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THE APPLICATION OF RANDOM-POINT 
PROCESSES TO THE DETECTION OF 

RADIATION SOURCES 

ABSTRACT 
In this report we review the mathematical theory of random-point processes and 

show how use of the theory can obtain optimal solutions to the problem of detecting radia
tion sources. As noted, the theory also applies to image processing in low-light-level or low-
count-rate situations. Paralleling Snyder's work, we extend the theory to the multichannel 
case of a continuous, two-dimensional (2-D), energy-time space. This extension essentially 
involves showing that the data are doubly stochastic Poisson (DSP) point processes in 
energy as well as time. Further, we present a new 2-D recursive formulation for the 
radiation-detection problem with large computational savings over nonrecursive techniques 
when the number of channels is large (>30). Finally, we present and discuss some adaptive 
strategies for on-line "learning" of unknown, time-varying signal and background-intensity 
parameters and statistics. These adaptive procedures apply when a complete statistical 
description is not available a priori. 

INTRODUCTION 
The spreading use of nuclear materials with the consequent possibility of diversion has increased 

concern over the problem of detecting radiation sources. l This detection* problem is made difficult by both 
shielding and by the inverse—r 2 loss of power on a sensor of fixed size, which leads to low measured signal 
power that manifests itself as a low count rate at the sensor. Because of the relatively large background count 
rate, due to naturally occurring gamma rays, the resulting signal-in-noise detection problem is very difficult. 

In addition to the detection problem (i.e., deciding whether the source is present or not), we are often 
interested in additional information, e.g., source strength, energy spectrum, number of sources, and spatial 
distribution. I n this respect, imaging sensors should be useful. They could sense composite sources made up of 
simple sources and display their various spatial and intensity relationships. The theory presented below also 
applies to such estimation problems in that the optimal detector will be given as a functional of the optimal 
causal estimate and the noisy data. 

One method widely used to detect signals in noise is match-filtering the noisy data with a mask that 
represents the temporal (spatial) structure of the signal. This is the classic linear filter method for a signal in 
Gaussian noise. However, because of the counting or random-point-process character of the radiation signal 
and noise, significant further improvement can be gained by using the nonlinear detectors and estimators 
developed below. The improvement can be especially significant in cases of low count rate, or when a low false 
alarm rale is required, or both, which would in turn be implied by the necessity of short decision intervals. 

Other related problems that call be solved by the theory and methods of random-point processes in
clude restoration of the low-photon-count images provided in flash x-ray imaging,2 x-ray astronomy,3 and 
low-dosages biomedical imaging.4 (One current method for enhancing low-count-rate images is use of coarse
grained film, but at the cost oflost resolution.) The methods presented below provide an optimal tradeoffof 
noise level vs resolution. 

*The words "detection" and "detector" are used in the sense of estimation/detection theory. Thus. the) refer to a decision device and 
not to a sensor. 
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Past approaches to solving the radiation-detection problem have mainly been atlhoc. Peeling is a 
common technique used to assess elemental contributions to a measured spectrum.5-6 A more sophisticated 
technique is unweighted least squares, which fits a linear combination of known elemental spectra to a 
measured sample spectrum. Often some type of weighting is required to produce acceptable results; however, 
the proper weighting for any given problem is not known and must be determined empirically.6-7 An even 
more serious drawback for both weighted and unweighted least squares is that they are appropriate only for 
Gaussian statistics, not for Poisson statistics. The two techniques result in differences that are most pro
nounced in the low-count-rate case—which is our major concern. 

Another example of past approaches addresses the problem of time-varying background intensity. If 
a constant threshold is chosen for a single-channel system with a varying background count rate, a less-than-
optimal detection results when the background intensity is low. A current solution to this problem is to es
timate the background intensity from data in neighboring spectral windows and then subtract the estimate 
from the data on the main channel. 8 This approach has little statistical justification and doubles the photon 
noise on the main channel; it often leads to negative estimates for the signal intensity—a physical im
possibility! In Adaptive Strategies, below, we show how to avoid this problem (p. 13). 

For these reasons, a theoretical approach to the problem of detecting radiation sources is needed. 
This work should be based upon work done by Snyder 9 - 1 0 and others "~ 1 3 on the theory of random point 
processes (RPP). Their work has resulted in a theory that is fully suited to the radiation-detection problem. It 
has been successfully applied in optical communications ' 4 and in biomedical signal processing.7 

In this report we undertake four tasks: 
• Applying RPP theory to the radiation-detection problem: 
• Extending the theory to multichannel energy-time detection by noting that the count data con

stitute a two-dimensional (2-D) random point field (RPF); 
• Deriving a novel 2-D recursive formulation that greatly reduces the computational burden in the 

case of many data channels; and 
• Presenting various adaptive strategies to deal with an unknown time variation in background or 

signal intensity. 

