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ABSTRACT 

Some results are given from uncertainty analyses on 
Pressurised Water Reactor (PWR) and Fast Reactor Theoretical 
Benchmarks. Upper limit estimates of calculated quantities 
are shown to be significantly reduced by the use of ENDF/B 
data covariance files and recently published few-group 
covariance matrices. 

Some problems m the analysis of single-material 
benchmark experiments are discussed with reference to the 
Winfrith iron benchmark experiment. Particular attention 
is given to the difficulty of making use of very extensive 
measurements which are likely to be a feature of this type of 
experiment. Preliminary results of an adjustment in iron 
are shown. 

1. INTRODUCTION 

The use of sensitivity analysis to predict uncertainties in 
calculated quantities - so-called uncertainty analysis - has until 
recently been inhibited by the lack of adequate information on the 
accuracy of cross-section data used in calculations. Despite this, 
estimates had perforce to be made of the accuracy of calculation of 
some quantities; in this situation there has been a natural tendency 
to make pessimistic assumptions in order to arrive at a safe upper 
limit for the estimated standard deviation on calculated quantities. 
In many cases these overestimates proved acceptable to designers but 
there is clearly an economic incentive to limit as far as possible the 
element of overdesign implicit in such "upper limit" methods. In 
section 2 we consider the improvement achieved by the use of up-to-date 
information on the probability distributions of errors on basic data. 

The other principal use of sensitivity analysis, which might 
reasonably be called consistency analysis, is the comparison of 
calculation with measurement in benchmark experiments in order to 
assess the adequacy of calculational methods and data. The experiments 
may be carried out in a single material or in an assembly of materials 
intended to simulate, at least approximately, a typical reactor 
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environment of interest. The extreme generality of the former type of 
experiment suggests that extensive measurement at all energies is 
required in order to be certain that one can pass comment on the whole 
range of cross-sections which may be of interest in a wide variety of 
practical environments. In section 3 some problems of the analysis of 
such an experiment are considered. 

2. UNCERTAINTY ANALYSIS IN THEORETICAL BENCHMAEKS 

Given the Oak Ridge programmes ANISN and SWANLAKE or their equivalents, 
uncertainty analysis on specific design parameters can be carried out 
'provided information can be found on the error distributions of data used 
in the calculations. Such information has not always been easy to find 
in convenient form although much expertise was possessed by individual 
data experts and cross-section measurers. The 1966 evaluation of 
Schmidt ^ has been a useful source of error estimates for fast reactor 
materials. It made quite clear which are independently measured and 
which are derived cross-sections, but no attempt was made to consider 
subleties like energy-dependent correlations and their effective energy 
range. Thus - (and this is much better than no information) - one has 
to make use of the following typical statement for the total cross-section 
of iron:- "This gives an overall accuracy of about 5% above 1.5 MeV. 
Below 1.5 MeV it should be slightly more accurate." 

An upper bound is easily established for the uncertainty induced by 
such error estimates in a calculated quantity R. 

Let Ai, Xj_, Ti be group cross-sections of independently measured 
absorption, non-elastic and total cross-sections. 

Let U ^ , U N, i 5 U N i, be sensitivities of R to absorption, inelastic 
and elastic cross-section derived from SWANLAKE. 

T = C l Z A i * A i + ZXi S X i + ZTi fiTi} 

^ . 7 f M V i V 7 / V i U N i \ , UNi 
> 1 1 7 » 1 1 ' 1 1 

Squaring and taking the expectation of equation (1) gives for an upper limit: 

( ^ j ) ^ ^ A i ^ A i ^ + ZXi ZXj*Ai«Aa * V ^ T i ^ l ( 3 ) 

Max 3 1 J 
if the correlation coefficients between groups i and 3 for the group cross-
sections are taken as unity. 



3 6 5 ' 

Similar attempts can be made to find a lower limit by setting r̂ -j = 0 
but these are much more subjective depending on the group structure 
chosen and are of little practical importance to a designer. 

