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ABSTRACT 

The properties of convective cells and the diffusion 

resulting, from such cells are significantly influenced by 

aft inhomogeneity in the external confining magnetic field, 

such sis that in toroidal plasmas. In the first place, the 

zero-frequency convective cell of the homogeneous medium 

(vortex) is transformed into the interchange flute mode in 

the presence of the field inhomogeneity. For stable 

interchange profiles, this has the effect of reducing the 

step siae of the diffusion process. Secondly, in an 

inhomogeneous field, convective motions damp by magnetic 

pumping at a rate typically much faster than perpendicular 

viscous damping. This reduces the lifetime of the cell. 

The couvective diffusion in the presence of a field inhomo

geneity is estimated. For a thermal background, this 

diffusion is shown to be substantially smaller than 
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class ical co l l i s i ona l diffusion. For a model nonthermal 
iis-

background, the diffusion is estimated, for typical 

parameters, to he at most of the order of collisional dif

fusion. The model background employed is based on spectra 

observed in numerical simulations of drift-wave-driven II 

convective cells. 

I 
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I. INTRODUCTION 

Coavective cells have been shown to contribute significantly 
1-4 to the transport of plasma across a uniform magnetic field. The 

physical process is that the plasma which makes up the cell is con-

vected across appreciable distances before the cell loses its 

coherence. The plasma has then effectively stepped across the mag

netic field, and the resultant diffusion coefficient may be quite 

large. In fact, for systems in. a strong, homogeneous, magnetic 

field, this convective diffusion has been shown to predominate over 

classical collisional diffusion, even in cases where the excitation 
1 2 3 of convective cells is strictly at a thermal level. ' ' It is 

also possible that an enhanced level of convective cells could 
4 result from some nonthermal feature in the plasma. In this case, 

the resultant convective diffusion may be expected to be even 

larger. 

In this paper, we show that the convective cell, in toroidally 

confined plasmas, is to be identified with the ordinary, interchange 

flute mode. Consequently, the theory of transport by convective 

cells becomes identical, in toroidal geometries, to the theory of 

transport by the interchange mode. We will show that such transport 

is, in fact, smaller than classical collisional transport (provided 

the interchange mode is actually stahle). 

The similarity between the convective cell and the interchange 

mode is that both modes involve a convective exchange of 

neighboring flux tubes. This allows us to exploit some of the 

techniques of the nonlinear theory of transport by convective cells, 
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already well developed, in estimating the transport due to inter

change modes'. However, the essential difference between the two 

modes is that the interchange mode has restoring (or destabilizing) 

forces associated with it. These forces, arising from the magnetic 

field inhomogeneity, lead to a significant deviation of the 

inhomogeneous theory from the homogeneous one. In particular, if the 

plasma is unstable to the interchange mode, a strongly turbulent con

vection develops; application of the methods of homogeneous theory 

for this case then grossly underestimates the transport. On the 

other hand, if the interchange is stable, the associated restoring 

forces restrict the plasma convection to an oscillation at the inter

change frequency. That is to say, the "convective cell" simply "rocks 

back and forth instead of freely "turning over." This reduces the 

step-size of the diffusion process and, correspondingly, the 

transport. In the present paper, we shall only concern ourselves 

with situations that are either stable or marginally stable to the 

interchange. 

We also wish to note in this paper a further difference between 

the convective cell and the interchange mode; namely, that in the 

presence of an inhomogeneous magnetic field, convective plasma 

motijns are subject to a viscous damping that, in general, is much 

stronger than the damping resulting from classical perpendicular 

viscosity. This damping results from the fact that the moving fluid 

elements, upon encountering varying magnetic field strengths, com

press or decompress to conserve magnetic flux. This "magnetic 

pumping" then leads to a heating of the plasma in turn damping the 

motion. Thus> the lifetime of convective motions is considerably 
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shortened, a fact which also significantly affects the transport. 

Ws take this into account in the present paper. 

The first half of the paper concerns itself with employing 

simplified models to elucidate the above-mentioned properties of 

convective motions in nonuniform 

plasmas; namely, the identification of the convective cell with the 

interchange mode, and the damping of this made by magnetic pumping. 

The second half of the paper is devoted to estimating Che convective 

transport in a plasma immersed in an inhomogeneous magnetic field. 

This transport is estimated by employing simple step-size 

decorrelation-time arguments, and the calculation is carried out both 

for the case where the background level of convection is thermal 

and for a model case of nonthermal convection. For the latter 

case, a steady-state ambient electric field spectrum is assumed, with 

the choice of spectral shape obtained Erom the numerical simulations 
4 reported by Cheng and Okuda. We also evaluate the transport 

separately for the cases where the plasma is either stable or margin

ally stable to the interchange. Our conclusions are as follows. For 

the stable case, the transport due to the interchange mode is, in 

general, substantially smaller, for both thermal and nonthermal back

grounds, than classical collisional ion heat transport. Moreover, the 

scaling of the diffusion coefficient with the plas:na parameters is 

quite d-'fferent from the scaling predicted by the homogeneous theory. 

For the marginally itable case, it is shown that for parameter regimes 

of interest and for a plausible choice of convective cell spectra, mag

netic pumping damps the convective cell before the cell can perform 



one ful l ro ta t ion . Thus, the "self -consis tent" decorrelat ion time 

employed in the homogeneous theory, which i s of the order of the cel l 

turnover time, i s usual ly an overestimate that in turn leads to an 

overestimate of the convective diffusion. 