MATHEMATICAL MODELS AND SOLUTIONS 
In this section we consider four generic cases of increasing difficulty and discuss the practical ap

plication of each. Each of the first three cases considers only a single energy channel. The first is the case of 
known intensity; the second, randomly varying intensity; and the third, parameterized intensity. The fourth 
case is the extension of the above concepts to a multichannel environment, where we consider a general, ran
domly varying intensity. Our analysis is based on the use of Poisson statisticr,. This model has been shown to 
be appropriate for radioactive decay by Evans , s and for optical processes by Kelley and Kleiner. , 6 

Single Channel, Known Intensities 

We now consider detecting gamma and neutron sources whose output is modeled by the Poisson 
RPP. No spectral data are available, hence the detection is single-channel. We further assume that time-
varying source and background intensities (or expected count rate per unit time are known). The model is ex
pressed mathematically as a binary hypothesis problem in detection theory. Under hypothesis zero, H n, the 
observed counts are due to the background alone. Under hypothesis one, H |, the counts are due to the super
position of a source on the background. Under each hypothesis, the data are assumed to come from Poisson 
sources with \ s(t) = signal intensity and Ab(t) = background intensity. Thus, we have 

H 0:N(t) = Nb(t);A(t) = Ab(t) 

and 

H,: N(t) = NjCt) + Nrft); A(t) = kjj) + \ b ( t ) , 
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where 0 < t < T. The optimal solution to this detection problem was derived by Reiffen and Sherman l 7 in 
1963. It consists of calculating the following likelihood ratio statistic: 

fTT) = J 0

TCn[(A s(t) + A„(t))/A b(U1dN(t)-/ 0

T\(t)dt. (1) 

The test consists of comparing this statistic to a threshold determined by the a priori probabilities of the in
dividual hypotheses: 

Pr(ll 

Pr(FI i 
Figure 1 shows a system diagram. The test can be derived in a simple but rather inelegant way by partitioning 
the time axis into segments At; and using the Poisson probability law on each of the segments, 

cxpl«t)l = tim 
M - » n 

i = i 

lX s(t|) + tyt;)! i N ( ' i » 
expl-X^t;) 

«t ) = Cim 
M -

\it;) * X b<tj) 1 
ANCt,) 

(2) 

where we see the defining sums for the integrals in Eq. (1) above. An interesting byproduct of this derivation is 
that the finite sum given above is the optimal statistic for binning the data in time. Further, we can see that if 
the weighting function tfn[l + As(t)/Ab(t)] does not change much over a bin wid'h, the binned data should 
produce almost optimal results. This can be used to judiciously choose the bin width for a practical system. 

Background 

Source ! »(n m . Detector 8(t) , Source 

! U 
Detector 

|-«—may (H,) or may n 
be present 

ot (H 0 ) 

t = T H n 

Fig. I, Optimal detection or tine-virying Poisson source. 
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For an application of this simple single-channel detector, we consider the case of a stationary 
doorway sensor or a sensor mounted at a fixed distance from a conveyor belt. We further assume that the 
possible source is of known intensity. We can then precalculate the source and background intensities as a 
function of time by knowing the object position and velocity, which in turn can be measured by an auxiliary 
device, Another application would be a moving sensor passing by a possible source in a known trajectory with 
respect lo the source. However, the background intensity would have to be determined in previous passes 
through the same area. (This restriction is lifted in the random-intensity case discussed below.) 

The above detector, Eqs. (I) and (2), is optimal for this radiation-detection problem because of the 
Poisson nature of the radiation statistics. Aside from the bias term fQ

{ As(t)dt, the detector statistic is just the 
weighted sum of the counts in the elemental time bins dt. As such, it is relatively easy to calculate and its im
plementation compares favorably with the matched-filter detector, which is known to be optimal for the more 
familiar <\liite Gaussian-noise case. Thus, there is no reason lo prefer the linear matched filter to the optimal 
d.' ;ctor uii practical grounds. However, it is well known that in the high-count case, the Poisson distribution 
becomes approximately Gaussian,9 with mean and variance as determined by the Poisson distribution, 

E;N s(t)}= ro

tAs(7-)d7 = VaHN s(t)}. 

Thus, it might be expected that, when the background count is large, the data should be approximately Gaus
sian and, hence, that the likelihood ratio, Eq, (1), should have approximately the same performance as the 
matched-filter detector. Closer examination, however, reveals two related flaws in this argument. First, the 
likelihood ratio is, by definition, the ratio of two probabilities, each of which is approximately Gaussian, due 
to the large background-count rate. However, in the case of a weak signal, the log-likelihood ratio using the 
Gaussian approximation may be significantly in error, because the difference of the logs of the probabilities 
will emphasize small errors in the approximation. Second, the Gaussian approximation does not hold out on 
the tails of the distribution. 1 8 Yet the requirement of a low false-alarm rate moves the evaluation point out to 
the non-Gaussian tails of the distribution. In any event, the simplicity of Eqs. (1) and (2) shows there is no 
reason not to implement the optimal detector. 

