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ABSTRACT

The influence of a void on the neutron flux in a mode-

rating system has been studied mainly by the Monte Carlo

method. The calculations simulate the decay of the neut-

ron field in a pulsed neutron source measurement. The

neutron flux was studied as a function of space, angle,

energy and time for a system of two flat cylindrical po-

lyethylene disks. The slab thickness was varied between

1.1 and 4.4 cm and the radius was 9.0 cm. The gap bet-

ween the slabs was varied from zero to 18 cm.

Some calculations have also been made for absorbers in

the gap. The purpose of these absorbers was to eliminate

the time delay effect for the low velocity neutrons accu-

mulating in the gap. The calculations showed the useful-

ness of the absorber method. From the results in the time

dependent cases the interaction parameter for the two slabs

in the corresponding stationary cases has been calculated.

The agreement with measurements made by Grosshög is good.

In the one velocity cases some other methods have also

been used to predict the decay rates. For small gap widths

the best agreement with the Monte Carlo results was ob-

tained with the variational method.
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1. INTRODUCTION

One difficulty in the calculation of neutron flux distribu-

tions in nuclear reactors is the presence of voids, e.g. in

the form of air channels. In contrast to moderator or shiel-

ding materials, where the neutrons diffuse through repeated

collisions with nuclei, the neutrons will stream in a void,

i.e. they may travel long distances between the collisions.

The theoretical description of such a behaviour is often

complicated (Bell and Glasstone, 1970).

The situation is even more complex when the neutron flux in

a voided system has a fast variation with time, as is the

case in pulsed neutron source measurements (Grosshög and Sjö-

strand, 1972). During the flight time of the neutrons in

the void the neutrons do not take part in the diffusion pro-

cess. When they enter the diffusion »tedium again, the neut-

ron flux in the medium may have decayed considerably. The

neutrons from the void will then carry a larger weight and

may thus have a strong influence on the subsequent decay of

the neutron population.

In the present work an idealized case of time dependent neut-

ron streaming is studied. The system consists of two parallel

circular disks facing each other (Fig. 1.1). A pulse of high

energy neutrons is sent into the system. The neutrons are

slowed down and thermalized and the resulting thermal neutron

field is studied as a function of space, velocity and time.

The aim of the work is primarily to increase the understanding

of the experiments by Grosshög (1970b) on such a system. How-

ever, the results can also be applied to interacting subcriti-

cal systems in e.g. a nuclear fuel facility.

In chapter 2 the fundamental equations describing the trans-

port of neutrons will be introduced, and the purpose and
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possible applications of the study will ba discussed. Earli-

er works in the field are reviewed in chapter 3. The theoret-

ical methods used in this work are described in chapter 4.

The results are analysed and yiven in chapters 5 - 7 . In

chapter 8 two other theoretical methods are described. A sum-

mary and conclusions are given in chapter 9.

absorbers

polyethylene slabs

Fig. 1.1. The geometry of the system consisting of two

polyethylene slabs with a central void. When absorbers

are present they are placed in the void according to the

figure.



2. A GENERAL SURVEY OF THE STUDY AND THE RELATED NEUTRON

TRANSPORT EQUATIONS

In section 2.1 we introduce the general equation for neutron

transport in a material and some useful approximations to

this equation. Then we describe the pulsed neutron method,

which is simulated in our Monte Carlo calculations, in section

2.2. The slab system with the central void is described geo-

metrically in section 2.3. In section 2.4 we discuss the ex-

pected behaviour of the neutron field when the pulsed neutron

method is applied to our system. Finally, in section 2.5 we

give some examples of practical application of our study.

2.1 Fundamental concepts and equations

A more detailed discussion of the equations given below can

be found in any modern textbook in nuclear reactor theory,

e.g. Bell and Glasstone (1970) or Duderstadt and Hamilton

(1976).

Let n(r,fi,E,t)drdftdE be the number of neutrons in the vol-

ume dr situated about r, with direction dfl about £, and with

energy dE about E at time t. Define the differential neutron

flux density to be

$(£,£,E,t) - vn(r,£,E,t),

where v is the speed of the neutron with energy E.

Conservation of the number of neutrons in phase-space gives

the Boltzmann equation



ot(r,E)<j. =

j jolr.-n1 ,E'^,E)(J)(r,nl,E1t)dS2'dE1 +q(r,2,E,t), (2.1)

where the arguments for <$> have been suppressed outside the

integral sign.

V is the gradient operator, working on <j> with respect to the

space variables. In a rectangular coordinate system it is

equal to (gx»gy»g^)- o.(£,E) is the total neutron cross

section. a (r_;fi' ,E'-»-n,E) is the probability per unit distance

that an incoming neutron with an angle £' and energy E1 will

produce an outgoing neutron with the direction Q and the ener-

gy E after the interaction with the nuclei. In our case this

is equal to the differential scattering cross section ( i.e.

we have no fissile material present in our system). q(r,f2,E,t)

is the external neutron source. From now on the neutron flux

density will be called the neutron flux.

The neutron flux can be calculated, in principle at least, by

solving che Boltzmann equation provided the problem has been

correctly formulated (the start and boundary conditions have

been given). Since it is an integro-differential equation in

seven variables this is difficult. The exact solutions are

not known, except for a very few highly idealized cases. One

way to approximate the Boltzmann equation leads to the so

called diffusion equation.

2i2i.2_The_gne_velgcit^_dif fusign_eguation

We assume that the energy is constant (and we suppress the

time argument in the neutron flux). We start by expanding
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the neutron flux in the angular variable ft and by truncating

the series after two terms, we get

(2.2)

w h e r e <$>Q ( r ) = f<j>(r,£) dfi

and q 1 ( r ) = | g< t . ( r ,g ) d.Q

The external neutron source q(r,£,E,t) is also expanded in

the same way.

The angular dependence in the scattering cross section is

now supposed to be a function only of the angle between the

incoming and outgoing direction of the neutron. We express

the cosine for this angle in the other space angles by

Expanding the scattering cross section in a Legendre series

keeping the first two terms gives

1

1

w h e r e o g Q ( r ) = 2TT o g ( r , y o ) d\\Q

- 1

1

and a
s 1(£)

 = 27Ij ̂ o
as ( - ' y o ) d y o '

-1

This expansion for the neutron flux, scattering cross sec

tion and neutron source are introduced into the Boltzmann

equation. Performing the integration of the scattering

-5-



cross section and neutron flux over space angle 2' gives

v 5 t ( < ) ) o + 3 - * ^ 1 } + - * V ( < t > o + 3 -

atUo * 3Q • ± 1 ) = a s o * 0 • 3 0 ^ • * , + q 0 • 3H • a , .

( 2 . 4 )

The arguments have been suppresed for brevity. Integrating

this equation over all space angles 2, the first of two equa-

tions derived from this equation reads

• <o t - a s o ) $ o = q o . ( 2 . 5 )

The second one is derived by multiplying equation (2.4) by

space angle £2 before the integration over all space angles

is done. This gives

1 d * 1 , v J.
^ 1 + ?V(f> + (o. - asi'É.i

 = S-] • (2.6)

We define:

the transport cross section a. = o. - o .,

the diffusion constant D = -=— ,

the neutron current J(r_) = _£.. (r)

and a = a. - o
o t so

The system of equations is solved by eliminating the neutron

current. Assuming space independent transport cross section

and time independent neutron source we get

-6-



O. q - V • q4 . ->-.,
tr o a1 i 2.71

If we can neglect the first term in the first parenthosjs

compared to the second one and further assume the neutron

source to be isotropic, we arrive at the diffusion equation

1 å£o _ D V 2 . ^
v dt vo cro

If we make the same approximations in equation (2.6) this

leads to the so called Fick's Law

J = - DV6 . (2.9)
~ o

2.2̂ .3 The_multi2roug diffusion_eguation

The multigroup formalism is introduced into the equations by

dividing the energy region into G intervals AE , where g is

the group number and 1^giG. The group averages of the velo-

city, neutron flux, total cross section, scattering cross

section and neutron source are defined by

^ i / U i(E)dE (2.10)
Vi AEg AEg

= ^(E)dE (2.11)

AE

-7-



a?. = 'a (E)i> (E)dE / é. (2.12)
t i J t i i

AEg

(2.13){ j
AE AE ,

qi = ] ̂ i(E>dE (2.14)
AE
g

for i-0,1.

By integrating the energy dependent version of equation

(2.5) and (2.6) over the interval AE and using the defi-

nitions from equations (2.10-14) we get

» *
a

and

^. <t>? = q?» ( 2 . 1 6 )
g '

These equations are the multigroup versions of the P.

equations. We now assume that Pick's Law can be general-

ized to include energy dependence. If Dg is the diffusion

constant in group g we write

(2.17)

Inserting this in equation (2.15) we finally have the
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multigroup diffusion equation

Equation (2.17) can be deduced from equation (2.16) if we

neglect the first and the last term (as in the one velocity

case) and in addition to this approximate the fourth term

by V^o^ $% (Bell and Glasstone, 1970). We then define

Dg = - . (2.19)

2.2 The pulsed neutron method

A pulse of high energy ( 1-14 MeV ) neutrons is sent into a

piece of homogeneous material with regular snape (sphere,

slab, parallelepiped etc.). The neutrons will collide with

the nuclei in the material and lose energy. A thorough

analysis of the slowing down and theriralization of the neut-

rons is given by Williams (1966).

If the neutron energy is higher than about 1 eV the nuclei

can be considered as free, that is nc molecular bindings

are present, and at rest. The scattering is of two kinds,

elastic and inelastic. If the material contains light

nuclei, such as hydrogen or carbon, the neutrons will lose

energy mainly by elastic scattering. In the case of hydrogen

a neutron may even lose all of its kinetic energy in one colli-

sion. The scattering is called inelastic if the internal

-9-



energy of the nuclei is changed as a result of the collision

with the neutron. For heavy nuclei, with low excitation

levels, the neutron may lose a large fraction of its kinetic

energy by inelastic scattering, leaving the nuclei in an

excited state.

When the neutron energy is lower than 1 eV, the thermal motion

of the atoms and the binding effects become important. When

the neutrons exchange their energy with the nuclei in the ther-

mal region the neutrons may also gain energy at the collision.

At last, the energy of the neutrons reach an approximate equi-

librium to the thermal motion of the nuclei. The final spect-

rum of the thermalized neutrons can often be approximated by

a Maxwell distribution.

The neutron flux decreases in time due to neutrons leaking out

of the system and not returning and due to absorption reactions

between neutrons and nuclei. If we measure the neutron flux

as a function of time, when the neutrons have reached thermal

equilibrium, we can identify three different phases. The first

one is dependent on the actual flux shape when we start to

measure. In the second phase the flux decays exponentially

e in time. This part is independent of the initial condi-

tions. The third part is influenced by neutrons from the back-

ground .

The decay constant A can be expressed as a polynomial of a
2

parameter B called buckling in the following way

2 4
X = aQ + a.B + a~B + ... (2.20)

The buckling is defined as the lowest eigenvalue to the Helm-

holtz equation

V2<J>(r) + B24>(r) * 0. (2.21)

-10-



For a slab with thickness 2a and the condition of zero flux

at the extrapolated surface, the buckling is

•(-

and for the infinite cylinder with radius R, we have

Br - ( ( R L ) ) ' <2'23)

where £ is the first zero of the zeroth order Bessel func-

tion and z and r are the extrapolation distances of the £

and the cylinder, respectively. We use the value 0.71 1
tr

for the extrapolation distance in both cases. More

accurate values are given by Sjöstrand (1977).

The total buckling for the finite cylinder is the sum of the

bucklings in the two dimensions

B2 = B2 + B2 . (2.24)
r z

According to Sjöstrand (1959a) the coefficients in equation

(2.20) can be expressed in the neutronic properties of the

material as follows

aQ = <vaa) (2.25a)

a1 = <VD) (2.25b)

= -Cd, (2.25c)

where the brackets denote mean value taken over energy. The

-11-



third term is called the diffusion cooling coefficient. It

accounts for the larger escape probability of the higher ener-

gy neutrons (von Dardel, 1954).

By measuring the decay constant for different sizes (bucklings)

of the moderating material and making a curve fit of the results

to equation (2.20) the coefficients aQ,a,.,a2 ... can be deter-

mined. The pulsed neutron method can thus provide important

information about the neutron diffusion properties of the moder-

ating material.

2.3 The geometry of the system

Consider the two identical flat cylinders in Fig. 1.1. They

are placed on the same rotational symmetry axis. The cylinders

are made of polyethylene. This material has roughly the same

neutronic properties as light water. The mean free path of

thermal neutrons is about 0.3 cm. The radius of the cylinder

is 9.0 cm and the height of one cylinder varies between 1.1

and 4.4 cm. The separation distance between the cylinders

varies between zero and 20 cm. This separation creates a

heterogeneity in the system. In some cases two absorbers are

symmetrically placed in the gap. Their purpose is to compensate

for the time delay effect caused by neutrons passing the gap.

The reason for choosing a system of this size can be motivated

as follows. The system should be large enough to have a stable

spectrum, that is at least a few mean free paths, and yet have

a reasonably large decay constant which would be convenient to
-4

measure. A time constant of order T = 1/\si0 ps was chosen.

The open void should be large enough to force the neutron to

spend a time of comparable length when traversing the void

transversally. This gives the diameter q • tvMO • 2.0 10 -

= 20 cm.

-12-



2.4 The expected influence of the void

We study the neutron flux as a function of space, energy, angle

and time in a system consisting of a scattering, strongly moder-

ating material containing an open void. A system is said to

have an open void when the void reaches the outer boundary. As

an example of a closed void we may take a sphere with a central

void.

Let us consider the possible influences of the void on the neut-

ron flux, separately for each variable. We must, however, keep

in mind t.iat the neutron flux can not in general be separated

in the different variables.

2i4i2^The_time_behaviour<_of_the-flux

In the homogeneous case we can represent the neutron flux as a

sum of two parts. The first one is a sum of terms, each one de-

caying exponentially in time with a discrete decay constant.

The term with the lowest decay constant is called the fundamental

mode. The other part is an integral over an infinite continu-

um of decay constants starting with the value A = (vo.) . . A

necessary condition for a discrete decay constant to exist

is normally that AiA . In the heterogeneous case, we start by

writing the Boltzmann equation in integral form (Grosshög and

Sjöstrand, 1972)

V fds f4V fds fdn |dE' exp(As/v - fat(£ - s'£,E)ds')

4>(r - sn,E')a (r - sn,E'-"E) (2.26)

assuming that the decay is exponential in time. We then arrive

at two different conditions depending on what kind of energy

-13-



distribution we assume. If the spectrum is cut off at some
f

energy greater than zero, our condition is that As/v ilo.ds'

o
where s is the neutron path length. This inequality must be

valid for those parts, which have infinite extension. If the

spectrum is extended to zero the above condition should be val-

id in all parts of the material. Since this condition is not

true for the void, we can not expect the decay of the neutron

flux to be exponential. For a small void the difference from

a pure exponential decay should be small and hence the continu-

um part should be strongly peaked about some value. For large

voids this peak is expected to disappear. It is therefore in-

teresting to see how well the time dependence can be approxima-

ted by a single decay constant in the case of a small gap.

The quasi-expontential decay in thermal systems is discussed in

greater detail by Corngold (1972).

We also want to see which effect of two is the most important

for the time dependence when we increase the void, the increased

leakage or the increased path length. The increased leakage

leads to an increased decay rate, while an increased path length

in the void increases the time the neutron spends in the system

and hence decreases the decay rate.

For a reasonably large homogeneous system (the average diameter

of the system is at least 4-5 mean free paths) we have an approxi-

mate Maxwellian spectrum. Is it possible to have a stationary

spectrum in the void and in the material? In what way does the

spectrum in the gap differ from that in the material? How do

the spectra match at the interface?

-14-



2i4:3_Sgace_changes_of_the_neutron_flux

The space dependent flux regarded as a function of height is

approximated in the homogeneous case by the fundamental mode

cos(B z). If the leakage dominates, the flux will decrease at

the void interface. A factor that can increase the flux near

to the interface is the increase of the importance of neutrons

passing the void. As regards the radial space dependence of

the flux we know there will be a flux flattening compared to

the fundamental mode J (B r) in the case of a void. How far in
o r

the material does this flux flattening affect the fundamental

mode? How does the flux shape vary as we pass the void?

2i4i4_An2ular_changes_of_the_neutron_flux

The neutron flux should be close to isotropic at the centre of

the two thick slabs when no void is present. When we separate

the slabs, the neutron angular flux at the interface coming from

the void will be different from that coming from the material.

This angular dependence is important to knew if we want to des-

cribe the boundary conditions with neutron currents, as is done

in diffusion theory.

2.5 Practical applications

Apart from studying the interesting time dependent effects of

the void, we can translate the interaction between the slabs

in the tints dependent case to the stationary case as described

by Grosshög (1970b). This has some practical applications,

since the same cylinder geometry may be found in criticality

problems. Uranium compounds are sometimes stored in cylinders

and stacked together. The important question is how many cylin-

ders you may place together before the system becomes critical.

-15-



The margain to criticality depends of course on the interac-

tion between the cylinders. The moderating material needed

for criticality may be present in structure materials as con-

crete. Water may also be present as a result of flooding,

fire protection etc. In some cases an absorbing n.uterial such

as boron or cadmium may be present between the cylinders to

decrease the interaction.

Voids are also present in reactor cores for several different

reasons. Sometimes they are part of the design in order to

allow for thermal expansion or to allow for instrumentaticnal

access to areas close to the reactor core. Sometimes they are

not planned and their presence is a result of mismatch or

design changes etc. In these voids the neutrons may stream

over long distances and they may severely increase the measured

neutron dose compared to the dose obtained from calculations,

which often have been made on idealized models of the actual

geometry.

In both applications Monte Carlo methods (alone or in combina-

tion with other methods) are often used to calculate the influ-

ence of the void on the neutron flux.

-16-



3. REVIEW OF EARLIER WORKS

Much theoretical work has been done in the stationary case to

describe the increased leakage from heterogeneous moderators

with voids. This can be done by calculating a new diffusion

constant which includes the leakage effects from the void. As

examples of this we have the works by Behrens (1949) and

Benoist (1964, 1968).

Many experiments have been performed with the pulsed neutron

method in order to directly measure the influence of the voids

on the leakage, e.g. Ocasio-Cabanas (1968) and Deniz (1968).

The latter studied a lattice of cylindrical channels in graph-

ite. This geometry is often used since it is found in gas-

cooled graphite moderated reactors.

The time delay correction for neutrons streaming in the void

was introduced by Page (1967). Since then many works have

been published about the pulsed neutron method on voided systems,

We will in this chapter discuss the results from some of these

works which are closely related to our study, either because

they use a geometry like ours or they use calculational methods

of interest to us. They are presented in alphabetical order.

A thorough review of the works concerning the pulsed neutron

method applied to heterogeneous moderators is given by Grosshög

and Sjöstrand (1972).

3.1 The work of Dance

Dance (1968) (see also Dance and Connolly, 1971) has studied

both finite and infinite parallel slabs in one velocity as well

as in energy dependent cases. The slabs were made of graphite.

His aim was to define transverse diffusion constants which to-

gether with the geometrical buckling would describe the trans-
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verse leakage.

He solved the Boltzmann equation numerically for the one velo-

city, isotropic scattering, one dimensional case with infinite

transverse dimensions. The boundary conditions were

(-aQ,u,t) = 0 p>0 (3.1a)

<f>(O,-y,t + ̂ j) y<0 (3.1b)

where ao is the extrapolated slab width and d the gap width.

The numerical calculations showed that the flux decayed expo-

nentially for gaps between 1 and 10 cm and slab widths bet-

ween 15 and 60 cm. The decay constant never changed more than

0.2 % when the flux changed about two orders of magnitude.

With the same conditions as above hs also calculated the de-

cay constant using diffusion theory. The boundary conditions

were, however, replaced by

<J>(-ao,t) = 0 (3.2)

o V)1
fj(O,y,t)dy = [j(O,-y,t + ̂ -)dy (3.3)

-1 -1

where j(O,y,t) is the neutron angular current. To avoid an

unbounded value of the integral on the right hand side in

the last equation the integration was cut off at a value y1
corresponding to times larger than the time required to de-

crease the flux three decades.

The results from diffusion theory agreed with those obtained

from the numerical solution of the Boltzmann equation. Approxi-

mating the results for small gaps, he showed that the slabs
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with a thin gap had the same decay constant as if the gap

was filled with the same material as the slabs were made of.

