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The kinetics of electron cooling, a method of cooling heavy-particle

beams, which is based on the principle of transferring heat energy of the

beam to the electron stream as a result of Coulomb collisions, has many

unique characteristics that distinguish it from ordinary relaxation of a

two-component plasma. These characteristics are attributable to the cyclic

motion of the particles of a cooled beam and to the condition under which

the electron stream is formed.

2 3
In earlier papers ' we examined the principal effects of particle

motion in storage rings and formulated the basic constraints for deviation

of the electron stream from thermoJynamic equilibrium (in the system accom-

panying a cooled beam). In practice, these requirements can be satisfied

without appreciably decreasing the efficiency of electron cooling.

4-6
The initial experiments on cooling the proton beam confirmed the

effectiveness of this method and stimulated further experimental and theo-

retical investigations.

In this paper we examine cooling in an electron beam, which is accom-

panied by a strong magnetic field and a low longitudinal temperature compared

2
to transverse temperature. In another paper, we derived a kinetic equation

in which we took into account electron magnetization and used the collision

integral in a strong magnetic field, which was initially obtained by Belyaev.

In analyzing the cooling process, however, we ignored magnetization, because

electron cooling was investigated primarily when the spread of electron

velocities was approximately the same in all directions - a condition under

which the magnetic field does not significantly change the relaxation process.
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Parkhomchuk subsequently pointed out that the longitudinal temperature of

electrons cooled in a transmitted beam (noncirculating beam) is much lower

than the cathode temperature because of electrostatic acceleration. As

shown in Ref. 6, the noise level of the accelerating voltage can be reduced

to such a degree that the velocity distribution of electrons in the accom-

panying system will be sharply flattened in the longitudinal direction.

Investigation of the effect of magnetization on the cooling process under

g
these conditions was stimulated by Dikanski and Pestrikov, who analyzed

coherent interaction between a proton beam and a magnetized electron stream

and showed that the decrement of small coherent oscillations of a cluster can

be rapidly increased by decreasing the longitudinal spread of electron

velocities.

In this paper we show that the combination of two factors - magnetization

and low longitudinal temperature of electrons - can sharply increase the

cooling rate of a heavy-particle beam when the velocity spread is smaller

than the transverse spread of electron velocities (A. < A ) and reduce its
1 ex

temperature to the longitudinal temperature of electrons, which is lower

than that of the cathode by several orders of magnitude.

1. It is well known that as a result of Coulomb interaction the mo-

mentum and energy transfer of colliding particles, which logarithmically

diverges in the region of large impact parameters, must have a cutoff at a

certain macroscopic parameter p , beyond which the interaction is effectively

reduced. We can see from this that as a result of collision of heavy particles

with electrons in the magnetic field when
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(r is the Larmor radius of electrons), the collision integral can receive

a large contribution from the impact parameters p that satisfy the condition:

If the velocity of the ion relative to the Larmor circle, which is

(1.2)

where v is the proton velocity in the accompanying electron beam, does not

exceed the velocity of the electron v moving perpendicularly to the magnetic

field H, then the ions will effectively interact with the Larmor circles

rather than with the free electrons, because the collision time exceeds the

Larmor period of the electron

As u. decreases, the collision time increases, which causes the momentum
A

and energy transfer rate to rapidly increase. Only the longitudinal degree

of freedom of the electron is involved in the transfer, because the collisions

occur adiabatically slow relative to the Larmor rotation of electrons. This
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effect is weakly (logarithmically) dependent on the magnetic field and on

the transverse temperature of electrons.

2. As a result of collisions in the strong magnetic field, the fric-

tional force F and the momentum diffusion tensor d a = -r— (Ap Ap ) can be

ctp a t a p
represented as a sum

^ W ( 2>1)

where the superscripts 0 and A denote contributions from the ordinary (fast)

and adiabatic collisions, respectively. The expressions F and d . are well

2 9
known ' :

4 = Knre^L (2.3)

where e and m are the charge and mass of the electron, Ze is the ion charge,

n is the electron flux density, u = v - v is the relative velocity of the

ion and the electron, and f(ve) is the velocity distribution of electrons.

The relativistic beams are examined in terms of the accompanying system.

