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We are interested in what follows by inverse problem at fixed 
energy in quantum mechanics. The fundamental equation is then the 
SchrSdinger equation. This problem was solved for real central potentials 
by Loeffel (1968). 

However in nuclear physics, one often deals with optical poten
tials. An optical potential may be defined as the projection of the 
total hamiltonian on the subspace corresponding to a well-defined 
channel. Such an optical potential is energy dependent,complex,non
local. A study of the form it could take if it was theoretically derived 
from the Sehrô'dinger equation was made by Bertero and Dillon (1971). 
However, we shall in the following only consider local energy 
independent potentials. But these potentials will be complex. 

For short-range real potentials, i.e. for potentials such as : 

V(r) = 0 for r > a. 

Loeffel (1968) gave a method to map the results of Agranovich and 
Marchenko (1963) -results which concern the inverse problem for zero 
angular momentum- into similar results concerning the inverse problem 
at fixed energy. Our aim will be to show that this transformation is 
still possible for complex potentials ; but we need a generalization to 
complex potentials of the work of Agranovich and Marchenko : such a 
generalization had been done by Ljance (1966;1967). These studies are 
based upon the properties of the spectrum corresponding to the operator 
associated with the Schrôdinger equation. So in the following study we 
shall first recall these properties, in the situation of a complex poten
tial. We shall insist on the differences between real and complex poten
tials. Then we will introduce the Loeffel transformation. And we will 
show that this transformation may still be applied when the potential 
is complex. The last part of this pi'perwill be a summary of a work done 
in collaboration with Pierre Sergent (1977). The inverse problem corres-
poriding to finite range potentials is solved, the condition on the data 
Laboratoire associfi au C.N.P..S. 



to be coherent is given, the fundamental equation is derived, and the 
unicity of the reconstructed potential is proved. 
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I - Properties of the spectrum of a non self-adjoint differential 

operator 

a. Definitions 

Let us recall first that X will be called an eigenvalue of an 

operator «o if there is a non-zero function f belonging to the domain 

of definition of «5 such that : 

£f = Xf. (1) 

If X is not an eigenvalue of ôfi , then the operator (oC -XI) exists. 
If («* -XI) is unbounded, then X belongs to the continuous spectrum 
of eO (the other values of X belonging to the resolvent set of ob ) . 
We shall introduce k such as X = -k 2. So condition (1) becomes : 

o£f = -k* f (2) 

We define the operator J% associated to the SchrSdinger equation : 

[2 o(r) + k2J f(r,k) - 0 (3) 
dr* 

corresponding to a complex potential U(r)=Oj(r)+iU2(r) by imposing f 

and ce f to belong to ti& 2(0,«), and f to vanish at the origin : 

e£f&§(Of<») f(0) = 0 . (4) 

This definition would lead to a self adjoint operator if Vz (r) was zero. 
We shall in the following suppose it is not the case, but suc] a defi
nition will allow us to compare the complex and the real case. In what 
follows, we shall always impose the following condition on U(r) : 

CO 

' / e e x|o(x)|dx < ~ ai » / e"|0(x)|dx < ~ (5) 

b. A fundamental set of solutions 

Equation (2) is a second order differential operator. So.every 

solution of this equation may be expressed as a linear combination of 
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two independent solutions. One may find two such solutions by defining 

u(r,k) and ui(r,k) by the integral equations : 

OS 

u<r,k) = exp(irk) - / s i n ( r ~ £ ) k U(Ç)u(Ç,k)dÇ (5) 

u»(r,k) = exp(-irk) + — / exp[ i(r-Ç)k]U(Ç)ui (Ç,k)dÇ 
21k./ 

CO 

-i- / exp[i(Ç-r)k]U(Ç)uj(Ç,k)dÇ 
8iky 

+ -*- I exp[i(Ç-r)k]U(Ç)uj(Ç,k)dÇ (6) 
2ik ,. 

a < r < « . 

For r > 0 the first function is defined and holomorphic in the half-plane 

Imk > -e/2 } the second one is defined and holomorphic in the domain 

Imk > 0, |k|>5 (5 being a function of a). So the common domain of exis

tence and holomorphy of u and ui is the half-plane Imk > 0/ except foi-

a neighbourhood of the origin. In this common domain, the following 

equality holds : 

WlutrjkJ.mtr.k)] = -2ik (7) 

and this proves that one has a fundamental set. 