Then he extended the calculations in diffusion theory to in-

clude energy dependence. As a scattering kernel he used the

heavy gas approximation. He calculated the influence of space

energy separability. The conclusion was that the influence of

higher modes was always less than 1 % of the fundamental mode.

Therefore, he assumed space energy separability for the rest

of the calculations.

For finite slabs he first used one velocity diffusion theory,

calculating the resulting transverse flux in the gap. He com-

pared the higher harmonics with the fundamental mode solution

and found that the harmonics were never larger than 2 % of the

fundamental mode. For the rest of his calculations he assumed

that the fundamental mode was always present parallel to the

void.

For the energy dependent finite case he needed a better model

than the heavy gas kernel to be able to compare the results

with measurements. To connect lambda with the buckling he

used a measured polynoi

as in equation (2.20).

2
used a measured polynomial expression in B to determine lambda,

A second equation gives the connection between the buckling

and the energy spectrum for the flux. He used the Boltzmann

equation with isotropic scattering and the ansatz exp(-At)

exp(iBx) for the flux and approximated the spectrum in the in-

tegral term, which describes the scattering, with a Maxwellian

distribution MT(v) at temperature T. The result was

1 trR
<MB,v) s 5 arctanl — -y- oa (v)MT(v) ) (3.4)

B vat(v) - MB
2) S T

-19-



A third equation, which determines the decay constant, was

given by the boundary conditions. The thus calculated decay

constant was compared with measurements and a typical example

of the result is given in Fig. 3.1. The decay constant X is

given as a function of the transverse buckling for two differ-

ent slab widths. The dimensions of the slabs are large ( >30 cm)

compared to our slab widths and the reason for this is that the

decay constant should be less than (vat(
v))min = 2600 s for

homogeneous systems. The gap widths are rather small

( <10 cm) compared to the slab widths.

From the measured values of the decay constant, given as a

function of the transverse dimensions, he wanted to calculate

a diffusion constant that included the transverse leakage from

the void. The decay constant was therefore first corrected

for the time delay effect and then for the changes of the axial

leakage that arises when the transverse dimensions are changed.

After these corrections Dance defined the transverse diffusion

constant D from the equation.

(3.5)

2 2

where DB.. represents the transverse leakage and B is the geo

metrical buckling for the transverse dimensions.

The measured values were then compared with those obtained

from direct leakage calculations using diffusion theory, and

the agreement was good.

3.2 The work of Grosshög

Grosshög (1970a,b) measured the decay constant for a pair of

cylindrical disks separated by a gap (as described in section

-20-



2.3). Defining the dynamic interaction parameter to be

QA = IlldS.dS-dv J(S..)f (y,<HM(v)g(t)ys~2
d

(3.6)

where

dS. dS2 are the surface elements on surface 1 and 2,

3{S.) the neutron current from surface 1 at dS1,

f(y,4») the angular distribution for the neutron current,

(y and <J> are defined in Fig. 1.2),

M(v) the Maxwellian velocity distribution,

g(t) the importance function of the neutrons passing the

gap, and

s the path length between the surface elements dS.. and dS»,

The importance function can be written as

g(t) = exp(At) = exp(Xs/v). (3.7)

Introducing an absorber in the void decreases the interaction

between the two surface elements by a factor exp(-o s ), where
a a

s is the neutron path length in the absorber and a the ab-

sorption cross section. The importance function can then be

expressed as

g(t) = exp((Ad - d a v )/(yv)), (3.8)
a aO U

if the absorption cross section is assumed to be dependent on

velocity as 1/v. o is the value of the cross section at the
ci 0

velocity vQ and d the absorber thickness.

Grosshög defined the parameter a from the exponent in equation

(3.3) , that is
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a = -(Xd/vo - daaao) (3.9)

If the amount of absorbing material in the gap is properly

chosen the two terms in equation (3.9) cancel and a is zero.

The value of the importance function is then unity and the

dynamic interaction parameter equals the usual static inter-

action parameter. When the decay constants had been measured

for several different absorbers the dynamic interaction para-

meter was determined as a function of a. The result is shown

in Fig. 3.2 a,b and the calculated curves of the same function

are given in Fig. 3.2c. The measured curves for the thinner

disks differ from those calculated. Extrapolating the value

of the dynamic interaction parameter to zero alpha value gives

the static interaction parameter as a function of separation

distance as shown in Fig. 3.3. It should be noted that the

value of the static interaction parameter for the shortest

separation distance is remarkably high.

3.3 The work of Grosshög and Rönnberg

Grosshög and Rönnberg (1971) studied a sphere with a central

void. They solved the one speed diffusion equation in the

moderator and in the void, using different mean velocities

in the different regions. They calculated the decay constant

as a function of the inner radius with the ratio between the

velocities as a parameter. The results are shown in Fig. 3.4a,b

in full lines.

The measured decay constant at four given intervals in time

is shown in the figure as points. This gives us information

about the ratio between the velocities at different times as

predicted by diffusion theory. Some Monte-Carlo calculations

were also made using a free gas kernel to represent the scat-

tering in the material. The decay constant for different

time intervals was calculated, see Fig. 3.5a and the mean
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energy as a function of the radius is shown in Fig. 3.5b.

3.4 The work of Iliewa and Kazarnowskii

Iliewa and Kazarnowskii (1974a, 1974b, 1976) have analysed

two kinds of systems. The first consists of a sphere with

a large central void and the second consists of two infi-

nite parallel slabs separated by a large gap. Here we will

only consider the latter case. The approach is, however,

very similar for the sphere.

Let <f> (y,v,t) be the neutron flux at the interface of the

moderator (ingoing flux) and vice versa for 4» (y,v,t). If

K(y',v',y,V,T) is the albedo for the ingoing flux, coming

in at angle y' and with velocity v* and going out at angle y

with velocity v at time T later, we have

<J>~(y,v,t) = jfdv'djj'dT K(y' ,v' ,y ,V,T)

ooo

**iu*,v\t - T ) . (3.10)

A neutron source is placed in the middle of the void and

by geometrical arguments the ingoing flux can be expressed

as a function of the outgoing flux

<S> (y,v,t) = <f> (y,v,t - — ) +

<5(y - y_)S(v - v )5(t - -$—) (3.11)
s s vsws

where 6(x) is the delta function,

2d the separation distance,

v and y the velocity and the direction of the source
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neutrons. They now make the following simplifying assump-

tions:

1. The mean time for the neutrons in the moderator is

much smaller than the time it takes lor Lhf n*ut.ron

to pass the void.

2. The spectrum for the outgoing flux is indcpcndfrih of

the spectrum for the ingoing flux.

3. The scattering is isotropic and the cross section is

constant.

With these assumptions the albedo is approximated by

K(y*,v',U,V,T) = 2k M 6(v - 1)6(T) (3.12)

where k is the mean value of the albedo.

Inserting equation (3.12) and (3.11) into (3.10) and solving

the resulting equation by Laplace transform methods, they get

Tx

:=x±

oo

+ k f x 2 e " T x dx ) (3 .13)

°l ( 1 - a ( - x ) ) 2 + ( k o T T x 2 ) 2
 /

1

where a(-x) = 2kQ | dy y e"X / / p + i irkox2

and T = (t-d/ug)/(2d)

and x = 2dX.

For large values of T they found the asymptotic flux to be
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<fr(y,T) = °-5-T- (3-14)

This show that the decay is non-exponential, especially

for large times. They also showed that the main contri-

bution to the flux for large times comes from neutrons

reflected only once at an angle y close to zero.

This is reasonable, since the neutrons passing the gap

with JJ close to unity spend a short time in the gap and

have a small influence on the total time dependence.

The assumptions made for deducing these results are very

restrictive and they are usually not fulfilled in expe-

riments made by others.

3.5 The work of Kudo» Narita and Ozawa

Kudo et al. (1975) have studied the influence of a central

cavity in a sphere theoretically with two different methods.

The first one uses a time dependent, multigroup, one dimen-

sional SN program called ANISN. The second one is a two

group, one dimensional P..-method which includes the time

dependence by introducing a fundamental mode decay constant.

The sphere was exposed to a fast neutron pulse and the resul-

ting flux was calculated. For the thermal neutron system

two different materials for spheres were used namely light

water and graphite. The outer radius was 7 and 120 cm,

respectively.

In the thermal light water system the mean energy decreases

in the cavity and in the water as time increases. For some

time immediately after the release of the neutron pulse, the
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average neutron energy in the cavity is higher than that

in the moderator. However, after a while the situation

changes to the opposite. The time when this happens they

call the reversal time. At the time when the system is

roughly stable the mean energy steadily increases from

the centre of the cavity to the surface of the moderator.

The average neutron energy in the outermost parts of the

moderator is higher than that in the inner parts, as it

usually is for hydrogeneous materials (Williams, 1966).

These results are to be expected. In the beginning the

thermalization process dominates and since the neutrons

are moderated to lower energy only in the water and not

in the cavity, the spectrum is harder in the cavity.

Later the neutrons come in thermal equilibrium with the

light water. Then the low velocity neutrons entering the

void spend a longer time in the cavity than the high velo-

city neutrons. This leads to a lower neutron mean energy

in the cavity.

The main results from the P- method agree with the results

from the SN-method. One difference is that with the P1

method the mean energy of the neutrons in the cavity is

slightly higher in the centre than near the inner surface

of the moderator, whereas the opposite is the case accor-

ding to the ANISN calculations. The reason for this is un-

clear. Another difference is that the increase of mean

energy close to the outer surface is not accounted for by the

P.J- method. That is a consequence of the energy independent

boundary conditions.

3.6 The work of Rönnberg

Rönnberg (1973) has made Monte Carlo calculations on small

spheres and spherical shells of light water. He wanted to
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know if there could be an exponential or quasi-exponential

decay of the neutror flux in such systems with a decay con-

stant above the Corngold limit, which is equal to 86 ms~

for light water according to the scattering kernel he used

(other kernels give values about 300 ras" ). In the scatter-

ing cross section for light water he used the hydrogen cross

section from the Haywood model and the oxygen cross section

from the free gas kernel. To compare this model for light

water with other models, he first calculated the neutron

flux decay rate in relatively large homogeneous spheres

with radii between 1.5 and 10 cm. The relation between de-

cay rate and geometrical buckling is given by equation

(2.20). By fitting a curve of this kind to the calculated

values, the diffusion constant and the diffusion cooling co-

efficient was determined. Comparing these values with

other calculations and measurements, he found that the Hay-

wood model gave a lower value of the diffusion constant

than most other values presented. The reason for this is

that the Haywood model used a larger cross section than

other models for hydrogen in one part of the energy interval

which is important to the diffusion constant. The value of

the diffusion cooling coefficient was within the range of

variation of the different measurements.

The first part of the main calculations simulated the neutron

decay in small spheres. The radius of the sphere varied bet-

ween 0.45 and 1.2 cm. Three different groups of calculations

were made, each one with its special initial conditions.

In the first one all neutrons were started with high velocity.

These cases should simulate the measurements on a system with

the pulsed neutron method. The result was that the decay rate

decreased as a function of time and approached the Corngold

limit from above. For the largest sphere the decay rate

seemed to have an asymptotic value. But looking at the mean
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energy of the neutrons in the spheres as a function of

time, it decreased for all spheres. This clearly shows

that there was no stable energy distribution and therefore

no truly exponential decay. The mean energy of the out-

going neutrons as a function of time was also calculated

but this was just as insensitive to the changes of the

energy spectrum as the total neutron decay rate.

In the second group of calculations all neutrons were star-

ted with low energy. In all cases there seemed to be a con-

stant decay rate after the initial condition dependent tran-

sient. The decay constant approached this asymptotic value

from below. The mean energy of the neutrons in the sphere

was constant in time except for the initial transient. The

time observed was rather short since the neutron flux de-

creased exponentially for only two decades in that time.

In order to see if these exponential decays were independent

of the start velocity he chose the smallest sphere and used

four different starting velocities. These calculations

formed the third group.

For the two middle cases there seemed to be an exponential

decay which depends on the start velocity. Pig. 3.6 shows

the decay rate and Fig. 3.7 the mean velocity as a function

of time in the four cases.

He explained these results with the elastic diffusion model.

For the Haywood model of the scattering kernel an elastic

cross section can be defined. This elastic cross section

is a rather large part of the total cross section, especial-

ly for small velocities. For other models, as the Nelkin

model, it is not possible to define an elastic part of the

cross section. For neutrons starting with low velocity

the elastic collisions will dominate. These neutrons can
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be described by one group diffusion theory. If the neut-

rons are scattered inelastically, they will most probably

gain energy, and since the cross section is smaller for

higher energies they will leak out. The inelastic cross

section can therefore be regarded as absorption. Using

equation (2.8) and (2.21) we have the decay constant

(3.15)

where v1 is the start velocity. Comparison between the

diffusion theory and the Monte Carlo calculations is good

for those cases which have an exponential decay.

The second part of the main calculations simulated the

neutron flux decay in spherical shells. The first sphere

has an outer radius of 10 cm and the inner radius varied

between zero and 8.2 cm. For the second sphere the outer

radius was smaller, 4.6 cm and the inner varied between

zero and 4.1 cm. The neutrons were first started with

high velocity. The total neutron flux seemed to have a

stable decay rate for inner radius less than half the

outer radius. The mean velocity of the neutrons in the

cavity is, however, a more sensitive parameter. This mean

velocity decreased as a function of time in all cases, with

the exception of the cases with the smallest inner radii.

Thus no exponential decay is observed for these spheres

with a cavity larger than about 1 cm. He compared these

decay rates with those obtained from the dynamic P. model

by Grosshög and Rönnberg (1971). In this model the mean

energy of the cavity is a free parameter. He therefore

used the values of the mean energy from his Monte Carlo cal-

culations in the P, model and compared the corresponding

decay constants. The agreement was good for those cases

which seemed to have a stable total neutron flux decay.
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Next he made calculations for the thinnest spherical shell

with inner radius 4.1 and outer radius 4.6 cm with differ-

ent starting velocities. For the two lowest start veloci-

ties the total neutron flux decay rate seemed to approach a

constant value (Fig. 3.8). But the mean velocity in the cav-

ity decreases with time, so the decay is not truly exponential

(Fig. 3.9). He then used the elastic albedo model to explain

these results, in analogy with the elastic model used for small

spheres. In the elastic albedo model the decay constant is

calculated from the equation

AT) . \

exp (- -24^) = A (3.16)

where 4R./3 is the average flight path in the cavity with

inner radius R. and A is the albedo for the neutrons going

from the void to the spherical shell. This albedo is cal-

culated from diffusion theory with the start velocity as

the neutron velocity. The agreement between the elastic

albedo model and the Monte Carlo results is not as good as

between the elastic model and the Monte Carlo results for

small spheres.

Finally he made calculations on a thick spherical shell. The

same outer radius as before was used but the inner radius was

decreased to 2.0 cm. Again the neutrons were started with

different velocities and except for the case with the low-

est starting velocity the total neutron flux decay rate seemed

to approach a constant value in time \ which was the same for

the different start velocities. This was different from the

thin shell case which had no stable decay for high start velo-

city. These results can also be explained by the elastic model.

If the start velocity is very low the corresponding elastic

decay constant will be much smaller than the decay constant \

for higher starting velocities. This will make the decay of

the elastically and inelastically scattered neutrons non-expo-

nential. As said before the mean energy of the neutrons in
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the cavity was not constant so the decay is not really ex-

ponential.

The conclusion Rönnberg made was that for small spheres

with low start velocity the decay of the neutron flux was

exponential in time, with a decay constant above the Corn-

gold limit and the decay constant was dependent of the start

velocity. The decay of the neutron flux in spherical shells

with high start velocity was not exponential in time, except

for shells with very small inner radius.
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4. METHODS USED AND INDATA TO THE CALCULATIONS

In this chapter we first describe the approximations and re-

strictions that are made in our calculations., in section 4.1

for the time dependent collision probability method and in

section 4.2 for the S N method. The use of the collision pro-

bability method in solving a wide variety of problems in

neutron transport theory is discussed by Lefvert (1979) and

the SN method is treated in many textbooks e.g. Bell and

Glasstone (1970). The Monte Carlo method is briefly discussed

in section 4.3. A thorough presentation of the fundamentals

in Monte Carlo methods is given by Spanier and Gelbard (1969)

or Carter and Cashwell (1975). In section 4.4 we have given

the results from the calculations of cross sections used as

indata to our programs. In section 4.5 we describe how the

decay rate and the buckling were derived from the outputs of

our Monte Carlo calculations.

4.1 The time dependent collision probability method

Lefvert (1974) has developed a method which includes the time

dependence of the neutron flux and is based on the collision

probability method. The program based on this method is not

restricted to any special kind of geometry or dimension. It

can also make multi group calculations. To calcinate the in-

put to the program we divide our system into different regions,

For any two regions both the collision probability and the

collision distance must be given. We must also specify the

volume and the cross section set for each region.

The collision probability Pj. is defined as the probability

that a neutron in region i will make its next collision in

region j. This leads to the following expression for the

collision probability
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(4.1,

v
 4 i r ! I " £'
i

where T(r,r') is the optical path length between r and r'.

To arrive at this expression the flat flux assumption has

been made. This means that the neutron flux is assumed to

be constant in each region. If the neutron flux has large

variations over small distances, the regions should be made

small (about half a mean free path) in order to make the in-

fluence of the flat flux approximation small.

Sine; the program is time dependent we must also know the

time it takes for a neutron to go from one region to another.

Knowing the velocity v for the neutron we can just as well ex-

press this time as the distance between the regions. The

collision distance vT.. from region i to j is defined as

exp (- T ( £ , £ ' ) ) ( 4 2 )
4 i r i r - r ' i ( 4 * ^ '

V,

Apart from dividing our system into different regions we must

also divide our time axis into intervals. There are many

ways in which this can be done, but there are two rules that

should be followed. The first one is that the interval length

must not decrease as time increases, that is At.^At, if i£k.

The second is that min(T..)iAtvSmax(T..), for all k. If this
i,j iD k i,j ij

last condition is not fulfilled there might be problems with

the convergence.

The program calculates the flux in the form of a Neumann ser-

ies. Starting with the distribution of source neutrons and
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the scattering matrices described above the program can cal-

culate the neutron flux from those neutrons that have made

one collision. Each neutron of the first collision flux is

placed in the proper space, energy and time box. The first

collision flux is now used as source distribution in the

same way to calculate the second collision flux etc. Add-

ing the contribution from a large number of generations

gives an approximation to the total neutron flux.

If the leakage or absorption is large the flux converges

rapidly, that is only a few generations have to be calcul-

ated. This program is therefore most efficient for that kind

of systems.

When we apply the definitions for the collision matrices to

our problem we assume that the transverse flux can be repre-

sented by the fundamental mode solution J (B r). The problem

has thus been reduced from three dimensions to one. If this

approximation is not made the number of regions needed will

be too large and it would be difficult to calculate the colli-

sion matrices. We divide the z-axis into equal intervals Az.

This gives the elements of the collision matrices when i*j;

pij = aJT j *u | dwd - w) I^XEIZAJ. +
1 o U

/_» + \1
(4.3)

T+expl-A*)!

A + J

and

+ 1
exp(-B ) * exp(-B )

(4.4)
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where

A* = ( U 2 T +
2 + B2(c±wAz)2)J,

B* = (T +
2 + B2(c±wAz)2)J,

T+ = a(ciwAz) - oå

and c = (|i - j| - 1)Az.

If there is no void between region i and j the last terms in

T + is zero and the integral over the variable w can be solved

analytically. Otherwise the integrals were calculated by num-

erical methods.

For i equal to j we have
00

f du(u2 + B r / ( j 2 ) " 3 / 2 exp(-oAz(u2

1

1 + •§- arctan -f (4.5)
oAz C(1+C) Br

and

vTii

where C = (1 + B 2/o 2)*.

4.2 The SN method

ANISN is a one dimensional/ multi group program based on the

SN method. The program calculates the time decay eigenvalue
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for our system and the corresponding neutron flux density.

Just as in the collision probability method we represent the

transverse dimension by a buckling B . The absorption term

in the calculations is thus increased by the leakage term
2

DB . Next we define the mesh for the space variable z and

the directional cosine y. The z axis is divided into equi-

distant intervals less than half a mean free path. The in-

tervals for the y variable are given by the Gaussian quadra-

ture zeros and the different values of y are weighted by the

corresponding quadrature weights.

The boundary condition at the outer surface is that of no re-

turning neutrons. Since our problem is symmetric, we only

make the calculations for one half of the system and the

boundary condition at the symmetry plane is reflection of all

neutrons.

