are

shown in Fig. M a ) ~ (i). Figure M a ) shows a completely stable 3-periodic

group of the diffeomorphism f. . These periodie points represent a ultra-

A

subharmonic oscillation of order 7/3 i.e., the oscillation whose principal

frequency is 7/3 times the frequency of the external force. When B is

slightly increased, a fluctuation is brought into the process. This state

is shown in Fig. 't('b). Further increase in B results in the abrupt growth

of the fluctuation and the randomly transitional process develops. The

randomly transitional process continues until B reaches 13.3 and the attrac-

tors in such a case are shown in Figs. M e ) ~ (g). Needless to say, the

representative points of the state which give the outline of the attractor

are plotted after the transient has vanished in the computer-simulated

system. A catastrophe occurs at some value of B between 13.3 and 13-^,

and the randomly transitional process is replaced by the harmonic oscilla-

tion. This transient state is sketched in Fig. M h ) . When B is decreased

from 13.1*, the harmonic oscillation is sustained until B reaches 11.6, but

below 11.5 only a randomly transitional process occurs. Hence, for values

of B between 11.6.and 13.3, there are two types of steady phenomena, i.e.,

the randomly transitional processes and the harmonic oscillations. An

example of boundaries of the domains of attractions for these two states

is given in Fig. 5 of the reference [ll].

Next we consider the change of attractors in the case where the pa-

rameter k is varied while B is kept constant, 3 = 12.0. Outlines of the
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attractors in such a case are shown in Fig. 5(a) ••' (i). From these results,

we see that- when the damping coefficient k is small, a size of the attractor

is large but as k increases, it decreases and finally the attractor becomes

2-periodic group and then the fixed point of the diffeomorphism f..
A

3.2 Dependency of the average power spectra on the system parameters

In this section, we estimate the mean value and the average power

spectrum of the randomly transitional process {X(t)} for some representative

values of the system parameters. To this end, we regard the process {X(t)}

as the periodic random process {X (t)} with the sufficiently long period T,

which is a multiple of 2ir. Then a realization x_(t) is expanded into Fourier

series as

xT(t) = -y +
m=l

cos nm>ot + sin moiot), <*0 - "jjT

where

2 f
am ~ T J XT

? r

f j

-T/2

V2
sin mal

o
t dt> = 1, 2, 3, ...

-T/2

(6)

From these coefficients, the mean value nwCt) and the average power spect-

) of the random proces

= < X(t)> = < XT(t)>

rum *Y(to) of the random process {X(t)} are estimated as follows:
A

a
— s in (7)

m = l

T/2

•x(u.) = lim < i | j x T ( t )e- i M t d t | 2 > = $x(mu.o)

2IT , 1 , 2 , 2 ,
= ^ < IT (am + \ }

2IT

T (8)
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Let us give the results estimated by using Eqs. (7) and (8) for some

selected values of the system parameters appeared in the preceding section.

Every mean value my(t) is turned out tz be a periodic function in t with the

period 2ir, having the form

; 22 (a cos mt + b sin mt) (9)

m=l,3,5,...

The parameters accepted and a few Fourier coefficients in E-j. (9) are list-

ed in Table 1. Figures 6(a) ~ (f) show the average power spectra for the

same system parameters as in Table 1. In the figures, line spectra indicate

the periodic components of the mean values. Numerical values attached to
1 2 2

the line spectra represent the powers jp(a + b ), (m = 1, 3, 5, — )

concentrated on those frequencies. Table 2 indicates the power of the

random process {X(t)}.

|-| <x T
2(t)> dt (10)

_T/2

In the Table, powers of the periodic component

00

\ 72 (a, 2 + b 2) (11)

and of the random component

$ (w)du - ̂  2—i (a + b ) (12)

—» m=l,3,5,... m m

are also given.

k. Discussion

The structure of the attractor and the character of the average power

mectrum are investigated in detail in the chapter U of the reference [11 ].
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The unanswered problems about the phenomenon are also summarized there. In

this chapter we discuss the experimental results obtained in the preceding

chapter with particular attention to the transition of the phenomena under

the variation of the system parameters.

In the following descriptions, the symbol S. indicates the i-th cora-
ls

pletely stable n-periodic point and the suffix j (j = 1, 2, ..., n) repre-

sents the order of the successive movements of the images under the diffeo-

morphism f in the group. Similar symbols are applied to the directly un-

stable (D) and inversely unstable (I) periodic points. The point S is

sometimes called the sink and both D and I are the saddles,

(l) Transition from Fig. U(a) to (b) is regarded as the Si-branching; nam-

ely,

q3 __» a6 T3 s6) s 6 — fq12 i 6 q12l
s i — ( S i " h ~ V ' s i — ( s i " h ~ S 7 K •••

This type of bifurcation is equally saiC a pitchfork bifurcation. As the

branching develops, the domains of attraction for the sinks S. become

narrow. When uncertain factors acting on the system become relatively

large in comparison with the domains of attraction for the sinks, the

randomly transitional phenomenon arises. But the details about the con-

tinuation of the order n of Si-branching and the appearance of the homo-

clinic points are not known.