In the Coulomb logarithm,
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the average Larmor radius of electrons r is assumed to be the maximum

impact parameter p of the fast collisions. If the velocity distribution

of electrons is degenerate, then the value of p should be refined. This
max

will be done below when the magnetic field is analyzed in greater detail.

A A
Expressions r and a „ in Ref. 2 can be obtained by using a well-known

expression for the diffusion tensor from fast collisions and the relation

(see Appendix 1):

(2-4)

which, together with an analogous relation,

is a corollary of the general Belyaev relations for angular momenta.

Since in case of Coulomb interaction the diffusion tensor can be deter-

mined by calculating the momentum increment Ap (along the nonperturbed traject-

A o
ories of the colliding particles), expression a . is analogous to a after

OLp OLp

substituting u. = v - v for the relative velocity u = v - v and L (u.)
A en ' e A

for the Coulomb logarithm L (u):
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where

(2.6)

Using Eqs. (2.4) and (2.5), we obtain

(2.8)

A A o
Note that, unlike in the case of a ' V cannot be deter* _ned from F ,

dp

because the frictional force is primarily attributable to finite inertia of

the scatterer; however, on going from fast to adiabatic collisions the

electron being a scatterer looses the degrees of freedom that are transverse

to the magnetic field.

The parameter p is the Coulomb logarithm of the adiabatic collisions

(2.6) is

( 2- 9 )

where r is the transverse dimension of the electron beam, Z/Bc is the time

X

required for the particles to pass through the cooling section, and u> =

2
/ 4irne /m is the Langmuir oscillation frequency of electrons. The parameter
A

p . should not be smaller than the impact parameter for which the momentum
m m
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transfer to the electron in the longitudinal direction is of the order of

mu ; therefore,
A

(2.10)

We assume that the following condition holds for the characteristic

velocities u,:
A

where

These conditions are satisfied when the NAP-M electron-cooling facility-

is operating in a certain range of parameters and proton velocities. The

interaction of heavy particles with magnetized electrons will be analyzed

below.

3. Let us examine the behavior of FA as a function of the ion velocity

v relative to the average velocity of electrons. Let A be the spread of

the longitudinal velocities of electrons.

First we examine the case
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(3.1)

In Eqs. (2.7) and (2.8) it is convenient to integrate by parts and then sub-

stitute S(v ) for the distribution f(v ) . We obtain with accuracy to the

en en

corrections M./L,:
A

As can be seen, the longitudinal friction caused by collisions with the

Larmor circles in Eq. (3.1) is unique in that it vanishes at v << v . This

is because the integral momentum transfer in the longitudinal direction is

equal to zero when the ion moves adiabatically past the Larmor circle along

the magnetic line of force.

The properties of transverse friction are particularly unusual: when

v < /~l\v .. I, F is in the direction of v , i.e., antifriction occurs. The

1 " 1 1

change in the friction sign when v << |v | is small (compared to the friction

of free electrons) can be explained as follows: the longitudinal velocity of

the electron decreases when the ion approaches the "line of force" of the

Larmor circle and it increases when the ion moves away from it; the difference
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in times of the effective interaction accelerates the ion (for like charges

analogous argument with appropriate modifications yields the same result).

Let us now determine the friction and diffusion for the velocities

(3.5)

We write the f(v ) distribution in the form:

( 3- 6 )

From Eqs. (2.7), (2.8), and (2.5) we obtain

(3.10)

With accuracy to the numerical and logarithmic factors these expressions

are similar to ordinary friction ?.nd diffusion in an unmagnetized electron

stream with an isotropic distribution of electron velocities at the temperature

T = mA2 .
e e

A. The relative effect of fast and adiabatic collisions depends on the

ion velocity and on the ratio of the transverse T = mA2 and longitudinal
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T = mA2 temperatures of the electrons. Let us consider the following
en e,|

case:

A A o o

For comparison with F and d R we use the expressions F and d , which are

obtained after substituting (3.6) in (2.2) and (2.3):

1) v > Aej_; in this case,

(4.1)

2) v < Aex; in this region,

(4.2)

(4.3)

(4.4)

Let us examine the attenuation of the ion beam with the initial spread

in velocities A. > A and disregard the cyclic motion of ions in the storage

ring and a possible change in direction of the magnetic field that traps the

electron flux. During the initial stage when A. > A , the contributions

from the fast and adiabatic collisions can be regarded as corresponding

logarithms, so that the damping factor is
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3 K,M*>

When A. is smaller than the transverse spread of electrons A , the
1 ex

friction arising from fast collisions begins to decrease, whereas the friction

due to adiabatic collisions continues to rapidly increase:

The first term can then be dropped.