The eigenvalue calculations are intended for systems contain-

ing fissile material. Since polyethylene is a scattering mate-

rial we have to simulate fission neutrons. This can be done

in the one velocity case by removing some fraction of the

scattering cross section o and treat it as a fission source
s

uo,. For the multi group case we represent the scattering

from group i to group j by a matrix, whose elements are

a (i,j) and the fission source by another matrix with elements

a-(i)u(j). The fission yield is given by the matrix u(j) and

the fission cross section by o-(i). We choose a matrix

Aaf(j)u(i) somewhat arbitrarily and subtract this from the scat-

tering matrix

c^(i,j) = as(i,j) - AafU)u(j) (4.7)

where prime denotes the new scattering matrix. The new fission

matrix then becomes
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o fU)u(j)« = &o f(i)u(j). (4.8)

Since the original scattering matrix has n elements and

the fission matrix has 2n independent elements, some elements

are bound to be negative in the new scattering matrix unless

the contribution to the fission matrix is negligible. These

negative cross sections are, however, cancelled in the cal-

culations by the positive contribution from the other positive

elements and the program converges well. The rate of conver-

gence for the eiganvalue depends on the amount of scattering

cross section that is interpreted as fission.

The program has an option for describing a system with void.

We can not use the diffusion theory approximation with a
2

transverse leakage term DB since the diffusion constant is
not defined in the void where transport theory must be applied.

The void correction term removes some part of the transverse

component of the neutron angular flux. This can only be a

crude approximation to our three dimensional system because

the leakage rate is dependent on the distance to the end of

the void. The leakage rate is much larger for neutrons near

the end than at the center.

4 . 3 The Monte Carlo method

The Monte Carlo program has been written in assembler code

for a minicomputer PDP-11/20 with 28 kwords core memory. The

program becomes more efficient if it is written directly in

assembler rather than in some high level language, which then

has to be translated. To increase the speed of the program

execution all calculations used integer arithmetics. A float-

ing point multiplication takes about 0.5 ms to execute while

an integer multiplication using the KEA-11 Extended Arithmetic
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Element Unit takes about 4 us. The disadvantage of using

integer arithmetics is the low precision of a single word

integer. This can of course be overcome by using more than

one word to represent an integer, but this also makes the

program more complicated to write. Since one word in this

computer contains sixteen bits, a signed integer must lie

in the interval (-32768,32767). As a result of this all

variables must be carefully scaled. This scaling must often

be changed to suit the actual set of input data given to the

program.

To increase the speed still more most functions have been

calculated and tabulated in advance, instead of being evalu-

ated every time they are needed in the program. Usually a

function is represented by 256 function values. No inter-

polation between the function values is made. It takes

about 5 us to look up a value in a table compared to 6 ms

to evaluate the same value. The time given last is of course

strongly dependent on how this evaluation is done.

The starting point for all Monte Carlo calculations is to

generate random numbers. The random number generator should

provide a sufficiently large set of numbers, in which the

numbers are independent from each other and equidistributed

between zero and one. Since it is not possible to use an

algoritm to calculate random numbers it will be sufficient

if our pseudo random numbers are good enough for our purpose.

We use the so called multiplicative congruential method.

Given two numbers q and x we can calculate pseudo random

numbers using the recursion formula

N)• (4.9)

The random numbers are normalized by dividing them all with

N. We used this method to calculate 4096 random numbers and
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stored them in a table. The numbers q and x should be large

in order to make the period for the sequence x. large. In our

case we used 48 bits to represent these numbers.

To test the equidistribution of our numbers we have calculated

the average, the average of the squares and the variance of

them. The results are shown in Table 4.1 and compared with

the theoretical values.

Moment Calculated Theoretical

value value

0.500 1
1

ihl 0.333

0.0833 J_
12

Table 4.1 Test of the equidistribution of

random numbers.

It is more difficult to test for independence. One test that we

have done is to form all the pairs (x.,x.+.) for the sequence x.

of random numbers. If they are independent all pairs should

be equally probable. Figure 4.1 displays each pair by a symbol

where the numbers x., x,+1 are regarded as x and y coordinates

for the symbol. The pairs seem to be smoothly distributed all

over the area. In the same way we could have tested all trip-

lets a n d i j i general n-tuplets (x^,.. /x^+n_i) •
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However, we conclude that the results given in Table 4.1 and

Fig. 4.1 already indicate that our pseudo random numbers are

sufficiently good, so that was not done.

From the equidistribution of random numbers x on the interval

(0,1) a variable y can be sampled from any probability density

function f(y). If the function f(y) is continuous we calculate

the distribution function F(y)

F(y) = j f(z)dz (4.10)

We now choose the value y. from the equation

yi = F"
1 ( X ^ (4.11)

that is we have to calculate the inverse distribution func-

tion. If the density function is only defined for integers

we choose the integer n such that

F(n - 1) < x, :-l F(n) (4.12)

Let us follow the simulation of a neutron history from its

birth during the random walk in the material and to its death.

The starting conditions for a neutron with respect to space,

velocity and angular distribution can be chosen in many ways.

In our case the space variables are sampled from the funda-

mental mode solution of the system without gap. The neutron

flux is given by cos(B z) as a function of the height and by

Jo(Brr) as a function of the radius.

The neutron is started in the highest energy group to simulate

neutrons being slowed down from higher energy. The angular
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distribution is the simplest possible namely isotropic. The

initial conditions have r*-w been defined and the neutron may

start its random walk in the material.

The neutron path length s has the probability function

atexp(-a.s). If we integrate this function and find the in-

verse, as described above, the path length is given by

si = -In xi/ot (4.13)

where x.eEq(0,1) as usual.

The new coordinates are calculated and checked if they still

are within the boundaries of the system. Next the type of

reaction must be chosen. Associate a positive integer k with

each type of reaction and call the corresponding cross section

a, . The probability density function is a discrete function

where f (k) = Oj-/at ^ o r e a c n k* W e select a reaction k so that

the condition

F(k - 1) < xi i F(k) (4.14)

is satisfied. The function F(k) is the distribution function

to f(k). If the result is an absorption the neutron history

is terminated. If it is a scattering reaction we have to

decide which group the neutron is scattered to. Let a (k,l)

be the cross section for a neutron being scattered from group

k to 1. The corresponding density function is f (k,l) =
n

a (k,l)/I cr (k,j) and the distribution function F(k,l) =s j = i s
1 n
Z a (k,j)/ E a (k,j). The group after the collision is given
j-1 s j=l s

by the relations

F(k,l - 1) < xi S F(k,l) (4.15)
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The scattering angles (8,t|i) are now to be determined. The

mean cosine for the angle 8 is given by a second scattering

matrix. This cosine defines the density function to be

f(u) = j(1 + 3yy) (4.16)

where we (-1,1). From this equation we see that if |y| is

greater than 1/3 this function may be negative. Therefore,

we set y=u when this happens. The distribution function

is rather complicated for the density function given above.

Hence, we split this function in two parts

= ^(1 - 3 y|) (4.17)

and

f,(y) = hvv + IUI) (4.18)

With the probability (1 - 3|y|) we sample from the equi-

distribution on (-1,1) since f1(y) is constant. With the

remaining probability 3|y| we use the second density func-

tion. The distribution function F2(y) = ̂ (y (y2-1)/|y|+2y*2)

can now be inverted to give

(2xJ - 1)y/|y| (4.19)

The angle \p is given from the equidistribution on (0 ,2TT) .

The directional cosines (k^k./k.) before the collision are

known and the scattering angles have been determined from

the collision. This means that the new directional cosines

can be calculated from the equations
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cos 9 + k3k1 sin 9 cos

k- sin 6 sin i|> (1 - k 2)"*

1 2 -i
k_ = k~ cos 0 • k,k_ sin © cos 4» (1 - k,) +

• k, sin e sin ip (1 - k2)

= k3 cos e - sin 0 cos i|> (1 - k
2)* (4.20)

but if (1 - k3) is less than some small valve e we use the

equations

k, = sin 0 cos 4>

- = sin 9 sin \|>

= k3 cos 9. (4.21)

We can now continue and choose a new path length etc. Finally

the neutron history ends. This happens if the neutron is ab-

sorbed or leaves the system or the time exceeds some preset

value.

To reduce the variance we introduce the concept of splitting.

Every neutron is at the beginning provided with a number

called weight. This weight can be interpreted as a fictitious

mass of the neutron. If the neutron has survived a certain

given period of time the neutron will split into two, each one

-43-



with half the original weight. One of the two is stored

on the program stack and the calculations continue with

the other. The program stack can store a maximum of twelve

neutrons. In this way the program spends more time making

calculations on those neutrons that have survived long enough

to be of large interest. The splitting should not be done

too often since the original neutron may not be a very repre-

sentative one. Also the result might be distorted because

the program will have little time making calculations on

other neutrons. The method of splitting should therefore be

used with care. Instead of terminating the neutron history

when the neutron is absorbed it is better to reduce the weight

by the factor (1 - o /a. ) at each collision. Since the ab-

sorption cross section is set to zero in our material this is

not used in our program.
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4.4 Cross sections of polyethylene

The energy of the neutron is divided into sixteen groups.

The velocities, in units /E/kT, defining the groups with

the corresponding interval widths are shown in Table 4.2

below. A program called GAKER, supplied by ASEA-ATOM, was

used to calculate the microscopic cross sections for hydro-

gen in polyethylene. The program can also make these cal-

culations for light and heavy water. The scattering kernel

is based on the Nelkin model and modified by Koppel and

Young to include the anisotropy of molecular vibrations.

Figure 4.2 shows the microscopic cross section for polyethylene

as a function of energy compared with some other calcula-

tions. The cross section for carbon was calculated using

the free gas kernel. Since this model does not meet with

the requirement of detailed balance

MT(E)0s(-n,E - -n',E') = MT(E')as(2' ,E' -> Q,E) , (4.22)

the elements were adjusted so that this condition was ful-

filled. After this the scattering matrix was rescaled. This

was made to keep the total scattering cross section in each

group at the same value as before.

The total macroscopic cross section for polyethylene is cal-

culated with the density 1.0 g/cm . The density of polyethy-

lene differs rather much between different kinds of material

and this should be kept in mind when we compare the total

cross section of polyethylene.

The uncertainty of the cross section for polyethylene is main-

ly due to the hydrogen cross section. From Fig. 4.2 we esti-

mate the difference between our values and the other measured

or calculated values to about 4%.
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The sixteen group cross section was reduced tc two groups

by weighting the cross section with a Maxwell spectrum.

The transport mean free path lfcr was calculated to 0.302 cm.

The cross section for our one group calculations was taken

from Sjöstrand (1959b). The reason for this is that the one

group calculations were made before the sixteen group cross

section calculations.

Group nr Velocity interval

upper limit

Velocity interval

width

Ife/kT

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

0.2684

0.4473

0.6261

0.8050

0.9839

1.1628

1.3417

1.5206

1.6995

1.8783

2.0572

2.3643

3.1168

4.2978

5.6344

7.1344

0.2684

0.1789

0.1788

0.1789

0.1789

0.1789

0.1789

0.1789

0.1789

0.1788

0.1789

0.3071

0.7525

1.1810

1.3366

1.5000

Table 4.2 The group structure for the Monte Carlo

calculations.
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4.5 Analysis of the Monte Carlo results

In section 4.5.1 we describe the calculations of the time

dependent decay rate for the Monte Carlo method. In section

4.5.2 we define an average buckling for the neutron flux so

that we can present the influence of the gap on the space

dependent neutron flux in a convenient way.

4i5i2_Numerical_evaluacign_of_the_time_degendent_decaY_rate

The time dependent neutron losses from the system are divided

into two parts. The first one consists of neutrons leaking

out through the cylinder ends or through the curved surface

of the moderator. The second part consists of neutrons leak-

ing out through the curved surface of the void or being ab-

sorbed by the absorber in the void (see Fig. 1.1). The time

dependence is accounted for by dividing the time axis into

64 equal intervals in the one velocity case and into 128 in-

tervals in the energy dependent case.

The time dependence of the neutron losses from each part can

now be calculated by storing the weight of the neutron leav-

ing the system at the apropriate time box, in the array repre-

s« »ting the leakage through the given part. In this way we

can calculate the decay rates from the two parts separately

and compare them to each other in order to see if the decay

rates are space dependent. We can also compare the number of

neutrons leaving the system from the different parts and see

which ore dominates.

Since we want to know the time dependence of the mean velocity

we also store the weight times the velocity in the same way
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that we store the neutron weight alone.

When we calculate the decay rate for the neutrons leaving

the system, represented by an array of numbers, we first take

the logarithm of the numbers of the array. We then calculate

the instantaneous decay rate at the time t by chor.ing a symmet-

ric interval of length 2At centered about t, where we make a

least-squares fit to the numbers of those elements of the array

which are contained in the given interval 2At. The instantan-

eous decay rate can thus be calculated for ail times t such

that At < t < T - At where T is the maximum time of the neutron

in the calculations. For times t < At and T - At < t < T the

decay rate is set equal to zero.

If the time interval 2At is large and contains many array ele-

ments the decay rate will vary smoothly in time, but the decay

rate will be more influenced by the initial condition dependent

transients and the interval on which the decay rate is differ-

ent from zero will be smaller. As a compromise we have chosen

the time interval 2At to be 16 or 32 array elements wide.

The decay rate is now given as a function of time. If it is

constant in time except for the transient at the beginning we

have an exponential decay. A mean value is taken of the decay

rate over the interval which has a constant decay rate. This

gives us the final decay rate. If, however, the decay rate

varies in time over the entire time interval, we let the mean

value of the decay rate at largest possible times represent

the asymptotic decay rate for the interval considered.

As an example we show two cases, one with a constant decay

rate in time and one with a time dependent decay rate. We

have evaluated the time dependent decay rate using 16 array

elements. The result is shown in Fig. 4.3. The mean value
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of the decay rate is taken over the interval (40,110) for

the zero gap system and (90,110) when the gap is 4.4 cm.

This gave the final decay rates shown in Fig. 4.3. as

straight lines.

This type of evaluation was made for all cases and aside

from this the decay rate for the weight times the velocity

was calculated in the same way. If the system has a stable

neutron spectrum in time, these two decay rates should be

equal. On the other hand, if the spectrum changes in time

these changes must be rather large to be observed as a differ-

ence between the two decay rates.

4i5i2_Numerical_evaluatign_of_the_buckling_value

The leakage out from the system is represented by the ex-

pression DB in diffusion theory. If we know the neutron

flux from the numerical calculations we can find a corres-

ponding buckling vaiue by using the method described below,

which is also used in variational calculations. This is a

convenient way to describe the space dependence of the neut-

ron flux in a compact way. We should, however, note that

the diffusion constant is only defined in the moderator,

where diffusion theory is valid, and not in the gap. Hence

it is not possible to calculate the transverse leakage in

the gap from this simple expression.

Starting with equation 2.21 we have for the one dimensional

case

V20(x) + B2<J>(x) = 0 (4.23)

We then multiply both sides by the adjoint neutron flux.

In one velocity diffusion theory the adjoint neutron flux is

equal to the neutron flux. This gives
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cMx)V2(t.(x) + B2<J)2(x) = 0 (4.24)

We integrate this equation over the space variable and

solve the equation with respect to the buckling. The ex-

pression

B2 = - L(x)V24>(x)dx / U2(x)dx (4.25)

of the buckling is exact according to diffusion theory. The

neutron flux is now approximated by a polynomial expansion

0 (x) = Ya.x1 where the coefficients a. in our case are de-
0 *T- i 1

termined from a least squares fit to the calculated neutron
flux. Inserting this approximated neutron flux in equation

2
(4.25) we get an approximated value of the buckling B .

When we use this equation for the transverse buckling the

operator V is equal to - §— r -5— and the line element is^ r dr dr
equal to rdr, since we have cylinder coordinates.

To test the approximations made in this method we divide the

x-axis into sixteen intervals and calculate the values of

the functions cos(B x) and J (B r) in those intervals. The

values of B were calculated from equation (2.22) and (2.23).

This corresponds to the exact fundamental mode bucklings.

We then use three nonzero coefficients in the expansion of

the neutron flux and make a least squares fit to the sixteen

values of our functions. From equation (4.25) we calculate
2

the approximate buckling B and compare these values to the
2 °

exact ones B . In neither case was the error larger than 1 %.

The conclusion is that the method is quite accurate even if

only a few terms are used in the polynomial expansion of the

flux.
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5. RESULTS FROM THE ONE VELOCITY CALCULATIONS

Three different methods are used in the one group calcula-

tions, the Monte Carlo method, the collision probability

method and the SN method. The one velocity description of

our problem is not realistic if we want to compare our re-

sults with measurements, but when we compare these results

with those from the energy dependent calculations it is

possible to see which effects are mainly caused by the

geometry and which are caused by the energy distribution.

Beside this, there are some interesting results which are

present only in the one velocity case.

The Monte Carlo results are presented first. In section 5.1

we give the space distribution of the neutron flux in the

axial direction and the corresponding buckling approxima-

tion of this flux. The space distribution of the transverse

flux at the interface gap-moderator is also given in this

section. The angular distribution of the neutron current at

this interface is given in section 5.2 for both the ingoing

and the outgoing neutron current. In section 5.3 we discuss

the time dependent decay rate of the neutrons. The results

from the SM method, the time dependent collision probability

method and diffusion theory are finally summarized in section

5.4.

5.1 Space dependence of the neutron flux

In Fig. 5.1a-d we show the Monte Carlo calculated neutron flux

in the moderator as a function of cylinder height at differ-

ent times. The slab thickness is 1.1 cm and the gap widths

are 0.0, 0.55, 2.2 and 8.8 cm respectively. The cylinder

height has been divided into sixteen intervals and the time

axis into four. The mean value of the neutron flux in each

interval is shown. In Fig. 5.2a-d we show the same thing
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but the slab thickness is now 2.2 cm.

The errors of the neutron flux have been indicated by a verti-

cal line for the third and the eleventh space box Jn each fig-

ure unless the errors are smaller than the size of the symbol

representing the flux.

The neutron flux in the first time interval is strongly influ-

enced by the initial condition of the space dependent flux,

but the three following intervals have the same space depen-

dence which shows that there is a stable neutron distribution

in space. We can also see that the statistics for the fourth

interval is poor, since the neutron flux decays exponentially

with time and hence there are few neutrons left at these times.

In all cases the neutron flux has been normalized so that the

maximum value is one.

In Fig. 5.1a and 5.2a the gap width is zero so we have the

same space distribution of the neutron flux at all time inter-

vals. The initial space distribution is cos(B z) even if the

gap width is not zero. When the gap width increases and is

large we see that the flux has a dip at the interface to the

gap. The dip is more pronounced for the neutron flux in the

first time interval. The reason for this is that the neutrons

which enter the gap will be delayed in time when they pass the

void. This delay is larger for wider gaps. Some neutrons will

therefore enter the next time intervals. This is also true

for the following time intervals but they also receive neutron

from earlier time intervals.

We can also see that the dip in the flux is larger for the 2.2

cm slab than for the 1.1 cm slab. This is expected since the

neutron that passes the void will increase its importance with

the factor exp(As/v). The decay constant X is larger for the

thinner slab so the importance of a neutron passing the gap

becomes larger for the thinner slab. It will thus make a
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larger contribution to the neutron flux when it enters the

moderator again. From the shape of the neutron flux, we

can calculate the corresponding diffusion theory buckling

value as described in section 4.5.2. This buckling value

is calculated for all four time boxes for all gap widths

as shown in Fig. 5.3a and 5.3b for the two slab widths 1.1

and 2.2 cm. The difference between the bucklings from the

last three time boxes is small, which indicates that the

neutron flux distribution is stable in time for all gap

widths for the two slab widths. The zero gap bucklings

agree with the diffusion theory values obtained from equa-

tion (2.22), shown in the figures with a small arrow. For

small gaps the buckling decreases when we increase the gap

width and reaches a minimum. This minimum is less pronounced

for the thicker disk. After this minimum the buckling in-

creases with increasing gap width.

We now turn to the neutron current space distribution in the

transverse direction at the interface between the modreator

and the gap. The cylinder radius has been divided into six-

teen intervals of equal length. As a consequence of this

the ratios between the areas of the different circular rings

are equal to 1,3,..29,31. It is thus obvious that the statis-

tics for the innermost rings will be worse than for the outer

ones. It is therefore reasonable to merge the first two or

three circular rings together to increase the number of neut-

rons in the central ring. We have also normalized the neut-

ron current at the centre to one. The time axis is divided

into four equal intervals. Since the neutrons decay exponen-

tially in time there are few neutrons at large times, so the

statistics is worse for the last or two last time intervals.