Performance of the optimal detector is unfortunately not analytically tractable; however, bounds are 
available. 9 (See the Appendix.) Also, the performance in the Gaussian case, for which formulas are available, 
will set a lower bound. When we consider a Gaussian process into the optimal Gaussian detector, we find it to 
be the optimal linear detector for any process with the same second-order statistics. Therefore, the perfor
mance would be the same for the Poisson process input to this detector, so long as the Poisson process has the 
st.' te second order statistics, ft is clear that the best nonlinear detector for this Poisson process would outper
form the best linear detector. 

Single Channel, Random Intensities 
In the case of known intensities we assumed that the signal and background intensities were com-1 

pletely known. Thus, the detector derived above does not apply in the case where one or more of these inten
sities is unknown. However, it is a remarkable fact that when the unknown intensities are themselves modeled 
as random processes, the optimal detector is very similar to the one derived above. That detector need only be 
modified by the insertion of causal minimum-mean-square error (MMSE) estimates of the unknown inten
sities in place of the known intensities. l 0 On defining ?j(l> — [N(r) ,0^ r < t]and 

A f O t D ^ E I ^ O M O . H , } , 

^ ( D ^ E i A b t D M ^ H j J - O o r l , 

we have. 
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• f [^(.l.^W-Smwld,. (3) 

Actually only two (causal) estimates need be calculated: the background intensity under H n and the total 
(signal plus background) intensity under H|. (For a system diagram see Fig. 2.) This Eq. (3) representation 
then reduces the detection problem to one of causal estimation. In the case of Unite-order dynamical models, 
the following equations have been obtained by Snyder. 1 0 He models the random intensity A as a function of a 
vector-diffusion process x(t) given by the Ito equation: 

dx(t) = AXl)x(t)dt + B(t)dw(t), x(0) 

given where w(t) is the vector Wiener process with covariance 

E[w(l)w T(u)] = lmin(l,u). 

The approximate filtering equations are a special case of those in Ref. 9. We have 

dx'(t) = A(t)x*(t) dt + i*(t) VA[x»(t)]A ->[x.*(t)HdN(t)-Mx*(t)dt]. 

(4) 

(S) 

N(t) Kit) 

i 

t = T 

i 

t = T 

i 

sll 

X ^ ' M 
i 

sll i 

^ " < t » 

i 

X(t) 
Estimator, 
given H 0 

^ " < t » X(t) 
Estimator, 
given H 0 

Fig. 2. Optimal estIm•(«•/detector for doubly stochastic Poisson (DSP) process. 
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where x*(0) = E[x(0)]. The equation for the approximate error covariance ^*(t) is 

dS*(t) = (£(l)£*M + S*(0A TW)dt + B(0g T(t)dt 

-g*(t) V2A(x*(t))5*(t) + (g*(t) £ 2AiA(x*(t))g*(t))dN(l) , (6) 

with initial condition g*(0) = Cgy(x(0)). In Eqs.(5) and (6) 

a 2 f(x) m VfU) = ^ - .iml v'Ux) ' a.N.Sx-

i i.c filtering equation. Eq. (5). is a nonlinear equation of the prediction-update variety: it produces the subop-
timal Ultimate x*(l). The covariance Eq. (6) seems similar to the Ricatti equation that arises in Kalman 
filtering, "however, inspection of the last term in Eq. (6) reveals a dependence on the data, which makes S*(t) 
random, unlike the Kalman case, but like the extended Kalman case. " — 

The approximate Eqs. (5) and (6) were derived as a close approximation to the optima! nonlinear 
equations in Ref. 9 where a number of examples are presented to show excellent agreement between the ap
proximate and the exact eslimates. The approach is analogous to that used in the extended Kalman filter , 8 

and essentially consists of a Taylor series expansion of the new estimate about the old, to linearize the in
cremental equation. 

Applications for this case abound in the various scenarios for radiation-source detection. The model 
of this section has added the realistic feature of uncertainty in the source and background intensities. They are 
d'-iriicterized by their mean or expected value plus a random deviation determined by a Markov diffusion. 
', h, ,iddcd realism allows the modeling of a moving sensor, e.g., in a van, where the random variation of the 
background with position is much more than the simple Poisson deviation.6 Equations (5) and (6) are also 
modeling a source whose intensity is not exactly known. This can account for variations in sources, shielding 
and distance from source to sensor and hence model additional uncertainly that could not be treated in the 
model developed for the known-intensity case. 

In comparison with linear detectors, we note that in the present case the distribution does not con
verge to normal if \{l) > 0 is asymptotically nondeterminisiic in the sense that 

V(T) 
M(T) 

where 

and 

M(T) & E |A(T) = jj A(t)dt J (7a) 

V(T)^ Var{A(T)). (7b) 

This is verified by a corollary in Grandell. 2 0 Instead of converging to normal, the counting variable N(T) con
verges to the weighted sum of a normal random variable and a centered version of (T), which could not be 
normal because of its nonnegativeness. Thus, in the case of random intensities (also called compound Poisson 
and doubly stochastic Poisson), the "linear," or Gaussian, detectors would be definitely suboptima! in many 
ways. 

