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ABSTRACT 

A partial-range (finite element) method has been pre-
viously developed for representing multigroup angular scat-
tering in Monte Carlo photon transport. Here we discuss 
computer application of the method, with preliminary quanti-
tative results. A multigroup photon cross section processing 
code, GAMMER, has been written, which utilizes ENDF File 23 
point data and the Klein-Nishina formula for Compton scat-
tering. The cross section module of MORSE, along with several 
execution routines, were rewritten to permit use of the method 
with photon transport. Both conventional and partial-range 
techniques were applied for comparison to calculating angular 
and spectral penetration of 6 MeV photons through a six-inch 
iron slab. GAMMER was found to run 90% faster than SMUG, 
with further improvement evident for multiple-media situations; 
MORSE cross section storage was reduced by one-third, cross 
section processing greatly simplified, and execution time re-
duced by 15%. Particle penetration was clearly more forward 
peaked, as moment accuracy is retained to extremely high order. 
This method of cross section treatment offers potential savings 
in both storage and handling, as well as improving accuracy and 
running time in the actual execution phase. 

INTRODUCTION 

Truncated Legendre polynomial expansions are commonly used to ap-
proximate angular scattering distributions in multigroup Monte Carlo 
transport codes. Although adapted from discrete ordinates usage as a 
matter of convenience and familiarity, these representations have long 
been known to produce at times negative and oscillatory amplitudes1'2 

(Figure 1). Several investigators have recently proposed theoretical 
models for improved representations by means of finite element, or 
"partial-range" methods. Suggested as a potential remedy for both 
neutron elastic scatter"1'4 and photon Compton scatter53'fa, the approach 
has met with some degree of skepticism, the feeling being that no palat-
able alternative to conventional techniques exists. Be that as it may, 
we discuss implementation of the method, from formulation for encoding 
to comoarative numerical testing. The following aspects are considered: 
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1. GAMMER—a multigroup photon cross-section generating code, which 
produces data for input to modified versions of MORSE; 

2. Modification of the MORSE cross-section module to accept GAMMER-
formatted input; 

3. Modification of those MORSE execution routines using angular 
scattering cross sections; 

4. Comparison of numerical MORSE results between conventional and 
partial-range cross sections. 

CROSS SECTION GENERATION: SMUG AND GAMMER 

Angle-dependent group-to-group scattering cross sections are typically 
generated^aijid transferred to transport codes as full-range Legendre coeffi-
cients f ̂  , from which polar angular scattering densities are reconstruc-
ted in the form of truncated L'th order series: 

'V. f f * g ' ( y ) 
L 

- I 
£=0 

21+1) ,g-g' 
•a (i) 

where P̂ Cl-O is the £'th order Legendre polynomial in y, the polar scatter 
cosine. Here g and g* denote, respectively, incident and outscatter group 
indices for a given transfer mode. The SMUG7 code employs a flux-weighted 
double integral relation to compute the coefficients: 

8 tfs(E+E',y) P ^ ( y ) dE1 dE / 8 $>(E) dE . (2) 
Jg+1 V + l Jg+1 

For Compton scattering, as given by the Klein-Nishina formula, 
Z 2 

2EZ f . + f + ^ ~ 1 1 - y + mc' Z) mc 
E' (3) 

with r being the classical electron radius and mc2 the electron rest 
energy, assuming azimuthal symmetry, i.e., dJ2 = 2tt dy . Here the Dirac 
delta function embodies the governing relation (scattering law) among E, 
E', and y, by considering conservation of energy and momentum. SMUG 
treats pair production by adding appropriate magnitudes to zero'th order 
coefficients for corresponding transfers on an element-dependent basis. 
Then, specifying a fixed maximum number of downscatters for all incident 
energy groups, the user receives ANISN-formatted data for each atomic 
element desired. 