The errors of the space distribution of the neutron current

are given in the figures for the third and the eleventh ring

by a vertical line unless the errors are smaller than the sym-

bol representing the flux in the figures.

-53-



We use the function J (B r) as the initial condition for

the transverse neutron flux distribution in the moderator

for all cases, even for those cases where the gap width is

different from zero.

We first look at the results from the 1.1 cm disk. In

Fig. 5.4a,b we show the incoming (from gap to moderator)

and the outgoing neutron current distribution. The neut-

ron current should be the same for all time intervals and

independent of incoming or outgoing direction since the

gap is zero in this case. In Fig. 5.4c,d the gap width is

2.2 cm and the slab width 2.2 cm. We can then see that

the incoming neutron current distribution is somewhat

larger at the periphery than the outgoing one. This is

what is to be expected since the neutrons now have a possi-

bility to stream out to the edge of the circular disk in

the gap without making any collision. The outgoing neutron

current is less flat than the incoming one since the trans-

verse fundamental mode distribution inside the moderator

affects the outgoing neutron current distribution.

When we increase the gap width still more to 8.8 cm shown in

Fig. 5.5a,b and for the 1.1 cm slab in Fig. 5.5c,d for the

2.2 cm slab the flux flattening in the gap is more evident

and the incoming neutron current is almost a linear function

of the radius.

»3 can also see that the neutron current in the first inter-

val is strongly influenced by the initial condition, especial-

ly for the outgoing neutron current. Since the neutron flux

decays exponentially in time, most weight is placed on the

neutrons at the beginning of the time interval when we take

the time mean value of the neutron flux over the interval.
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5.2. Angular dependence of the neutron current

We use isotropic scattering in all the one group calcula-

tions. This was due to the fact that the collision pro-

bability program was written with this restriction. Since

we wanted to compare all the one group calculations to each

other, with the same set of indata, the isotropic scatter-

ing condition was imposed on the other programs as well.

The collision method is, however, completely general and

anistropic scattering of any order can be implemented in

the program.

From the isotropic scattering condition we expect the out-

going neutron current to be a linear function of y, the co-

sine of the angle between the surface normal and the angular

current, if the slab width is very large. This linear func-

tion obtained in the Monte Carlo calculations is shown in

Fig. 5.6a for the 2.2 cm thick slab. In analogy with the two

earlier diagrams we have shown, we have divided the y vari-

able into sixteen equal intervals for |y|e(0,1). As before

the time axis is divided into four intervals of equal size.

Furthermore the maximum of the neutron angular current is

normalized to one. The size of the errors of the angular de-

pendence of the neutron current is given by a vertical line

for the third and the eleventh of sixteen angular boxes.

The errors are suppressed if they are smaller than the size

of the symbol used to represent the angular flux.

For the other disk 1.1 cm thick we see in Fig. 5.6b that the

angular distribution is not really linear. There are some-

what fewer outgoing neutrons with cosine close to one. A

certain fraction of the neutrons have had their last colli-

sion in the moderator far away from the gap. If the outer

parts of the slab are removed, the slab thickness is decreased

and the contribution to the outgoing neutron angular current

from these neutrons will be lost. If the slab is thick enough
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so that almost no neutrons from the outer parts of the slab

will contribute, the angular current will be linear.

In Fig. 5.7a-f we show the incoming and outgoing neutron

angular current for the 2.2 cm slab with different gap widths.

The corresponding figures for the 1.1 cm slab look almost

the same. We can see that the outgoing flux does not vary

significantly with changing gap width. This is, however, the

case with the ingoing neutron angular current. We can see

that the current is more and more peaked around u equal to

one the wider the gap is. There is also a minimum value of

cosine namely the maximum angle that can be found between

two surface elements on opposite sides of the disk facing

the gap. This cosine value can be expressed as

(4R2 + d V
/ 2

This value u for the different values of the gap width is

also shown in the figures with a small arrow. We shall no-

tice that the figures only show the mean value of the angu-

lar neutron current taken over the rotational angle \p (see

Fig. 1.2) and the cylinder radius r. It would be too compli-

cated to describe the angular current as a function of two

angles, the radius and time.

5.3 Time dependence of the neutron flux

In the Monte Carlo program we calculate the total number of

neutrons leaving the system as a function of time. The neut-

rons leaving the system through the cylinder ends are separa-

ted from those leaving through the curved surface of the cyl-

inder.
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In Fig. 5.8 we show the calculated asymptotic decay rate

as a function of the separation distance for two different

slab thicknesses: 1.1 and 2.2 cm. The abscissa is not a lin-

ear function of the separation distance, but is calculated

from the equation

xd = d/(d
2 + R 2 ) 1 / 2 . (5.2)

This is the space angle, divided by 2TT, covered by the gap

as seen from the centre of the surface of one of the disks.

This scale was chosen in order to compress the figure for

large gap widths, where the changes in the decay rates are

smaller.

For zero gap the decay constant for the one velocity case

is given by transport theory as a function of the total buck-

ling by

X = vo (1 - Bl /tan Bl } (5.3)
a i> s

if the absorption is zero. The free scattering path length

1 is equal to 1/o . Using this equation we get the decay
4 - 1 4 -1

constants 3.49 • 10 s and 1.15 • 10 s for the two slabs.
4 -1The corresponding Monte Carlo results are 3.53 • 10 s and4 -11.16 • 10 s . The difference is this about 1 % which is

smaller than the uncertainty in the Monte Carlo calculations.

From Fig. 5.8 we see that for small gap widths the decay rate

decreases as the gap width increases. This can be explained

as follows. For both systems the slab thickness is much

smaller than the radius. Hence the transverse leakage through

the gap should be small and the time delay effect will dominate.

The behaviour is thus similar to an infinite slab system with

a central void. The time delay effect is much more important

for the thinner slab with the short lifetimes of the neutrons
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and the dominating axial leakage.

For larger gaps the decay constant increases, rapidly for

the thicker slab and only slowly for the thinner. This means

that the transverse leakage effect dominates and that the

times delay effect is relatively less important, since for

large gaps the transverse leakage is larger than the axial

leakage.

Both systems thus have a minimum decay rate. This occurs at

about 2.0 cm for the thinner slab system and at about 0.25

cm for the thicker.

In Fig. 5.9a,b we show the number of neutrons leaving the

system as a function of time for very large gaps 13.2 and

17.6 cm for th<2 1.1 cm slab thickness. The lower curve re-

presents the neutrons leaving the system through the cylin-

der ends and the upper curve is the sum of the leakage

through the curved surface of the cylinder and the circular

ends. In the two figures we can observe the oscillating

character of the lower curve. This is due to the large gap

and to the constant velocity of the neutrons. When we start

the calculation a large part of the initial neutrons enter

the gap together and travel across the gap with the same velo-

city, thus forming a burst of neutrons. When the neutrons

reach the other disk some part is reflected out in the gap

and some part penetrates the thin slab and gives rise to a

peak in the neutron leakage through the cylinder ends.

When the neutrons which have been reflected have passed the

gap once more, some part is reflected again and some part

passes through the other moderator etc. This makes up for the

oscillating behaviour of the lower curve.

Whp~. the neutron burst passes the void we will have a peak ir,

tlK: xeakage of neutrons through the curved surface of the cyl-
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inder. This peak will come between the two peaks of the

leakage of neutrons through the cylinder ends, because the

neutrons are approximately in the middle of the gap when

the leakage through the mantle has its maximum. In this

way the peaks and valleys cancel, and the upper curve which

represents the total leakage is rather smooth. It is there-

fore easy to calculate a decay rate which varies little in

time for the total system.

The oscillating behaviour of the leakage of the neutrons

through the cylinder ends is not seen for the thicker disks.

The reason for this is that when the burst of neutrons enter

the moderator, the neutrons will have to make many collisions

before they can leak out through the cylinder ends and this

will smear out the peak.

This oscillating behaviour v»ill not be seen in the energy

dependent case either, because the neutrons forming the ini-

tial burst will all have different velocity and arrive at

the other moderator at different times, so the original burst

will be smeared out at once.

5.4 Results from the time dependent collision probability

method, the S» method and diffusion theory.

In Fig. 5.8 we also show the corresponding decay constants ob-

tained by ANISN, diffusion theory and the time dependent colli-

sion probability program (TDCP). The latter program was used

only for the thinner disks, in order to keep the computing time

short. We see that the results from the TDCP program is close

to the results from the Monte Carlo program for small gaps.

The decay rate is, however, overestimated by this program, es-

pecially for gaps larger than one centimeter. This is ex-

plained by the indata used in this program. In order to make

the calculations of the collision probabilities and collision
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distances simple, we assumed that the transverse buckling

was the same in all parts of the moderator, even close to

the gap, and that this buckling was equal to the fundamen-

tal mode solution for the system with no gap. This is a

bad approximation for all but very small gaps.

We also made one calculation with gap width 4.4 cm using

somewhat arbitrarily chosen indata. We used the collision

probabilities and distances for zero buckling in the two

regions nearest to the gap. This gave, as expected, an un-

derestimate of the decay rate. This calculation show the

large influence the transverse flux distribution in the gap

has on the collision distance between the two regions facing

the gap.

4 -1For zero gap width the decay constant is 3.42 • 10 s ,

which is 2 % lower than the value given by equation (5.3).

With the ANISN program we could not calculate the decay rate

for gap widths larger than 8.8 cm for the thicker disks and

4.4 cm for the thinner disks. For larger gap widths than

this the fission neutrons were too few to compensate for

the large leakage and the calculations were interrupted.

We can see that the void streaming correction introduced

in the program did overestimate the leakage for small gaps

and gave too large decay rates. For the thicker disks we

see that this turns to an underestimate for larger gaps.

This tendencey is also noticable for the thinner disks.

When the gap width is zero, the decay constant is 3.49 •

• 104 s"1 for

thicker ones.

10 s~1 for the thinner slabs and 1.15 • 104 s~1 for the

The space dependent neutron flux as given by the TDCP calcul-

ations is shown in Fig. 5.10a for the slab thickness 1.1 cm

and the gap widths 0.0, 0.55 and 1.1 cm. This is compared
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to the Monte Carlo results. The agreement is bad, except

for the zero gap case. The neutron flux close to the gap

is underestimated as a consequence of the incorrect trans-

verse buckling used in the calculations, as discussed earli-

er. The results are, however, normalized in such a way that

the fluxes have equal maximum values.

For the results from the ANISN program given in Fig. 5.10b

the agreement is somewhat better but the tendency to under-

estimate the flux close to the gap can be seen here, too.

In Fig. 5.10c we show the corresponding results for the

2.2 cm slab and with gap widths 0.0, 2.2 and 8.8 cm. The

agreement for the largest gap width is rather good, except

for very close to the gap. The leakage is probably under-

estimated by the void correction in the program. As seen in

Fig. 5.8 the decay rate is larger for the Monte Carlo calcul-

ation than for the SM calculation.
N

We could also use diffusion theory to calculate the decay

constant as a function of gap width. This is equivalent to

the albedo method described by Rönnberg (section 3.6) for

the spherical case. In the one velocity approximation we

have p, = p . exp(At..), where t. is the flight time across

the gap. This is approximately equal to d/v. The dynamic

interaction parameter p, is given by the quotient of the

neutron currents at the interface between the gap and moder-

ator, that is J /J . With the additional condition of zero

flux at the other boundary we can calculate the solution

to the diffusion equation, and this finally gives us

1 tan Ba + 2DB
X - I l n ( ^ ' tan Ba° - 2DB> <5'4>

We now use the calculated values of p +. from section 8.1 and
2

the connection between decay constant and buckling X = vDB
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from diffusion theory to calculate the decay constant as

3. function of gap width. The results are given in Fig. 5.8,

The agreement is good for larger gaps and the decrease of

the decay constant for very large gaps indicated by the

Monte Carlo results is confirmed.
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6. RESULTS FROM THE ENERGY DEPENDENT CALCULATIONS

The results given in this chapter in section 6.1 - 6.6

are calculated with the Monte Carlo method unless some

other method is specifically mentioned.

The space dependent result is presented first. The influ-

ence of the void on the axial space dependence of the neut-

ron flux, on the axial space dependence of the mean velo-

city and on the axial buckling is given in section 6.1.

The corresponding results for the radial space dependence

are given in section 6.2.

Next we describe the influence of the void on the time de-

pendent variables, that is the mean velocity of the neutrons

in the moderator and in the gap. This is discussed in sec-

tion 6.3, and the decay rate of the system is discussed in

section 6.4.

The static and the dynamic interaction parameters are presen-

ted in section 6.5. A comparison between the results from

the Monte Carlo calculations and the results from Grosshög's

measurements is given in section 6.6.

In section 6.7 we present the results of the two group cal-

culations from the time dependent collision probability

method.

Finally the results of the two group calculations by the SN

method are given in section 6.8.
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6.1 The axial space dependence

degendence_of

moderator

In Fig. 6.1a-d the neutron flux is given as a function of

the cylinder height for four different time intervals, with

time increasing from left to right. The slab thickness is

1.1 cm and the gap widths are 0.0, 0.55, 2.2 and 8.8 cm.

These curves correspond to Fig. 5.1a-d for the energy inde-

pendent case. From Fig. 6.1 we see that the zero gap dis-

tribution of the neutron flux is given by the fundamental

mode cosine function. When the gap increases the positive

value of the buckling decreases except for the first time

box. This exception is explained in section 5.2. For the

2.2 cm gap the buckling is close to zero, that is the neut-

ron flux can be described by a first degree polynomial of

the height variable. For the largest gap the buckling is

negative and the space distribution of the neutron flux

changes in time.

If we compare these curves with the results from the energy

independent case, the same tendency towards a smaller value

of the buckling can be seen for small gaps. However, for

large gaps, the buckling increases in the energy independent

case. This difference can be explained by the importance

factor exp(Xs/v) for the neutrons passing the gap. The low

energy neutrons will have < very high importance according

to this expression. These neutrons will thus have a very

large influence on the neutron field when the gap is large

and at large times, that is when a large part of the other

neutrons have died away.

In Fig. 6.2a-d the slab width is 4.4 cm instead of 1.1 cm

as in Fig. 6.1a-d. The results are quite different from
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those of the thinner slab. This time the neutron flux

decreases close to the gap. The decrease is larger the

larger the gap. This is also found for the 2.2 cm slab

in the energy independent case in Fig. 5.2a-d.

Since the decay constant is much smaller for the thicker

slabs, the corresponding importance factor exp(Xs/v) is

smaller and the leakage of the neutrons can no longer be

compensated for by the increase of the importance. The

neutron distributions is stable in time except possibly

for the largest gap width.

of_the_mean_velocitY_of_the

moderator

The mean velocity of the neutrons in the moderator, given

as a function of the cylinder height, is shown in Fig. 6.3a-d.

The geometry of the systems are the same as in Fig. 6.1a-d.

The mean velocity in the first time box reflects the initial

condition of the neutron energy. ' Since we start the neut-

rons from the highest energy group, the mean value of the

neutron velocity will be higher in the first time box than

in the other joxes.

We can see that the mean velocity of the neutrons increases

close to the cylinder end. This increase is due to the

boundary transient flux. This transient shows that the space

and energy dependences are not totally separable even for the

zero gap cases. For most hydrogeneous materials (as polyethy-

lene) the energy dependence of the transport mean free path

is such that the mean energy increases at the boundary sur-

face (see Williams, 1966).

When the gap is introduced into our system, we can see the

effects of cavity heating and cavity cooling. In the first
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time box the mean velocity of the neutrons is higher close

to the gap than at the centre of the slab. The high energy

neutrons have a larger probability to enter the gap. Since

no moderation takes place in the void, in contrast to the

moderator where the neutrons lose their high energy quickly,

the mean velocity of the neutrons will remain high in the

gap at the beginning. But since the low velocity neutrons

spend a longer time in the gap, the influence of these neut-

rons will dominate at large times.

This cavity cooling at large times will decrease the mean

velocity of the neutrons in the moderator close to the gap.

The dip in the mean velocity for the neutrons close to the

gap will be larger the wider the gap. In Fig. 6.3b-d we

see that the mean velocity of the neutrons increases from

left to right, except for the first time box, as a conse-

quence of the cavity cooling and boundary transient effects.

For the thicker disk, which is 4.4 cm wide, the results are

given in Fig. 6.4a, b for the gap widths 0.0 and 8.8 cm.

Since the slab is thicker, one sixteenth of the cylinder

height is roughly equal to one mean free path, the changes

tend to be smooth over the large space interval. The effect

of boundary transients can be seen only in the last space

interval. The cavity cooling effect is also much smaller

since the weight of the neutrons passing the void is smaller

as a result of the lower value of the decay rate. Since

the moderator is so large the spectrum will be stable in

time for all gap widths, as the figures show.

6^1^ The_axial_buckling_of_the_neutrgn_f lux_in_the .moderator

As in the energy independent case we have calculated the

diffusion theory buckling value for the axial neutron flux.
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The buckling value is calculated for all four time inter-

vals for all gap widths. The result is shown in Fig. 6.5-

6.8 for the slab thicknesses 1.1, 1.47, 2.2 and 4.4 cm

taken in that order. The square of the buckling is divi-

ded by the square of ir/a where a is the slab width, and

this quantity is given as a function of the gap width for

the four different slab widths.

As a guide for the eye the buckling values from the same

time intervals have been connected by a line drawn smooth-

ly between the corresponding points. But since we changed

the time scale at about 6 cm gap width, except for the 4.4

cm slab, the results are separated into two figures. For

large gap widths the statistic is bad for the two last time

intervals and we have therefore used the points from these

time intervals to draw only one line instead of two. Still

the figures should give a qualitative picture of how the

buckling changes in time for the different systems.

Let us start with the results for the 4.4 cm slab width in

Fig. 6.8. This figure shows that the axial buckling is

stable in time for all gap widths and that it increases with

increasing gap width. For the 2.2 cm slab in Fig. 6.7 the

buckling is stable for gap widths smaller than or equal to

about 2.2 cm. For larger gap widths the buckling decreases

in time and for still larger gap widths the buckling changes

from positive to negative values. When the slab is thinner,

1.47 cm in Fig. 6.6, the buckling is stable for gap widths

smaller than or equal to about 1.1 cm and the change from

positive to negative values of the buckling occurs at a

smaller gap width than for the 2.2 cm slab. Finally for the

thinnest slab, 1.1 cm in Fig. 6.5, it is difficult to see

any buckling stable in time at all and the buckling becomes

zero and negative even for gap widths about 1.1 cm.
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6.2 The transverse space dependence

6 i.2̂ 2 I|}§_tra^sver^e_sga^e_d^gen^e^ce_of_th^_ne^tr^n_f lux
in_the_gag

The transverse flux in the gap has been calculated for

different gap widths and for the two slab thicknesses 1.1

and 2.2 cm. The time axis has been divided into two inter-

vals in order to get at least one set of results which are

independent of the initial conditions. The gap width has

been divided into six boxes but because of the symmetry

plane at the centre of the system only three will give

different results. The cylinder radius has been divided

into eight intervals each one representing a circular ring

1.125 cm wide.

The transverse flux in the gap is given in Fig. 6.9a-f for

the 2.2 cm slab with gap widths 4.4, 8.8 and 13.2 cm.

In the figures 6.9a/C,e we show the transverse neutron flux

for the first time interval and in Fig. 6.9b,d,f that of

the second time interval. The three first figures in one

row represents the different axial boxes in the gap; the

first one is nearest to the interface moderator-gap and the

third one nearest to the symmetry plane at the centre of

the gap. The fourth and last figure of the row is the

superposition of the three previous ones. This was made

to more clearly see the small differences between the flux

in the different axial boxes.

The flux has been normalized to unity in all the figures

at the centre axis of the cylinder. Sometimes the results

in the first two/ of eight, transverse space boxes have

been merged into one in order to improve the normalization.
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The result shows that the difference between the flux

for different axial space boxes is small, so the trans-

verse flux shape does not vary much when we pass from

the interface between moderator and gap to the centre

of the gap.

The transverse flux changes in time. This is due to our

initial condition which was equal to the zero gap funda-

mental mode J (B r) for all gap widths. The flux flattens

relative to the initial condition shape and the flux

flattening is larger the larger the gap. We can also see

that the flux shape is somewhat flatter at the centre of

the gap than close to the moderator surface. The results

for the other slab width, 1.1 cm, are close to those from

the 2.2 cm slab when the gap widths are equal.