Another fundamental set of functions may be found in the strip 

|lmk|>e/2. This strip is the common domain of existence and 

holomorphy of functions u(r,k) and u(r,-k). We have there : 

W[u(r,k),u(r,-k)] = -2ik Imk<e/2 . (8) 

We remark immediately that for 0(r) real, we have the identities : 

u(r,k) = u*(r,-k*) (9.a) 

ui(r,k) = u?(r,-k*) <9.b) 

c. The spectrum of the non-self adjoint operator 

We shall in this paragraph follow Ljance's work in the book of 

Naimark (Ljance 1968). 
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1. There_is_no_eigenvalue_gf__^i_|gr_lç_rgal. 

Let us consider a function £ such as : 

«&f = -k 2 f. 

f(r,k) - Cj u(r,k) + Cj ui(r,k). 

f(r,k) • CJ sin kr + C' cos kr. 
r-M» 

So if k is real, f(r,k) f e& a(0,«). 

This property holds if O(r) is real. 

an_eigenvalue_of__i&__is 

u(0,k) (10) 

We have imposed to f(r,k) to be such that f(0,k)=0. So the identity : 

f( r k) = ui(0,k)u(r,k)-u(0,k)ui(r,k) { 1 1 ) 

2ik 

is easily proved. If Imk = ki > 0 * 

—rki 
u(r,k) •+ e . * y phase. 

+]*k' 
Ui(r,k) •* e •'* phase. 

r-M° 

So, if we want that f(r,k) e«& 2 (0,»), w.s must impose condition (10). 

We shall define : • 

u(k) = u(0,k) (12.a) 

ui(k) - ui(0,k) (12.b) 

So equation 11 becomes : 

f(r,k) » H i ^ - u(r,k) (13) 

21k 

equation which shows that, at an eigenvalue, the two solutions are multi

ples of one another. 
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If U(r) is real, the eigenvalues are all situated on the real axis 
of the k2-plane. The demonstration is simple, and may be found in a 
paper by Newton (I960). Equations 11 and 9 show that for U(r) real 
f*(r,-k*) = f(r,k). Let us write the corresponding eigenvalue equations s 

{ — - o(r) + k 2} f(r,k) = 0 
dr 2 

{ â L - u(r) + k*2} f*(r,-k*) = 0. 
dr 2 

Multiplication of the first equation by f^r,-k ), of the second one by 

f(r,k), then substraction of the second line from the first one provide : 

0 - — W[f*(r,-k*),f(r,k)] - -2i(Imk2)f (r,k) f*(r,-k*) 
dr •» 

0 - -2i(lmk 2)/ |f(r,k)|2 dr 

i 
and as the integral cannot be zero, necessarily lmk 2=0. 

3. The_set_of_eigenvalues_of_w_is_finite. 

Equation (5) show that for Imk > 0 and |k| + » : 

u(k) = 1 + V (!) (14) 
k 

As this function u(k) is holomorphic in the half-plane Imk > -e/2 the 
set of its roots is bounded and those with Imk > 0 finite. 
This property is true if U(r) is real. 

* • ÊYëEÏ_£ê§i_QSS^êE_!S_^êï2S2§_£2_è!}ê_£2S£iSy251§_§Eë£ÏE!îS_2l. 4. 

The operator «& corresponds to the potential U*(r). It has no 
eigenvalue on the k-real axis (from 1.). So the orthogonal complement 
of the set of values of the operator ( Jo -XI) is empty. This proves 
the assertion 4. 
This last assertion holds for real potentials. 

Let us first define the singular values of the operator . <& by the 

roots of the equation u(k)-0 for k/0, Imk > 0. 
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If Imk > 0 we obtain the eigenvalues. 

If Imk = 0 we obtain the spectral singularities. 

To every singular value corresponds the multiplicity m^ of the root of 

equation u(k) - 0 : it is called the multiplicity of the singular value. 

If this multiplicity is greater than 1, the functions f ""'(r,k±) = 

- (|j)m f(r,X±) (with X^k^) belong to <£> 2(0,«), (m=0, 1,...,m k-l). 