One obvious characteristic of the partial-range technique is that 
cross sections cannot be generated and transferred in a conventionally 
formatted structure, which necessitates the development of a new one. 
Given a particular choice of energy group boundaries, GAMMER first 
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Fig. 1. Exact Compton scattering 
amplitude for (10-8 + 2-1.6 MeV) 
transfer with several truncated 
full-range representations. 

scattering cosine \i 
Fig. 2. A typical three-segment 
multigroup angular scattering 
amplitude f B*% ( U ) . 

determines the number of physically permissible scattering modes for 
each incident group by examining values of the nodal or "break" points 
(Figure 2): 

U Q = 1 + mc2(l/Eg - 1/Eg,+1) 

1 +mc 2(l/E g + 1 - 1/B g f + 1) ^ 

U 2 = 1 + mc2(l/E - 1/E ,) 
8 S 

U 3 = 1 + mc2(l/Eg+1 - 1/E ,) . 

Since upscatter is precluded, the test for admissibility of a possible 
mode (g ->- g') is that y 3 > -1 . In this manner computation is performed 
and storage allocated only for non-vacuous scattering modes. Within a 
particular mode the y-range is redefined for each segment: 

* 2 y ~ <yn * V l > _ < * 
n n-1 

where y and y . (y > y .) are the nodes or end points of that segment, n n—1 n n—1 
If, from Eq. 4, yi > y2 , GAMMER reorders the values to preserve positive 
segment lengths. All |y | > 1 are translated to the appropriate 
boundary, ±1 . Then, partial-range coefficients are constructed by taking 
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p g - V _ fH 
n f 8* 6'^) P£(y*) dy 

J i n—1 
(6) 

As^m^ny as three distinct series - one for each smooth positive segment 
f® g (y) - are required to represent fully a single transfer mode. The 
flux-weighted angular transfer density is usually defined as 

fg"g'(y) = V 
V + i 

dE' g dE C (E+E'.u) $(E) / 8 dE $(E) 
E g + i s V l 

(7) 

Integration over outscattered energy E1 yields 

fg"g'(y) = 
•E, . , ( u ) (E high d E d^ ( E ) U ) # ( E ) , g d E 4 ( E ) ^ 
E l o w ( ^ " J V l 

(8) 

where ^ is the maximum energy in group g from which a photon can be 
scattered through the polar cosine y into group g'; similarly, is 
the minimum incident energy in g permitting y and gf. This integral 
can be expressed analytically for two frequently-used spectral weighting 
functions $(E). 

Letting 3(E) = 1 + (1 - y) E/mc2 , we have: 

(a). Flat flux: f ^ ' a O = 
2 2 tr r£mc In 3 + l-y

2-l/2g 
3 (9) 

(b). 1/E flux: f^ g ,(y) = u r 
ln(E /E -) g g+1 

( l + y 2 ) l n ^ + | 2 + 1/235 high 
2(Elow> 

(10) 

Now, y and y , are known explicitly, as is f 6 (y), which is smooth n n—x , 
over y - £ u £ y ; therefore, the f 8 8 can be obtained directly from n-1 'n n,& 
integration of Eq. 6 by Gaussian quadrature, eliminating the double 
integral of Eq. 7 . Further, by representing Eq. 6 as 

^ f^ g ,(y) P(y*) dy 
V l 

(11) 
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with 
"n,0 

n,L 

and P(y^) = 

* N 
P o ( U n ) 

L n 

(12) 

computation for all values of £, 0 < H < L , within an individual segment 
is greatly compacted and simplified. Next, downscatter probabilities 
P(g->g') are determined and normalized so that 

r+1 
P ( g * g ' ) = 

- 1 
f g " g ' ( y ) dy / I f f g _ > g ' ( y ) dy (13) 

g' '-1 

Hence, £ P(g">g') = 1 • This in turn permits normalization of the angu-g' 

lar density shape functions: 
r+1 

- 1 
f 8" g ,(y) dy = 1 (14) 

Scattering magnitudes have now been externalized to the downscatter proba-
bility table and, ultimately, to the atomic number densities in mixed 
material media. In short, we have posited spatial separability as a 
characteristic of the collision kernel. With Klein-Nishina (free electron) 
scattering, possible material-dependent corrections due to coherent-inco-
herent (bound electron) effects are ignored8; the electron density N (r) 
rests as the sole measure or index of spatial (viz. "material") dependence, 
thus rendering the collision kernel spatially separable. Note that the 
scattering tableau - that is, the nodal points, downscatter probabilities, 
and coefficients, which determine angular density shapes - becomes inde-
pendent of element or isotope ; as such, calculation and storage need be 
performed only once, regardless of the total number of materials and 
mixtures present. 

