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STELLINGEN

1. De onverwachte verandering van de conversie snelheid met temperatuur, die

door Krause gemeten is in waterstof met lage J=l concentraties, kan ver-

klaard worden door aan te nemen dat katalitische conversie optreedt door

zuurstof verontreinigingen of door magnetische onzuiverheden aan de wanden

van de drukcel.
J.K.Krause, Thesis Iowa State University, 1978

2. In 5 van de 11 gevallen werden de wereldkampioenschappen voetbal gewonnen

door het organiserende land, terwijl in 10 gevallen de wereldtitel werd

behaald door een land in het werelddeel waar de wedstrijden gespeeld wer-

den. Uit sportief oogpunt verdient het dus voorkeur de finales te organi-

seren in een land of werelddeel dat op voetbal gebied weinig voorstelt.

3. De isotoop verhouding van de fonon frequenties ter vergelijking van

krachtsconstantes en korte afstandscorrelatie effecten moet verkregen wor-

den uit het derde moment van de spectrale functie, en niet uit de piek

frequentie. Slusher en Surko hebben zich dat hoogstwaarschijnlijk niet

gerealiseerd.
R.E.Slusher en C.M.Surko, Phys.Rev. BJKJ, 1086 (1976)

4. Vanw.ige de grote belangstelling voor experimentele resultaten in het sta-

biliseren van atomaire waterstof, vanwege de hevige concurrentie, en even-

eens vanwege de nieuwheid van de te verwachte resultaten is het waar-

schijnlijk dat de eerste publicaties op dit gebied onzorgvuldig zullen

zijn.

5. De Finnen, die een groot deel van de berekeningen van Berlinsky e.a.

gedupliceerd hebben, vergeten ten onrechte naar deze auteurs te refereren.

L.J.Lantto en R.M.Nieminen, J.Physique C6, 106 (1978)

A.J.Berlinsky, R.D.Etters, V.V.Goldman en I.F.Silvera,

Phys.Rev.Lett. 39_, 356 (1977)

6. Bij zijn voorgestelde methode om atomaire waterstof te stabiliseren bena-

drukt Stwally het belang van de He film als coating van de preparaat

cel. Hij geeft echter ten onrechte niet aan hoe een dergelijke film bij

zijn methode in de praktijk gerealiseerd kan worden.

W.C.Stwally, J.Physique C6, 108 (1978)



7. Het tarief van het successie recht is progressief. De grenzen van de ta-

rief schijven zijn in 1956 vastgesteld in guldens en zijn sedertdien

niet gewijzigd. Daardoor is een stijging van de belastingdruk ontstaan

welke niet door de wetgever was bedoeld. Daarom behoort de wetgever de

grenzen van de tarief schijven bij te stellen door ze tenminste te ver-

menigvuldigen met 2J.

Wettekst van de successiewet, 1956

C.B.S., 75 jaar statistiek in Nederland, 1976

8. Het is een betreurenswaardig feit, dat in Nederland vorig jaar 16000

ongeboren kinderen gedood zijn, zonder dat de socialistische partijen,

die het recht van de zwakke hoog in het vaandel geschreven hebben, zich

hier ook maar enigszins tegen verzetten. Voor velen in de christelijke

partijen moet dit helaas ook gezegd worden.

Stimezo, Rapport 1977.

9. De kennelijke werkzaamheid van sommige geneesmiddelen in verdunningen
24

groter dan 1 op 10 (1.000.000.000.000.000.000.000.000) verdient een

gedegen (universitair) onderzoek.

A. van 't Riet, Intermediair _1^, nr.7, pag.9 (1977)

A.H.Westerhuis, Homeopatisch tijdschrift j!9, 60

(juni 1978)

10. Voor het interpreteren van de metingen van mono- en dimeer verhoudingen

bij bundel experimenten is het verrichten van onafhankelijke bepalingen

van de ionisatie doorsnede van de dimeren absoluut noodzakelijk.

H.D.Meyer, Dissertation, Max Planck Institut,

GHttingen (1978)

11. Het houden van een promotie plechtigheid op de verjaardag van de Heilige

Nicolaas van Myra zou ten onrechte de indruk kunnen wekken dat de doctors

titel cadeau gegeven wordt.

Amsterdam, 6 december 1978 Reijer Jochemsen
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Introduction.