We can summarise the results from Fig. 6.9a-f by calcula-

ting the buckling values for the flux distributions. This

is done only for the second time interval, that is the low-

er row in the above mentioned figures, because the first

time interval is strongly influenced by the initial condi-

tion of the transverse neutron flux. The calculated buck-

ling values (three for each gap width) are given in Fig. 6.10

as a function of the gap width for the 2.2 cam slab width.

The gap widths are 4.4, 8.8 and 13.2 cm. As in the case

with the axial buckling of the neutron flux we have drawn a

line between the points as a guide for the eye. The buck-

ling decreases as a function of the gap width and this is

expected since the flux becomes flatter the larger the dis-

tance to the slab surface is.
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6.2.2 The_transverse^sgace_degendence_of_the_neutron

The transverse flux in the moderator has been calculated

and is shown in Fig. 6.11a-f for the 2.2 cm slab. The gap

widths are 4.4, 8.8 and 13.2 cm as above. The transverse

flux in the moderator is presented in the same way as the

transverse flux in the gap was presented, except that the

moderator is divided into four axial boxes instead of three

for the gap. This made the axial boxes 0.55 cm wide.

In Fig. 6.11a-f we can clearly see that the flux in the gap

affects the transverse flux in all parts of the slab and

makes it flatter. The flux flattening is, however, somewhat

smaller in the axial box closest to the cylinder end, com-

pared to the axial box closest to the gap. For thinner

slabs the flux flattening is more pronounced and for the

thicker slab the flux is closer to the transverse fundamen-

tal mode.

In Fig. 6.12 the diffusion theory buckling value for the

transverse flux in the moderator for the 2.2 cm slab width

is shown. The buckling is calculated for the last time

box only. The value of the buckling in the moderator is

smallest for the space box close to the gap and largest

close to the cylinder end, as expected.

6.3 Time dependence of the mean velocity of the neutron

density in the gap and in the moderator

The mean velocity of the neutron density in the moderator and

and in the gap is given as a function of time in Fig.6.13a-

-6.16b.
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The separation distances between the slabs are 1.1, 2.2 and

4.4 cm in the figures denoted a. In the figures denoted b

they are 8.8, 13.2 and 17.6 cm. The mean velocity in the

moderator has only been given for the smallest gap width

that is 1.1 and 8.8 cm respectively. The influence of the

gap width on the mean velocity in the moderator is namely

much smaller than that on the mean velocity in the gap. The

symbols used for the mean velocity of the neutron density

in the gap are in all figures +,o and - in order of increas-

ing gap width. For the mean velocity of the moderator the

symbol v was used.

The slab widths are 1.1, 1.47, 2.2 and 4.4 cm in Fig. 6.13,

6.14, 6.15 and 6.16 respectively.

In Fig. 6.13a the mean velocity of the neutron density in the

moderator is constant at times larger than -50 us, that is

when the initial condition dependent phase is over. The mean

velocity in the gap decreases with time and is lower the

wider the gap. At very large times (-500 us) the mean velo-

city is almost stable in time. Comparing these results for

the 1.1 cm slab to those of the other slab thicknesses in

Fig. 6.14a, 6.15a and 6.16a, we see that the thicker the slab

the closer the mean velocity in the gap is to that in the

moderator. The mean velocity in the gap is even constant in

time for the thickest slab after the initial condition depen-

dent phase.

In Fig. 6.13b the mean velocity in the moderator decreases in

time until -500 us, then it is approximately constant. The

mean velocity of the neutrons in the gap is almost the same

for the different gap widths and it becomes stable at the

same time as the mean velocity in the moderator becomes stable.

The mean velocity seems to have a minimum for the largest gap

width at about 460 us. This is due to the neutrons in the

lowest energy group passing the void. It takes 440-500 us
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for this group to travel across this gap. These low energy

neutrons have mad few collisions before entering the gap

and since the decay rate of the system is very large at small

times these neutrons will have a very large importance factor

when they reach the other side. The importance will be larg-

er the thinner the slab. This can be seen in the figures, too.

The minimum is largest in Fig. 6.13b and has disappeared in

Fig. 6.16b.

These neutrons also affect the neutron decay rate at about

500 ps as will be seen in Fig. 6.17-6.20. This minimum is

also present in the mean velocity of the neutrons in the mod-

erator at a time somewhat later than for the gap.

This shows the strong influence of the low energy neutrons

and it suggests that the group structure should be made finer

for gap widths larger than 15-20 cm at these low energies.

Comparing the results from Fig. 6.13b with those in Fig. 6.14b,

6.15b and 6.16b, we see that the mean velocity in the modera-

tor is higher and more stable in time the thicker the modera-

tor. The mean velocity in the gap approaches that of the mod-

erator when the moderator thickness is increased.

6.4 The asymptotic decay rates

The_time_deEendence_of_tl3e_decaY_rate_fgr_the_neutrons

The time dependence of the decay rate for the neutrons leaving

the system is shown in Fig. 6.17a-6.20b. The decay rate has

been calculated using the 32 nearest time boxes to form the

midpoint nean value of the decay rate over this time interval,

as described in section 4.5.1. The gap widths of i he system
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are 0.55, 1.1, 2.2 and 4.4 cm in the figures denoted by a,

and 8.8, 13.2 and 17.6 cm in the figures denoted by b. The

symbols used for the time dependent decay rates are v,+,o

and - in the former cases and +,o and - in the latter.

The slab thicknesses are 1.1, 1.47, 2.2 and 4.4 cm in

Fig. 6.17, 6.18, 6.19 and 6.20 respectively. The maximum

time is 512 us in Fig. 6.17a-6.19a, 768 ys in Fig. 6.17b-

-6.19b and 1024 ys in Fig. 6.20a,b.

Since the results for the small gap widths (Fig. 6.17a-6.20a)

are different from those with large gap widths (Fig. 6.17b-

-6.20b) we will discuss them separately.

In Fig. 6.17a and 6.18a the decay rate is stable in time

for the smallest gap width (0.55 cm). When we say that the

decay rate is constant we neglect the time dependent phase

for times less than 100 ys. This phase is dependent on the

initial conditions and is present whether there is a decay

constant or not. For the larger gap widths 1.1, 2.2 and

4.4 cm the decay rates decrease in time but the change of

the decay rate is smaller at larger times. In Fig. 6.19a

and 6.20a the decay rate is stable in time for all gap widths

except for the largest gap width (4.4 cm) of the thinner slab

(2.2 cm). We can also see that the decay rate is more un-

stable the wider the gap and the thinner the slab, as expected.

The time dependent decay rate at larger gaps is shown in

Fig. 6.17b for the thinnest slab. The decay rate is not very

dependent on the size of the different gap widths at times

less than 350 ys. For large times (about 480 ys) there is a

minimum of the mean velocity of the neutrons in the gap for

the 17.6 cm gap width, as was also seen in Fig. 6.13b-6.15b.

When the mean energy of the neutrons decreases both the velo-

city and the diffusion constant decreases and this makes the
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decay constant smaller (eq. 2.20 and 2.25b). When these

low energy neutrons have passed the gap the decay rate is

almost the same for the different gap widths. The results

from Fig. 6.18b and 6.19b are close to those from Fig. 6.17b,

but for the 2.2 cm slab the initial decay rate is smaller

since the slabs are thicker. The decay rate for the 8.8 cm

gap width is somewhat larger than for the others. In

F.g. 6.20b the decay rate is constant in time over the entire

time interval except for the initial condition dependent,

phase at times less than 250 us. The decay rates are almost

independent of the gap widths.

The decay rates for the zero gap systems are shown in Fig.

6.21a,b. These decay rates given as functions of time should

represent decay constants, since we have a homogeneous system.

To calculate these decay constants we used the mean value of

the decay rate over the 8 nearest time boxes. This number

was chosen in order to minimise the influence of the initial

conditions on the decay constant.

The time dependent decay rate for the 1.1 and 1.47 cm slab

is shown in Fig. 6.21a and the corresponding results for

the 2.2 cm and 4.4 cm slabs are shown in Fig. 6.21b. Since

the decay rate for the thinnest slab varied much more in

time than that of the other slabs did, we used the 16 nea-

rest time boxes instead of 8 to plot the decay rate in this

case. This makes the decay rate look smoother. The nume-

rical value of the decay rate was, however, calculated in

the same way as for the others. The mean value of the de-

cay rate taKen over a suitable time interval is given in

Table 6.1.

Slab width

a cm

1.1

1.47

2.2

4.4

Decay

X«10~4

3.54

2.29

1.21

0.45

CO

s

+

+

+

+

nstant

-1

.14

.07

.05

.03

Table 6.1 The decay constant for zero gap width.

-74-



6^4.^ The_sgace_degendence_of_the_as^mgtotic_decaY_rates

Instead of calculating the time dependent decay rate for

all neutrons leaving the system, we can separate the decay

of the neutron field in the moderator from that of the void.

Since we expect the time dependence of the neutrons in the

gap and the moderator to be different, this gives us infor-

mation about the space dependence of the decay rate.

At small times the decay rate from the void will be smaller

because at zero time there will be no neutrons in the gap.

Kence, it takes some time before the neutrons have entered

the void, travelled along the gap and left it through the

curved surface of the cylinder.

At larger times the two decay rates will be closer to each

other, and if the system has a stable exponential decay they

must be equal.

For the thickest slab width 4.4 cm, the decay rates are equal

when the gap width is 8.8 cm or less. That is, the difference

between the decay rates is less than 1 % on the average. In

Fig. 6.22a the two decay rates are given for the 4.4 cm slab

width when the gap width is 17.6 cm. The difference bet-

ween the decay rates is 8 %. For the 13.2 cm gap width the

difference is about 5 %. When the slab width is 2.2 cm and

the gap width is less than or equal to 4.4 cm the decay rates

are equal but when the gap width is 8.8, 13.2 and 17.6 cm

the difference is 3 %, 5 % and 5 % respectively.

For the thinnest slab widths, i.e. 1.47 and 1.1 cm, the de-

cay rates are equal for all gap widths, except the largest

one 17.6 cm, where the difference is 4 %. In Fig. 6.22b the

two decay rates are given for the case when the slab width

is 1.1 cm and the gap width is 4.4 cm.
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The conclusion from these calculations is that the space

dependence of the asymptotic decay rate is negligible

(<1 %) for gap widths smaller than 4.4 cm and that the

space dependence increases with increasing gap width and

is about 5 % for gap widths about 10-15 cm.

6^4^3 The_influence_of_the_2ap_width_on_the_asYmgtotic_decaY

rate_for_the_four_different_slab_systerns.

The asymptotic decay rate has been evaluated according to

section 4.5.1. The result is given in Fig. 6.2 3a, where the

asymptotic decay rate is given as a function of the gap width

for the four different slab widths 1.1, 1.47, 2.2 and 4.4 cm.

Since the evaluation of the asymptotic decay rate is somewhat

different from the time dependent decay rate evaluation as

described in section 4.5.1 the values from Fig. 6.17-6.20

might be slightly different from those presented in Fig. 6.23a.

From tl.e latter figure we can see that the asymptotic decay

rate decreases as a function of the gap width for the thinnest

slab. This means that the importance gain the neutrons will

make in passing the gap will be larger than the importance

loss through leakage in the gap, because the decay rate is

so large. This results in a decrease of the asymptotic decay

rate.

For the next slab the decay constant is smaller and the impor-

tance gain is smaller, hence the decrease of the asymptotic

decay rate of the system is not as large as inte the previous

case. We can also see that for a gap width of about 2-3 cm

the increase in leakage when we increase the gap is almost ex-

actly compensated for by the increase in the importance, be-

cause the asymptotic decay rate is almost constant for this gap

interval. For gaps much larger than this the asymptotic decay

rate is almost equal to that of the thinner slab.
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For the 2.2 cm slab the asymptotic decay rate has a weak

minimum at a gap width of about 0.7 cm. This means that

the importance loss due to leakage is larger than the im-

portance increase for neutrons passing the gap, for gap

width slightly larger Lhan 0.7 cm and vice versa for gap

widths smaller than this value. Since the asymptotic de-

cay rate for the 2.2 cm slab is less than that for the 1.47

cm slab it is clear that this minimum should occur for a

gap width less than 2-3 cm. For larger gap widths the

asymptotic decay rate i.F not very different from the

first two slabs.

For the thickest slab the asymptotic decay rate is so small

that it can never compensate for the leakage. Therefore

the asymptotic decay rate increases as we increase the gap

width due to leakage through the gap. For very large gaps

the asymptotic decay rate approaches that for the other slab

widths.

The error from the time dependent decay rate has been calcul-

ated as the linear sum of two terms. The first one is the

quadratic error that results from the least squares fit of

the mean decay rate to the logarithm values of the number

of neutrons leaving the system. This term includes the

errors from approximating the time dependent decay rate with

a decay constant at the midpoint of the time interval as

well as the statistical errors. The second term is the stan-

dard deviation of the mean value of the decay rate taken

over some suitably chosen time interval. A more thorough

discussion of errors is given in chapter 7.

The errors are given in Fig. 6.2 3a at some different gap

widths. For the thinnest slab, 1.1 cm, the error varies

from 4 % for the zero gap case to 20 % for the 17.6 cm gap

width. The corresponding errors for the thickest slab,

4.4 cm, are 6 % and 8 % respectively.
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6.5 The interaction parameters

interaction_garameter

The dynamic interaction parameter is a measure of the inter-

action between the neutron fields in the two disks. It is

defined as the ratio of the number of neutrons passing the

interface between the gap and the moderator into the mode-

rator, to the number of neutrons passing the interface the

other way at a certain time.

If there is no stable neutron population at large times, as

in the cases with large gaps, the dynamic interaction para-

meter will be time dependent. We therefore divide the time

axis into between 4 and 32 equal intervals and calculate

the time average of this parameter in the different intervals.

The result is shown in Fig. 6.24 for the four slab thickness-

es 1.1, 1.47, 2.2 and 4.4 cm and for the different gap widths,

When the gap width is the same, the dynamic interaction para-

meter is larger for smaller disks since the decay rates are

larger for thinner disks. When the gap is small and the leak-

age is insignificant or when the decay constant is large the

interaction parameter is larger than one. The neutrons then

act as a source to the moderator disk, and that should de-

crease the decay rate. (The changes of the decay rate as a

function of gap width can be seen in Fig. 6.2 3a.)

It is really the total weight of the neutrons passing the

void and entering the moderator to the total weight of the

neutrons leaving the moderator and entering the gap that de-

termines the changes of the decay rate. The dynamic inter-

action parameter accounts only for the largest parts of the

changes of the weight, namely the leakage from the gap and

the time delay effect. But since the neutrons passing the
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void in general will be transported towards the periphery

of the disk, the neutrons will have a higher probability

to leak out transversally when they have entered the moder-

ator again than they had before.

In order to calculate the increased leakage probability for

these neutrons we would have to know the leakage probability

as a function of the cylinder radius and of the angle and

energy of the neutrons when they enter the moderator. Since

this is to complicated we have not tried to do this. It

would, however, decrease the weight, especially for large

gaps and move the maximum of the dynamic interaction para-

meter seen in Fig. 6.24 for the 2.2 cm slab towards smaller

values of the gap width.

§^5^2 The_static_interaction_garameter

We now introduce two absorbers in our system. They are symmet-

rically placed in the gap as shown in Fig. 1.1. The absorbing

material has an absorption cross section a (v) which depends
3

on the neutron velocity as 1/v. The importance of the neut-

rons passing the gap is reduced by the factor exp(- o s )
3 3

where s is the neutron path length in the absorber. There-

fore, the absorber especially decreases the importance of the

low energy neutrons. The total importance of the neutronsis given by the expression (3.8) as ex^'AXd/v -a d )v /(yv)).
0 30 3 0

Using the definition of equation (3.9) we can write it as

exp(- avQ/(yv)).

We want to find the exact amount of absorber o d needed for
ao a

a given gap width to make a zero. Since we do not know the

decay constant before the calculations, we have to make a

guess and then extrapolate or interpolate to the values desired.

When the parameter a is zero, we have an equivalence to the

stationary case without absorbers, that is when both the decay

rate and the absorption cross section is zero.
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Slab

width

a cm

4.4

2.2

Gap

width

d cm

0.55

0.55

1.1

1.1

2.2

2.2

2.2

4.4

4.4

4.4

4.4

8.8

8.8

8.8

0.55

0.55

1.1

1.1

1.1

2.2

2.2

2.2

2.2

4.4

4.4

4.4

6.6

8.8

8.8

8.8

Asymptotic

decay rate

A-10-4 s-1

0.52

0.57

0.58

0.66

0.69

0.81

0.83

0.85

0.97

0.99

1.00

1.12

1.13

1.15

1.18

1.39

1.20

1.58

1.90

1.28

1.73

1.93

2.10

1.39

2.03

2.49

2.81

2.85

2.93

3.13

Absorber

thickness

aaoda m f p

0

. 0.014

0

0.031

0

0.075

0.094

0

0.156

0.188

0.219

0.375

0.438

0.500

0

0.034

0

0.078

0.156

0

0.125

0.188

0.250

0

0.250

0.500

0.844

1.0

1.156

1.5

Dynamic

int param

pd

0.997

0.979

0.981

0.944

0.937

0.865

0.846

0.851

0.726

0.706

0.688

0.497

0.467

0.443

1.026

0.980

1.033

0.943

0.865

1.026

0.915

0.863

0.814

1.01

0.84

0.69

0.55

0.52

0.45

0.36

Balance

param

a

-0.013

0.0

-0.029

-0.002

-0.069

-0.006

0.011

-0.170

-0.038

-0.010

0.019

-0.073

-0.014

0.040

-0.030

0.0

-n,060

-0.001

0.061

-0.128

-0.048

-0.005

0.040

-0.278

-0.156

0.002

0.001

-0.140

-0.016

0.248

Table 6.2 The interaction parameter for different absorbers in

the gap.
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In Table 6.2 we have given the results from the calcula-

tions, namely the decay rate and the dynamic interaction

parameter. Using these results we can plot the dynamic

interaction parameter as a function of the parameter a

for the different gap widths. Connecting the different

values from the same gap width with a full line gives us

Pig. 6.25.

We now compare the results from the Monte Carlo calcula-

tions in Fig. 6.25 with the results from measurements by

Grosshög in Fig. 3.2a (4.4 cm slab) and in Fig. 3.2b (2.2

cm slab) and the calculations by Grosshög in Fig. 3.2c.

The curves in Fig. 6.25, 3.2a and 3.2c have the same general

behaviour. The different appearance of the curves in Fig. 3.2b,

where the interaction increases with increasing absorbing

thickness, is not reproduced in the present results, and is

probably an experimental effect.

The same kind of calculations were also made for the 1.1 cm

slab as for the 2.2 and 4.4 cm slabs. The results agreed

with those from the thicker slabs in Fig. 6.25 only for the

smallest gap. This is probably due to the very large amount

of absorber needed in the gap to compensate for the large de-

cay constant.

From Fig. 6.25 we get the values of the stationary interaction

parameter from the dynamic interaction parameter when a is

zero. The mean values of the results from the 2.2 and 4.4 cm

slabs are taken and presented in Fig. 6.26a. The results are

also given separately in Table 6.3.

The two main contributions to the error of the static inter-

action parameter comes from the error AA of the decay constant

and the error Ap of the dynamic interaction parameter. The

error from the decay constant gives rise to an error in the
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parameter a which is equal to &>.d/v . This is proportional

to the gap width d and this makes it difficult to calculate

the interaction par?Teter accurately for large gaps. The

error Aa is showr :t\ Fig. 6.25 as a horisontal line for those

cases which ha1 tn a-value close to zero. The vertical

line is the ^•andard deviation of the mean value of the dynam-

ic inter"i.c'.i.on parameter taken over some chosen part of the

time i ••*• crval. As usual, the error lines have been suppressed

whei- ' ;ey are smaller than the symbols used in the figure.

A > ,'.e thorough discussion of the errors is given in chapter 7.

Included in Fig. 6.26a and Table 6.3 is also the result of the

calculation of the stationary interaction parameter (pQ) -rom

section 8.1. These values are calculated by numerically inte-

grating the outgoing neutron angular current over that part

of the space angle which includes the circular surface of the

opposite disk. The outgoing neutron flux is assumed to be

isotropic and the transverse space dependence is given by the

fundamental mode. These values correspond to the upper curve

in Fig. 3.3. The agreement with the Monte Carlo values is

good, but for the largest gap width 8.8 cm the Monte Carlo

value is somewhat larger.

