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Abstract

Light is a quantum electrodynamic entity and hence 
bundles of rays must be describable in this framework.
We demonstrate the duality in the description of elementary 
optical phenomena in terms of two-point correlation func
tions and in terms of collections of light rays. The 
generalizations necessary to deal with two-slit inter
ference and diffraction by a rectangular slit are worked 
out and the usefulness of the notion of rays of darkness 
illustrated.
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Quantum electrodynamics, to which Julian Schwinger 
has so definitively contributed'1', is the theory of light 
at the present state of our knowledge. It has provided 
models of other field theories, particularly of weak inter
actions. Despite this the quantum electrodynamic descrip
tion of light has not been satisfactorily developed. One
recalls that Max Planck, the pioneer of quantum theory made

2a systematic study of light rays and radiative transfer in 
which quantum concepts did not enter in any significant way. 
The general theory of quantum optics has so far ignored the 
question of the connection between light rays and quantum 
electrodynamics with the notable exception of the recent 
work of Wolf^. Unlike the notion of light rays in the short 
wavelength (geometrical optics) limit, the question of in
terest is whether there is an exact correspondence between 
light rays and states of the field in quantum electrodynamics. 
In this paper we demonstrate this equivalence and point to 
the duality between wave ensembles and ray pencils.

All phenomena of elementary optics involve intensities
4or, more generally, the mutual coherence function . In this 

paper we confine our attention to these phenomena only, see
ing that they include photometry, radiometry, reflection, 
refraction, interference, diffraction and polarization. We 
shall make the further restriction to propogation in empty 
space. All these phenomena are describable in terms of the 
second rank correlation tensor^.
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rij (̂ 1 ^ 2 't1 't2) = t r i p E i (̂ l't1) Ej (—2 '^2?I (1)
where E (r,t) is the annihilation part of the electric 
field operator and E+ (r,t:) is its adjoint which separately 
obey first order (non-local) equations:

i8 E (r, t) = /- V 2 E (r, t)
at

i3 E+ (r,t) = - J- V E+ (r,t) . (2)
3t

In most optical cases we are interested in stationary wave 
fields which depend only on the time differences:

rij ( I V - V W  = rij (3)

According to the first fundamental theorem of quantum optics**, 
the right hand side of eq. (1) can be displayed as a func
tional integral

I\_. (r1,r2,t1,t2) = /d[E(.)] $[£(.)] e*(r,t,) e(r2 ,t2).
(4)

When 4>[e(.)] is a suitable real valued scalar functional 
over complex vector functions. According to the second

7fundamental theorem , at the level of two-point correlation 
functions, quantum electrodynamics and classical electro
dynamics lead to indistinguishable results.

Light rays have location r, colour v and orientations 
s. The scalar function (r,s) is called the specific 
intensity and describes the energy transported by the
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illumination per unit frequency range per unit solid angle 
per unit time across a unit area at r normal to s. The net 
flow per unit time across a unit area per unit frequency is

Fv (£) ~

If we include polarization also, in addition to specific 
intensity we have the three Stokes functions U,V,Q describ-

ging the polarization states . It is our aim to make an 
exact correspondence between these and quantities in quantum 
electrodynamics.

We start from a stationary two-point correlation func
tion which would have the spectral representation

rij <£1 »£2 ,tl't2) = / dv Fij (£i'£-2 'v)e lv(tl”t2) (6 )

Without any essential loss of generality we may consider a 
quasimonochromatic situation where the frequency may be 
considered a given constant. Let us now define the Wolf 
tensors:

Wij<E'*> = (27I)"?y  d3°e ~1“ ,£rij<E+J*£»£"*£>• (?)

By definition W is a hermitian tensor whose (real) trace 
may be identified as the specific intensity:

Iv (r,s) = W(r,ks) = Xw. . (r,ks) (9)
j

The specific intensity so defined obeys the equations

k2 W (r,k) = (v2+%V2) W(r,k) (9)
k.V W(r,k) = 0 (10)
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The last equation shows that the rays are tangent to the 
Wolf surfaces W = constant. Eq.(9) states that for fields 
which are not too rapidly varying (scale dimensions being 
set by the wave length) the wave number and the frequency 
are numerically equal.

The flux of energy in an electromagnetic field is 
associated with the Poynting vector; but to arrive at the 
generalization to the specific flux we proceed to the 
generalization

S (r^,^) = h tr {p(E*(r1) x B(r2) - BMr^) x E(r_2))}

which can be expressed linearly in terms of the correlation 
tensor (1) by virtue of Maxwell's equations. We may then 
deduce;

S(r,k) = (2tt)~ 3 / d3a S (r+^r-JsaJe-1-*-
= Sx (r,k) + S2 (r,k) (11)

with
(£'*) = v-1k2W (r ,k) k 

S2 (r,k) = v _1V x V(r,k) (12)

Where a specific vector correlation function.
For most practical situations S2 is negligible compared with 
S^. Moreover for translation invariant states S2 vanishes 
and becomes independent of location. In any case the 
specific flux F may be identified with the integral of S^: 

(2*a)3 Fv (r) = /dft J d 3ae_i-*- S (r+^o^r-ijj) . ....