They are called the principal functions of the point spectrum, or of 

the spectral singularity. 

We remark that these types of singularities are characteristic of 

complex potentials. For real potentials, it is well known that the 

eigenvalues are simple. A demonstration of this property may be found 

in the paper of Newton (1960). And no spectral singularity can appear. 

To show this, we may remark that, when U(r) is real, Equality 

(9.a) holds and becomes for real k, u*(r,-k) = u(r,k). So u*(-k)=u(k). 

On the other hand. Equation 8 becomes for r=0 : 

u(k)u,(0,-k)-u(-k)u,(0,k) = -2ik f 0 for k/0. 

If u(k)=0, then u(-k) must be different from zero. Then u*(-k)?<0, and 

this contradicts our hypothesis that u(k)=0. So a self-adjoint operator 

possesses no spectral singularity. 

6 • ïbë_Q!lffibêE_2_£SQî!e£_^§_S_E22£_2Ê_Èl!ë_ëS!îâ£i2a_!îl!£l=2_ïïith 
multiglicity,_greater_than_unity. 

To prove this assertion, first derive with respect to k Equation 

8 then put r=0 and k=0. The result is that û(0) must be different from 

zero. 

This last property holds for real potentials. 

These properties of the spectrum will be sufficient for us to 
study the inverse problem at fixed energy for short range complex poten
tials. We now recall the procedure of Loeffel (196B). 
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II - The Loeffel transformation 

We start from the Schrodinger equation (3), with conditions (4) 
for the function f.With these conditions, as quoted before, of U(r) is 
real, the differential operator c& = |p- - U(r) is a self-ad joint diffe
rential operator on the previously defined domain. 
Let us write : 

x = e" r r = log x (15.a) 
v - -ik (15.b) 

The first transformation is a bijection from the half-line [0,+«[ 
of the variable r onto the open interval {1,0[ of the variable x. The 
second transformation is a rotation of -w/2 in the plane of the k-varia-
ble. We now introduce : 

f (r,k) - e " r / 2 g(e"r,-ik) - x 1 / 2 g(x,v) (16) 
U(r) = q(e"r) = q(x) (17) 

Equation 3 may now be written as : 

{_ *_ ( x a d_j + g ( x ) + v 2 _ 1 } g ( j C f V ) = 0 x 6 ] o , l ] (18) 
dx Ax 4 

which is a new eigenvalue equation «*ig = -v 2g, with the following 
conditions on g(x,v) : 

g(l,v) = 0 and <£> ig s « » 2 ( 0 , l > (19) 

If U(r) is real, q(x) is real too, and ©& i is a new self-adjoint 
differential operator. If now we define : 

q(x) = x*[V(x) - 1] (20) 

Equation (18) is nothing else than the Schrodinger equation for the 
potential V(x) in the open interval [1,0[. 

Two remarks may be done ab this step : 
- The first one is that condition (5) on 0(r) becomes : 

J x _ 1" e|q(x)|dx < » (21) 
T) 



The second one if= that the condition on r at infinity 

lim e " i k r u(r,k) - 1 (22.a) 

becomes : 

lim x ~ v + I / 2 «Mx,v) = 1 (22.b) 
x+0 

which is nothing else than the condition for defining a regular solu
tion at the origin. 
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III - Generalization to complex potentials 

Loeffel had introduced this transformation for real potentials. 
The first step of our work has been to generalize it to complex poten
tials. This generalization is straightforward. All the equations of the 
previous paragraph may he written for complex potentials. The only 
difference being evidently that the differential operators become non-
self adjoint when U(r) becomes complex. So their spectrum corresponds 
to non self-adjoint operators, as studied before. 