There is another way to calculate an approximate value of the

stationary interaction parameter from the Monte Carlo results.

From the system with no absorbers in the gap we have formed

the quotient N./N N, is the total number of times the neut-

rons pass the gap and interact with the other disk and W the

total number of times the neutrons leave the moderator and en-

ter the gap. This interaction parameter is of course dependent

of the initial conditions of the transverse flux and does not

include the neutrons that would have interacted with the mod-

erator but did not reach the other disk before the cut off

time. These values are given in Table 6.3 and the mean value

for the 2.2 and 4.4 cm slab is given in Fig. 6.26a. These

results agree with the previous ones. This means that the

neutrons must have passed the gap so many times that the in-

fluence of the initial dependent conditions becomes small.
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Gap

width

cm

0.55

1.1

2.2

4.4

6.6

8.8

13.2

17.6

N./Nt

2.2cm

0.98

0.94

0.85

0.68

0.54

0.43

0.28

0.19

Monte Carlo

4.4cm

0.98

0.94

0.85

0.69

-

0.45

0.29

0.21

Pd(a=0)

2.2cm

0.98

0.94

0.86

0.70

0.55

0.46

-

Monte Carlo

4 .4cm

0.98

0.94

0.86

0.69

-

0.44

-

0.98

0.95

0.86

0.69

0.54

0.43

0.28

0.19

Table 6.3 The static interaction parameter for different

gap widths.

6.6 A comparison of Monte Carlo results with those from

Grosshög's measurements

We can compare the results of the asymptotic decay rate,

given as a function of gap width for the four different slab

widths presented in Fig. 6.23a with the result from the

measurements made by Grosshög in the D-series (2.2 cm slab

width) and the E-series (4.4 cm slab width). First, how-

ever , we subtract from the measured decay rate that part

which depends on the absorption, since we have zero absorp-

tion cross section in thp Monte Carlo calculations. This

part, X , is given by equation 2.25a as <va > and is equal
4 - 1to 0.58 • 10 s in Grosshög's measurements.

The values of the decay rates are taken from those obtained

by detector 2 with the time correlation 2-3, which corresponds
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to the largest delay times. That is the results presented

in Fig. 4.10 and 4.12 in Grosshög (1970a).

Starting with the E-series these results are compared with

the Monte Carlo results given in Fig. 6.20a-b. We see that

the decay rate does not change much in time so a delay time

of 100 ys used in the measurements should be sufficient.

In Fig. 6.2 3b we have given the decay rates from the measure-

ments together with those from the Monte Carlo calculations

and we conclude that the agreement is good.

Similarly, the results from the D-series can be compared with

the Monte Carlo results given in Fig. 6.19a-b. For small gap

widths the delay time should be about 250 us and for larger

gaps about 400 ys. This can be compared with the delay time

used in the measurements, only 50 us. This should be too

small to give reliable results. In Fig. 6.2 3b we can see

that the agreement is worse for the D-series than for the

E-series. When the delay time is too short this leads to an

overestimate of the decay rate and this is the case for

large gap widths about 10.0 cm. For smaller gap widths, how-

ever, the decay rate is below the values from the Monte

Carlo calculations.

When we introduce an absorber in the gap the decay rate in-

creases. Many of the slow neutrons in the gap are absorbed.

Hence the decay rate of the system should reach an asymptotic

value much faster than for a system with an empty void. The

delay time could therefore be shorter than for the system

with no absoerber. The values used in the measurements are

64 and 192 ys for the D and F series. According to the Monte

Carlo calculations this should be sufficient for the initial

conditions used. These are not the same in the measurements,

but the delay time should nevertheless be adequate.

There is, however, another approximation that may be
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questioned* vz. the assumption of isotropic flux used in

the derivation of the expression of the neutron current

in the diffusion theory approximation. The neutron

current is given by

±J" = -T (4 - 2DV4 )
H O * O

Since the void is finite no neutrons with a cosine less

than u = d/ yd + R can enter the moderator for the

central flux and no neutrons with a cosine less than

W» = d/ l/d + 4R can enter the other moderator at all.m r

This discontinuity of the incoming neutron angular current

makes it forward peaked for non zero gap widths. Since we

use the incoming neutron current to calculate the inter-

action parameter by the expression p = J /J~ we should try

to make a correction for this peaked neutron current to

get a good value of this interaction parameter.

According to Appendix 1 we could use the expression J =

= q̂ j (A - 2D7* ) where q is the correction factor. An

approximate value of the correction factor is taken from

the Monte Carlo calculations. The corrected values of

the interaction parameter are given in Table 6.4 and shown

in Fig. 6.26b. The agreement with the Monte Carlo results

is better now, except for the smallest gap width.

There is also another approximation made in the calculations

of the interaction parameter from the measurements using

diffusion theory. From the decay rate the total, buckling

is calculated. The zero gap fundamental mode transverse

buckling is subtracted to get the axial buckling. From

this the neutron current components J and j" are calculated.

The transverse buckling in the moderator changes, however,
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with gap width and it is not equal to the zc:ro gap trans-

verse buckling as seen in Fig. 6.12. If the transverse

buckling value is increased, the axial buckling value de-

creases and the value of the interaction parameter increa-

ses. Since the transverse buckling is rather small com-

pared to the axial buckling this correction should be ra-

ther small compared to the correction for the forward

peaked value of the angular neutron current.

Gap

width

d cm

1.1

2.2

4.4

6.6

8.8

Grosshög'

values p

2.2cm

0.93

0.79

0.59

0.38

0.31

s measured

4.4cm

—

0.76

0.59

0.44

0.34

Correction

factor q

1.055

1.11

1.22

1.33

1.44

Corrected

P' = q P

2.2cm

0.98

0.88

0.72

0.51

0.45

values

4.4cm

—

0.72

0.72

0.59

0.49

Table 6.4 The measured values of the static interaction

parameter

6.7 The time dependent collision probability calculations

with two energy groups

The time dependent collision probability method was used

to compare the Monte Carlo results with another energy de-

pendent calculation and also to compare these results

with the energy independent case. The group constants used
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for the cross sections were the same as for the ANISN

calculations. A two group calculation is not enough to

give an accurate description of the energy dependence, but

the computer calculation time would have been too large if

many more energy groups had been included. For that rea-

son also the calculations were only made for the thinnest

slab of 1.1 cm. This slab could be represented by the low-

est number of space regions. The size of the collision

probability and time distance matrices could therefore be

kept rather small. Since the absorption in the system is

zero for the cases calculated, the neutrons will make a

large number of collisions in the system before they decay

away. As a consequence of this, many neutron generations

have to be calculated in order to show the time dependence

over a sufficiently large time interval.

The conclusion from the one velocity calculations was that

the three dimensional void could not accurately be treated

by the one dimensional calculations with a correcting buck-

ling term. This conclusion is also valid in the energy

dependent case. Hence, we should not expect the agreement

to be better than in the energy independent case, since we

have made another approximation as well, namely condensing

a sixteen group calculation to a two group calculation.

In Fig. 6.27a-e we show the time dependent decay rate for

the different gap widths 0.0, 0.1375, 0.275, 0.55 and 1.1

cm. The slab width is in all cases 1.1 cm.

From the time dependence of the decay rate in the different

cases we can see that there is no true exponential decay

except for the case with zero gap width. Otherwise the de-

cay rates decrease in time. For the small gap widths used

in our calculations the decay rates seem to decrease linear-

ly in time.
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The asymptotic decay rates taken from Fig. 6.27a-e are

given in Fig. 6.28. We see that the time dependent colli-

sion probability calculations give larger values of the

decay rate than the Monte Carlo results.

The agreement would have been better if the time interval,

on which the decay rate was calculated in the time colli-

sion probability method, had been larger. The decay rate

namely decreases when time increases, as said r.oove. Thus

the larger the time interval the lower the value of the

asymptotic decay tu'ce.

1 roducing a large number of low energy groups would

probably also decrease the value of the asymptotic decay

rate, since the low energy neutrons have long delay times

in passing the gap and thus get high importance.

6.8 The S N calculations with two energy groups

These two-energy-group calculations were made to compare

the results with the Monte Carlo sixteen-energy-group cal-

culations. We could of course have chosen sixteen groups

in the S N calculations too, but since the other approxima-

tions (one dimension, void streaming correction, time eigen-

value) will influence the results to a much larger degree,

we consider it sufficient to use only two groups. The com-

puter time will as a consequence be substantially reduced.

We chose the thickest disks 2.2 and 4.4 cm for our calcula-

tions. The reason for this is that the larger the leakage

of neutrons the fewer neutrons are left to be scattered.

The scattered neutrons are used as an artificial neutron

source and when they are too few, the program interrupts

its calculations. Hence the thicker the slab the wider the

gap can be before the neutron source becomes too weak.
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The difficulty with the one dimensional program i:i ».o take

the void into account. The void correction is not very

accurate to describe a gap in a three dimensional system.

However, for the first, series of calculations wo chose

the void correction term to equal the diameter of the <iisk.

This is the natural choice, since this means that we cal-

culate the flux on the central axis of the cylinders. The

results from these calculations are shown in Fig. 6.28.

The time eigenvalue is given there as a function of the gap

width, and the results are compared to the Monte Carlo ones.

For the 4.4 cm disk we get an overestimate of the time eigen-

value, similar to the results of the energy independent case.

This, however, turns to an underestimate for larger gap widths.

For the 2.2 cm disk we get a considerable overestimate of the

decay rate. Since the void correction term made the decay

rate larger we might look for reasons to make the void corr-

ection term larger and thus deemphasize the influence of the

leakage on Lhe decay rate. One such effect is easily seen.

In the Monte Carlo case some neutrons may pass from one point

near the periphery of one slab to the diametrically opposed

point on the other slab. These neutrons travel a distance

of about one diameter across the gap. For the SN case, how-

ever, no neutrons pass the void with a distance larger than

the radius. These neutrons, that pass the void with a dis-

tance larger than the radius, are not many but they have a

large influence, since the weight has increased and the time

delay is large. To include these neutrons in our SN calcul-

ations we have to make the void twice as large as the radius.

This would lead to a substantial underestimate of the time

decay constant for all but very small gaps. He see that

this larger void diameter represents the behaviour of the

time eigenvalue rather well for the two slab thicknesses,

especially the thicker one. This might be a coincidence

considering the approximations made in this case. Since
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these two void corrections represent the two extreme cases,

over and under estimates, there is a region between them

where the results should be. We can also see that the mini-

mum of the decay rate for the thinner disk is not repro-

duced .

When the gap width is zero, the decay constant is 0.45-10

s"1 for the 4.4 cm slab and 1.20-104 s"1 for the 2.2 cm

slab. These values are in good agreement with the Monte

Carlo results.
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7. ERROR ESTIMATES IN MONTE CARLO

There are two kinds of errors, the systematical ones .ttnl

the statistical ones. Examples of the former are tho

errors in the indata» that is cross sections, geometry

etc and the errors made when these values are changed to

a form suitable for our computer calculations. These

errors will be described first. The other type of errors,

the statistical ones, depends on the statistical model of

the system and these errors can be decreased by using vari-

ance reducing techniques or by simply increasing the num-

ber of neutron histories in our Monte Carlo calculation.

7.1 Systematical errors

The errors in the cross sections are described in section

4.4 and compared to other values in Fig. 4.2. The energy

dependence of the cross sections and the neutron flux is

taken into account by the multigroup formalism. Sixteen

energy groups represent the continuous energy dependence.

The multigroup method gives exact results only when the

energy dependence of the flux is known in advance. Since

this is not the case we assumed a Maxwellian spectrum of

the neutron flux. This assumption is true only for in-

finite media. Due to the diffusion cooling the mean value

of the energy is lower for finite media than that for in-

finite ones. We have therefore compared the influence of

two different Maxwellian weighting spectra, one with the

maximum energy at kT and the other at 0.9kT. The differ-

ence between the weighted values of the group velocities

was less than 1 I.

When the gap in our system is nonzero (and especially when

the slab thickness is small) the spectrum in the gap and

in the moderator close to the gap is not Maxwellian which
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makes the errors larger than for the zero gap case. How-

ever, for the thick slab system the influence of the gap

on the mean velocity of the neutrons in the moderator is

small as can be seen from Fig. 6.16a and b.

The discrete values of the neutron velocity give rise to

special effects when the neutrons travel across the void.

If the neutrons are started at the same time but in differ-

ent energy groups each one travelling with its own speed,

the neutrons will separate in time and arrive as a series

of pulses at the other side. In general, the spread in

angle and start time and the small gap width will make

the different groups overlap in time, so the resulting

distribution at the other side of the gap will be rather

smooth.

But in the extreme cases, when the energy of the neutrons

is low and the gap is wide, the separation of the differ-

ent groups in time will be substantial. For the lowest

energy group in our calculation it takes about 450 ys to

travel across the largest void. For the next lowest ener-

gy group it takes about 250 ps. The result for this low-

est energy group is shown in Fig. 6.17b and 6.18b where

the time dependent decay rate of the neutron population

is given for the two thinnest slabs with the largest gap

width. The dip in the curve at 480 ys is clearly seen.

There are several possible ways to diminish this effect.

One way is to increase the number of low energy groups as

the gap increases. This would, however, demand more core

space in the computer and is therefore not practical to

us. The start condition of our problem could also be

changed so that neutrons are started in the gap also at

time zero with some given energy distribution and not only

in the moderator as now. The present start condition was,

however, chosen to describe the pulsed neutron method as

well as possible.
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The neutrons could also be given different velocities

within the group but with an average value corresponding

to the group averaged value. The multigroup formalism

could be abandoned altogether in the calculations and

the energy variable treated as a continuous variable.

The multigroup formalism is, however, very convenient for

our Monte Carlo calculations since it allows us to use a

table of values instead of calculating new values each

time.

Next we consider the errors from tabulating a given func-

tion and the average round off error of the tabulated

values. When we represent the continous function f(x)

with the discrete values f. i=1,...n we define the quad-

ratic mean error as

- 17 (7.D

These errors and the average round off errors due to the

16 bit integer representation of f. are given in Table 7.1.

The average round off errors are also given for the dimen-

sions, the mean free path, the velocity and its reciprocal.

We see that the error of the velocity is larger than the

other errors. The reason for this is that we represented

the velocity v , corresponding to the energy kT, with 100.

We could of course have chosen a number larger than this

by a factor of ten or hundred, but then we had to increase

the number of bytes assigned to the arrays, into which

samples of the velocity were added, in order to avoid over*

flow. Since there was no free core space some other array

had to be diminished or deleted. Hence, the velocity was

represented by a rather small number.

The low precision of the velocity did, however, not affect
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the calculation of the time when the path length is given.

This was calculated from the expression s/v where the reci-

procal velocity is used instead which had a better accuracy.

The absolute round off errors of the dimension are at least

1.1 • 10~4 * 10 cm in the axial dimension and 9.0 • 2 10~5«
-4

2 • 10 cm in the radial dimension.

As an example of the errors from using the tables and trunc-

ation errors in the multiplications etc, we have calculated

the average error of the normalization of the outgoing direc-
2 '2

tional cosines. The error is thus defined ase = 1.0 - k,.

- k'2
2 - k^2 and was less than 2 • 10 .

Since the result of a multiplication or a division is always
-4truncated we should on the average have an error about 10

when such an operation is performed.

7.2 Statistical errors

From n samples x. i=1,...n of the random variable x we can

estimate the mean value of x by using the expression

n

The variance s of the random variable x can be estimated

by the equation

provided that n is large. Using the Students t-distribu

tion with an approximately infinite number of degrees of

-94-



freedom we know that the probability that the interval

(p - 1.96 l/s^/yn, p + 1.96 V*?/Vn) contains the mean
value it of x is 95 t.

If the samples only can take the values 0 or 1, we have

p = n./n and if JS<<1 s « n ./n. This leads us to an approx-

imation of the interval endpoints given above by

p ± 1.96 l/s /Vn « n./n ± 1.96 /n~./n • n./n (1 • 2/VTT.) .

From this we can estimate the relative error approximately

by the factor 2/ /n. which means that the error decreases

rather slowly as a function of the number of samples contri-

buting to the mean value. If we calculate ten times as many

histories the error will be reduced by a factor of three.

The errors shown in the figures are calculated (and some-

times estimated) as described above using the 95 % confi-

dence interval.

The number of neutron histories varies depending on the moder-

ator and the gap width. For the thinnest slab it varies from

0.3 • 10 for zero gap to 2.0 • 10 for the largest. For the
4

thickest slab the corresponding numbers are 2 • 10 and

1 * 1 0 . Since the computing time was about the same for

all cases the difference is mainly due to how many times the

neutron is split on the average and the number of collisions

a neutron must have before its history is terminated. This

last number is about 1-2 • 10 for all cases.

-95-



Ftinct ions Round off

errors

Quadratic errors

from tabulation

sin x

cos x

In x

- X

3 • 10

3 • 10

2 • 10

4

3

10

10

-5

-5

-4

-5

-5

3

3

5

3

1

10

10

10

10

10

-5

-5

-3

-5

-5

Variables

Axial dimension 1 • 10

Transverse dimension 2 * 10

Scattering m.f.p. length 1 • 10

Axial mean free path 7 • 10

Transverse mean free path 1 • 10

Velocity 5 • 10

Reciprocal velocity 4 • 10

Time 2 • 10

-4

-5

-4

-5

-4

-3

-4

-4

Table 7.1. The round off errors and errors from tabula-

tions of functions.
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8. TWO ADDITIONAL METHODS FOR SMALL GAP WIDTHS

In this chapter we use two analytical methods to describe

the decay constant as a function of the gap width, for

small values of the gap. The first method is the one

velocity double P- method, which is described in seccion

8.1. The second one is a variational method and it is

presented in section 8.2 in the one velocity case. We

have also tried a two group calculation with this method

and the result is given in section 8.3.

8.1 The double P1 method

The Boltzmann equation in the one dimensional, one velocity

case with no external sources is written

v" at + y

(21 I 1) a s l
i

P1(y) j •(xfy')P1(v')dii
l (8.1)

1 = 0 -1

where we have expanded the angular dependence of the

scattering cross section into a Legendre series. The

time dependence is eliminated by assuming an exponential

decay exp(-Xt) where X is the decay constant.

We now expand the flux into a Legendre series over the

two intervals ye (-1,0) and pe(0,1). The flux is thus

written
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CO

(x,y) = T~(2n + 1) (<|>*(x) P*(2y -
^ rn n
n=o

>(x) P~(2y + 1)) (8.2)

where P*(2y - 1) = 0 if ye(-1,0) (8.3)

= Pn(2y - 1) if ye(0,1)

and P~(2y + 1) = P (2y + 1) if ye(-1,0) (8.4)n n

= 0 if ye(0,1).

This expression of the flux is inserted into equation

(8.1) and then both sides are multiplied by P*(2y - 1)

or P"(2p + 1) and integrated over the interval (-1,1).

Using the orthogonality relations for the Legendre poly

nomials we get

m d e l
(2m + 1) dx"

L l21 * 1) pim°sl E <2" *
1=0 n=o

(8.5)

One equation uses the upper signs and the other the lower.
1

We have furthermore defined p* • P,(u) P*(2y - 1) dy.
lm ) i m

-1
These terms are a consequence of the two different Legendre
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series. The scattering kernel is expanded over the full

range (-1,1) while the flux is expanded over (-1,0) and

(0,1) separately.

We now set <t>~ (x) = 0 for n > 2 and assume the scatteringn
to be isotropic. The angular flux is then equal to

(x) P*(2y - 1) + *~0<x) P~(2u

3** (x) F*(2y - 1) + 3$~(x) P̂ J(2y + 1). (8.6)

Equation (8.5) is also simplified. For m=0 we have

(8'7)

oso(<l>*(x) + 4>ö(x)) (8'8)

and for m=1 we get

£M ; » 0 (8.9)'

(x) - 0 (8.10)
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where o = o - ±% T n e ansatz <T (x) = e
v ) V is made and

tv n n

inserted into equations (8.7-10). The right hand side is

moved to the left side and the equations are written in

matrix formulation

v+2o-0
so

- oso

- o
so

3v + 60

- 3v> + 60

*

*

*

0

0

1

1

= 0.

(8.11)

When the determinant for the above matrix is zero there

exists non trivial solutions to the system of equations.