5

The transversality of the field leads to the two
constraints:

(k. - % 3__ ) W. .(r,k) = 0
d X l

(k. + h 3__) W. •(r,k) = 0 (14)

For translation invariant fields this leads to the trans
versality of the Wolf functions. To the extent that the 
gradient terms may be neglected for slowly varying fields

provided the 1 and 2 indices refer to the two helicities 
(circular polarization). In empty space for translation 
invariant fields these polarizations are constant along a 
ray.

its trace W(r,k) real, it does not follow that it is non
negative. The wave nature of light and the possibility of 
interference and diffraction, in fact, demand that W(r,k) 
be not positive definite in general: We must have 'dark 
rays' in addition to 'light rays'. The generalized pencil 
of rays contain tamasic rays (from Sanskrit: tamas = darkness) 
but there are nevertheless certain positity conditions which

we can introduce the specific Stokes functions 9

(15)

While the Wolf matrix (r,k) is hermitian and hence
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assure that the (angle integrated) photometric intensity is 
nonnegative (see below). The positivity requirement is the 
following:

j d 3r f d 3k j d 3o W(r,k)e^— *— f*(r+%a) f(r-%a) > 0  (16)

This has interesting interpretation in terms of the 'test
ing phase space density'

M(r,k) = /d3a f * (r+Jja) f) x-ho) e+i- ’-

We obtain the equivalent condition

f d 3r f d \  W(r,k)M(r,k) > o. (17)

Since
fd 3rfd 3k |M(r,k) | 2 = j / d 3r |f (r) |2 J 2

we may see eq. (17) as asserting that any reasonable local 
phase average is positive.

It is interesting and instructive to apply these 
considerations to computing the density of generalized ray 
pencils by studying some elementary examples. For ease in 
handling we shall ignore the vector nature of the electro
magnetic field and treat it as if it were a quasimonochromatic 
scalar field $(rl. We shall also ignore absolute normaliza
tions. We approximate the far field by the Huygen's con
struction:

$v (r) = iv j  dx'dy' | r-r' | "^exp (iv | r-r' |) (r') (18)
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and obtain for the (scalar) two-point function: 

r(x+§,y+J,z+§, x-§, y-|, z-§)

—  exp |iv [c+(x£ + yn) z *] |

. fjjj& Z 'dn'dx'dy' r(x'+|, y'+^-,o; x'-j, y'-j,o).
exp (x' (£'-5) + y ’ (nf-n))| (19)

For the two-slit interference problem the two-point function 
is

r = exp(-ivc) exp (iv(x+a)£/z) + exp iv(x-a)£/z

+2exp (i vc/z)cos (2vax/z + <j>)| 2̂0)

Where 2a is the separation between the slits and $ is their 
phase difference. The corresponding Wolf function is:

W = S d ^ )  Mk-j-v) 5̂ (k^-v (x+a)/z)
+6 (kj^-v (x-a)/z + 2cos (vax/z+<|>) 6 (k^-^-X )| (21)

The first two terms correspond to pencils emanating from the 
slits and passing through the point (x,y,z) expected from 
geometrical optics and are positive definite. But the third 
term oscillates in sign and denotes a generalized pencil 

emanating from the line midway between the slits and possess
ing an essential angular dependence and is a fictitous source 
of tamasic rays. Nevertheless the photometric flux at any 
point obtained by summing all the terms is nonnegative. 
Similarly, for diffraction by a rectangular slit,
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W = 2 (vz)"2 6 (k2) 6 (k3-v) .
. | 6 (k^-v (x+a > /z) + 6 (k^-v (x-a) /z)

- 2cos(vax/z) S(k^-xv/z)| .

This pattern corresponds to three fictitious pencils, two 
from the two extremities and one central one, the latter 
containing tamasic rays.

We find, then, that diffraction and interference 
phenomena can be reproduced by the generalized pencils and, 
in fact, require generalized pencils with tamasic rays. The 
scaling of Pranhouferpatterns is like the scaling of shadows 
in that both derive from the straightline propogation of 
light rays in the far field. For the same reason the growth 
of partial coherence by propogation as described by the van 
Cittert-Zernike-Wolf theorem shows the same scaling behavior.

The correspondence between the two-point functions and 
generalized pencils of rays is an invertible one: given 
the generalized pencil we can compute the two point function 
by inverting eq. (7).

We note that when two fields are mixed in the sense 
that their two point functions add (contrasted with super
positions where amplitudes add), the corresponding Wolf 
functions add: the ray pencils are the sum of the ray 
pencils. By virtue of the final fundamental theorem of 
quantum optics and the linear functional representation (4) 
we see that every optical field corresponds to a generalized 
pencil of rays.
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This paper is to felicitate Julian Schwinger on the 
occasion of his birthday and is offered as a token of my 
regard and esteem. In the years that I spent with him at 
Harvard I learned many things from Professor Schwinger: 
but most important was the perception that everything under 
the Sun (and some things in itI) are to be viewed dynam
ically. Light rays and radiative transfer are no excep
tion.
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