Grandell 2 I presents detailed examples of linear and nonlinear estimates, with A(t) a jump process 
having two levels. He finds the nonlinear estimate can be much more accurate than the best linear estimate, 
the differences becoming more pronounced as the distance between the two levels increases. No examples are 
given for the case of smooth A(t). 
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Single Channel, Parameterized Intensities 

This section treats a special case of the random-intensity problem. In particular, we assume the un
known signal is known, but for a finite set of parameters that are to be estimated as part of the proposed op
timal detection algorithm. We assume the following problem statement: 

Observe N(t)over [0,T] and decide H 0 or H,, where: 

H 0: N(t) is Poisson with intensity Xb(t), 

Hj: N(t) is conditionally Poisson with intensity 

^bU) + \U<£)< where the density p c(£) is known. 

For this problem, the optimal detector has the form of Eq. (3) specialized to deterministic Ab(t): 

. <t,c)dt , ( 8 ) i m ' J T + ^ dN(,) J v 

0 l 0 

where 

As(t,c) = E{As(t,c)|7,(t),H,}. 

To complete the solution, we must solve for Aj. Following Ref. 9, we make the approximation 
As(t,c) = As(t,c(t)), whereat) = E{ c|tj(t), H,}. The resulting approximate equations are 

d.S(() = -R(t)Vxs(t,£(t))dt + R(t)£fn\s(t,fcf.t))dN(t), (9) 

with initial condition 

c(0) = E0(c) = J'cp<.(C)dC = c . 

The error covariance jl(t) evolves according to 

dj|(t) = -R(t^,(t,fc(t))R(t)dt +£(t)J2(t,^(t))R(t)dN(t), (10) 

where 

S ( 0 ) = E 0 [ ( c - c ) ( c - c ) T ] , 

and 
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(J.) & "%<'£) | <!,) . a 3 2 t n \ ( t . £ ) , 

i j ' • - - , i j I - -

These equations are seen to be a special case of Eqs. (5) and (6) corresponding to a dynamical model with dx(t) 
= 0. 

To illustrate with an example, let c = c, a scalar, and let \,(t,c) = c\ s(l). This would correspond to a 
detection problem where the signal intensity is known except for its overall level, a situation that often occurs 
in practice. In this case, Eqs. (9) and (10) become, 

dc(t) = -R(t)As(t)dt + (R(t)/c(i))dN(t), c(0) = given, (lla) 

and 

dR(t) = -(R(t)/c(t)) 2dN(t). R(0) = given. ( l ib) 

These equations show that R(t). the error variance for the estimate of th unknown parameter c, decreases 
monotonically as niore data are processed. Equation (1 lb) also shows that the decrease tends to zero as R(t) 
tends to zero, thus keeping R(t) nonriegative. For nondegenerate cases, R(t)^>-0 a s t y " , indicating that 
c (I) will tend to its exact value. Basically, this requires that Xs(t) not go to zero for large t. 

Equations (11) could easily be simulated to gain added understanding of the optimal solution to this 
problem. In this regard, it is interesting to note that Eq. (8) is recursive in T. As T increases to T + AT, only 
: he increment {(T + AT) - f(J) need be calculated, the integrals over (0,T) need not be repeated. This happens 
because the estimates in Eq. (8) [and also Eq. (3)] are causal and, hence, do not require future data foi their 
evaluation. 

For very long observation intervals, a theorem of Grandell 2 0 shows that N(t) tends to a Gaussian 
distribution. This corresponds to the case, 

lim v(T) . ._ .̂ 

and occurs because \ s(t) is deterministic given a finite set of parameters whose values are eventually learned as 
T^<». As a result of this observation, the linear estimator could be used for this case. However, as noted 
above, this would not be accurate for the case of small false alarm probability. 

Multiple Channels, Random Intensities 

In this section we examine the general, multichannel DSP process, with initial attention focused on 
the case of known intensities with no time variation considered. 

Known Intensity, No Time Variation 
If we argue that the resulting process is Poisson in the energy variable e, instead of the time variable 

t, it follows that the techniques for the three cases already presented apply to this case. Secondly, wc add time 
variation to the energy variation to yield a 2-D DSP field, as studied by Fishman and Snyder 2 2 in a general 
context for space-time fields. Finally in this section, we develop a 2-P recursive formulation for energy-time 
estimation or detection. 

To treat the multichannel case, we must first determine the probability distributions. To focus on the 
energy variable, we specialize lo the case of no time variation, so that the data consist of the 1-D record of 
counts vs energy. (See Fig. 3.) We idealize the channel width to a differential de and consider a continuum of 
energies. Thus the data become 

>l(E) = [N(e), 0 < e < E] , 
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N(e) ^ «ef 

c-(e) c-(e) 

:' 
A>> 

Estimate 
S 

c-(e) [ • , X'.(e>l 
Estimate 

S 

Fig. 3. Optimal estimator/detector for miilliclKMMtl, time-inVariant DSP »rcce»» with pKtmtttriiti sigial intcasky. 

where N(e) = number of photons received with energy less than or equal to e. We can then obtain the practical 
cases of finite energy bins of various widths by quantizing the continuous case. We show next that the random 
process (N(e)) is. to a good approximation, a Poisson RPP in the.parameter e. To do this, we first recall the set 
of necessary and sufficient conditions for an RPP to be Poisson. 