&•'-

Solid molecular hydrogen is the simplest molecular solid. It can be con-

sidered as a model system for the study of intermolecular interactions and

dynamical properties in the solid state. These solids provide an ideal oppor-

tunity for rtudying intermolecular potentials, ineluding the weak anisotropic

interactions. A feature of hydrogen and its isotopes is the large zero-point

motion of the molecules in the solid phase, due to their small molecular

masses and the shallow curvature of the isotropic potential. As a consequence

the solid is highly compressible, resulting in a decrease of a factor of two

in the molar volume at a pressure of about 10000 bars. The nearest neighbor

distance is then reduced by a factor 0.8 and this allows a study of the

potential over an unusually large range of the intermol^cular separation.

There are two types of low energy lattice dynamical elementary excitations

in these molecular solids corresponding to the orientational and translatio-

nal degrees of freedom of the molecules. The orientational excitations,

called librons (See chapter I) are even parity excitations from a symmetric

ground state. Due to this symmetry the one-libron spectrum is not infrared

active. On the other hand the translational excitations, or phonons, have

odd symmetry and can be infrared active.

This thesis is basically concentrated on the properties of the translatio-

nal excitations in the low temperature phase of solid molecular hydrogen.

In fact, the discovery of the existence of optical phonon absorption in the

far infrared spectrum was one of the first evidences that molecular hydrogen

undergoes a phase transition to a long range orientationally ordered state.

Because of the large zero-point motion it turns out to be impossible to

describe hydrogen with a harmonic potential model, which model predicts

sharp one-phonon absorption features. The potential is highly anharmonic,

resulting in far infrared absorption with a broad one-phonon spectral res-

ponse. We use infrared spectroscopie techniques to study the properties of

solid molecular hydrogen as a function of the density of the solid. At low

pressures the large zero-point motion has a profound effect on the phonons:

the strength of the absorption increases, the lineshape is very broad, and

there is strong multi-phonon contribution. The combination process of a

simultaneous creation of a phonon and a libron is also allowed. It is very

interesting to study this as a function of density since the zero-point
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motion decreases with increasing density and the solid should behave more as

a harmonic solid. By studying both H„ and D. we can investigate the effects

of the variation of the molecular mass.

It is also possible to vary the ortho-para concentration in the solid.

This enables one to vary the anisotropic intermolecular interactions which,

at zero pressure, are dominated by electrostatic quadrupole-quadrupole

interaction between the molecules with rotational quantum number J=l

(ortho-H„). Molecules with rotational quantum number J=0 (para-H„) are

spherically symmetric and only have isotropic interactions. The low tempera-

ture phase transition is driven by the anisotropic interactions of the J=l

molecules. This offers the unique possibility of studying the phase diagram

by substituting equal mass "diamagnetic" particles. Since phonons are not

infrared active in the disordered phase, the phase transition is detected by

measuring the phonon absorption strength as a function of temperature or

ortho-para concentration.

In Chapter I an introduction to the properties of solid molecular hydro-

gens is given. The experimental systems used for the high pressure infrared

measurements and the data handling procedures are discussed in Chapter II.

The theory of infrared absorption and the averaging of the dipole moment over

the motion of the molecules is contained in Chapter III. In this chapter a

general sum rule for the integrated absorption is derived. The remaining

chapters present the results of the measurements and the discussion.

In Chapter IV we concentrate on the phonon frequencies as a function of

ortho-para concentration and density, while in Chapter V measurements of

phonon lineshape and integrated absorption intensities are presented.

Finally, in Chapter VI, a study is given of the phase transition in solid

hydrogen and deuterium. This study provides accurate values for the transition

temperature as a function of density (in deuterium) and as a function of

ortho-para concentration (in hydrogen) as well as the dependence of the order

parameter on the temperature and the ortho-para concentration.

f* I

*\
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CKAPTER I

Properties of the Solid Molecular Hydrogens. Ttf

I.A.Introduction.

I In this chapter we will discuss some properties of H„ and its isotopes

(D-, HD, T_ etc.) collectively referred to as solid hydrogens. The hydrogens,
1)

in equilibrium with their vapor pressure, solidify as molecular solids.

Molecular solids are characterized by localized molecular units which weakly

interact and keep their gas phase structure. Intermolecular interactions are

usually much weaker than the intramolecular forces. Representatives of mole-

cular solids usually have large molecular units with a complex structure and

in the solid state their motions are hindered by stacking geometry and steric

forces. A consequence of this is that the description of the dynamical proper-

ties is usually phenomenological. Solid hydrogens are unique among the molecu-

lar solids because of their simple molecular units and because most of the

gas phase properties are hardly disturbed in the solid phase.