GAMMER then computes values of the microscopic Compton, photoelec-
tric, and pair production cross sections in each energy group for each 
element specified, the latter two quantities being group-averaged from 
ENDF File 23 point data. Thus for N elements'and G groups, this entails 
evaluation of 3*N*G entries in addition to the basic Compton tableau. 
Typically, low-order Pi or P2 partial-range expansions yield excellent 
agreement with exact amplitudes (Figure 3). A summary of SMUG and GAMMER 
punched output formats appears in Table 1. 

Parallel runs were made on the University of Virginia CDC CYBER 172 
with GAMMER and SMUG to generate 16-group (Table 2) photon cross sections 
for a single element. Surprisingly, GAMMER required only 9 CPU seconds 
for this task, as compared to 91 seconds for SMUG; for three elements, 
GAMMER ran in 21 seconds, since the Compton tableau did not have to be 
repeated, while SMUG tripled in time. Apparently then, for this group 
structure, GAMMER computes the Compton tableau in about three seconds, 
while 6 seconds are needed for the tape reads and computation associated 
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with each additional atomic element. 

Fig. 3. Exact Compton scattering 
amplitude for (10-8 2-1.6 MeV) 
transfer with percent relative 
error of several low-order part-
ial range expansions. These are 
given since the expansions them-
selves would not differ visibly 
from the exact shape. 

THE MORSE CROSS SECTION MODULE 

The familiar "Coveyou technique"9, first applied to 05R10, was sub-
sequently adapted for selecting outscatter or post-collisional angles 
in MORSE11. A clever method using Gaussian quadrature is employed to 
establish a set of discrete angles and weights [probabilities] amenable 
to rapid Monte Carlo selection. In addition, D. C. Irving, et.al.12 

introduced a method to detect "bad" or "impossible" coefficients in 
generated sets - "bad" in the sense that they cannot represent any phys-
ically meaningful angular distribution f(y) £ 0, -1 £ p ^ +1. Rejection 
tests are applied to eliminate these anomalies; but when coefficients are 
thrown out, truncations of order less than the desired level are pro-
duced. This scheme was also incorporated into the MORSE cross-section 
module. Thus, after reading ANISN or DTF-IV formatted data and setting 
up storage location parameters, MORSE performs the above two processes. 
Original input coefficients are themselves saved ane re-stored only if 
the user requests point detectors to register next-flight flux or dose 
rate estimates. 

This entire module was rewritten to accommodate GAMMER-type input 
and, in the process, greatly simplified and shortened. Data is read and 
stored directly. Macroscopic cross sections are then constructed via 
the usual mixing table, but manipulation is limited to element-dependent 
entries - the entire Compton tableau remains intact - and preparation is 
complete; i.e., no further handling is necessary. 
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Table 1. Output Array for SMUG and GAMMER 

SMUG: Standard ANISN format: vac, a , a t f a g,g 
o . , etc. for each group, first eleme g~ J-, g • 
Repeat for each element, Po through P. "L 

GAMMER: 1. Cumulative number of downscatters for 
each incident group: 

g1th entry = f[NDS(i)] ; G entries. 
i=l 

2. Pour nodal values (y 's) for each mode n 
(g~*gT); 4*NGN entries, where NGN = total 
number of modes—NGN = last entry in (1) 
above. 