To summarize this discussion, we may draw figures 1 and 2 which 
correspond to real and complex potentials, first in the k-plane, second 
in the v-plane (after Loéffel's transform) 

\ N CotV&'HMffU* 
> 

V- Ua.ru. 
^ ^ n * i . h. ii > • • • • • 

F i g . l U(r) real 

-*-*- -*-* 

* - -

> * — -V 
x 

\ 
\ 

v CfrbGiLiLOvu* ^ 

Fig.2 n(r) complex 

http://Ua.ru
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Now we posses all elements to solve the inverse problem at fixed 
energy for short-range potentials (we shall only study potentials of 
range 1, but it obvious that a simple change of variables would lead 
to any range a f 1)« We summarize now our paper (1977), without giving 
here any rigourous demonstration, but trying to give the main ideas. 
(The demonstrations will be found in our paper). We have followed the 
method of Ljance (1967). 
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IV - The direct problem. 

We must first.solve the direct problems corresponding to Equation 

(18) with condition (21). 

A fundamental set of solutions is easily found. First we have the 

regular solution v(x,v) defined by (22.b). For 0 < x < 1, this function 

is holomorphic in the half-plane Rev>-e/2. The other solution is the 

transform of ui(r,k), and obeys to the relation : 

liro *(x,v) x v + 1 / 2 = 1 (23) 
x-»0 

Its domain of existence and holomorphy deduces from that of U](r,k) by 

a rotation of -IT/2 in the k-plane ! it is the right-hand half-plane, 

except for a neighbourhood of the origin. 

The wronskian associated to the operator où î is now : 

Wr[f,gl = x2[f'(x)g(x) -f(x)g'(x)] 

and its value is 2v for <p and t in their common domain of existence and 

holomorphy. Another fundamental set of solutions would be p(x,v) and 

V>(x,-v). The commcn domain of holomorphy of these two last functions is 

a strip parallel to the imaginary axis : |Rev| < e/2. Their wronskian 

is equally 2v. 

The transformation of the integral representation of u(r,k) provi

des the integral representation of V(x,v) ! 

1f>(x,v) = x v " 1 / 2 + J K(x,u) u v " 1 / 2 du (24) 

equation which shows that the Fourier transform in the k-plane is repla

ced by a Mellin transform in the v-plane (th.i.s comes from the fact that 

exp ikr = (exp(-r))" i k = x v) . 

This kernel may be majored according to the law : 

e-1 

|K(x,u)| < C(xu) 2 (25) 

One finds also bounds for its first derivatives. 

He must introduce the spectrum of e& i . This spectrum has been 

previously studied, it contains a continuous part (on the imaginary 
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axis), and a discrete part. The analog of Equation (10) is now : 

w(v) = *<l,v) = 0 . (26) 

and the spectrum could be obtained by studying Equation 26. The function 
w(v) plays a fundamental role in this problem, so we recall its princi
pal properties. If we call eo the minimum of e and ei , least distance 
from the imaginary axis to the non purely imaginary roots of w(v), 
the properties of w(v) write (properties I) : 

- w(v) is holomorphic when Rev > -eo 
- for each n < £o one has, uniformly in the half-pl?ne Rev > -n : 

w(v) = 1 + &(-) 
v 

- w(v) f 0 for 0 < |Rev| < eo. 
- If Rev = 0 , v ? 0 and w(v) = 0 then w(-v) ^ 0. 
- If w(0) = 0 then w'(0) f 0. 

Let us now define : 

S l ( v ) =v±2L (27) 
w(v) 

The properties of Si(v) (properties II) deduce easily from these 
of w(v) : 

- Sj(v) is defined and meromorphic in the strip |Rev|< eo. 
- Si(v) does not have non purely imaginary poles in this strip. 
- For each n<Eo, one has : Si (v) = 1+<?"(—), |v|-*«> uniformly in 
the strip |Rev|< eo. 

- Si(v)Si(-v)= +1. In particular Si (0) = ±1. 
- w(0) = 0 if and only if Si(0) = -1. 

The singularities v. of the function Si (v) are the roots of w(v) 
according to Equation (27). They are all situated on the imaginary axis 
and have the multiplicity M^. 
We come back now to the inverse problem. 
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V - The inverse problem. 

a. The symmetric factorization of the function Si (cf. Riemann problem) 

Following Ljance, we shall call "problem of symmetric factoriza

tion" the following problem s 

Given : - a function Sj(v) satisfying ^-operties II 

- a set of complex numbers v1,,,.,v belonging to the half-

plane Rev > eo 

- a corresponding set of natural numbers Mi,...,MÏwe require 

the determination of a function w(v) possessing properties I. 