In Section I I we begin by describing semi-quantitatively the 

propert ies of convective ce l ls in plasmas immersed in an inhomogeneous 

f i e ld . We show that the convective c e l l transforms into the i n t e i -

change mode, and we heur i s t ica l ly estimate the s ize of the damping 

produced by magnetic pumping. In Sec. I l l , we perform a detailed 

calculat ion to obtain the charac ter is t ics and lifetime of a sol i tary 

convective cel l in an inhomogeneous slab plasma. In Sec. IV, we 

assess the effects of f ie ld inhomogeneity on convective transport . 

Our findings are summarized in Sec. V where a comparison with experi

ments i s also made. 

We remark that in a l l of our calculat ions we disregard the 

effects of shear in the magnetic f i e ld . In general, magnetic shear 

tends to reduce the convective transport (just as i t inh ib i t s the 
5 6 7 interchange). Several authors have investigated this problem."'' ' 

In th i s paper, we sha l l simply confine ourselves to shear-free 

systems. 
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II. SEMI-QUANTITATIVE DESCRIPTION 

In this section, we derive the convective cell of the homoge

neous medium and then show its transformation to the interchange mode 

upon the addition of either a gravitational field or a gradient in 

the external magnetic field. We also describe in this section, 

heuristically, how convective motions are damped by magnetic pumping. 

A.. Convective Cells in Homogeneous Media 

The convective cell is a normal mode of a homogeneous fluid or 

plasma. This mode has zero frequency and a small damping due to 

viscosity. We obtain the mode most easily by taking the curl of the 

linearized equation of motion. This yields 

-iuntWxv = ̂ xC-v'p + jx$ + nMuV v) 

= S-vJ - T-vf + nMuV2v"xv , (1) 

where all perturbed quantities are taken to vary as e , and the 
"** 3 1 "*• quantities n, p, j, B, v, M, and u denote, respectively, the density, 

pressure, current density, magnetic field, flow field, ion mass, and 

kinematic viscosity. For an ordinary fluid, B*0; fourier analysing 

in space, we obtain the convective cell 

C-iu + uk2)7iw = 0 (2) 

where k is the wave vector. A nonzero curl in the flow thus decays 

only on the viscous time scale. Such a cell is also referred to as 

a vortex or an eddy. 

In a plasma in a strong B, if there is no equilibrium spatial 

variation of |BJ and if ?• V^IIS-SHO, the first two terms on the 
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right-hand side of (1) vanish and we obtain the same dispersion as 

above. Here, the magnetic field lines act as "charged rods" of 

charge density B"(7xv); when neighboring rods acquire unequal 

charge, the rods move relative to each other setting up a curl in 

the flow pattern. The convective cell in a plasma is thus made up 

of circulating flux tubes which carry plasma with them. 

B. Inhomogeneous Media and the Interchange Mode 

Consider next the effects of a gravitational field on this con

vective mode. For an ordinary unmagnetized fluid in equilibrium in 

a gravitational field g, with g-7n#0, the curl of the linearized 

equation of motion gives 

-iu(nVxv + Vnxv) = vnxg , (3) 

where n i s the density perturbation and we have omitted the viscosi ty 

for b rev i ty . Note the presence of addit ional terms 

influences the time evolution of tfxv. Thus the convective ce l l no 

longer has zero frequency. Employing the standard cartesian 

coordinate system, with g in the (-x) d i rec t ion and k in the y 

d i rec t ion , the z component of (3) yields (upon neglecting some terms 

based on the assumptions that k~ jdinn/dxj<1, and that the effective 
* -1 

wavelength along x i s very long compared to k ) , 

lunv = ng . x B 

Assume an incompressible fluid for s implici ty . Then, from the 

equation of continuity 

-iwn + v n = 0 , 



where primes denote differentiation with respect to x. Combining the 

last two equations, we obtain the dispersion relation 

2 ' m = -g(n AO • (4) 

We first emphasize that this mode is the same branch as the zero-

frequency convective call of the homogeneous medium. [That this is 

true may also be deduced by first identifying all the possible normal 

modes with k"6=0 in a homogeneous plasma, one of which is the convec

tive cell (2), and then following each of these modes in adiabatic 

fashion as g (or |'B|) is addeJ. This approach is considered in the 

Appendix.1 Thus, in inhomogeneous media, the 

convective cell has a finite real frequency. We further observe that 

mode (4) is simply the well-known Rayleigh-Taylor interchange mode, 

stable for n <0. For a stable equilibrium, then, a convective cell 

generated in the plane containing g simply "rocks" back and forth at 

the interchange frequency |gn /n| . In this sense, the cell does 

not "turn over." The above calculation is, however, a linearized one. 

Evidently for large enough rotational energy, the cell will turn over. 

The initial speed v required for turnover of a circular cell of size 

r will be roughly given by 

V r o > lB*'M 1 / 2 • (5) 

The ce l l thus behaves as a pendulum, performing small osc i l l a t ions 

for small energies and turning over for large enough energies. 