3. Downscatter probabilities P(g-*g'); NGN 
entries. 

4. Normalized fo s; 3 values per mode, 
3* NGN entries. 

5. Normalized ff"*"8 's; 3*NGN entries. 

6. Repeat until desired f 's; usually L = 1,2. 
i-i 

7. Microscopic < 3 , 0 , a for each group; v c' pe pp £> 
first element, 3*G entries. 

8. Repeat (7) for each successive element. 

MORSE PHOTON TRANSPORT-THE SCATTERING KERNEL AND EXECUTION ROUTINES 

In the execution phase, as particle histories are generated and 
results scored, the kernels are utilized in two complementary ways: 

1 c, To pick y at random from a particular distribution (y), once 
the mode (g-^g?) has been selected^ ̂ .nd 

2. To compute the proper value of f 8 8 (y), given a fixed scattering 
cosine y. 

One disadvantage of the conventional method of selecting outscat-
tered angles is that, aside from computing and storing discrete angles and 
weights, the continuous range of scattering angles is discretized, causing 
angular distortion through ray effects during the first few collisions of 
a particle's history.1 
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By contrast, an ad hoc Monte 
Carlo rejection technique of reason-
ably high efficiency13 has been in-
corporated into the partial-range 
modifications (subroutine ANGLER) to 
choose polar scattering cosines 
directly from the appropriate partial 
range expansion, thereby eliminating 
ray effects. 

Several additional routines in-
volved with angular scattering mech-
anics, among them being COLISN, 
PTHETA, NSIGTA, RELCOL, and SGAM, were 
modified. Otherwise, particle trans-
port remains unaffected in all other 
respects. 

MORSE PHOTON TRANSPORT-COMPARATIVE CALCULATIONS 

Parallel multigroup Monte Carlo photon transport computations were 
performed with MORSE, alternately using conventional and partial-range 
cross sections, to compare the two methods in regard to computational 
accuracy and efficiency. In each case a monodirectional 5.95-6.05 MeV 
photon beam was directed perpendicularly onto a flat six-inch thick iron 
slab surrounded by vacuum. Thirteen point detectors were positioned at 
various angles from the incident beam direction to measure angular trans-
mission characteristics of the slab; all were located at a ten-foot dis-
tance from the point of intersection of the beam and slab. 
Weight-adjusted photons were allowed to scatter until either escaping 
the slab or reaching an 0.07 MeV energy cutoff. Insofar as transport is 
concerned, the two runs differed solely in the handling of group-to-group 
angular scattering probabilities, as treated by the two methods: a conven-
tional full-range P n expansion was employed on the one hand and a P2 
partial-range expansion on the other. A comment in this regard may be 
appropriate: although expansions to P11 were requested in the conventional 
run, unavoidable cross-sectional roundoff to five-digit accuracy resulted 
in numerous "bad moments" being generated and rejected, particularly for 
transfers originating in high-energy groups whose exact scattering ampli-
tudes exhibit limited angular support; hence the calculation of discrete 
angles and probabilities for certain transfer modes employed less than the 
full complement of twelve coefficients, as shown in Table 3. 

Table 2. The 16 
group energy 
structure 

g E (MeV) 

1 6.05 
2 5.95 
3 5. 
4 4. 
5 3. 
6 2. 
7 1. 
8 .8 
9 .65 

10 .52 
11 .5 
12 .4 
13 .3 
14 .21 
15 .12 
16 .07 

. 0 1 
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Table 3. Number of moments accepted for each mode (g~>"g') in the 
sixteen-group energy structure 

oo p-
3 O M O 
M (1) 

CJ w 
4-1 
3 
O 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 

Inscatter Group g 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

1 
1 3 
3 2 2 
2 2 3 3 
3 6 3 3 2 X = full complement 
4 6 6 3 10 X 
X 5 X 10 9 4 3 
3 3 3 10 10 4 3 6 
3 8 4 7 5 5 4 3 8 
X X X X X X 3 3 7 2 
X X 5 X X 5 5 6 X 3 6 
5 5 X X 5 10 7 5 X 5 5 X 
X 4 7 X X 5 X 7 8 7 X X 7 