Hydrogens are the simplest molecular solids and for many of their properties

they can be classified together with the simple noble gas solids.In the zero

pressure solid the intermolecular potential can be written, to a good

approximation, as a sum of pair interactions:

solid (V?. +
ij ij'

(I.I)

where we have split the pair interaction into an isotropic (V..) and an
A

anisotropic (V..) part. An example of the isotropic interaction is shown in

figure I.I. This figure shows that the attractive forces are weak (V . =

-34 K). The properties of the isolated molecules of hydrogen, such as polari-

zability, multipole moments, vibration and rotation energies etc.. hardly

differ from the gas phase values. Most of the properties of the isolated

molecules are known to high precision from 'first principles' quantum

mechanical calculations. These calculations agree accurately (sometimes

within 1 part in 10 ) with experiments on molecules in the gas phase. Calcu-

lated properties can be used directly in the description of the solid state.

Due to the weak anisotropic pair interaction, the rotational quantum number

J remains a good quantum number even in the solid i.e. the molecules can

rotate freely at their lattice sites and they can be described by means of

the free rotor eigenstates. A detailed experimental study of this often stated



Figure I.I, A representation of the sph.evioa.lly averaged or isotropic poten-

tial as a function of separation for a pair of H<, molecules. The isotropic

potential should differ very little for the various isotopes as the ground

electronic states are the same, and there is little difference in the atom-

atom distance of a molecule.

property is comprised in the thesis of Berkhout . Although the molecular

properties can be calculated with high precision, a calculation of the inter-

molecular interactions in the solid, for all intermolecular distances and

orientations is still a challenge. On the one hand the hydrogens can be con-

sidered as a lattice gas of weakly interacting, freely rotating, well described

molecules, which can be v.sed to study the dynamical properties of solids

without applying a phenomenological theory; on the other hand the solid hydro-

gens do provide a 'simple' testing ground for several 'first principles'

calculations and enable a determination of the intermolecular interactions.

The dependence of intennolecular potentials on the intermolecular distances

is of great importance in understanding these potentials and can be studied

by compressing the solid in order to change the intermolecular separations.

A second object of this thesis is to study the interactions in the hydrogens

by changing density and ortho-para concentration.

We will clarify this last dependence. The protons in the Hj-molecule are

identical spin-J particles. This leads to the requirement that the total

i X
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molecular wavefunction is anti-symmetric with respect to an interchange of the

two protons. For a molecule in the ground-electronic state an interchange of

the two proCons changes the sign of the molecular wave function whenever

rotational states with even J are combined with anti-symmetric nuclear spin

I»0 states or when odd J-states are combined with the symmetric I«l states.

The first combination is called para-H_ (p-H_)» the last one ortho-H- (o-H.).

For the D.-molecule, where the nuclei are spin-1 particles the total molecular

wavefunction has to be symmetric with respect to interchanging the nuclei.

This is the case when the rotational states with even J are combined with the

symmetric 1*0 and I»2 nuclear states or the odd J-states with the anti-

symmetric I"l states. For D, the molecules with even J are called ortho-D,

(o-D.), those with odd J, para-D- (p-D.).For the heteronuclear isotopes,

such as HD, the nuclei are distinguishable and the preceeding symmetry

requirements are not applicable for these species. This ortho-para nomenclature

is summarized in Table I.I.

The equilibrium compositions at room temperature are: for H. 75Z ortho and

25% para and for D. 33.3/J para and 66.IX ortho.

t-s

Molecule and spin

of nucleus
mol I ol )*(J) Nuclear

spin weight

Designation

Hydrogen state

symmetry

state

0

AS

even

S

odd

AS 1 para

symmetry AS AS crtho

Deuterium state

symmetry

state

symmetry

1

AS

0,2

S

odd

AS

even

S

S

S

3

6

para

ortho

Table I.I. Allowed combinations for the rotational and nuclear states of Ug
and D„. I . , is the total nuclear spin and J the rotational quantum number.
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t%'\ The classification of the molecules into oxtho and para species is physically
4)

important because one can prepare ortho-para mixtures with an accuracy of

1% and conversion between both species is slow, even in the solid state.