Finally, when A. is equal to the longitudinal spread of the electron

velocities A , the damping factor is maximum

(4.5)

after which the damping factor remains constant until the ion temperature

is equal to the longitudinal temperature of electrons for all the degrees of

freedom:

(4.6)

[for the electron distribution (3.6), T.| = T ].

For comparison, we note that in the absence of the longitudinal magnetic

field, when A << A , the transverse equilibrium temperature of the ions
e |j ej^
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is equal to T (standard ratio) and the longitudinal temperature is equal

to the average geometric value of T and T . For example, for the electron

distribution (3.6)

We recall that Eqs. (3.7)-(3.10) and hence (4.5) and (4.6) can be used

only in the region [see Eq. (2.12)]

5. The velocity of the particle in the cooling section of the storage

ring oscillates from one revolution to another with a period of the order of

or less than the revolution period near the average direction corresponding to

the closed orbit. The small friction in the electron stream has practically

no effect on the closed orbit, although it changes slowly the oscillation

amplitudes and the longitudinal velocity. In the absence of rf voltage, the

longitudinal velocities are damped when the longitudinal friction vanishes

F.. (v., ) = 0. However, the difference between the average velocity of electrons

and the equilibrium velocity of ions in the transverse direction, an independent

parameter in the kinetics of electron cooling, is not damped.

2
In an earlier paper we examined the so-called monochromatic instability -

the buildup of ion oscillations, which occurs when the difference between the

average velocities exceeds the spread. The instability is attributed to the



- 13 -

change in sign of the friction (decrease of the frictional force with velocity)

for velocities |(u)j > A . It is clear that this effect can occur in the

kinetics of collision with cold electrons in the region v > A and when
1 ej.

A > A > A
ei l e u

We denote through a(s) = (a ,a ) the angle between the direction of the
X Z

closed ion orbit and the magnetic field along whose lines of force the Larmor

circles of the electrons move. Thus,

e-

where s is the length along the closed orbit, 9 is the angular deviation of

the ion velocity from the closed orbit, which oscillates from revolution to

revolution with frequencies incommensurable with the revolution frequency:

Let us determine the average frictional force for small amplitudes of

the vertical and radial oscillations of the ions 9 and 9 as a function of
z x

a, assuming that the electron flux is radially homogeneous and the longitudinal

ion velocities are damped out in the spread of the longitudinal electron

velocities. The average rates of change of energy of the oscillators are
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where the averaging is carried out over the phases i\i and ty and over the
X Z

revolution period of the ion in the storage ring.

It seems that the small a(s) i |a[ « L /yBc (for all s) do not

greatly change the frictional force or the damping constants, and the damping

generally occure just as described in Sec. 4.

The friction changes qualitatively when a(s) » A ,, /y&c along the total

length of the cooling section. Using Eqs. (3.2) and (3.3), we can write the

frictional force as follows:

(5.2)

where n = a/a. Note that the friction characteristics, which are proportional

to or /&9 , do not change by changing the sign of a.
A) Z

If a is directed along the normal degree of freedom, e.g., a = 0 , then

i.e., the oscillations are built up in the direction of a and are attenuated

in the direction transverse to it; however, the sum of the damping constants

is negative. In Appendix 2 we show that if the electron flux in the x and z

directions is homogeneous near the equilibrium ion orbit, then the sum of the

transverse oscillation decrements is independent of the a(s) orientation and

is equal to
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(5.3)

where the averaging is done along the closed ion orbit. Thus the transverse

oscillations are unstable under these conditions when a(s) > A /y$c along

the entire cooling length. In this case, the average value of the vector

(S(s)) is not an important factor. To illustrate this, we give simple examples

of the behavior of a when |aj = const:

1) a = const;

2) a rapidly changes sign several times along the cooling section;

3) a(s) rotates uniformly around the closed orbit.