4 3 3 X X X 9 X 
3 

X 
X X 

X 

A comparison of detector flux estimates and corresponding statistical 
•variances is presented in Table 4 for runs of 1000 particles by each 
method. Several observations can be made on the basis of these sample 
runs: 

Partial-range fluxes are clearly more forward-peaked than counterpart 
conventional fluxes, scoring consistently 15-20 percent higher for narrow 
angle directions, but uniformly lower at a: gles above 30°. This effect 
distinguishes the ability of the partial-range method to retain full-range 
moment accuracy to extremely high order6 as compared with the dispersive 
nature of full-range expansions. Variances are tighter at smaller angles 
of interest with the new method; some conventional variances, particularly 
those at large-angle detectors, may actually be greater than the values 
indicated, since conventional ray effects would tend to be at least self-
consistent to an unwarranted extent. 

Although nearly equal numbers of particles escaped the slab before 
reaching the energy cutoff in the two cases (213 versus 210), there were 
fewer total scatters with the new method (8930 vs. 9174). While photon 
transmission may be affected to some small extent, judgment on this matter 
would be premature due to the sample size. 

In terms of computing efficiency, cost savings were effected both in 
execution time and field length requirements. First, the calculation of 
discrete angles and probabilities was bypassed by the new method, saving a 
net 38 CPU seconds for one material medium. Moreover, the actual particle 
transport phase ran about 15 percent more quickly with the new method: 517 
versus 605 CPU seconds on the University of Virginia CDC CYBER 172. 
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Table 4. A comparison of point flux estimates in photons/cm2-sec per 
source photon/ sec for conventional and partial—range calculations 

Angle From Conventional Partial--Range 
Incident Beam 

-Range 

(Degrees) Flux Variance Flux Variance 

0 1.1022E-06 0.05145 1.3343E-06 0.03133 
1/4 1.1773E-06 0.05154 1.3339E-06 0.03162 
1/2 1.1613E-06 0.04722 1.3349E-06 0.03152 
1 1.1723E-06 0.05874 1.3272E-06 0.03200 
2 1.1616E-06 0.05846 1.3036E-06 0.03258 
4 1.0792E-06 0.05152 1.2361E-06 0.03418 
8 9.1795E-07 0.05280 1.0741E-06 0.03811 

15 6.0761E-07 0.06168 6.9759E-07 0.05203 
30 2.3519E-07 0.09105 2.3658E-07 0.08571 
45 1.1594E-07 0.10315 8.8021E-08 0.12285 
60 5.5098E-08 0.15362 3.8232E-08 0.18556 
75 1.9377E-08 0.25782 1.1686E-08 0.35038 
85 1.1792E-09 0.41122 8.9881E-10 0.67529 

The partial-range method permits storage of Legendre coefficients 
directly into blank common; they are not required to first compute and 
store moments, then to be themselves re-stored in new locations when 
point detectors are used, as in the conventional procedure. For these 
runs, in which only one material medium appears, a blank common alloca-
tion of 5300 in the conventional treatment was reduced to 3400 for the 
partial-range application. When multiple media appear, only electron 
densities need be added. By contrast, MORSE conventionally stores a 
complete downscatter (cross section) set for each separate material. 
The storage advantage then becomes even greater for multi-media compu-
tations. 

RESULTS AND CONCLUSIONS 

In summary, the partial-range angular scattering technique has been 
incorporated into the MORSE framework for photon transport, in effect 
replacing or modifying all subroutines dealing with cross sections. A 
multigroup photon cross section generating code, GAMMER, has been written 
to supply convenient input to the transport code. The method is compu-
tationally accurate, to the extent that can be shown by these brief runs, 
and it is computationally more efficient than the conventional MORSE. 
Further investigation of resulting angular distributions is warranted, 
however, particularly in deep-penetration situations with sharply aniso-
tropic scattering and complicated geometry, where retention of extremely 
high-order moments may be desired. 
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