This condition is equal to finding the roots of the

equation

v4 - 12o(2o - a )v2 - 36o3(o - a) = 0. (8.12)
2&U 5 U

The two roots with different magnitude are given by the

expression

6o((2o - ± (o
o

- 0))*). (8.13)

Since a = (a - A/v) < <J we have two small imaginary
s o so

roots +iv1 and two large real roots tv,. To each eigen-

value there is a solution to the system of equations

called the eigenvector. The eigenvector is given by the

equation
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*

• 
o

0

1

1

9(v2 - 4o2)

(3(v * 2a - ogo)(v + 2a) - v )(v - 2o)3/ogo

- 3v(v - 2a)

(3(v * 2a - ogQ)(v + 2o) - v )v/ago

(8.14)

The solution can now be expressed as an arbitrary linear

combination of the four separate solutions of the ansatz.

The flux is written

e-iv1x) •

e v2 x + C4*n(-v2) e"
v2x (8.15)

for n = 0,1.

In this way we get the solution in the usual cosine and sine

trigonometric functions. We can also rearrange the two last

terms to form the cosine and sine hyperbolic functions. The

four expressions of the space dependence in equation (8.15)

are inserted into equation (8.6) which gives the space and

angular dependence of the neutron flux.

So far the solution is completely general with respect to

the geometry. The solution to our special problem is given

by applying the appropriate boundary conditions.

8̂ ,2̂ 2 Bgundarjj-conditions_for_the_double_P1_method

Homogeneous boundary conditions

The advantage of the double Pu (DP.,) »eethod for the slab
N N
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geometry is that we can represent the boundary condi-

tions exactly for the homogeneous case. The condition

of no incoming neutrons at the right hand slab boundary

is satisfied if

4>~(a) = 0 for all n, (8.16)

where a is the single slab thickness. The left hand slab

boundary condition can of course be no incoming neutrons

at this surface, that is

>*(-a) = 0 for all n. (8.17)

In our case it is however more appropriate to use the

symmetry properties of the neutron flux in our system

4>ix,v) = < M - X , - M ) . (8.18)

At the centre x=0 this gives us

<M0,vi) • 4»(0,-y). (8.19)

Multiplying both sides with P*(2y - 1) and integrating

over the interval ye (0,1) we get

(-1)%~(0) for all n. (8.20)

In our DP- approximation this is

* <l>~<0) (8.21a)

* - ^ ( 0 ) (8.21b)
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We can also calculate the neutron current in our DP^

approximation to

1

J+(0) = f u *<0,y)dy = j**(0) + j<^(0) (8.22a)

o

o

J~(0) = -Jy <|>(0,y)dy = ̂ ~ < 0 ) " ̂ i(°> (8.22b)
-1

Heterogeneous boundary conditions

The heterogenous boundary condition for the three dimen-

sional system will first be given, then we will approxi-

mate this condition for our one dimensional calculation.

The incoming neutron flux is related to the outgoing one

by

<|>+(0,r,y,iKt) • *~(0,p, -y,ij;,t - d/yv) (8.23)

for 0<r<R, d/(d2 + (R + r)2)*<y<1 and -$ <^i<^ where <J»

0 0 0

is defined in eq. (8.29). The incoming flux is zero

otherwise. The definitions of r,p and i|> are given in

Fig. 1.2.

This exact boundary condition will now be approximated.

1. The time dependence is earlier assumed to be expo-

nential exp(-Xt) with a decay constant X. This

reduces the equation above to

exp(Xd/yv) (8.24)

2. The outgoing neutron flux is regarded as symmetric

with respect to ij>. This gives us
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= <T(O,p, -y) ± exp(Wuv). (8.25)

3. The outgoing neutron flux is assumed to be

separable with respect to the transverse space

dependence (p) and the cosine for the angle to

the cylinder axis (y). If f(p) is the radial

dependence of the flux we have

4>+(0,r,y,a) f(p) jjf exp(Ad/yv) . (8.26)

4. The transverse space dependence of the neutron

flux is approximated by a second degree polyno-

mial in p, namely f(p) = (1 - gp /R ) where $ is

a free parameter describing the flux flattening

in the gap.

We now integrate the incoming neutron flux over all angles

4>. The result is

<t>+(0,r,y) F(u,r) (8.27)

where

F(y,r) * ̂  exp(Ad/yv) (8.28)

and

arccos((r2 + q2 - R2)/2qr)

where q-d(1-y ) /y.

if R+r<q

if R-r<q<R+r

if q<R-r

(8.29)
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We now integrate equation (8.27) over the entire circular

surface and define

R

- 5 f r<fr+(0,r,
(2 - B)IT I

y)dr (8.30)

and

R

G(y) = - 7 f rF(y,r)dr (8.31)
(2 - B)R* >

o

This gives us the connection between the incoming and

outgoing neutron flux for the one dimensional case

4>+(0,y) = 4>~(0,-y) G(y). (8.32)

We insert the DP. approximation of the flux, multiply by

P (2y - 1) and integrate over yc(0,1). This leads to

(8.33a)

where we have defined

1

kQ = | dy P*(2y - 1) G(y) (8.34a)

o

1

k1 * -3 f dy P*(2y - 1) G(y) (8.34b)

o

1

mQ = f dy P*(2y - 1) G(y) (8.34c)
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m1 = -3 [ dy (P*(2p - 1))
2 G(y). (8.34d)

These four coefficients can be calculated only if the de-

cay constant A and the parameter 6 are known or estimated.

We used the results from the Monte Carlo calculations as

a first guess of the decay constant. For the parameter B

we also used the Monte Carlo results as a guide.

8^2^3 Eigenvalue_calculatign

In equation (8.16) and (8.21a,b) or (f;.33a,b) we have de-

termined the four necessary boundary conditions. When we

insert the expression for the space dependence of the flux

according to equation (8.15) we get a linear system of

equations for the four unknown variables C. i=1,2,3,4.

This homogeneous system of equations has a nontrivial

solution only if the determinant of the matrix formed by

the coefficient is equal to zero. This condition determines

the values of the decay constant A.

That lambda value is found by stepping through the inter-

val (0.0, 0.2) for the variable A/v with constant step

length and calculating the corresponding determinant for

each lambda value. • When the first sign change is found

the two last values are used as start values for a secant

iteration method. When the eigenvalue has been calcula-

ted to the precision desired, the system of equations is

solved, that is the eigenvector is found. The eigenvector

gives us the values of the coefficients C. apart from a

normalization constant for the total flux.

To the decay constant we now add the contribution from the
2

transverse leakage. This part, DB , uses the fundamental

mode for the transverse flux in the zero gap case.
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The boundary condition coefficients of equations (8.34a-d)

should now be recalculated using the new values of the de-

cay constant and the calculations should be repeated until

a consistent solution is found. This was not done since

the difference between the calculated lambda value and the

Monte Carlo start values was rather small and the changes

in the boundary condition coefficients would also have

been small. The error from the other approximations in-

volved will be much larger. The calculation of the boundary

condition coefficients is also expensive compared to the

other part of the calculations.

8^1^ 4 Results_and_discussions

The decay constant was calculated for the 1.1 cm slab when

the gap width was between zero and 2.2 cm. For the 2.2 cm

slab only the zero gap case was calculated, The result is

shown in Fig. 8.1 together with the results from the Monte

Carlo calculations. For the zero gap cases we get the de-
4—1 4-1

cay constants 3.48 10 s and 1.15 10 s . The space de-

pendence of the flux is given for the zero gap case and the

0.275 cm gap width in Fig. 8.2. In the non zero gap case

we notice that the incoming neutron flux <t>0 is larger than

the outgoing part <J> as we expect.

The difference between results of the decay constants from

the Monte Carlo method and the DP. method is probably due

to the difficulty to represent the transverse leakage term

accurately. The neutrons entering the moderator at the

outer parts of the disk after having passed the gap have

a larger probability to leak out in the transverse direc-

tion and these neutrons should therefore be assigned a low-

er weight than those arrived at the centre.
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8.2 The variational method

8.2.1 The functional expression for the one velocity e<i:,<•.

A variational method has been used to calculate the decay

constant as a function of gap width in the one dimensional,

one velocity case with isotropic scattering. As before the

transverse leakage is represented by the buckling term DB .

The integral form of the Boltzmann equation for a homogeneous

slab can now be written

a

<t>(x) = i K(x,x') (Mx'Jdx1 0<x<a (8.35)

o

if we have no external sources and the time dependence

is assumed to be exponential with the decay constant A.

The symmetric kernel K(x,x') is then defined by

00

K<x,x') - ^ [ exp-(wV * B2]x - x'jV dw 8
2 \ (w2 + B2|x - x ' l W ) 1

and the optical path length T(X,X') by

x(x,x') = | [ at(s)ds| - a|x - x
1] (8.37)

where a = -. The exact solution <t>U) to equation (8.35)

can be written as a sum of an approximate flux £ (x)

and the remainder flux h(x)

• h(x). (8.38)
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This is inserted into equation (8.35) and the expression

for the flux h(x) is thus

a

h(x) = f K(x,x') h(xl)dx
o0

a

J Klx.xM^lx'Jdx1 - <t»o(x) 18.39)

For brevity we introduce a new function q(x)

q(x) = f K(x,x')<|»o(x
t)dx> - *o(x) (8.40)

which should be close to zero if the approximate flux

$ (x) is close to the exact solution <Mx)
o

The functional F(h) (Davidson, 1957) is now defined by

a

F(h) = f h(x) q(x) dx (8.41)

o

When <J> (x) is equal to <t>(x) both h(x) and q(x) are identi-

cally equal to zero and hence the value of the functional

is equal to zero.

We now eliminate the remainder flux h(x) from equation

(8.41) by inserting the expression for q(x) according to

(8.40), changing the order of integration, making a

variable substitution and using the symmetry properties

of the kernel K(x,x'). We thus have
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a
F(h) = f h(x) q(x)dx

f h(x)( f K(x,xf) $ (x')dx* - 4 (x))dx =
) 0 0

<0o(x')( | K(x',x) h(x)dx - h(x'))dx' -

| K(x.x') h(x')dx* - h(x))dx =

f $o(x)(-q(x))dx =

f *oU)($o(x) - jU)($o(x) - j K(x,x
t)0o(x

t) dx')dx. (8.42)

We now assume that the functional F(h) is equal to zero when

if (x) is approximately equal to <|>(x). From the last part of

the expression (8.42) we then get

K(x,x')*o(x)<^o(x
1)dx dx' - f $o(x)4>o(x)dx (8.43)

If we define the function n(X) as

n(A) = f fK(x,xl)«J>o(x)«J»o(x')dx dx'/ f 4>Q (x)<{>0 (x)dx

the implicit eigenvalue equation for the decay constant X can

simply be written

n(X) = 1 (8.45)

The advantage of the variational method is thus that only an

approximate knowledge of the flux is needed to calculate the

eigenvalue.

If we replace o by o in equation (8.36) and set X equal to

zero in (8.37) we get the corresponding eigenvalue problem for
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the critical system in the parameter c, the average neutron

yield per collision, by

n(0) = 1/c. (8.46)

These eigenvalue equations can be derived directly from the

so called Schwinger variational expression (Bell and Glass-

stone, 1970) .

(8.47)

According to (8.35) the Boltzmann equation for the critical

problem is

L<Mx) = 3 <Mx) (8.48)

where we have defined c = CTe/o. and the operator L by the

expression

L4>(x) =

a °°
f } dx' { dw exp-2(wV ,B

2
ix :x'|

2)^ ( x, ) (8.49)
(W 2T 2 • B2|x - x*I2

In the one velocity case with the isotropic scattering the

operator L is selfadjoint, since it is symmetric with respect

to x and x1, and the adjoint flux <fr+(x) is therefore equal

to <Mx). If we now replace Q and Q by the right hand side

of the equation (8.48), that is <t>(x)/c, and use equation

(8.49) we get

j - _ 1_ (•#•)<•#•)
8 c2 (*'L*> ' (8.50)

From equation (8.48) we get by multiplying with <(>(x) and

integrating over x on both sides
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(8.51)

This equation is used in equation (8.50) to eliminate c

and this leads to

-J = ($fL$) = ̂  {$,$) (8.52)
s c

This expression is exact for the exact flux $(x). When we

use the approximate flux <j> (x) we assume that the last equa-

tion in (8.52) is valid in that case als_>, which is a good

approximation if <t>0(x) is close to <J> (x) . Using the defini-

tion made in equation (8.44) we finally get

n(0) = 1/c (8.53)

which is identical to equation (8.46).

For the two functionals defined in equation (8.41) and (8.47)

it can be shown that the error of the value of the functional

is only of second order if the error of the flux is of first

order. This is the real advantages of the variational method

compared to using a simpler equation, e.g. equation (8.48)

integrated over x. The error of that equation will be of

first order.

We now want to write the kernel for our heterogeneous slab

problem with a gap between the two slabs as shown in Fig. 1.1.

The slab width is a and the gap width d. We define $. (x)

to be the neutron flux in the right hand side slab and <t>7(x)

in the left. Outside the slab flux is set equal to zero

Using the Boltzmann equation on integral form we have from

equation (8.35)
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-d a

= f K(x,x') ^(x'ldx1 • ( K(x,x«) $ (x')dx'

-a-d o <8-54>

where the kernel is given by equation (8.36). The optical

path length in the first term to the right of the equality

sign in the equation above is given by

T2(x,x
f) = (ot - a)|x - x'| - at d (8.55)

since the scattering cross section is zero in the gap. For

the second term we have

T ^ X . X 1 ) = (ot - ct)|x - x'|. (8.56)

If we make a variable substitution in the second term in

equation (8.54) and use the symmetry properties of the neut-

ron flux in the moderator

$1 (x) = <J>2(- x - d), (8.57)

this leads to an equation using only the flux in the right

hand side slab

K(x,x') ^(x')dx 1 + K(x, - x' - d) (jii(x')dx
l

1 J n

0 0

(8.58)

If we define H(x,x') as the sum of the two kernels, where

each part describes the contribution from only one slab, we

can write *he integral equation

a

H(x,x') ^(x'Jdx' (8.59)
o
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which is on the same form as equation (8.35).

The kernel H(x,x') is the sum of two parts, each one symmet-

ric with respect to x and x*, hence H(x,x') is symmetric.

We can therefore write

H I v v ' l — U I I v _ v ' l t -I U f l v 4- V 1 ' I —lA; A I "— n,| 1 A A | / ~ *} »I I '

exp - (w2(at - a )
2 + B2)*|x - x'| ,,„ A

_ exp - (w2((o1. - a) (x + x') - ad)
2 + B2 (x + x' + d) 2)* dw

2 jj (w2 + B2(x + x' + d)2/((ot - a)(x + x
1) - ad)2)*

(8.60)

When the buckling B and the gap width d are equal to zero,

we recover the ordinary exponential integrals E ^ o ^ x + x([)

and E (o |x - x*|) times the factor as/2, where o^ - (afc - a).

8.2.2 The_numerical_methods_and_aggroximations_used

We first note that the integral defined as H1 '. |x - x' |) is

divergent for all x equal to x'. The second integral, defined

as H 2(| x + x M ) / is only divergent if x = x
1 = d = 0. Hence,

when the gap is nonzero it is always finite. The function is,

however, strongly peaked when x,x' and d are very small.

In the homogeneous case, d = 0, or in the one dimensional case,

B2 = 0, we can perform the integration over x and x1 analyti-

cally if we use a polynomial expression for the neutron flux

and thus remove the singularities. This can not be made in

our case since the dependence on x and x' is too complicated

in the general case. The three dimensional integral given by

equations (8.45) and (8.46) therefore has to be solved numer-

ically. The singularities or strongly peaked behaviour of the
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functions must therefore be considered especially* otherwise

the errors might be large.

The integration area T for x and x' is a square with side

length a, as shown in Pig. 8.3. Since the kernel is symmet-

ric we can divide the square into two triangles by a line

x = x1. This is also necessary since H.(|x - x'|) has a

discontinuous derivative at x = x1, which must be considered

if we want to integrate numerically. The upper triangle is

divided into two parts. One part is the narrow strip above

the diagonal defined by T^ = ((x,x')i 0<x<a, x'<a, x<x'<x+e).

The other part is the rest of the triangle, viz.

T2 = ((x,x'); 0<x<a, x+e<x'<a).

The contribution to the integral I in the denominator of

equation (8.44) is the sum of three parts

•II
T1

- x'|)*0U)*0(x') •

dxdx'H^lx - x' l)*o(x)(|>o(x') +

2

Jj dxdx'H2(x

= ̂ (I1 + I2 + IQ) (8.61)

In the first contribution, I-, we take care of the singular-

ity of H..(|x - x'|) by the following approximation. On T.

we introduce a new coordinate system u * x' - x and v * x + x'.

We thus get
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2a-u

We can now use the mean value theorem and the result is

approximately

d u H 1 ( U )

i I n • I 1 2 (8.63)

where we have chosen u = e/2. The integral of H.(u) can

be solved analytically and this leaves us with a one dimen-

sional integral

°S B
1^2 = 23 a r c t a n —,

j a . 7 dw exp - (w2 • B V o j j j o i e ( 8 6 4 )
2G1 { (w2 + B2/o2)

For the second contribution, I2, we first change to a new

origin 0' (Fig. 8.3) and then introduce polar coordinates.

For the third contribution, I , we also make a variable

transformation to polar coordinates.

The double integrals over x and x* can now be solved by

standard numerical methods if we know the functions

H..(|x - x'|) and H2 (x + x
f) for their arguments. We there-

fore use the previous coordinate transformation u = x' - x

and v = x + x1. We can thus write
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Vlu!) = i f eXP ' <W + » ̂ li^l-Kdw (8.65)
1 2 { (w2 • B2/o2)l

H2(v) =

00

_ °s ( exp - (w2(g<v - ad)
2 • B2(v • d)2)

- 2 o 2 2 2~
I (w + B (v + d) /(a.v - ad) )

i
Tdw (8.66)

Since one integration must be performed for each function

value to be evaluated at u or v, the computing time would

probably be large if no approximation was made. Hence we

calculated the corresponding function values for about

twenty different values of the argument. These arguments

were carefully chosen so as to represent also the peaked

shape or rapid increase of the functions for small argu-

ments. The function values were tabulated and we then used

a four or five point Langrangian interpolation formula to

find the function values between the tabulated data. Since

the principal dependence of the kernel of its argument is

exponential, that is ^ exp (- au), we actually used the logar-

ithm of the function values to interpolate between. This

made the polynomial approximation more reasonable.

In order to calculate the integrals given by equations

(8.65-66) we used two different methods depending on the size

of the argument. For large arguments ou>1 a fifteen point

Gaussian quadrature formula was used after having transformed

the interval to (0,00). For small arguments this was not

sufficiently accurate. Therefore the integration interval

was split into two parts. One was (1,w..) where w.. = 1/ou

and the other was (w.,00). For the last part we used the

quadrature formula described above after a transformation of

the interval. For the first one we used a standard numerical

integration method after having transformed the interval by a

-117-



logarithmic variable transformation.

The integral I.j from equation (8.64) was solved in the

same way except for the first contribution which was inte-

grated analytically.

We also wanted to find the decay constant for zero gap

width, to compare the results with the exact one velocity

values. In that case we have by definition d equal to zero

in equation (8.66). This makes H.(u) equal to H2(v) for u

equal to v. The function H_(v) is then divergent for v equal

to zero. We avoid the singularity in a similar way as was

done for H^(u). We divide the triangle surface T into two

parts T 3 and T., where T3 = |(x,x'); 0<x<a, x<x'<a, x+x'<e)

and T^ = T\T3. On T3 we use the variable substitution

u = x1 - x and v = x • x. That part of the integral 1Q which

is evaluated over T3» I3» is therefore written

(8.67)

Using the mean value theorem we have approximately

-o-j-^o) j dv H

I32, (8.68)

where we have chosen u * v = e/2. The integration over

v can be performed analytically and this leaves us with the

one dimensional integral
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2o1

2s_ f dw exp-(w +
2o2 i (w2+B2/o2)

2+B2/o2)JO
"172

dw

-, <w2+B2/a2)

As trial functions we used <j> (x) = cos (B x) for the 1.1 cm
2 2 °

slab and <j> (x) = 1-x /(a+x ) for the 2.2 cm slab, where BQ

is equal to n/ (2a +2x ) and x is the extrapolation distance.

No parameter was varied in the flux. The reason for this was

that the approximation with the transverse buckling gives

rise to larger errors than the absence of variational para-

meters does. Moreover the flux is very close to the funda-

mental mode for small gap widths as can be seen by the Monte

Carlo results, hence the trial function used should be suffi-

ciently accurate for our calculations.