By definition, a Poisson process is an RPP (N(e), Q *» e < E] with the following three properties: 
(1) Pr[N(0) = 0J - 1 
(2) For all e 0 < e|, the increment forms N(eo. e>) = N(e|) - N(e0). (It is Poisson distributed with 

parameter A(e,) - Men), where A(e) > 0 and non-decreasing on [0,E].) 
(3) [N(e), 0 < e < E] has independent increments. 
Since N(e) is a counting process in energy, condition (1) is trivially satisfied. Condition (2) is implied 

by the counting observations of Evans l 5 for radioactive decay and Kelley and Kleiner l 6 for photon counting 
in various energy ranges. Condition (3) is less evident It states that the total count in disjoint energy bands 
must be independent. This is a common assumption and appears to be true in practice. This point should 
probably be subjected to experimental hypothesis testing. Accepting condition (3), we thus arrive at the con
clusion that N(e) is a Poisson RPP on the energy continuum [0,E]. 

We can now apply the results derived for the three earlier cases to the energy variable to derive op
timal detectors and estimators for the multichannel, time-independent case. The key poii.e in an application of 
these results is that the (average) intensity of the radiation \(e) is not a function of time. As a particular exam
ple, we take the results of the third case—for parameterized intensity—and convert to the multichannel, time-
invariant case, to obtain the detector, 

S(E)= I " " I 1 * x (e) I d N ( e > " / Vri)ie 

0 L b J o 
02 ) 

and the estimator, 

uc(e) = -R(e) VAs(e,c(e))de + R(e) Vfn s(eA(e))dN(e), 

dR(e) = -R(e)i,(e,6(e))R(e)de + g(e)i2(t,£(e))R(e)aN(e). 

(13) 

(14) 

As an application, we consider the case of detecting a signal composed of varying amounts (cf) of 
known elements (Xsi(e» in a background flux (X|,(e)): 
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H 0: N(e) is DSP with *b(e) 
M 

H,: N(c)isDSPwiihA„(e) + 2 c i A s i ( e ) 

i = ' 

where p<i(C) is a given a priori density. In this very practical case, Eqs. (13) and (14) simplify to: 

d6(e) = -R(e)Xs(e)de +i R(e)[As(e)/As(e£(e))] dN(e), 

.!?(<.•). RWMc) - J W J -de . (15) 
[ y ^ t i i 

and 

dg(e) = -[|(e)As(e)g(c)R(e)] dN(e), (16) 

where 

,.'•, 5(e) = [Xsl(e),As2(e) Vfo(e)]. 

For a system diagram, see Fig, 3. 
These pairs of equations, (13) and (14), and (15) and (16), provide recursive solutions for multichan

nel detection on an energy continuum. We expect them to be useful for the situation where a large number of 
channels are available, in that a recursive processor can be more efficient than a nonrecursive multichannel 
processor. If we partition the energy space into a finite number of bins, the optimal detection statistic is simply 
the sum of the log-likelihood ratios for the individual bins, because of the independent increment property of 
N(e). (See example 3.3.1 on multichannel analysis in Ref. 9.) For a small number of channels, this nonrecur
sive (in energy) solution would be computationally preferable: however, for a fairly dense set of channels, the 
numerical solution of Eqs. (15) and (16) would be computationally preferable. 

Energy and Time Variation 
We now turn to the 2-D problem that arises when we have both energy and time variation in an in

tensity A(e,t). We first present the nonrecursive formulation for multidimensional RPF's developed b> 
' Fishman and Snyder, ^ but specialized\to the case of the 2-D DSP field. Then we present a new 2-D recursive 
procedure for the estimator that is based on a similar derivation of the reduced update Kalman filter2} for 
linear 2-D signal estimation. 

Vector-Recursive Formulation. The results in Ref. 22 cover a more general case than is needed here. 
Although the results are presented for space-time RPF's, they, of course, hold for any multidimensional 
parameter (e.g., e,t). The resulting estimator structure is causal injt only; thus, the observed data at time t con
sist of the set, 

ij(t) = {N(e,r); 0 < r < t, 0 < e < E} . (See Fig. 4). 

The formulas presented by Fishman and Snyder are very similar to those of the 1-D case. For the problem 



(0,0) wmmtm 

AA/jA/ 

t 

W/-w 
-Future 

•<E,T) 

Fig. 4. Diagram on the energy-lime plane showing casual slrac-
ture or vector recursive formulation. 

H 0: N(e,t) is Poisson with Ab(e,t) 

H,: N(e,t) is Poisson with As(e,t) + Ab(e,t). 

we obtain the log-likelihood ratio, 

r-T /-E f r \ v«.«)i r fE 

/ / 8 n l 1 + T— d N < c , t ) "/ / V1''"dc d t • 
0 0 L b c t J 0 0 

For the case of As(e,t) random, we obtain Eq. (17). but with Aj(e,t) replaced by its causal (in t) estimate. 