Equation (3)'has been applied to the calculation of uncertainties 
in the iron displacement rate in the pressure vessel of a typical PWR 
caused by oxygen cross-section errors, and the activation rate of sodium 
in the heat exchanger of a fast breeder reactor caused by sodium cross-
section errors using data uncertainties from Schmidt's compilation. 
These two calculational benchmark problems were posed respectively by 
Hehn and Barre The latter is not generally available and tables 1 
and 2 summarise the essential configuration. 

Table 1. Spherical Shield Geometry 
for Fast Reactor Benchmark 

Zone Number Inner 
Radius (cm) 

Outer 
Radius (cm) 

Thickness 
(cm) 

Mixture 
Number 

Source 1 236.5 236.51 0.01 1 
Lateral 
Shield 2 236.51 *n6.5 179.99 1 
Sodium 
Tank 3 ^16.5 916 .5 500 2 
Heat 
Exchanger b 916.5 966 .5 50 3 
Sodium 5 966.5 1016.5 50 2 

Table 2. Composition of Shield 
• for Fast Reactor Benchmark 

Medium Source and 
Lateral Shield Sodium Heat 

Exchanger 

Mixture Number 1 2 3 
1 

Volume Fractions 
Steel 
Sodium 

0.53 
0.^7 

0 
1.0 

0 . 1 5 
0.85 

Atoms/cnr5 x 102if 
Sodium 
Iron 
Nickel 
Chrome 

0.010*1-5 
0 .03200 
0.00b23 
0 .00860 

0.02223 
0 
0 
0 

0 .01890 
0 .00906 
0 .00120 
0.0024-3 
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These calculations were carried out in hZ groups by ANISN and a 
direct comparison of the above simple method with more sophisticated 
methods was achieved by generating the ^2-group correlated error matrix 
from the ENDF/B data covariance file for oxygen which is generally 
available. The full error 
file for sodium is not yet available but condensed 15 group information 
for both sodium and iron is given in a compilation of covariance matrices 
(Drischler and Weisbin 5) which lias recently appeared. Use was made of 
these matrices by approximate collapsing of the h2 group sensitivities 
into 15 groups according to the recipe 

Z = u T P. z ./YP.U. ( M 
P X -pxf X X 

v;here Zp, Zp^ are respectively the collapsed broad group sensitivity and 
the sensitivity of a fine group contained within the broad group to 
cross-section type p, and U, Ui are broad and fine group lethargy widths. 
This type of collapsing is, of course, approximate, but it is seen below 
that for oxygen it gives results which are not disturbingly different 
from those given by the more accurate 4,'2-group treatment, and short of 
a complete new 15 group sensitivity analysis makes the best use of the 
available information for sodium. These results are summarised in 
table J. 

Table 3« Uncertainties on Calculated Reaction Rates 
caused by Data Uncertainties 

1 — 
Relative standard deviation % 

'—1 " 1 * 1— 
Quantity 

15 group 
matrices 

ENDF 
error 
file 

Schmidt ' 
data 1 

'—1 " 1 * 1— 
Quantity 

Diagonals ^ 
Total 
Max C 

2.7 
2.9 

2.1 
3.0 

3.7(2.7)d 

8.5(6.2) 

Uncertainty in 
displacement-rate of Fe 
in PWR pressure vessel 
caused by uncertainties 
in Oxygen data. 
Benchmark of Hehn. 