Hydrogen molecules can be described with a free rotor model, even in

the solid state, so their rotational properties can be represented with the

free rotor Hamilton!an:

H - B 3 2
(1.2)

where B » ft /2I and I is the moment of inertia. The energies of the rotational

states are given by the eigenvalues of (1.2) :

E, = B J(J+1) (1.3)
J

and the eigenstates are the sperical harmonics Y,v(ft) - IJM>» where ft»e,<j>

specifies the polar angles of the molecule, J is the rotational quantum

number and M its projection quantum number. The rotational constant B is 59.3
5)cm~'(85.4K) for H 2 and 29.9 cm"

1(43.I K) for

first excited para H. level lies E

As a concequence, the

6B = 5I2K above the ground state ( for

orthoHK this is 259 K). At the low temperature of the solid (T<20 K) only

the J*0 and J«l states are thermally populated, (an energy level diagram is

shown in figure 1.2). The wave function of the J»0 molecules is the spherically

symmetric Y„„ state, whereas the J»l molecules are in the p-like Y,,, states.
UU IN

Because the J~0 molecules are spherical, the properties of solid p-H_ and o-D.

in the ground state should resemble those of the noble gas solids as far as

the isotropic interactions are concerned. The interaction between the J*l

o-H, (or p-D_) molecules however is anisotropic.

Calculation of the isotropic potential between a pair of atoms or molecules

for all values of the intermolecular distance R from 'first principles' is a

formidable task, although in the case of interacting helium atoms substantial

success has been achieved. For long ranges (R-4 % ) the potential can be

rather well approximated by perturbation calculations which yield a term
-(C6/R

6
 + C8, + C.-/R ) . The calculated value for C, is in good agreement

IV o

with accurate empirical values determined by Pade'bounding techniques from

refractivity data. Meyer has recently calculated Co and C,_ showing that Co

is about a factor of two larger than the earlier accepted value and C|{. is

non-negligible. For short ranges (R<2.5 X),the potential has been calculated

both by Hartree-Fock and configuration interaction techniques ' and an expo-

nential like repulsive potential is found. To find the isotropic part the

potential is spherically averaged over several mutual orientations. In the
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Rotational levels of
free Hydrogen

molecule

(9)

Para H2
1=0

D (23*1)

5 (121 ."ijitiv I.'2 i-ie iioLtiaulaf rotational

afuifrjj L-JVIJIJ j'or an isolated ;;.,
iriOUiiiuL-iM.'iö itri'julcip di'S!,V''.:,uiiorl

uj' t-t.i t JO lovjt, rotational .-.taUiii

IVM also Ir.niantii'i, i ij t-m total

OrthoHj
1=1

intermediate region ( 2.5< R:A X), where the attractive well exists , the poten-
tial has recently been calculated by Gallup . No attempts have yet been made
to use this potential in order to calculate experimental properties, such as
phonon frequencies, bulk modulus or P-V isothermst For a number of years pheno-
menological potentials such as the Lennard-Jones( V . »4e((o/R) -(o/R) ) )

X SO
have been fitted to, for example, gas phase data and have been employed for

the solid because of their simple analytical form. However calculation of the
—12

P-V relation of H, shows that the repulsive part of this potential (R ) is
q\

much too strong to explain experimental observations. England et al obtain

good agreement with P-V data using a potential composed of the sum of the

short and long range theoretical potentials. The accuracy of the short range

part of the potential is not known because this requires very high density

experiments to compare with. Ree and Bender have shown that at very high

densities (p/pQ> 3.8, where p_ is the density of the zero pressure solid),

t See reference 37.
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three-body forces become important. The short range behavior which they cal-

culate is the one that was shown in figure I.I. The well in this figure is

parametrized. The form of the isotropic potential also effects the density

dependence of the phonon frequencies. This dependence provides a test for

phenomenological potentials. Phonon frequencies as a function of density

will be the subject of Chapter IV.