(17) 

\(t) = E{As(e,t)/„(t), H,} = E,{Xs(e,t)} . 

For As(e,t) of the form As(e,t;x(el) where x(e) is a Markov diffusion in energy, the following recursive represen
tation is derived in Ref. 22: 

dE,(x(e)) = | 0

E [E.WeJAJ - x(e)As][dN(e,t) - A-'(e.t) de dt] (18) 

We can obtain an approximate equation for the Eq. (18) estimate by using a procedure analogous to that used 
for Eq. (S), that is, expand in a Taylor series about the conditional mean. -' 

Computationally, Eq. (18) is seen to be recursive in Land nonrecursive in e. Thus, if the dynamics are 
assumed to be much slower than the point arrivals, a numerical approximation to Eq. (18) would involve a 
weighted sum over the range [0,E] for the estimate E,(x(e)) at each energy value. The computations might be 
excessive for a large number of energy channels. In the next section, we develop an estimator that is recursive 
in both e and t and, thus, is more efficient. 

2-D Recursive Formulation. The simplest way to develop a 2-D recursive formulation for the energy-
time detection is to replace the (e,t) continuum by a scanned representation (Fig. 5). If the scan lines are suf
ficiently dense (close together), the loss in detection efficiency due to this replacement can be made negligible. 
The advantage is that the detection problem for the scanned data is a 1-D detection problem and is solved 
above. We note that this I-D process is Poisson, hence, we can immediately give the log-likelihood ratio. In 
the limit, as the scan line spacing goes to zero, we obtain formally 
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(0,0) 

Future 

(E,T) 

Fig. 5. Diagram on the energy-time plane showing casual struc
ture of 2-D recursive formulation. 

«<[•: T)= / 
\<c,t) 

dN(e,t) - / 
J~ ... 

X.(c,t)dedt 
Ro,.(^.T) 

where 

. # 0 + (E.T) i {e < E, t < t} U {e > E, t < T } . 

To consider a case of random variation in As, as in Single Chutmel. Random Intensities, we first 
develop a diffusion equation for the random field x(e,t), specifying As(x(e,t)). Formally generalizing the l-D 
case, in the limit as the scan line spacing decreases to zero, we obtain 

d<£(e,t) = A(e,t)x(e,t) de + B(e,t)dew(e,t) (19) 

with boundary conditions x(0,t) and x(e,0) given. We note in Eq. (19) that d e indicates an increment due to a 
differential increment in e. The equation for the d t increment is similar, but is not needed for a recursion, as 
shown in Fig. 5. Usjng Eq. (19) to model the random field x(e,t), we obtain the following log-likelihood ratio 
formulation: 

•'R (E.T) I <• ] Ja 

where 

where 

E(E,T) = I En 

•* . + <E.T) 

^(e,t)*E[X s(x(e,t))A(e,t),H,; 

A s(e,r)dedt , (20) 
R.JE.T) 

ij(e,t)£{N on .*>0+(<=.')}• 

As before, we replace \,(e,t) by As[x*(e,t)], where x*(e,t) is the approximate MMSE recursive estimate ob
tained from the linearized equation 

de»*(e,t) = 4(e,t)x«(e,t)de + S*(e.t) VA5lx«(e.t)]^'[x*(e,t)] 

[deN(e,t)-Xs(x*(e,t))de]. (21) 
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The error covariance i'* is the solution to the 2-D version of Eq. (6). in the raster-scanning sense. The form of 
Eq. (21) allows us to obtain the estimate in a recursive manner. The form of Eq. (20) allows us to compute the 
detection statistic recursively along with the estimate as new values \,(e,t) become available. The discrete ap
proximation to Eq. (19) would take the form of an NSHP recursive filter, 2 5 with state vector as shown in 
Fig. 6. The computations can be greatly reduced and made equivalent to having the state vector slightly larger 
than the model support, shown by the dotted lines in Fig. 6. This would be accomplished analogously to the 
reduced update Kalman niter 2 3 developed for Gaussian noise statistics. This is possible because of the 
Kalman-like prediction-plus-update form of Eq. (21). Even more efficient formulations are possible in the 
case of the parametrically unknown model discussed above. Finally, generalizations containing both random 
parameters and random fields in both tile background and the signal are clearly possible. This would have 
particular application to the moving (e.g., in a van) multichannel detector. 

If we let the two coordinates (e,t) become spatial coordinates (x,y), the above equations give a 2-D 
recursive solution for the estimator and detector on DSP random pictures such as would arise, for example, in 
low-photon images. In this case, because of the large number of points in each dimension (>500), the recursive 
formulation would be particularly efficient in comparison with nonrecursive (in space) formulations. 2 2 

Fig. 6. Diagram on the energy-time plane showing the state tec-
tor Tor the 2-D recursive formulation. 