The analog in the k-plane of this problem had been solved by 

Ljance. A simple rotation of —TT/2 suffices to transpose his result in 

the v-plane. 

We first define the v-index of a function Si(v) in the strip 

|Rev|< eo. Let » be a curve in this strip running from +i°° to -i», 

and having all the roots (poles) of Si(v) at its right (left) side. We 

call v-index of Si(v), and denote it by ind Si, the increment, divided 

by 2IT, of the argument of a continuous branch arg Si (v) when v varies on 

•£ from +i» to -i«°. 

Theorem : The problem of symmetric factorization is solvable if 

and only if : 

ind„ Si + 2(Mi +...+MJ + - Il-S(O)] = 0 . (28) 
V y 2 

Then the solution of the problem is unique. (This is a generalized 

Levinson theorem). 

b. The method of Inversion 

We now study the method for deriving the potential V(x). The first 

step will be to introduce a function F s(r) f which is the Mellin transform 

of Si(v). A quoted before,it is the analog of the Fourier transform of 

S(fc). So s 

/•-ia+n 

F (x) - — JL 2 lim / [S, (v)-ljx v~ 1 / 2dv 0<ti<eo (29) 
2 , 1 a ~ ia+n 
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the integral being shifted by an amount of n from the imaginary axis to 
avoid the spectral sincmlarities c f & i. 
But we need also informations on the point spectrum of «fe i . To take 
them into account we introduce : 

Pk (X) = i_ AïlJvl . x] x
v _ 1 / 2 dv (30) 

2irJ[ w(v) 

where wi (v) = i|>(l,v) and C is constituted of a parallel to the imaginary 
axis situated in the interval ]0,co[» and of a' circle of infinite radius 
in the right half plane, this curve being described in the direct sense. 
The integrant is meromorphic inside the curve Cj. and its poles are the 
roots v k of w(v). 

P k(x) - - R e s ^ £!ivl xv-l/2 ( k = 1 # 2 „ 
K v _ v k w(v) 

A u - 1 / 9 V k - 1 / 2 V k - 1 / 2 

P k(x) - p k ( — ) [ x ^
v 2 ] = p k(Log x)x

 K = pkïx)x * 
k K dv v v k K k (31) 

where Pjj(x) are polynomials of degree Mĵ -lr M^ being the multiplicity 
of the root v k ; ï>k(x) are the corresponding logarithmic polynomials. 
The functions P k(x) will be called the normalization polynomials of the 
operator i. They reduce in the real case to the normalization roulti— 
pliers which are constants, because all zeros of w(v) are then simple. 

So the following function includes information at once on the 
continuous spectrum and on its point spectrum : 

Y 
P(x) = Fs(x) - ^2 F k ( x ) ( 3 2 ) 

k=l 

The summation runs over all the indices corresponding to the non-
purely imaginary zeros of w(v). The next step of the work will be to 
introduce the fundamental equation of the inverse problem. Ljance had 
given this equation for the case of fixed £=0 angular momentum. This 
equation is the same as Marchenko's fundamental equation. It is a convo
lution equation. 

It is easily seen that the addition property of the convolution 
for Fourier transforms become a multiplication property for Mellin 
transforms. In fact if we write : 
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- ( — ) f(t+v) " e 2 P < e " < t + V ) ) 

=, e- f c/ 2 e" v/ 2 P(e-fc e" v) 

-t -v and if we define u=e , v=e , we obtain : 

f (t+v) = uz P(uz). 

So the fundamental equation of Ljance becomes after transformation : 

(33) K(x,u) - J K(x ,z)F(zu)dz = F(xu) for 0 < u < x < 1 

where K(x,u) was defined in Equation 24. 

The problem of the unicity of the solution of Equation 33 must be 
solved. The last equation is of Fredholm type and one will have unicity 
if the corresponding homogeneous equation admits no other solution than 
the solution identically zero. This last property may be proved if F(x) 
possesses the two following properties (properties III) : 

- The function x ' F(x) possesses a continuous derivative such as 

/ 
x-e/2| d_ f xl/2 F ( x ) ] ) d x < «, 

Air L J dx 
e-1 

- If the function Y(t) t is summable on 0<t<x < 1 and if 

•1 Y x(t) - I Y x(u) F(ut)du for t<x 

then Y x(t) « 0 for t < x. 
One may show that F(x) possesses properties ill, so that Equation (33) 
admits a unique solution. 