However, the total sum of the decrements at vn << ygca is positive,

because X;. is a factor of 3 greater than the sum of the transverse decrements

(5.3):

According to the theorem for the total sum of the decrements, the sum

does not depend on the degrees of freedom of the ion and, in general, is

determined by the divergence of the frictional force as a function of the

particle velocity (Appendix 2)• This property can be used to eliminate un-

stable betatron oscillations by redistributing the decrements between the

longitudinal and transverse motions of the particles after introduction of the
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x-z coupling and the transverse gradient of the longitudinal friction (for

example, the longitudinal velocity gradient of the electrons dv /dx).

If the decrements are positive, then the quantity ySca represents the

effective spread of the electron velocities, and the ion beam is cooled to

a temperature of ^m(Y3ca)2. Thus,

If the decrements are negative, then the angular oscillations of the

ions are built up to the amplitudes

%*<*• ,

i.e., the ion and electron velocities, rather than the effective temperatures,

are equalized relative to the closed orbit. This conclusion was reached on

the basis of investigation of the monochromatic instability. The dynamics of

large amplitudes will be examined below.

Let us examine the case when a(s) oscillates along the length of the

cooling section, passing small values of a £ A /YBC. For convenience, we

introduce the distribution of a and w(a)[/w(a)d2a = 1]. In the general case,
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where IT'(a) and dA
o are determined by (2.7), (2.8), and (2.5) with v = ygc

(0 - a). We want to examine

In the opposite case, F^ and a . are independent of a and have the form
otp

(3.2)-(3.4). We can see that for a two-dimensional Maxwellian distribution

with a width

which is the same in both transverse directions, the transverse and longi-

tudinal frictional forces, respectively, are (9 < a ) :

(5.6)

v Zen* // \. / >
(5.7)

where v = y6ca .
o o

These expressions, correct to within the numerical factors, are analogous

to those for the frictional force (4.2) and (4.3) due to fast collisions, where

the spread Ae is represented by the parameter v .



- 18 -

Thus, if the distribution of w(a) is "normal," then the a oscillations,

rather than causing an instability, produce an effective temperature of

transverse motion of the Larmor circles, which is included in the expressions

for the decrements. If the condition

« " . •*••*• 9 e = =

is satisfied, then the contribution from the adiabatic collisions to the

friction and diffusion in the region

remains the controlling factor. Note that under typical experimental conditions

a << 9 . In the experiments on cooling the proton beam using NAP-M, the

angle between the direction of the accompanying magnetic field and the closed

proton orbit was controlled to an accuracy of approximately several units per

-4 -3
10 at an angle straggling of 3 x 10 . The rapid transverse contraction of

the proton beam is attributed to adiabatic collisions when

Let us introduce expressions for the frictional force for one-dimensional

oscillations a. The frictional force in the direction of oscillations differs

from Eq. (5.6) only in the logarithmic factor:
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and in the direction transverse to a (interpolation equation)

SC*\ ~ -J.J7T Hi^^Ovh +A\» ) grt 9<*. (5.9)

where v = (Y6C9 ,V., ).

If we compare Eqs. (5.6), (5.8), and (5.9) with Eqs. (5.1) and (5.3),

in which only large values |a(s)| >> A /y3c were used, then we can conclude

that the decrements of transverse oscillations of ions are negative only when

the angles of deflection of the magnetic field from the closed orbit are

localized near some value of a > A /y6c with a relatively small spread:

[for example, in the distribution w ^ 6(a2 - a 2)].
o

A monochromatic instability can be eliminated by introducing a smoothly

oscillating wriggle of the magnetic lines of force with an angular amplitude

a that exceeds the uncompensated deflection a • Another approach is to

modulate the potential with a relative amplitude Av/v >> ya » which

accelerates the electrons; in this case the modulation frequency must exceed

the instability increment.
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6. In summarizing the analysis of the effect of magnetization of

electrons on the cooling process, we should point out the differences in the

dependence of the contributions from adiabatic and fast collisions on the

transverse and longitudinal spreads of electron velocities. When A << A ,

the decrement due to the ordinary fast collisions is almost independent of

A^ and is highly sensitive to transverse thermal straggling of the electron

velocities. Conversely, the decrement due to the adiabatic collisions of ions

with the Larmor circles is not sensitive to the transverse temperature of

electrons and depends strongly on the spread of the longitudinal velocities of

electrons (taking into account the spread due to the instability of the

accelerating difference of the electric potentials). The other distinctive

feature is the strong dependence of the adiabatic decrements on the divergence

of the lines of force of the accompanying magnetic field relative to the closed

ion orbit in the region A << yBca, whereas the decrements of the fast

collisions become sensitive to this factor only at angles a ^ A /Y8C.