(2) Three point sets in Fig. M b ) are regarded as the closure of the un-

stable manifolds Cl WU(I3.) of the saddles I 3 (j = 1, 2, 3), which are

J J
individually invariant under f . As the parameter B increases, these

A

point sets grow rapidly and connect one another and become the closed in-

variant set Cl W U( 1D 1).

(3) In Fig. 6(a), the peaks of the random component exist at ID - 1/3,

7/3, .... This indicates that the randomly transitional process of this

case has developed from the ultrasubharmonic oscillation of order 7/3-

- 9 -



We see in Fig, 6(b), the peak at u = 7/3 in Fig. 6(a) splits into two

parts and the peaks appear at u = 2.26 and 2.Ul. These are approximately

equal to 13/5 and 15/6. This means that the representative point of the

state frequently remains in the neighborhood of the solution which passes

through the 6-periodic group appeared in the course of Si-branching.

We see in Fig. 6 and in Table 2 that the powers of the random component

become large when B is large and k is small. Figures 5(e) (h) and Fig. 6

(f) show the transition from the randomly transitional process to the

ultrasubharmonic oscillation of order 5/2 tracing the inverse process as

stated above in (1) and (2).

(k) A catastrophe from Fig. lt(g) to (i) occurs when l) is chained to D

through a transition chain. Though not shown in the figure, the point a

is a saddle contained in the attractor of Fig. U[g). Transition chain is

branches consisting of the manifolds W (~D ) and W i u ) which intersect

at heteroclinic points. Outlines of the stable and unstable manifolds of

the saddle D are sketched in Fig. M h ) . This type of jump phenomenon is

first reported here and cannot be accounted for without considering the

global aspect of the diffeomorphism f,.

(5) When B is decreased, the sink S in Fig. M h ) disappears at some

value of B between 11.6 and 11.5. This transition is regarded as SD-

extinction; namely,

1 2 1
S - D — » • coalescence —*• extinction

The jump phenomenon from the harmonic oscillation to randomly transitional

process takes place in this case.

5. Conclusion

Continuing to our previous work [11], randomly transtional-processes

which occur in the physical system governed by Duffing's equation have
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been studied. By using analog and digital computers, experimental results

about the dependency of the processes on the system parameters are obtain-

ed. From these results, transition of the attractors and the average power

spectra of the process under the variation of the system parameters have

been made clear.

Turbulent or chaotic phenomena which occur in the systems governed by

3-dimensional autonomous equations, e.g., Lorenz1 equations, are well studied

and strange attractors become the object of research interests. The bundle

of solutions introduced in this report can be regarded as a special case of

strange attractors. In fact, we can condider Eqs. (3) as a special type of

3-dimensional autonomous sysi^ms in which all points of the form (t + 2mr,

x, y ) , (n £ Z) are coincid?nt. Therefore, it seems that a large part of

the results obtained in our reports can be applied to these problems.

Finally, this work has been carried out under the Collaborating Re-

search Program at the Institute of Plasma Physics, Nagoya University. The

author wish to express his sincere thanks to Professors H. Momota, Y.

Terashima and T. Kamimura of Nagoya University for their thoughtful con-

siderations and encouragements. He also appreciates the assistances he

received from Miss Y. Yamamoto and Mrs. K. Saito of Kyoto University.
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Table 1. Mean value, Eq. (9), of the randomly transitional

process {X(t)}

case

a

b

c

d

e

f

k

0.10,

0.10,

0.10,

0.10,

0.01,

0.20,

X

B

10.0

11.0

12.0

13-0

12.0

12.0

ai

1.85,

1-79,

1.72,

l.6l,

1.6U,

1.7!*,

0

0

bl

.17

19

0.22

0

0

0

26

03

1*3

Coefficients in

a3

0.90,

1.09,

1.21,

1.30,

1.12,

1.17,

b3

-0.01

-0.13

-0.26

-0.50

-0.08

-0.1*3

Eq. (9)

a5

0.20,

0.2U,

0.25,

0.24,

0.18,

0.21*,

b5

0.01

-0.02

-0.06

-0.10

-0.01

-0.08

...

...

...

...

Table 2. Power of the random process {X(t)}

case

a

b

c

d

e

f

k

0.10,

0.10,

0.10,

0.10,

0.01,

0.20,

X

10

11

12

13

12

12

B

.0

.0

.0

.0

.0

.0

Power of
process, Eq

2.

2.

3.

3.

3.

3.

79

93

08

29

28

11

the
.(10)

Power of
component

2.

2.

2.

2.

2.

2.

periodic
, Eq.(ll)

11*

25

30

3k

00

U2

Power of random
component, Eq.(12)

0.61*

0.68

O.78

0-95

1.27

0.69
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= 27T

Fig. 1 Solution curves in the txy space.
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Fig. 2 Trajectories of computer solution.
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Fig. 3 Outlines of the attractors.
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Fig. It Outlines of the attractors for various values of B, k = 0.10.
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Fig. 5 Outlines of the attractors for various values of k, B = 12.0.
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F i g . 6 abc Average power s p e c t r a f o r v a r i o u s v a l u e s of A = ( k , B ) .
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Fig. 6 def Average power spectra for various values of X = (k, B).
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