Diagonals 
Total 
Max 

30 
bo 

l 

17(30) ; Uncertainties in 
j activation-rate of Na 

57(100) ' in,Fast Reactor heat-
J exchanger caused by -

* l uncertainties in Na data. 
I Benchmark of Barre 

\ i I 
a kZ group sensitivities collapsed into 15 groups 1 
b Contains only contributions from the diagonal elements of covariance rr 
c Calculated according to equation (3) j matrices 
d Figures in brackets/are with diagonals normalised to the first column 
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The differences between columns 1 and 3 in table 3 are largely 
caused by the different error assignments which are not detailed here. 
For ease of comparison the figures in brackets in column 3 have been 
scaled to agree with the diagonal components of column 1. The reasonable 
agreement between the approximate 15-group collapsed treatment and the 
more exact ^2-group treatment for oxygen in the first case gives 
confidence that the 15-group treatment for sodium is not seriously 
incorrect. The above figures do no more than quantify approximately 
the magnitude of the safety factor (or overdesign factor) involved in 
the use of upper-limit estimates. Quite clearly the use of correlated 
error files in uncertainty analysis can reduce the uncertainty quoted 
to a designer by up to a factor 2 or more - in some cases (though by no 
means all) this could represent a considerable economic gain. 

3. ANALYSIS OF SINGLE MATERIAL BENCHMARK EXPERIMENTS 

The simplest form adjustment of calculational data to give consistency 
between calculation and experiment requires an adjoint calculation and a 
perturbation for each measurement included in the process. The use of 
many channel spectrometers in such an experiment can therefore require 
prohibitive amounts of computation unless some simplifying treatment can 
be found. In the Winfrith iron benchmark experiments, for example, 
threshold detectors, hydrogen-filled proportional counters and an NE213 
organic liquid scintillator have been used in each of four measuring 
positions. This raw data amounts to thousands of channels of information -
this is collapsed into ~500 channels for the analysis. Further 
collapsing is of course possible until a manageable number of channels 
is reached; this is tantamount to admitting that one can not use very 
detailed information and that it should not have been measured in the 
first place. 

There appear to be three alternative methods of dealing with this 
problem. If we ignore, for simplicity of notation, uncertainties due to 
absolute sensitivity of detector counting, source calibration, and energy 
calibration of spectrometers we can write:-

-x2 = X 6 >i ( ci - Mi + 6 c i ) 2 + E { « X j ( & x j ) 2 + 6 > T j ( 6 V 2 + G V s V 2 j ( 5 ) 

for the function to be minimized where: 
' th C^, M^ are respectively the calculation of the i quantity and i t s ^ 

measurementjXj, Tj, Ajare respectively the independently-derived j 
group non-elastic total and absorption cross-section^^,6>xji^Tji®nj 
are respectively the weights (inverse variances) of the if" measurement 
and the cross-sections indicate in group j. (Equation (5) corresponds 
to the further simplification that the group cross-sections for a given 
variable are independent - this in no way affects the arguement). 
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If â -j is the reaction cross-section of detector i in energy group j 
we require simply to carry out an adjoint calculation with source 
Hlj = a-j_j for each value of i (ie each detector). As the number of 
detectors becomes very large interpolation could be tried: thus one 
might carry out an adjoint ANISN and a SWANLAKE calculation for every 
tenth or twentieth detector and attempt to interpolate the cross-section 
sensitivities given b/ SWANLAKE to give an approximate sensitivity for 
every channel. 

A similar approach would be to carry out a limited number of 
adjoint calculations for Hij = 1 with corresponding SWANLAKE calculations. 
In this case one would be interpolating the sensitivity of group flux 
to the calculational data. 

The success of the above approaches would depend on something that 
the authors have not investigated, i.e. the smoothness or otherwise of 
the sensitivities given by SWANLAKE with the variation of spectrometer 
channel chosen as adjoint source. The successful implementation of 
such a method, if it is possible, leads to an essentially simple 
method of data adjustment and derivation of the dispersion relations of 
the adjusted data. There is, however, a clear risk of introducing 
unacceptable approximations for the sensitivities if accurate 
interpolation can not be guaranteed. 