A direct ly analogous s i tua t ion holds for convective ce l ls in a 

low 8 plasma immersed in an externally imposed, inhomogeneous 

magnetic field (with g=Q). The required calculation pa ra l l e l s the 
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foregoitig one. * For a col l is ionless plasma, the s t ab i l i t y c r i t e r i o 
1 2 ' 2 

i s p^ / p i <(3 ) /B", where p± is the perpendicular pressure, and the 
dispersion relat ion is given by 

J = (B'/B)[2(B7B) - ( p / / p A ) ] c | ; , (V) 

where c'=p_,/nM. The result (6) may be understood in a simple manner 

as follows. 

Consider the slab plasma with n'>< 0 and B'<0. If we now let 

the plasma "flute" in the positive x direction, then the fluted flux 

tube undergoes a transverse dilation of relative amount 5xJB'/B| 

where <5x is the distance moved by the tube. The density in the flux 

tube decreases by this relative amount as does the perpendicular 

temperature (in the absence of collisions), again by the same rela

tive amount. The net pressure then goes down by 25x(B'/B). If the 

new, lower pressure p A - 25x|B'/B j in the flux tube is even lower 

than Che ambient pressure, p, + fixp^', the fluted flux tube tends tD 

be pushed back and the perturbation is stable. Thus the stability 

criterion is 2B'/B>p1'/pi. If the perturbed pressure is higher than 

the ambient pressure, the flute is unstable and an interchange 

instability ensues. The oscillation frequency [Eq. (6)] (or growth 

rate) may also Ve estimated by similar arguments. 

We have thus shown that the convective mode in a plasma in an 

inhomogeneous B field is exactly the interchange mode. For small 

flute perturbations in a stable plasma, the convective cell does not 

turn over. "Turn-over" may be effected only for large enough 

rotational kinetic energy. With jpi'/p_L|5a >|B'/B|=R , the 
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turnover criterion for convective cells in a plasma with non-uniform 

|BJ, analogous to Eq. (5), is vQ/r > cg/E £ ", where e f l= a/R. 

C. Magnetic Pumping of Convective Motions 

la a homogeneous plasma, a convective cell of size k damps 
2 2 due to shear in the flow velocity at the rate k p \>., where p is the 

ion gyroradius and \>. is the ion-ion collision frequency. In a 

plasma in an inhomogeneous magnetic field, the convective mode (or 

interchange mode) damps at a much faster rate due to magnetic pumping. 

The latter damping results in the following manner. As the cell 

turns, each element of the cell alternately compresses and 

decompresses in step with the magnetic field strength that 

it encounters. During the compression phase, the rotational energy 

of the cell is fed into the perpendicular temperature, T±, with this 

input energy being recovered upon decompression provided that there 

are either no collisions or an infinite number of collisions in this 

period. However, for a f '.nite colli on frequency, a portion of the 

input energy that was shared with the parallel temperature, T„, is 

not recoverable. This leads to an irreversible transformation of 

kinetic energy into heat and the cell damps. The rate at which the 
cell plasma heats has been heuristlcally estimated in Ref. 10 [see 

Sec. IX therein] for the case where the collision frequency, v, is 

greater than the rate of compression, f, i.e., f<"J. The rate in the 

opposite limiting case, v<f» may be estimated by similar means. 

These limiting rates are: 

3HnT/3t -v. (6B/B)2 

f2/v ; f<v 
(7) 

v<f 
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where SB/B is the fractional compression of the flux tubes. 

Equating this heating rate with the rate of change of rotational 

kinetic energy gives the damping rate. The kinetic energy may be 

easily estimated both for the case where the cell simply "rocks," 
1/2 in which case f •+ c /B. E , and for the case where the cell turns s n 

over, for which f*(v /r )=co . The resulting damping rates (up to o o o 
numerical factors) for both "rocking" cells and cells which turn ever 

are then 

Y 'v 
n2/v 

(n/f) 2 

f<\> 

\><f , 
(8) 

w i t h 

f + 

1/2 Q < e u (turnover) n o 

a/e1/2 ; e u < (rocking) , 

where Q = c /R. These rates will be obtained more precisely,for a 
s 

particular situation, in the next section. 
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III. DETAILED CALCULATION 

In this section, we perform a detailed calculation to determine 

the oscillatory properties and damping due to magnetic pumping of a 

solitary canvective cell in a low S plasma immersed in a strong, 

inhomogeneous magnetic field. We employ the slab model shown in Fig, 

1. The magnetic field B=B z is externally imposed and we assume 

(UnB) #0 and (Inn) ^ 0 . We shall assume that there is no variation 
•*• - * - - * • along z and so B*1? = 0. The convective motion of the cell is in the 

x-y plane. 

Since we are interested in investigating a situation where a 

closed magnetic flux tube is exchanged with a neighboring tube in 

such a way that the net magnetic energy remains unaltered, the fore

going slab model is an aaequate representation of this interchange. 

In a shearless tokamak, for example, such an interchange may be 

carried out between two closed flux tubes on neighboring magnetic 

surfaces. (Although at any given point an the field line the density 

and magnetic field gradients are not unidirectional, in contrast to 

the slab model, nevertheless the average effect is one of "favourable 

curvature"; the gradient in B in our slab model then represents some 

sort of average.) Likewise, in multipoles without a toroidal field, 

a similar interchange between neighboring poliidal field lines may be 

imagined. 

We employ the following equations to describe the time evolution 

of the convective cell in Fig. 1. 