So if we define the inverse problem data as the set of 
- the function Si(v) 
- the non purely imaginary singular numbers u, and their corres

ponding normalization polynomials, 
this set uniquely determine the operator <& i . 

Indeed, the function F(x) is built from the inverse problem data. 
Then the fundamental equation provides uniquely the kernel K(x.u). As 



17 

this kernel is the kernel of the integral representation of the solu

tion f(x,v), the following relation is easily obtained : 

q(x) = 2x — [x K(x,x)] . (34) 
dx 

So the operator ofe 1 , and the corresponding potential U(r) are obtained 

uniquely from the set of inverse problem data. 

c. Reconstruction of «Si from the scattering data 

The last step of our work will be to show, that given a set of 

coherent inverse problem data, one may build a differential operator 

«6J , this operator belonging to the class defined by condition (21). 

And to show that reciprocally, the inverse problem data of the operator 

ç£| are identical with the initial ones. 

We shall call coherent inverse problem data a set of inverse 

problem data such as : 

- the equality : 

ind„ Si(v) + 2(Mi+...+Mv) + - U-Si(O)] = 0 
v Y 2 

holds, where (Mi-1) is the degree of the polynomial p, 

- the function F(x) possesses properties III. 

If these conditions are realized, then we have shown that the non 

self adjoint operator t&> J obtained via the method described in the 

last paragraph belongs effectively to the class studied here. 

The consideration of the direct problem corresponding to the opera

tor <s£> J shows that its scattering data are identical with the initial 

ones. So the following theorem may be written : 

Theorem 

Suppose given a function St (v) possessing properties IT in the half plane 

Rev>-eo, eo>0, numbers Vj,...,v such as B Vj > eo (1=1,...,y) and 

corresponding polynomialsp i(x),... ,p (x), the degree of the polynomial 

Pf being M^-l. These data will be the inverse problem data of a certain 

non self adjoint differential operator o£ I if they are coherent, i.e. 

if the two following conditions are realized : 

i- ind„ Si + 2(Mj+ Ht +...+JO + - (l-Si(O)] 
v 
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11- The function F(x) defined by : 
=ia+n 

F(x) = i - d t 11m / [S,(v)-l]xv_1/2dv 
2* a*» -J a + t ) 

^ v -1/2 
- 2 ^ p k ( L o g x , 3 t 

k=l 
0 < x < 1 

possesses properties III for some e>2e«. Then the fundamental equa
tion possesses a unique solution K(x,t), from which it is possible to 
deduce q(x) satisfying the following inequality : 

/ 
X - 1 ~ e | q ( x i f î x < oo 

0 
and the inverse problem data of the operator e& i corresponding to q(x) 
are identical with the initial ones. 
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VI - Conclusion 

To conclude this study, we can say that we have found in the com
plex X-plane a set of coherent inverse problem data, the knowledge of 
which being strictly equivalent to the knowledge of the differential 
operator <& 1, i.e. to the potential V(x). However these inverse pro
blem data do not coincide with the scattering data, and the question 
which arises is the following : is it, or not, possible to deduce the 
inverse problem data from the experimental scattering data ? In the real 
case, Loeffel was able to show that this deduction was unique for short-
range potentials, and he gave a method to obtain thâ inverse problem data 
from the phase-shifts. However this method has not been used until now, 
because it gives rise to numerical instability problems. We recall here 
the conclusions of Di Salvo and Viano (1976) . The reconstruction on the 
imaginary axis of a function holomorphic in a half-plane, from the 
values it takes at discrete points of the real axis (the physical inte
ger values of Jl=X—1/2) is the worst situation for numerical estimations. 
An arbitrarily small perturbation in the phase-shift can give rise to 
an arbitrarily large change in the evaluation of Si(v). Suitable stabi
lizing constraints may be used to guarantee the continuity of the proce
dure, nevertheless this continuity remains very poor. One will be easily 
convinced that in the complex case the situation is still more compli
cated. 
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