7. Here we have examined only one factor that limits the positive effect

of magnetization on the cooling process - deviation of the magnetic lines of

force from the direction of the closed orbits of the ions. Other factors

influencing the kinetics are as follows:

a) Drift of the Larmor circles in the space-charge field of the

electron beam at a rate that increases with increasing distance from the beam

axis.

b) Longitudinal and transverse gradients of the electric potential

in the cooling section.
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c) Variability of the average radius of the Larmor circles along

the cross section of the electron beam because of the flaws in optics of the

electron gun.

d) Electron-electron interaction producing effects such as transient

shielding of the Coulomb interaction and a rise in the longitudinal temperature

of the electrons.

e) Ion-ion interaction and coherent and incoherent (stochastic)

scattering - direct and via the electron beam.

f) Multiple collisions between ions and magnetized electrons in the

region of impact parameters that are smaller than the Larmor radius of electrons.

We are planning to investigate in detail the interaction between a heavy-

particle beam and a magnetized electron flux, in which we shall not limit our-

selves to the "approximation of the Coulomb logarithm" and take into account

the factors discussed above.

Note that the large friction in the region v ^ A can be used to

accelerate the cooling of beams with large angle straggling 6 > A /ySc

This work was done in close contact with the experimental investigation

of electron cooling at this Laboratory. A parallel theoretical and experimental

analysis and search for optimal cooling conditions, however, must be conducted

because the properties of the electron beam and the efficiency of the method

are determined by many factors.

The authors would like to thank G.I. Budker for his interest in this work

and V.V. Parkhomchuk, N.S. Dikanski, D.V. Pestrikov, and I.N. Meshkov for

useful discussions.
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APPENDIX 1

To prove Eq. (2.4), we derive the general equation for angular momenta.

Let c be a set of canonical action and phase integrals of two particles in
v

the external field and let v(c,t) be the interaction between the particles.

The variation of c with time as a result of a collision can be written as av

Poisson bracket

Let us determine c (t) as a function of the initial conditions at t = 0

in the second order with respect to v:

(4.1.1)

where

Dividing (A.1.1) into symmetric and antisymmetric parts with respect to

v and v and using the Jacobi identity, we obtain
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We want to determine the average rate of change of the action variables I

relative to the initial phases 1/̂  . Since the second term, which has the form

of a Poisson bracket I with the "potential" l/2{v,v}, vanishes after averaging,

we obtain the relation:

Taking the momenta and coordinates of the ion and electron as the action and

phase variables, after averaging over the initial coordinates, we obtain:

4 ^S = ' 2. d rs.n . \ 2L

The second term, which arises from perturbation of the electron motion,

corresponds to the frictional force. For free electrons the tensor ApAp
ea

depends on the difference between the velocities v - v , and Ap = -Ap; after

integrating over the electron distribution, we obtain

CA.1.3)

In case of adiabatic collisions in the magnetic field the electrons effectively

have only one degree of freedom - longitudinal; if Ap = -Ap(J , we obtain

from (A.1.2) the analog of the relation (A.1.3). }

pA^ J. 2. £ tAp
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APPENDIX 2

Let I and ty (v = 1,2,3) be the action and phase variables of a particle

moving in the external electromagnetic field: I = const, ij> = u (I) = const;

-*• -y e **•
they are related to the generalized momentum P = p H A(r,t) and to the

coordinate r by a canonical transformation. The variables I vary slowly as a

result of friction F(p,r):

The sum of decrements can be expressed in the form

A -~i

where the brackets ( ) denote averaging over the phases. Taking the averaging

into account, we can write A in the form:

' l2~ 2^ u

Using the canonical ratios

we can transform (A.2.1) as follows:
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Thus the sum of the decrements can be expressed through the Poisson bracket

of the frictional force with the position vector of the particle; writing

it in the variables p,r, we obtain

A — $

Q.E.D.

If the longitudinal (relative to the closed ion orbit) frictional force

is independent of the transverse coordinates x and z, then the longitudinal

decrement is equal to -1/2 (oF., /dp., ); it follows from Eq. (A.2.2) that,

other conditions being equal, the sum of the decrements of betatron oscillations

is
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