3n/3t + V-(nv) = 0 , (9) 

V-l = 0 , (10) 
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3v/3t + v-Vv = -(VpJ/nM + jxB/nM,p, EnT, , (11) 

V* = vxB , t12) 

(3/3t + v-V)(T\/B) = -(v/3)(Ti-T„)/B , (13) 

(3/3t + v-7)T„ = (2\)/3)(Ti-T„) . (14) 

Equations (9) and (10) are equations of mass and charge continuity, 

respectively. Eq. (11) is the equation of motion where we have 

assumed that the field is strong enough so that the pressure tensor 

is primarily diagonal and equal to p„bb+(l-bbjp^, with bsB/B. 

Since b'V = 0, the divergence of this tensor yields Vp, . We assume 

the plasma has low B and look only for time rates of change slower 

than magnetoacoustic frequencies. In that case, we may neglect any 

variation in B. The electric field is then derivable from a scalar 

and Ohm's law is written as in Eq. (12) . Finally, Eqs. (13) and (14) 

are phenomenological equations of state describing the tine 

evolution of Tj_ and T„. With the right-hand sides omitted, these 

equations are simply the double-adiabatic Chew-Goldberger-LowJ" (CGL) 

equations (with b-V = 0); the right-hand sides simulate a relaxation 

between unequal T± and T„ at the collision frequency \>. [These 

equations apply to either species. A. more detailed discussion of 

these model CGL-type equations may be found in Refs. 12 and 13. For 

the "collisional" part of the ensuing calculation, the heat transport 

equations as given by Braginskii are equally adequate. We utilize 

the phenomenological equations (13) and (14) for greater generality 

here.] All finite Larraor radius effects (occurring, far example, in 

the pressure tensor and in Ohm's law) have been neglected in the 
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foregoing set of equations. This is justified so long as the inter-
1/' change frequency fi/e " is larger than the ion diamagnetic drift 

frequency (see Refs. 15 and 16). This puts a lower bound on the cell 

size, r , namely, 

1/2 o < e r . n o 

where p is the ion gyroradius. 

We now make the additional assumptions that (£nB)' =(£nn)' H R , 

and (in T,) =0. These assumptions are made for the sake of simplic

ity and do not detract from the physics. Note that in applying this 
t r 

theory to a tokamak, (tan) and (2,nT) are effective averages so 

that they may indeed by comparable to (taB) even if the aspect 

ratio is not of order unity. (We comment on arbitrary 

profiles at the end of this section.) The foregoing set of equations 

is then solved by an expansion in (r /R). We look for a solution 

which in the limit R*= reduces to a stationary convective flow in the 

x-y plane. For simplicity, we take this flow to be circular and 

center it about a polar coordinate system as shown in Fig. 1. The 

solution 

v = er&iQ(r), ru (r) sO$/3r>/B, n=const., 

T A = T„ • T = const. , (15) 

nMroio
2= - j QB , 

then satisfied Eqs. (9) through (14) to lowest order in (r /R) for 

arbitrary to (r). (We 
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assume the a prof i le decays in a distance r .) The j current o 0 8 
indicates that the centrifugal forces are balanced by a s l igh t dip in 

2 2 2 

the magnetic field s t rength assuming nMr u << B . 

Before going to next order, we annihi la te the leading order 

terms in the equation of motion (11). This i s done by integrat ing 

over a closed streamline. With this in tegrat ion, the v v v term 

vanishes identical ly v i z . ifi(dJ./v)vv:Vv = p(d£/v)v-Vv /2 = 0; while 

the jxB/nM term vanishes as a resul t of the simplifying assumption 

(!.nn) ' = UnB) ' as follows: £(d£/nv)vjxB = -^(di/nv)!•?$ = 

-^dJl|Vfj>|~ V<f j"(B/n), where we have used Eq. (12). 

From the low S assumption, 3n/3t = 0. Thus (B/n) is a constant and 

may be extracted from the in tegral . This leaves 

^dij • Vtp/ | Vtp J which i s simply the net outflux of charge from inside 

the closed streamline and must vanish since 7-j =0. 

The annihilated version of (11) i s now given by 

0 /3 t )^dJ -v=-^dI -?p 1 (nM)" 1 . (16) 

Evaluating both sides of (16) to lowest order in (r/R), we obtain 

r 2 3iu /3 t a (r/R)c 2^(d9/2ir)Cl\/T)sin8 (17) 

where we have assumed a profile of the form inn = x/R. Thus, to obtain 

3w /3t (to second order), we need T ± to first order in (r/R). This is 

obtainable from Eqs. (13) and (14) taken to first order. Taking 

appropriate linear combinations of (13) and (14), we obtain 

(3/3t + u 3/36)U = - 2w £ sine (18) 
o o 
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(3/3t + u 3/36 + v)A = - to £ sinS (19) 
o o 

where 4 5 (T,-T„)/T is the anisotropy, D = (2Tj_+T„)/T is the 

perturbed internal energy, and e = r/R. With these definitions, (17) 

is rewritten 

3u /3t = (n2/3eU(de/2TT)(tH-A)sin6 . (20) 
o f 

Equations (18), (19), and (20) now constitute a complete set of 

nonlinear differential equations in the unknowns U, A, and u> , from 

which the time evolution of u (r, t) is obtained. Since r enters 
o 

only as a parameter, these are partial differential equations in 8 
and t. We examine the solutions separately in the two limits us <£i 

and JJ<u . o 

A. Low Energy Cells: ai <B 

This limit corresponds to linearizing (18)-(20) for small ui . 
o 

Linearizing and taking all perturbed quantities to vary as a , 

we easily obtain the dispersion relation 

u2((irK\i) = Q2(w+2iv/3) . (21) 