An alternative approach which has been adapted for the Winfrith 
iron benchmark experiment uses an approximate adjoint source in an 
iterative procedure - in this case the approximation causes little 
apprehension, for convergence to the most probable solution can be 
guaranteed. In equation (5), noting that C^ - Mj_ is constant, and 
that SCi = ]SLj aij 6 0 j where is the flux in group j, we can make 
the approximation: 

x 2 = " V a i j 8 0 j + 5 l K j ( 8 x j ) 2 + S j ( 8 T j ) 2 + < ! d 

0 1 0 

This suggests immediately for choice of adjoint source: 

Ht = 2 y <•). (C. - M.)a. . 0 A - l i l 13 (7) 

Now putting: 

2h = Y_ Ht 0. 
T 3 J 

(8) 

we find: 
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If SN'k, SNj, are expressed in terms of SA^, SXfc, ST^ and the notation 
of equation (2) is used the object function for minimization becomes: 

- S h Z ^ S A j ^ + Z x k + Z T k ( 6 T k ) H . ® ^ SA k) 2 +6«>Xk(6Xk)2
 + 

and the first interation adjustments Sa^, 5Xk, ST^ are immediately found 
for example: 

S A k = - h Z A k ^ A k ^ 

The derivation of the dispersion relations for the adjusted cross-sections 
requires a further SWANLAKE calculation and adjoint ANISN calculation in 
which a strategem similar to the above is adopted in the choice of an 
adjoint source. At this stage the variables and their dispersion 
parameters are updated and new ANISN and SWANLAKE calculations are 
carried out for the next iteration. 

The above exposition represents a considerable simplification of 
the procedure adopted in practice - but it contains all the essentials 
of the method needed to optimise a large number of data variables using 
information from a very large number of detectors. 

The number of iterations required is now being investigated but 
worthwhile adjustments and improvements in the agreement of calculation 
and measurement have already been achieved after two cycles of 
iteration in an analysis which takes account of all known sources of 
uncertainty in the measurements and the calculations. 

Figure 1 shows the adjustments achieved in the iron inelastic 
cross-section after one iteration in an early, slightly simplified, 
analysis. The iron group cross-sections were derived from the UK 
data library DFN 908 which is essentially the same as that of ENDF/B-J 
above 860 KeV. The rather large fractional changes at energies 
near the threshold are not reproduced at higher energies. This does not 
necessarily indicate that the cross-sections at these energies are 
satisfactory; it reflects the lack of sensitivity of the experiment 
to these cross-sections. This can be seen in figure 2 which shows 
the inelastic cross-section sensitivities given by SWANLAKE for the 
"total experiment detector" with cross-section defined by equation ( 7 ) . 
(Since this time special, rather lengthy, measurements have been made 
with an organic liquid scintillator spectrometer to increase the amount 
of experimental information at energies up to 10 MeV). 
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Fig. 1. Group Inelastic Cross-sections before 
and after Adjustment 

Figure 3 shows the composite unfolded spectrum at a penetration of 
76 cm of iron and the spectrum predicted by ANISN before and after 
the 1 - cycle adjustment - a worthwhile improvement in fit is obtained. 
Figure 3 shows one other feature of this type of experiment which 
merits attention; the accuracy of the energy calibration of the > 
spectrometers may be important. Little can be done when the spectrum 
xs rapidly fluctuating near 27 KeV and some deresolution is perhaps / , 
indicated here. Above 860 KeV, however, there is a rapid monotonic 

80(E) / S E decrease in flux with energy and we find nffe) / "e"*^ for the 
amplification of flux uncertainties caused by calibration errors. 
We are not yet sure what influence this has on the adjustment procedure 
but allowance has been made for it in the latest series of iterations. 
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Fig. 2.'Initial Experiment Sensitivity to Inelastic 
Cross-sections in the Winfrith Iron Benchmark 

Experiment 
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Pig. 3. Comparison of Calculated and Measured Flux Spectra 
at 76 cm in the Winfrith Iron Benchmark Experiment. 
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