8^2^ 3 R§sults_and_discussions

In Fig. 8.1 we show the decay constant as a function of gap

width for the two slab thicknesses 1.1 and 2.2 cm. The gap

width varies between 0.0 and 2.2 cm. For zero gap width the
4 -1

decay constant is 3.50 • 10 s for the thinner slab and

1.16 • 104 s~1 for the thicker. The error is thus about 1 %

for the zero gap case. We can also see from the figure that

the error is of the same order for gap widths less than or

equal to half the slab width/ that is 0.55 cm and 1.1 cm resp-

ectively. For gap widths equal to their slab width the error
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increases to about 8 %. Hence the variational method should

not be used for larger gap widths. This is natural, since

the gap width change of a magnitude equal to or larger than

the slab width of the system can not be regarded as a first

order perturbation of the zero gap system. For the largest

gap widths another flux shape was also tried. We included

the small dip in the flux close to the gap, as can be seen

from the Monte Carlo calculations, in our trial function. j.

The change in the value of the decay constant was only about

1 %, which is negligible. This indicates that it is the

buckling approximation that is responsible for the large part

of the error and not the shape of the trial flux.

This is also supported by the results from the time dependent

collision probability method. This method used the same buck-

ling approximation and the decay constant calculated as a

function of gap width gives about the same result as the vari-

ational method for large gaps for the 1.1 cm slab.

§^^4 The_yariational_method_with_two_energy>_grou£s

The energy dependent Boltzmann equation can be written on inte*

gral form, if the scattering is assumed to be isotropic, as

*(x,E) = j dx1 H(x,x',E) J dE' os(E'^E) $(x',E') (8.70)

The kernel H(x,x',E) is defined similar to equation (8.60)

(the term o_ should not be included this time). We must then
9

include the energy dependence in the optical path length be-

cause of the energy dependence of the total cross section and

the velocity v.

-120-



We now assume for simplicity that. Liu- nouLron flux is separ-

able with respect to space and oner«jy dependence. Hence we

can write *(x,E) = f(x)4>(E). This qives us

a

= j dx1 H(x,x',E) f(x') | dE1 c (E'+E) <t>(E' ) (8.71)

o

:' H(x,x',E) f(x') j dE1 ag (E'+E) ((((E
1 ) (8.

This equation can also be expressed on the multigroup form.

For each energy group g we have the equation

f(xH g = f dx1 Hg(x/x
l) f ix')Y~a^'*q$g' (8.72)

o g1

The space dependence is now eliminated by multiplying both

sides with f(x) and integrating over x, which gives us

I dx1 I dx1 Hg(x,x')

dx f(x) f(x) g1

(8.73)

where Hg is defined by the last equation. This is an implicit

eigenvalue equation of the decay constant \. By using the cri-

ticality factor c, as in the energy independent case, we have

~ *9 -FH 9of*V' (8.74)

gl

where we want to find a A which gives c equal to one.
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The eigenvalue 1/c is determined from the condition that

the determinant of the coefficients for the homogeneous

system of equations should be zero. In the two group

cases this gives us

< HV
1-Wo" -I) - HV1 HV 2 - 0 (8.75)

S v S C 5 S

This is a second degree equation for the eigenvalue 1/c and

the largest root is equal to

• (<H 1o^ +H
2o 2 2) 2 -

(8.76)

The value of the decay constant which made c equal to one

was found by the secant method as in the energy independent

case. That this gives us the variational method estimate

for the criticality factor can be seen directly from the

energy dependent version of equation (8.51) that is

(8.77)

where $ is the adjoint neutron flux and the parenthesis indi-

cates integration over both space and energy and L is the

energy dependent integral operator similar to equation (8.49).

The trial function for the adjoint flux is also assumed to
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be separable in space and energy. Moreover» the space de-

pendence of the adjoint flux is assumed to be equal to that

of the ordinary flux. We thus have <j> (x,E) = f(x)iME).

This is the simplest approximation we can make for the ad-

joint flux with respect to the space dependence. If we

define t|>9 as the adjoint flux in group g, we can write equa-

tion (8.77) as

2 2
(8.78)

Since by definition <£y satisfies equation (8.74) we can use
12 2*1this to eliminate a and o ' from the expression above. This

leads to

n =

Instead of using equation (8.74) to calculate the eigenvalue

we could have used the corresponding equation for the adjoint

flux
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S

which of course gives the same result.

The resulting decay constant has been calculated for the slab

thickness 1.47 cm. The gap width varied between 0.0 and 1.1

cm. The result is shown in Fig. 6.28. For the zero gap case

the decay constant was calculated to 2.32 10 s~ . The corres-

ponding value from the Monte Carlo calculation is 2.29 10 s~ .

The difference is about 1 %. We should expect the results to

be worse in the energy dependent case since we have introduced

more approximations for the trial flux. For nonzero gap widths

this is also the case as we can see from Fig. 6.28. When the

gap width is less than or equal to 0.275 cm the difference is

less than 3 % if we compare with the Monte Carlo results. For

gap widths larger or equal to 0.55 cm the difference is 10 %

or more. In the one velocity calculations the agreement was

better for these large gap widths.

-124-



9. SUMMARY AND CONCLUSIONS

We have calculated the time dependent neutron flux in a mode-

rating system containing a void, when a pulse of hi<;«h energy

neutrons is sent into the system. We have used the same mate-

rial and geometry in our system as Grosshög did in his measure-

ments. Different kinds of numerical methods have been tried

with various degrees of approximations. The moot general

method is the Monte Carlo method for which a computer program

was written in assembler language especially for these calcu-

lations. This program includep cime dependence and two dimen-

sional cylindrical geometry. The time dependent collision

probability method (TDCP) developed by Lefvert (1974) is also

a general method, but here we have approximated the geometry

to one dimension by introducing a transverse buckling term

which accounts for the radial leakage. This buckling approxi-

mation was also used for the other methods: the SN method, the

double P. (DP-) method, the variational method and diffusion

theory. Moreover, for these four last methods we have approxi-

mated the time dependence with an eigenvalue, i.e. the decay

constant. Both one velocity and energy dependent calculations

have been done. For the latter we used sixteen energy groups

in the Monte Carlo calculations and two energy groups for the

TDCP, SM and the variational calculations. In addition to

this all methods were used in the one velocity calculations.

Let us first discuss the Monte Carlo results from the one velo-

city case with a void between the slabs. There are mainly two

competing effects of the void on the decay rate. First, the

neutrons must spend some time crossing the gap. Therefore,

the mean time of the neutrons in the system increases and this

decreases the decay rate. Second, the neutrons leak out through

the void and this increases the decay rate. For the thinner

slab the first effect dominates and for the thicker slab the

second effect is the most important (Fig. 5.8). Both systems,
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however, exhibit a minimum decay rate at a certain gap width.

The decay rate is constant within the error limits if the gap

width is less than about 10 cm. For larger gaps the decay

rate for the thinner slab is space dependent. The decay rate

for the neutrons leaving through the cylinder ends and from

the curved surface of the cylinder both have an oscillating

behaviour added to the main exponential decay (Fig. 5.9). Be-

cause of the geometry they have opposite phase and the total

decay rate for the system (the sum of the two different parts)

is almost free from oscillations. We can thus assign a decay

constant even for these cases. The oscillations are a conse-

quence of the start conditions and of the one velocity assump-

tion, which make the initial pulse travel back and fourth in

the gap repeatedly.

For small gap widths & 1 cm, the results from the variational

method are in best agreement with the Monte Carlo results

(Fig. 8.1). For very large gap widths only the diffusion model

used by Grosshög gives useful r suits (Fig. 5.8). These results

also confirmed the tendency towards a decreasing decay rate

for gap widths larger than 15 cm as can be seen from the Monte

Carlo results. The TDCP and the DP., methods gave results close

to the Monte Carlo ones only for small gaps. The results from

the SM calculations showed that the void correction factor

in the ANISN program could only predict the right general

trend and was not accurate even for very small gaps.

These results clearly show that we should not use the transverse

fundamental mode approximation, except for small perturbations

of the zero gap systems.

Let us then turn to the energy dependent cases with a void

without absorbers in the gap. The low velocity neutrons will

spend a long time passing the gap, thus the gap will act as

a trap for these neutrons. More and more neutrons accumulate
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in the gap as time increases. Therefore, the mean velocity

in the gap will be time dependent (Fig. 6.12-6.15) and the

decay rate is not truly constant (Fig. 6.17-6.20). However,

for small gaps or for the thickest slab width it is constant

within the error limits.

The decay rates from the Monte Carlo calculations are summar-

ized in Fig. 6.22. The low velocity neutrons in the gap de-

crease the decay rates for large gap widths, if we compare

the results with those from the one velocity cases. The im-

portance of the low velocity neutrons is largest for the

thinnest slab width system because of the short mean life

time of the neutrons there. These neutrons also lower the

mean velocity of the neutrons in the moderator close to the

gap. Thus there is no space energy separability in the moder-

ator which is clearly seen for large gap widths. Neither is

the time and space separable. We have seen that the decay

rates are different for neutrons leaving the system through

the cylinder ends and for neutrons leaving through the curved

surface of the cylinder.

No other energy dependent calculation could adequately repro-

duce the Monte Carlo results for all gap sizes. The TDCP me-

thod and the variational method were used for the thinner

slabs for very small gap widths with acceptable results.

With the SN method we could give an upper and lower estimate

for the decay rates for the thickest slab widths. The agree-

ment with Grosshögs measurements on the two thickest slab

widths was, however, good.

Finally, we will discuss the results from the energy depen-

dent calculations with absorbers in the gap using the Monte

Carlo method. The absorbers were symmetrically placed in

the gap and the purpose was to absorb the neutrons in the gap

to such an extent that the time delay effect is neutralized.
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This is possible if the absorbers have a cross section which

depends upon velocity as 1/v. Since the time delay effect

is compensated for the decay rate becomes constant. Since

the exact amount of absorber to compensate the time delay

was not known in advance we had to make a guess and finally

interpolate between the results. When the compensation was

exact we could calculate the static interaction parameter

as shown in Fig. 6.26. This is the probability that a neut-

ron entering the void will interact with the other slab in

the corresponding critical problem. We also calculated the

probability of interaction from the slab system without any

absorbers in the gap. A third way to calculate this parame-

ter is to assume the angular and radial distribution of the

outgoing neutron distribution and calculate the contribution

to the other slab. All the three different calculations

gave essentially the same result. We then compared these

values with those measured by Grosshög. The agreement was

not satisfactory. We found it however reasonable to intro-

duce a correction factor for these values calculated by diffu-

sion theory. With this correction the agreement was better.

The conclusion is thus drawn that the Monte Carlo results

verifies the use of absorbers to eliminate the time delay

effects of neutrons passing a void. The results from pulsed

neutron source measurements could therefore be used to cal-

culate the properties of the corresponding system in the

static case.
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Appendix

Void correction of the neutron angular current

If the diffusion theory approximation should be accurate the

flux must be close to isotropic, and the flux must be some

mean free paths away from strong absorbers and boundaries

etc. If these conditions are met we can express the right

(+) and left (-) going neutron current as a function of the

flux by equation

(1)

The factor 1/4 is a result of the integral

2TT

f!
0 0

y* (y)dydi^
1
TS

1

2TT ydy (2)

The isotropic condition is not satisfied for the ingoing

neutron current close to the interface moderator void.

Homogeneous
moderator

Heterogeneous
moderator

Heterogeneous
moderator with
finite void
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The neutron current is forward peaked when it enters the

moderator from the void. The isotropic assumption should

therefore be a coarse approximation, at least for large

gap widths. As a first order correction to the forward

peaked neutron current at the interface moderator gap we

write

J+ = |y - 2DV4>)

where \x is the mean value of the cosine y for the ingoing

neutron current. A corresponding equation for the outgoing

neutron flux can also be defined. This gives us an expression

for the interaction parameter that includes the effects of

the peaked ingoing neutron current. We have

p = — = ~
J u 2DV<H

_ iso =
ISO

The values from the experiments are thus multiplied by the

quotient between mean values of the cosine for the incoming

and outgoing neutron angular current. This correction

factor q is calculated from the angular distributions of

the neutron current given in Fig. 5.6-5.7. This gives us

the approximate dependence of the gap width, namely

q = 1 + 0.05-d, where de (0,8.8), according to the Fig. be-

low. The correction factor q is used in Table 6.4 to cal-

culate the corrected values of the interaction parameter.

q

1.4

1.2

1..
8.i dem



Fig. 1.2. A definition of the variables used to describe

the incoming and outgoing neutron flux at the interface

moderator-gap.
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Fig. 6.7. The axial buckling for the 2.2 cm slab as a function of gap width. For gap widths

less than 7.0 cm ( left figure ) the time intervals T1-4 correspond to (0,127) , (128,255) ,
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Fig. 6.13a. The time dependence of the neutron mean velocity in the moderator and in the

gap for the 1.1 cm slab width. The mean velocity in the moderator is only given for the

1.1 cm gap width (symbol v ). The mean velocity in the gap is given for the gap widths

1.1,2.2 and 4.4 cm ( svmbols +,o and - ).
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Fig. 6.13b. The time dependence of the neutron mean velocity in the moderator and in the

gap for the 1.1 cm slab width. The mean velocity in the moderator is only given for the

8.8 cm gap width ( symbol v ). The mean velocity in the gap is given for the gap widths

8.8,13.2 and 17.6 cm ( symbols +,o and - ).
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Fig. 6.14a. The time dependence of the neutron mean velocity in the moderator and in the

gap for the 1.47 cm slab width. The mean velocity in the moderator is only given for the

1.1 cm gap width ( symbol v ). The mean velocity in the gap is given for the gap widths

1.1,2.2 and 4.4 cm ( symbols +,o and - ).
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Fig. 6.14b. The time dependence of the neutron mean velocity in the moderator and in the

gap for the 1,47 cm slab width. The mean velocity in the moderator is only given for the

8.8 cm gap width ( symbol v ). The mean velocity in the gap is given for the gap widths

8.8,13.2 and 17.6 cm ( symbols +,o and - ).
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Fig. 6.15a. The time dependence of the neutron mean velocity in the moderator and in the

gap for the 2.2 cm slab width. The mean velocity in the moderator is only given for the

1.1 cm gap width ( symbol v ). The mean velocity in the gap is given for the gap widths

1.1,2.2 and 4.4 cm ( symbols +,o and - ).
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Fig. 6.15b. The time dependence of the neutron mean velocity in the moderator and in the

gap for the 2.2 cm slab width. The mean velocity in the raoderator is only given for the

8.8 cm gap width ( symbol v ). The mean velocity in the gap is given for the gap widths

8.8,13.2 and 17.6 cm ( symbols +,o and - ).
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Fig. 6.16a. The time dependence of the neutron mean velocity in the moderator and in the

gap for the 4.4 cm slab width. The mean velocity in the moderator is only given for the

1.1 cm gap width ( symbol v ). The mean velocity in the gap is given for the gap widths

1.1,2.2 and 4.4 cm ( symbols +,o and - ).
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Fig. 6.16b. The time dependence of the neutron mean velocity in the moderator and in the

gap for the 4.4 cm gap width. The mean velocity in the moderator is only given for the

8.8 cm gap width ( symbol v ). The mean velocity in the gap is given for the gap widths

8.8,13.2 and 17.6 cm ( symbols +,o and - ).
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Fig. 6.17a. The time dependent decay rate of the neutrons. The slab width is 1.1 cm and

the four different gap widths are 0.55,1.1,2.2 and 4.4 cm ( symbols v,+,o and - ).
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Fig. 6.17b. The time dependent decay rate of the neutrons. The slab width is 1.1 cm and

the three different gap widths are 8.8,13.2 and 17.6 cm ( symbols +,o and - ).
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Fig. 6.18a. The time dependent decay rate of the neutrons. The slab width is 1.47 cm and

the four different gap widths are 0.55,1.1,2.2 and 4.4 cm ( symbols v,+,o and - ).
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Fig. 6.18b. The time dependent decay rate of the neutrons. The slab width is 1.47 cm and

the three different gap widths are 8.8,13.2 and 17.6 cm ( symbols + ,o and - ).
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Fig. 6.19a. The time dependent decay rate of the neutrons. The slab width is 2.2 cm and the

four different gap widths are 0.55,1.1,2.2 and 4.4 cm ( symbols v,+,o and - ).
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Fig. 6.19b. The time dependent decay rate of the neutrons. The slab width is 2.2 cm and the

three different gap widths are 8.8,13.2 and 17.6 cm ( symbols +,o and - ).
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Fig. 6.20a. The time dependent decay rate of the neutrons. The slab width is 4.4 cm and the

four different gap widths are 0.55,1.1,2.2 and 4.4 cm ( symbols v,+,o and - ).
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Fig. 6.20b. The time dependent decay rate of the neutrons. The slab width is 4.4 cm and the

three different gap widths are 8.8,13.2 and 17.6 cm ( symbols +,o and - ).
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Fig. 6.21a. The time dependent decay rate of the neutrons for the zero gap system. The slab

width is 1.1 cm for the upper curve and 1.47 cm for the lower curve.
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Fig. 6.21b. The time dependent decay rate of the neutrons for the zero gap system. The slab

width is 2.2 cm for the upper curve and 4.4 cm for the lower curve.
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Fig. 6.22a. The decay rate for the neutrons leaving the system through the mode-

rator surface and through the curved surface of the gap. The slab width is 4.4 cm

and the gap width is 17.6 cm.
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Fig. 6.22b. The decay rate for the neutrons leaving the system through the mode-

rator surface and through the curved surface of the gap. The slab width is 1.1 cm

and the gap width is 4.4 cm.
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Fig. 6.2 3a. The asymptotic decay rates as a function of gap

width for the four different slab widths 1.1,1.47,2.2 and

4.4 cm.
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Fig. 6.23b. The asymptotic decay rates as a function of gap

width for the four different slab widths 1.1,1.47,2.2 and

4.4 cm. The Monte Carlo results ( •) are compared with measure-

ments on the 2.2 and 4.4 cm slab by Grosshög ( O ) .
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Fig. 6.24. The dynamic interaction parameter as a function of

gap width for the four different slab widths 1.1,1.47,2.2

and 4.4 cm.
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Fig 6.25a. The dynamic interaction para-

meter as a function of the parameter a

for five different gap widths when the

slab width is 4.4 cm.

Fig. 6.25b. The dynamic interaction parameter

as a function of the parameter a for six diffe-

rent gap widths when the slab thickness is 2.2 cm.
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Fig. 6.26a. The static interaction parameter is given as a function of gap width. The

Monte Carlo values from Fig. 6.25 are shown ( symbol + ) together with the Monte Carlo

values calculated from the quotient N j / N
t ( symbol o ). The full line corresponds to

the values calculated by integrating that part of the isotropic outgoing flux which

reaches the opposite slab.
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Fig. 6.26b. The values of the static interaction parameter from Grosshög's measurements

are compared to those from Monte Carlo calculations. The unfilled symbols ( 7 , 0 ) repre-

sents the original measured values and the filled symbols(v , • ) the corrected ones.
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Fig. 6.27a. The time dependent decay rate calculated by the TDCP method for the 1.1 cm

slab with zero gap width.
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Fig. 6.27b. The time dependent decay rate calculated by the TDCP method for the 1.1 cm

slab with 0.1375 cm gap width.
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Fig. 6.27c. The time dependent decay rate calculated by the TDCP method for the 1.1 cm

slab with 0.275 cm gap width.
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Fig. 6.27d. The time dependent decay rate calculated by the TDCP method for the 1.1 cm

slab w.th 0.55 cm gap width.
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Fig. 6.27e. The time dependent decay rate calculated by the TDCP method for the 1.1 cm

slab with 1.1 cm gap width.
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Fig. 6.28. The asymptotic decay rates as a function of gap

width for four different slab widths 1.1,1.47,2.2 and 4.4

cm. The Monte Carlo results (—) are compared with results

from the TDCP calculations ( • ), the variational calcula-

tions (v ), the ANISN calculations with void correction term

equal to the radius ( * ) and equal to the diameter ( o ).
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Fig. 8.1. The decay constant as a function of gap width for

the 1.1 and 2.2 cm slab in the one velocity case. The Monte

Carlo results (—) are compared to the results from the DP.,

method ( + ) and the variational method ( O ) for small gaps,
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Fig. 8.2a. The space dependence of the neutron

flux in the 1.1 cm slab when the gap is zero.

The incoming flux is denoted by a + sign.

Fig. 8.2b. The space dependence of the ne-itron

flux in the 1.1 cm slab when the gap width is

0.275 cm. The incoming neutron flux is denoted

by a + sign.
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Fig. 8.3. The integration area for the two dimensional integrals,
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