In the two limits v<12 and 0<v, the roots corresponding to the inter

change mode are 

± Q- xv/6 ; \><Q 

(22) 
± ( 2 / 3 ) 1 / 2 n - i n 2 / 6 v ; n<v . 
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(The third root corresponds to a relaxation mode between T, and T„; 

this need not concern us here.) We note that the interchange modes 

have a real frequency, corresponding to a "rocking" of the convective 

cell, and an imaginary part which gives the damping due to magnetic 

pumping. These damping rates agree with our heuristic estimates of 

the previous section. [In the collisional limit, J2<\i, the oscillation 
1/2 

frequency is lowered by (2/3) because collisions keep the tempera
ture isotropic and distribute the work done over 3 degrees of freedom 
rather than 2. ] 

We now consider the limit in which the cell turns over, namely, 

3. High Energy Cells: fl<u 

The equations, in this limit, are best solved by making the 

ansatz 3/at«w in Eqs. (18) and (19). The sinusoidal parts of U 

and A may then be easily solved for in lowest order. Using these in 

(20) y ie lds 

2 

•kl™o~- ~k ...1. ,2 ( 2 3 ) 

l+(u /v) o 

This solution i s valid provided R<ai . Note that (23) reduces to our 

heuris t ic estimate (8) for the two l imits m <v and v<u . 
o o 

C. More General Profiles 

The above calculation has been carried out for the particular 

profile (inn)'= (S.nB)' with (4nT)'=0. This profile is interchange 
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stable. It is straightforward to extend the calculation to other 

stable profiles [or to the marginally stable profile (jjn p)' = 
2 

{SLn B ), cf. Eq. (6)]. In this more general case, it is no ionger 

possible to set 3n/3t=0. However, the final results, up to factors 
1/2 of e , where e = (in B)' ,'(Hnn) ', are essentially the same as those n n 

obtained above. More particularly, for stable profiles the results 

for cells which do not turn over (ui <R) are the same as the corres-
o 

ponding resu l t s obtained above if we made the subs t i tu t ion 
1/2 S2->c / R E [cf. Eq. (6 ) ] . For c e l l s which do turn over (n<iu ) , 

the appropriate subst i tu t ion i s i l+c /R. Finally, for marginally 

stable prof i les , there i s no "rocking" (no real frequency). However, 

the cells s t i l l damp by magnetic pumping at the r a t e given by Eq. 

(23), wherein H->-c /R. 
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IV. CONVECTIVE TRANSPORT IN PLASMAS IN INHOMOGENEOUS JB| 

The convective cell in plasmas immersed in a nonuniform magnetic 

field is, as we have shown, identical to the interchange mode. If 

the plasma is stable to the interchange, the "convective cell" simply 

rocks back and forth at the interchange frequency (unless the cell is 

extremely energetic). This effectively reduces the step size of the 

convective diffusion. Furthermore, the cells damp by magnetic 

pumping at a rate much faster than classical perpendicular viscosity. 

This property shortens the lifetime of the cell and so also influences 

the transport. We examine these implications in this section employ

ing simple, physically-motivated, arguments to estimate the diffusion 

in inhomogeneous systems. Our arguments will be of a tentative 

nature, and restricted to obtaining order of magnitude estimates for 

upper bounds to the diffusion. 

The diffusion due to convective cells in a homogeneous plasma 
1-3 -1 

has been estimated as follows. A cell of size k makes a step 

v.T. before losing correlation; here v, = kiji,/B is the ExB drift, and 

T. is the decorrelation time (assuming v, x, - k ) . From this, we may 

obtain test particle diffusion due to cells of size k . Then, 

summing over all k's gives the net diffusion coefficient vxz. 

For the decorrelation time, T. , the self-consistent viscous damping 
2 —1 time (k D) is employed (assuming that D is larger than the colli-

2 sional viscosity p v., which is the case for a sufficiently strong 

magnetic field). Next, v£ is estimated from the electric field 
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spectrum of convective cells. This spectrum may be either thermal or 

nonthermal in origin. In thermal equilibrium, each convective mode 

has energy T/2 with most of this energy being rotational kinetic 
2 2 energy (for nMc /B >=• 1) . For a plasma contained in a hox of 

parallel length R and perpendicular width a, this implies the thermal 
2 2 spectrum (l/2)nMv a R= (1/2)T, which may be rewritten 

v k = a c g ; a 5 (na2R)"1''2 . (25) 

Using this in (24), and converting the summation to an integral as 

usual, we obtain the convective diffusion due to thermal cells in a 

homogeneous plasma 

1/2 

D = -• ^ dn(k /k . ) 
2iraMR max nun 

(26) 

Consider now the effects of an inhomogeneous magnetic field on 

this theory. We shall be mainly interested in estimating the 

importance of these effects for tokamaks. As stated before, we 

shall ignore all effects of shear and envision a shearless tokamak 

in which a coavective cell is set up simply by interchanging two flux 

tubes on neighboring surfaces. Since the tokamak has "average 

minimum-B," the interchange is stable and the "rocking" frequency of 
1/2 such a cell is of order S - c /R e . (We shall, however, also s n 

examine the diffusion on those surfaces that are marginally s table . ) 

Final ly, we sha l l use the fact chat v. < Si for present-day tokamaks. 