ADAPTIVE STRATEGIES 
In this section we introduce the concept of adaptive processing for the problems discussed above. We 

describe a processing method or solution as "adaptive" if some parameters in the solution are unknown and 
are learned in the course of the processing. The word "learned" is synonymous with the word "estimated," but 
it has additional implication of low estimation error. Accordingly, we assume that a complete a priori descrip
tion of the statistics of the signal and noise is not available. Then we estimate the unknown parameters and use 
these learned parameters to make the signal estimate. These interpretations agree with the literature on adap
tive systems. 

A simple example that arises in radiation detection concerns the single-channel detector in a moving 
vehicle. As the detector moves, the background noise intensity Ab(t) varies in an unknown manner. Thus, the 
simple optimal test of the kind presented in the first case considered above cannot be performed since it uses 
*b(0 a L a "paraine'er." An adaptive solution to this problem would first estimate Xb(t) online, then use this es
timate Ajjft) in place of Ah(t) in the detection equation corresponding to the known case in Eq. (1). While such a 
solution is superficially very close to the optimal solution presented for the random-intensity, single-channel 
case; a significant difference exists. In the earlier instance we assumed a complete statistical description of the 
unknown background (and signal) intensity so that it was possible to formulate an optimal detector. The 
remarkable conclusion of the random-intensity case is that the optimal detector, Eq. (3), is the same as the 
detector in the known intensity case, Eq. (1), but with the optimal causal estimates (under H;) substituted for 
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the unknown, random intensities. However, in this section, we assume that a detailed statistical description is 
now available, so that such optimal causal estimates are not possible. Rather, it is possible only to make 
various ad hoc estimates. 

We can conclude two important points from the above discussion: First, the adaptive es
timator/detector is not necessarily better and in fact may be much worse than the detectors presented in the 
preceding section. Second, for a case where either A(t) cannot be easily modeled to the required accuracy or a 
case where the resulting optimal detector is too complicated to implement, the adaptive method offers a useful 
alternative. 

To return to the example, if Ab(t) is unknown, we can form a simple finite-memory, running average 
estimate over, say, T seconds: 

~ N ( , > - X ( , - T ) ( 2 2 ) 

b j 

This estimate could then be used in Eq. (1) to get an adaptive detection statistic, 

«<T) 

o L " J o 

An immediate problem with this strategy is that Eq. (22) yields a good estimate for Ab(t) only if r is judiciously 
chosen as a good compromise between tracking the "dynamical" variations in Ab(t) and reducing the 
statistical variation of the right side of Eq. (22). However, it is even more important to note that Eq. (22) is 
useful as an estimate of Ab(t) only if the signal is not present in the interval (t-T,t). This problem has been 
studied in estimation theory as "decision directed estimation." 2 3 This approach feeds back the detector out
put (i.e.. H 0 or H|) to control the estimate Eq. (22). For example, a simple strategy is to update \ ( t ) only if no 
detections occur in (t-r,t]. 

In a more sophisticated variant of the above procedure, we assume that Ab(t) is governed by a 
Markov diffusion [Eq. (4)], where one or more parameters in the system matrices A(l) and g(t) are unknown. 
In such a situation, these parameters could be estimated using "distribution-free" methods such as Eq. (22), 
followed by insertion of these "learned" parameters into the estimate equations (5) and (6). Such a procedure 
would have the advantage, with respect to the simpler method mentioned in the previous paragraph, of allow
ing a continuation of the dynamical trajectory in Ab(t) during intervals of signal detection, when no updating is 
permitted. 

Adaptive techniques can also be applied in the multichannel detection problems discussed above. A 
fully adaptive implementation would allow the multichannel intensity models for both background and signal 
to acquire their unknown parameters online, using decision-directed estimation. Concurrently, causal es
timates are made of the intensities. Also concurrently, these estimates are used in the recursive calculation of 
the detection statistic (E,T) (see Fig. 7). 

As noted in the Introduction; a current adaptive solution for multichannel detection estimates the 
background intensity from data in neighboring windows. Then this estimate is subtracted from the total inten
sity in the signal window to estimate the signal intensity. Finally, the signal-intensity estimate thus obtained is 
used as the detection statistic. A very serious defect in this procedure often gives the estimated signal intensity 
a negative value. However, our study of optimal detection methods indicates that several improvements can 
be made to this current procedure. Beginning with the energy version of Eq. (3), we see that it is not necessary 
to estimate the signal intensity; rather it is necessary only to estimate the total received intensity under each 
hypothesis. Thus the^subtraction that leads to negative values should not be performed. Then, the proper suf
ficient statistic is not \(e), but rather the log-likelihood ratio given by Eq. (3). Thus, the following procedure is 
recommended as a simple improvement. 

1. Use the data in neighboring windows to estimate Ab(e) in the signal window. Call it A^e) . 
2. Estimate the total intensity, A(e) = Ab(e) + As(e) in the signal window by smoothing N(e). Call 

theestimateX'^e). 
3. Form the statistic. 