The anisotropic part of the intermolecular potential in the solid can be

expanded in the sperical harmonics Y,„(3), and because only the J-0 and J«l
5)

states are populated, this expansion is restricted to L=2. The anisotropic

potential is dominated by the interaction between the permanent electric

quadrupole moments(EQ) of the molecules and can be expressed as:

V » 4" E 5/6 /70 C(224;W,-4J) f., y (pf) -̂> (̂ ') (I«4)
EQQ v ij 2M i *-U J

where r..»6/25 (eQ) / K . is the EQQ coupling parameter, Q the electric quadru-

pole moment, jj • and Q- specify the orientations of the molecules i and j with

respect to the intermolecular axis R.. and C(224;M ,-ii) is a Clebsch-Gordan

coefficient. In the zero pressure solid r..«0.98 K for H„ and 1.18 K for

D„ at the nearest neighbor distance. The EQQ interaction energy for a pair of

molecules is minimal when the molecular axes are perpendicular to each other

in a 'T' configuration and is maximal when they are in a linear configu-

ration. The EQQ interaction is zero when one of the molecules of a pair is in

the J»0 rotational state and is mainly important for the J=I molecules in the

hydrogens. By varying the concentration of J«! molecules one can change the

anisotropic interactions. A study of phonons for instance, which depend on the

specific form of the potential, as a function of ortho-para concentration,

intermolecular distance and mass (H. and D.) can provide a wealth of informa-

tion about the intermolecular potential.

One can now also quantitatively understand why J is a good quantum number

in the solid. The rotational states of the molecules can only be mixed by an

anistropic potential, which in the low pressure solid is essentially V

The perturbed rotational state for a pair of molecules I and 2, in first
14)

order perturbation theory, is given by :

. «J;Hï,Jy'frl!M(i.2)|j,Hl,w

J2M2

J,J2
™ 17

'i' i'J,J2

(1.5)



ff;

ty
üï'i

-9-

where |J]M|;J2M_> is the product wavefunction for two isolated molecules.

Since the matrix element in the numerator is of the order of a few degrees K

compared to several hundred for the denominator,one can see that the mixing of

the J levels will be quite small. This mixing will be larger for D. because the

energy denominator is proportional to the rotational constant B, which is a

factor two smaller in D_. In the solid the mixing will be enhanced due to the

12 nearest neighbors and will increase rapidly with decreasing molar

volume (I". «I/R.J and at high enough pressures J can no longer be considered

as a good quantum number.

I.Bl.Solid Phase of Molecular Hydrogens. ( Quantum Crystals.)

Solid hydrogens together with solid He and He form a class of solids

which are characterized by large zero-point motions of the lattice particles

in the solid phase. This large zero-point motion is due to the light masses

and the small curvatures in the isotropic potential. For H, the r.m.s. dis-

placement relative to the nearest neighbor distance amounts to ISZ at zero

pressure and this decreases slowly at higher densities. (Fig 1.3).The atten-

dent anharmonicities require that the low pressure thermodynamic properties

and lattice dynamics must be treated by so called quantum crystal techniques!

These techniques use renormalization of force constants by averaging over the

zero-point motion and by introducing short-range correlations between the

molecules to prevent them from penetrating the hard-core of their neighbors.

The short-range correlations favor larger intemolecular separations. This

result* in effective interactions having a strength which can be quite diffe-

Figure 1.3

The dependence of locali-
zation on density and

forth* hydrogen».

0.10
12 U IS I t 20 22

MOLAR VOLUME led
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rent from the one expected for a rigid lattice, i.e. the effective strength of

the EQQ interaction is reduced by 10 - 15% in the zero pressure solid, compared

to the value calculated for a rigid lattice. In general, in the calculation

of many properties of the crystal, operators must be averaged over the ground

state phonon wave function to take the effects of zero-point motion into

account. The calculation of the lattice dynamical properties of the tiydrogens

can not be done by using the harmonic approximation of lattice dynamics

(called the Born-von Karman or force constant approach — such an approach

would give imaginary frequencies ) but has to be performed using quantum

crystal techniques. This results in dispersion relations, resembling those of

harmonic solids. Such dispersion relations have been observed by neutron

scattering , Raman scattering and infrared absorption . Phonon groups

at certain points in the Brillouin-Zone of quantum crystals are very broad,

indicating short lifetimes.

Another result of the quantum crystal behaviour is the large compressibi-

lity of hydrogen crystals, giving rise to a factor of two decrease of the

molar volume when applying a pressure of 10000 bar a. This means that moderate

pressures provide large changes in the intermolecular separations in the

solid.

I.B2.Solid Phase of Molecular Hydrogens. (Structures.)

Normal (room temperature equilibrium) ortho-para mixtures of the hydrogens

solidify below 20 K. The freezing point shows a weak dependence on the ortho-

para concentration. At low pressure all of the hydrogens solidify in the hep

crystal structure . The spherical J»0 species, p-H,> o-D, and HO, remain in

this structure to the lowest temperatures. For higher temperatures in the

pure J»l solids, the molecules rotate freely and on a time average are sphe-

rically symmetric, (the three M »0,+l sublevels are equally populated.)