We f i r s t examine the diffusion from a thermal l eve l of convective 

c e l l s . 
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A. Thermal Level of Convectlve Cells 

The electric field spectrum is given by (25). For surfaces that 

are interchange stable, we first need to know whether the cells "turn 

over." This is determined by comparing u to fi (cf. Sec. III). With 

u = kv, being the rotation rate, we have 

uo/JJ = kR(vk/cs) . (27) 

Using (25) to estimate v , we have cu /Q - akR. For the parameters 
13 -3 2 -9 

n^lO cm , a'*'30cm, R^IO cm, a is extremely small, of order 10 

Thus, even the smallest cells, k =p, da not turn over. Instead the 

cells "rock" at frequency ft and damp due to magnetic pumping at the 

rate v./6 [cf. Eq. (22)]. 

We now estimate the diffusion due to these rocking cells in the 

following manner. For the k cell, the step is taken to be v^/n,. 

the amplitude of the oscillation, r.ie decorrelation time is simply 

the magnetic pumping damping time (v /6) . (This model overestimates 

the diffusion since the step size is actually much less than V,/fi.) 
These estimates yield the diffusion coefficient 

2 ,,„2 D = I vf V./6ST . (28) 
<• k l 
k 

Using (25) to estimate v. and converting the sum to an i n tegra l , we 

obcain 

D / p V = (a 2 /24Tre n Hk m a x a 2 /p) 2 , (29) 

-1 2 -11 
where e = a/R. Taking k , „ ^ p , e „ ^ l / 3 , we get D/p v. A, 10 

n l a x n -l-
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Thus the convective diffusion is much smaller than classical colli-

sional diffusion. Furthermore, Che scaling of D with the plasma 

parameters is quite different from that predicted by Eq. (26). [Note 

also that the interchange frequency is so large and the thermal 

energy is so small that it is physically unreasonable to even envision 

any convection; the amplitude of the interchange mode, v^/n, is, for 

the above parameters, of order 10 cm. ] 

Consider now the diffusion in the neighborhood of those surfaces 

that are marginally stable to the interchange. In this case, there is 

no "rocking" and the convective transport should be identical to that 

calculated from homogeneous theory provided that the damping rate due 

to magnetic pumping, which manifests itself in the inhomogeneous 

system, is smaller than the turnover rate to . This is because the 

latter rate is taken to be the decorrelation rate in the homogeneous 

theory. For typical tokamak parameters, we may estimate that m <v. 

[cf. Eq. (27) with Q/v. not too large]. In that case, the damping 
2 rate from magnetic pu uping is given by Eq. (23) to be fl /6v .. Since 

w.<n, this rate is larger than \>. which in turn exceeds u . Thus i x o 
homogeneous theory again overestimates the transport by the large 

2 
factor 51 / y f u

Q
 a n (* predicts an incorrect scaling. 

We now turn to the case where the convective cells are driven by 

some nonthermal plasma feature to a level much above the thermal level 

given by (25). 

B. Nonthermal Level of Convective Cells 

Consider a level of convective ce l l turbulence which i s driven by 

some nonthermal feature , say, unstable d r i f t modes (as in Ref. 4) . We 
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do not propose to inquire here how such a spectrum of convective cells 

may be generated. Rather, we simply assume that there exists a 

steady-state background spectrum of convective cells of the form 

(ka) (e<|>k/T) = 10(p/a) (ka)""3 ; o<k _ 1<a, (30) 

where 5 may be equal :o zero or some positive quantity. This says 

that (e<t>k/T) is roughly 10% (far large cells) and drops off like 

k . We are motivated in this choice by the spectra observed 

from the numerical simulation of Cheng and Okuda. These authors' 

simulations in fact indicate that S is positive. We shall however 

allow for the possibility that 6 = 0 which corresponds to assigning 

a large effective temperature assuming that each mode has -=•!,,. 
-1 l 9 

[Taking (ka)*, =10 is equivalent to taking T __^10 ~ T.] In the 

following, we shall calculate the nonthermal diffision in inhomogeneous 

plasmas for the two cases 5 = 1 and <5 = 0. 

We begin by considering the case of stable intercfange. With the 

spectrum (30), we first inquire whether the cells with turn over. 

Using (30) in (27) with v k = k £b/B, we get 
u /fl= (ka)1"'S(p/a)210//e" . (31) 
o n 

Assuming p = 3 xl0~ cm, we find, for both <5= 0 and 5= 1, that ui < Q 

as long as kp < 1. Thus, cells larger than an ion gyroradius do not 

turn over. In this case, the diffusion is the same as that given by 

Eq. (28). Using the spectrum (30) in (28) and converting the sum to 

an integral, we then obtain 

2 
_1_ fi2a]2i 
6e { a J 2rr 

ta(k /k . ) ; 6 = 1 (32a) 
max min 

i (k a ) 2 ; 6 = 0 . (32b) 
2 max 
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We note that for 5*1, the diffusion is smaller Chan the classical 
2 -1 

collisional diffusion o v.. For 5 = 0, taking k ^ p , we get 
o D ̂  4n "•'.'.. Thus in this case the diffusion is of the order of 

i 

(cylindrical1) collisional diffusion (although smaller than the 

"neoclassical" diffusion). 