14 



«(e,t) , 

N(e,t) 
Til l ?(0 

(e 

Est. Me,t) 
under H, 

V' le . t l Est. Me,t) 
under H, •*-
Est. Me,t) 
under H, •*-•*-

Est. Xb(e,t) 
under HQ 

•*-

Est. Xb(e,t) 
under HQ 

• * * 

Est. Xb(e,t) 
under HQ 

• * * 1 • * * 

Est. model 
parameters 

• * * 

Est. model 
parameters 

• * * 

*"° \E— * 
/ H o 

le.t) = (E,T) 

xO,0 

Fig. 7. Adaptive approximation to 2-D version of optimal detector in Single Channel, Random Intensities. 

« c ) 
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V)-X<°V> d.< 

If the signal window is very narrow, this reduces to 

r(e) =• (TtlfX (' \e)/A|l0)(e)J n(e) - 2A [XI' He) - A^e)] (23) 

where n(e) i N(e + A) - N(e - A) = number of counts in the signal window (e - A, e + A], Equation (23) is no 
more difficult than the current procedure, but should give results much closer to optimal. 

CONCLUSION 
In this report we review the recently developed mathematical theory of random-point processes and 

show how it can obtain optimal solutions to the problem of detecting radiation sources. We also show how the 
theory can be applied to image processing for both imaging detectors and other low-photon imagers. These 
applications rest on the experimentally verified conclusion that statistical counting noise can be modeled by 
the Poisson random process and the doubly stochastic Poisson random process. We extend the theory ex
tended to the multichannel energy-time continuum. Also we introduce new 2-D recursive formulation for 
energy-time detection with large computational savings for the case of a large number of channels (>30). We 
discuss adaptive strategies to extend the theory to the practical case of unknown parameters that must be 
learned on-line. Finally, we introduce a theoretically motivated improvement to a currently used adaptive 
strategy. 
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APPENDIX 
In this appendix we consider a simple problem consisting of a vector observation of two Poisson 

RPP's. We obtain the detection probabilities using the Gaussian approximation and also bound the 
probabilities using a Chernoff bound. 

The problem can be simple stated as follows. For a T-second interval we observe N(t) = (N|(t), 
Ni(t)) T and must decide between two alternatives. 

H,:N(t) is Poisson with rate A - (A 01 + ^n- ^02 + ^12)T 

H0: N(t) is Poisson with rate A = (A 0 | - A 02)T • 

The two channels are assumed mutually independent. The values for the Ay are given constants, with chan
nel 1 being stronger. Three strategies are considered: 

• Using only the stronger channel. 
• Adding the two channels. 
• Computing the optimal log-likelihood ratio. 

For strategy 3, due to the mutual independence of the channels snd ths constant rates, we obtain from Eq. (1) 
of the main text, 

((T) = a,N,(T) + a 2N 2(T) g <b(AI) 
Ho 

where 

a. S t!n [l + -ii ) i = 1,2 fa 
The likelihood ratio for strategies 1 and 2 are just special cases of Eq. (Al). 

To use the Gaussian approximation, via the Central Limit Theorem,17 for calculation of the detec
tion probabilities, we note: Under H0, 

EWT)] = A0|a|-rA02i2 = nio 

and 

Var[(f(T)] = A 0 ]af + A 0 2 a ^ f f u . 

Similarly for H|, 

E[rXT)] = (A 0 l + A,|)a, + (A 0 2 +A 1 2 )a 2 ^ m. 

and 

Var[r"(T)] = (A o, + A„) a J + (A 0 2 + A12) a J = <r i 
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Thus we may obtain 

= Pr «(T)S Co/H. 

and 

where 

(A2) 

(A3) 

Qix) £ _J_ / e - l /2 j 
V5F J 

dx. 

These equations are accurate near the means. 
To develop the Chernoff bounds on these probabilities (following Ref. 7), we find the moment-

generating functions for f*(T) under H| and H n, respectively; 

H 0 : Mfjfl (s) = exp 

H,: M,(-f) (s) = exp 

i 
2 

. H e " 1 - 1 ) 1 

o i + A u ) ( e S a i - l ) l 
i-1 

In terms of these functions, we obtain the following bounds on Pp and P D : 

P F C O X I ^ S M f ( f j ( s ) e - ^ 

P t f o l ^ ^ S M ^ j t s j e - 5 ' 0 

In Figs. A1 and A2, we see that the Chernoff bound to the Gaussian approximation are fairly far apart. This is 
because the Chernoff bound is accurate in the sense of correct exponential dependence on the threshold. The 
<T, values are about 0.6, thus, the range of the threshold on the plot extends out to three standard deviations 
from the mean. The detection performance is poor because the standard deviation is equal to twice the dif
ference in the means under the two hypotheses. The bounds to Gaussian approximations are plotted in 
Figs. A3-AS for various combinations of the parameters: 

A0, = 800,A 0 2 = 1000 

O S A 1 ] S 1 0 O , X , A i = H ' 4 " 

Figures A3, A4, and A5 show plots of P D vs the signal intensity on the strongest channel. They are plotted us
ing the Gaussian approximation, which can be expected to be accurate near the mean. The threshold is set 
such that P F is 10 " 2. Since T = 1 s, the false-alarm rate would be 10 ~2/second. 
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