Turr'";*. now to surfaces which are marginally stable to the inter

change, we need to compare u with ;he magnetic pumping rate to 

ascertain the range of applicability of the homogeneous theot/. We 
first estimate «• /v. for 5 =1 and find u /v.'<• 10 e~ (p/a) (it/TO, o i o i n 
where it, is the mean free path defined by£v.Sc . Using the previously 

1 S 
given valves for p etc., we have a /v.^ 3x10 (2,/R), which is smaller 

than or at most of order unity for present-day devices. In this case, 
2 the magnetic pumping rate is SJ /6\i [cf. Eq. (23)1, which is faster 

than the turnover rate w . Thus homogeneous theory is inapplicable, 

overestimating the transport and predicting an incorrect scaling. 

For the case 6 = 0, ui /v. may be estimated, in general, to be 

larger than unity for cells of interest. The magnetic pumping is not 

as effective now, damping the cells at the rate (fl/w )"v. [cf. Eq. 
3 (23)]. The ratio of this rate to IU is, upon using (30), e (R/J.) (a/lOo)" o n 

(kP)~ 3 ~ 30(R/fc)(1sp)~3. Thus homogeneous theory is applicable to the 

smaller cells for which (ko) - 30(R/Ji). This is the only case for 

which homogeneous theory is applicable and for which convective trans

port may exceed the classical collisional transport. It assumes that 

the plasma is marginally stable and that the convective cell electric 

field spectrum is flat with the rather large effective temperature of 

order 10 1 2T. 
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V. SUMMARY AND DISCUSSION 

It has been shown previously that the 2ero frequency convective 

cell of the homogeneous medium enhances the cross-field diffusion in 

a magnetized plasma. Since many laboratory devices in which cross-

field plasma diffusion is of interest confine the plasma in an 

inhomogeneous magnetic field, it is necessary to examine the proper

ties of convective calls in an inhomogeneous field. In this paper we 

have investigated the characteristics and lifetime of this convective 

mode in an inhomogeneous field. We conclude the following: 

1. The zero-frequency convective cell of the homogeneous medium 

is transformed into the interchange mode in systems with an inhomo

geneous magnetic field. Consequently, for profiles which are inter

change stable, the convective motion of plasma due to this mode is 

limited to an oscillation which occurs at the relatively high (inter

change) frequency of order c /R, U being the gradient scale length of 

the field. Only in the case where the energy of this oscillation is 

quite large, may the cell "turn over," i.e., an "eddy" be formed. 

2. In an inhomogeneous field, the convective mode is strongly 

damped by magnetic pumping. For tokamak-like parameters, this 

damping is much stronger than that due to classical perpendicular 

viscosity. 

The above two properties of the convective cell greatly reduce 

convectiv.e plasma diffusion. In particular, the first property leads 

to an effective reduction In the step size of the diffusion process, 

while the second property reduces the lifetime of the cell. Using 

simple step-size deeorrelation-time arguments, ve have estimated the 
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convective diffusion, in light of these two properties, for systems 

with tokamak-like parameters. Our estimates suggest the following: 

3. For a thermal level of convective cells, the resultant 

cross-field diffusion, both on stable and marginally stable magnetic 

surfaces, is extremely small compared to classical collisional 

diffusion. 

4. The diffusion from a nonthermal level of convective cells is 

also reduced, in general. More specifically, we have estimated the 

diffusion resulting from a model steady-state background of convec

tive cells whose electric field energy spectrum either falls off with 

increasing wavenumber as |E. | = k , or is constant all the way out 

to k : p . The m.iximum value of | E, | for both cases is assumed to 

correspond with a potential fluctuation of ten percent, i.e., 

(eij),/T) = 10%. The diffusion resulting from either of these 

spectra, for systems in an inhomogeneous field, is smaller than, or 

at most of the order of, the collisional diffusion except for one 

case. The one exception is for a flat electric field spectrum in 

the case of an equilibrium with profiles that are marginally stable 

to the interchange. In this case, the diffusion may be of the order 

predicted by the homogeneous theory. It is to be noted, though, that 

the drift-wave-driven convective cell spectrum, observed in the 

numerical simulations of ReE. 4, falls off rather quickly with 

increasing k; on this basis, the choice of a flat spectrum may not be 

too realistic. 

In general, the homogeneous theory is only applicable for the 

case where the turnover rate of a cell ID is greater than both the 
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interchange frequency U and the magnetic pumping damping r a t e y. 

Since S ^ c /R is a hydrodynamic type frequency, the requirement 

n<u i s quite s t r ingent . 

Comparison with Experiment 

Several experiments have been conducted to test the theory of 

convective diffusion as formulated in Refs. 1 through 3. The scaling 

of the diffusion coeff icient , D, with the plasma parameters was 
17 18 

measured, for example, on the GA and Wisconsin Octupoies. A 

scaling consistent with that predicted by Eq. (26), i . e . , D °=(T/nM) 

independent of B, was found on both machines. In addition, the 

absolute value of D was also measured. In the case of the GA 

Octupole, agreement with theory was found up to a factor of 3; for 

the Wisconsin Octupole, the diffusion was la rger , consistent with an 
4 

effect ive temperature of order 10 T. 

Octupole plasmas are confined by an inhomogeneous magnetic f ie ld , 

and the plasma, at leas t inside the separa t r ix , is stable to the 

interchange f lute mode. In th is case, as we have shown in th i s paper, 

the theory of convective transport in homogeneous plasmas is not 

applicable. The interchange properties of the plasma, along with the 

effects due to magnetic pumping, must be taken into account. (Without 

a toroidal f ie ld , octupoies have a. shear-free configuration and so the 

present work is directly applicable.) For the typical parameters of 

the octupoies i t may be verif ied that thermal cel ls do not turn over. 

el 
Given the above f ac t s , i t is surprising that good agreement was 

In fact , even nonthermal ce l l s with T . - ^ 10 T do not turn over. 
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found between the homogeneous theory of convective transport and 

experiment. Clearly, some entirely new (non-MHD) physics needs to be 

introduced in order to resolve this discrepancy. This physics may or 

may net include some sort of convective mode as an ingredient, and it 

might indeed be quite fortuitous if this new mode predicted a diffu

sion scaling that was the same as the scaling predicted from the zero 

frequency convective cell. What is quite evident, though, is that the 

mode which is conventionally understood to be the convective cell, 

namely a hydrodynamic vortex with no variation along the field Lines, 

cannot be considered to be responsible for the transport losses. 
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AFPENDIX, FLUTE MODES IN UNIFORM AND NONUNIFORM MEDIA 

Consider a plasma embedded in an external field B = B z bounded r z 
by infinitely conducting rigid walls at x=±a. We wish to enumerate 

the normal modes of oscillation with wavenuraber k [so that all 

quantities behave as f(- axpCi^ y) where f vanishes at the walls]. 

We consider two cases: Case 1, no gravitational field and uniform 

B ; and Case II, g = gx^0 and/or p and B nonuniform in x. We will z 
show that there are seven normal modes in each case and establish a 

one-to-one correspondence between the two sets of modes. For six of 

the modes the correspondence will be natural and obvious. The 

seventh mode in Case I will be the convective cell while that in 

Case II will be the interchange mode. This will establish the iden

tification of the convective cell with the interchange mode. 

That there must be seven modes of oscillation is evident since 

there are seven independent perturbed quantities, 6v , Sv , 5v , $n, 

Sp, SB , and one of SB and SB , which may be specified initially 

and whose subsequent time behaviour is to be determined by analysis 

in terms of normal modes. (The condition ties together the 

quantities SB and SB leaving only one independent.) x y 
Consider Case I. There are five zero-frequency normal modes. 

These are specified by: (1) (SB an arbitrary function of x with SB 
X y 

chosen to satisfy v*aB = 0, and all other quantities vanishing; (2) 

5v z the only non-zero quantity; (3) fin the only non-zero quantity 

(entropy mode); (4) Sp and 5B 2 the only non-zero quantities chosen 

arbitrarily subject to Sp + P SB, = 0; (5) Sv and arbitrarv 
z z x 

function of x with Sv chosen to make V5v = 0, a l l others vanishing (the 
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convective cell); (6) and (7) Sv , Sp, SB , Sn the non-vanishing 
y z 

quantities, giving two magneto-acoustic modes propagating in the 

directions ±y. Modes (l)-(5) are zero-frequency modes corresponding 

essentially to small shifts to neighboring equilibria. 

It is clear that any arbitrary initial conditions may be expressed 

as linear combinations of these normal modes. For example, to obtain 

the initial condition: Sp=f with all other quantities zero, we 

begin by choosing linear combinations of the magneto-acoustic modes 

such that Sp + B SB « 5p,+B SB . = f. We now add to this the mode (4) 
Z Z 1 2 Zl 

with an amplitude Sp = 5p (i.e., B 6B = -6p„) such that Sp, = f-6p,. 

Finally adding the correct amount of mode (3) eliminates Sn. This 

gives us the desired initial condition. 

We now enumerate the corresponding modes for Case II. For sim-

plicity, we take Vp = nMg and VB = 0. Modes (2) and (4) are identical 

in structure and are again zero-frequency modes. If |Vn| and g are 

small, the magneto-acoustic modes (6) and (7) retain nearly the same 

structure and frequency spectrum. Modes (1) and (3) are changed 

slightly since associated with Sn is a small force MgSn. This may 

be balanced by properly choosing 5p + B SB [i.e., mixing in a small 

portion of modes (4), (6), and (7)] giving, still, a zero-frequency 

mode. Likewise, mode (1) is changed slightly due to the small force 

nMg'SB/B; this force, too, may be balanced by adding proper portions 

of (4), (6), and (7). Finally, mode (5), the convective cell, now has a 

density perturbation v |7n| associated with it. This clearly interacts 

with g to produce a perturbed force. The resulting mode is the inter

change mode. (The foregoing description is similar to degenerate 

perturbation theory in quantum mechanics.) 
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Thus, an iden t i f i ca t ion of two complete sets of modes for the two 

cases has been made in which the interchange mode must correspond to 

the connective c e l l . We are thus j u s t i f i e d in identifying these two 

modes. 

i 

"J 
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/A 
Fig. 1. Model slab geometry, with the convective cell set up 
in the x-y plane. (University of Maryland) 
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