However these solids exhibit a structural phase transition at= 2.8 K and

=3.8 K respectively for o-ll. and p-D_. In this phase transition the lattice

changes fro» hep to fee, whereas at the same temperature the rotational

motion of the molecules is quenched and the molecular orbitals orient along

the four body diagonals of the cubic structure. The space group of this phase

is Pa3 shown in figure 1.4. This structure can be considered as four inter-

penetrating simple cubic lattices, such that on a given sublattice the axes

of the individual molecular orbitals(or direction of quancization of J) are
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all parallel. This phase transition is generated by the EQQ dominated aniso-

tropic interactions and the structure is such that the EQQ lattice energy is

lowest. The elementary reorientational excitittions of this ordered state are

called librons. Classically these librons are harmonic motions in which the

molecules are tilted from their equilibrium positions. Quantum mechanically

they are coherent, delocalized excitations to states composed of suitable com-

bination of the |JM,> » |l,+l> states and are the mathematical analogues

of spin waves in anti-ferromagnets. Light interacts with librons and obser-

vation of them by means of Raman scattering has enabled the determination

of the Pa3 structure.22)

Figure 1.4. The Pa3 space

group of orientationally

ordered U2 and Dg. The four

aublattices of the foo

crystal are mattered;

molecular orientations

along the four body dia-

gonals are indicated bj

the axes of the duni/bells.

The ordering into the Pa3' structure has been studied by a number of tech-

niques, such a» X-ray', heat capacity , N.M.R. and Op/9T) y 'etc. These

experiments indicate that this ordering takes place at J"l concentrations

x > 0.56 at sero pressure. Recently, N.M.R. studies at very low temperatures

(T < 0.1 K) have revealed broad spectra with well defined shoulders at con-

centrations x < 0.56. Sullivan et al. ' explain these spectra by assuming a

random freezing of the quadrupole moments of the ortho-H, molecules, forming

26)
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a kind of quadrupolar glass system.To decide whether this suggestion is

correct or not, other experiments which are able to confirm the quadrupolar

glass phase have to be performed; here far infrared measurements could be

useful.

Figure 1.5 shows the experimental values for the transition temperature as

a function of x. Theoretical predictions for the phase transition from the

orientational disordered phase to the long-range ordered phase (Pa3) are still

not able to give correct values for the transition temperature or insight

into the critical concentration of x - 0.56. In the research discussed in this

thesis th* accessible tenperatures were inadequate for studying the low

concentration phase.

I.C. Infrared Absorption.

The experimental technique employed in studying the properties of the solid

molecular hydrogens is far infrared absorption. In this section we will give

a short general introduction to absorption theory using linear response

formalism. It is sufficient r.o consider the interaction in the dipole approxi-

mation.

The electromagnetic radiation interacts with oscillating dipole moments in



-13-

matter. The interaction of light is given by:

H. n t«-?.f (t) (I.C.I)

where f is the dipole moment operator and E the applied electric field at

frequency u : ___

E(t)
•+

E ecos uo (I.C.2)

E Q is the amplitude of the field, and c is a unit vector along the electric

field. The electric field can be assumed to be spatially uniform, if the wave-

length A is large compared to molecular dimensions. Typically in far infra-

red spectroscopy X * 0.01 cm

of magnitude of the lattice constant.
I06 X = 2.I05 R , where R = 5 X is the ordero o

The interaction H. _(t) can cause transitions between different states

flHint(t)'

of the solid. The transition probability can be obtained from the 'Golden Rule'

" Bü)f) (I.C.3)

where |i> and |f> are the initial and final states of the total system of

solid and electromagnetic field. To evaluate Eq. (I.C.3) the states are usually

written as a product of the states of the solid. After some manipulation we

can write this as

OrE2/2H2) f|e.P| i + co)

(I.C.4)

where u.. • u>£ - w- is now the frequency difference between initial and final

state of the solid. If we multiply W . _ (<ifl by Hu).- , it gives the rate of

energy lost from the radiation in going from state |i> to jf>. Summing over

|f> , we get the rate of energy lost in going from the initial state |i> (in

our case, at low temperature, the initial state is the ground state |0> , but

we keep our treatment general) to any other state. Finally, if we multiply

this by p . i the probability that the system was in the initial state and sum

over all |i> , we get the rate of energy loss from the radiation to the system:

-Èrad Pi

•ïïE2/2E i - w) • ö((ofi

(I.C.5)

i,
T.Ü* iT,""" ** '"""""' * " ̂ '-~""-'*"":-'-':!-'' •' "•••----
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Since the summations over i and f go over all the quantum states of the

system we may interchange these indices in the summation over the second delta

function, giving

|2-Srad * w Eo / 2 E E *• wfi(Pi " Pf> l < £l^|t>l *<»£i "
 u>

Assuming the system is initially in equilibrium, then

(I.C.6)

(I.C.7)
'M. ' 1. i.1.

and substituting this into Eq. (I.C.6) , we find

-Ê r a d - (1TE
2/2H) (1 - e~SRo) ai E E pt |<f|e.P|i>|2 5(wf. - w)

(I.C.8)
f i

The subscribts on the w's are now dropped, since the delta function requires

energy conservation to.. • u. We now define an absorption crossection a(w)

such that this crossection multiplied by the incident flux of radiation is

equal to the rate of energy lost from the field to the system:

"Erad
(I.C.9)

The incoming energy flux is given by the Foynting vector I , whose magnitude

in this case is

I - cnE /8ir
O o

(I.C.10)

Where c is the speed of light in vacuum, and n is the index of refraction

of the medium. From Eqs. (I.C.8) to (I.C.10) we obtain

a(u) - (4ir2/Kcn) a> (1 - e"3Rw) E E p. |<f|E.?|i>|2 6(uf. - u)
fi

(I.C.11)

Eq. (I.C.I 1) is a general and useful expression for the absorption crossection,

which is often quoted in the literature. In infrared spectroscopy one measures

the transmission

where d is the sample thickness and et(«) is the absorption coefficient in

units cm . Changing also the unit of the energy of the radiation from

radians/sec to cm , which involves a conversion factor 2irc , we can trans-

form Eq. (I.C.I 1) into

1 i.".'",
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ct(a) - (l
_ -Bhca ,|<f|e.p|i>| ó(af.- a) (I.e.12)

(he) nV f i l rx

where V is the volume of the crystal. This equation ia used in this thesis.

Z E
f i

0. An alternative treatment is based upon linear response theory in which

ill generalized susceptibilities are calculated as giving the absorption of power

Jps due to a driving force. We will not give this approach to the absorption

%i; crossection, but just show that a(u) can be written as the Fourier trans-

I••! form of the time correlation function of the dipole moment operator .

; Equation (I.C.11) represents a Schrödinger representation of spectroscopy

!,.'• as transitions between stationary states. The result is derived from time

' dependent perturbation theory in which the operators are independent of time
(-
'\i and the wave function varies with time. In the Ueisenberg representation of
i' _ 29)

time dependent quantum mechanics however, the time evolution of the system

;• is placed in the operators, and the states of the system are considered to be

• independent of time. This means that a time dependent operator A (t) is

- defined by

A(t) e i H t / R A(0)e" i H t / H (I.C.13)

The Heisenberg representation then naturally leads to a time correlation

function of spectroscopy. To see this, we introduce the Fourier transform of

the delta-function

- (2TT) dt

and define

3h*cna((o)

4TT2Ü>(1 -
3 E E p.

i f x XX.

(I.C.14)

- u) (I.C.15)

This gives

S(w) - 3(270"' E p. |<i|e.P|f><f|e.?|i>| ƒ dt e x p i ( - ~ — - - u)t
i,f -°°

(I.C.16)

Since |i> and |f> are eigenstates of the Hamiltonian of the unperturbed

system, we can write

and then

| i > - e - i H o t / R |i

S(u) • 3(2u)~7 dte"1(u t E p. < i | e . ? | f x f le.P (t) | i
» i f x

(I.C.17)

(I.C.18)

•iN
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with P(t) defined as in Eq. (I.C.13) .

Using closure, £ |f><;f| " ' > and noting that E is an equilibrium ensemble
f i

average (denoted by < > )

(2ir)"' ƒ dt <P(0).P(t)> (I.C.19)

where we have also averaged C over all directions. This is the desired result,

namely, the line shape function S(u) has been written as the Fourier

transform of the dipole-dipole moment correlation function.

Another important concept in spectroscopy is the total integrated absorp-

tion I • ƒ <x((T) dcr . From Eq. (I.C. 12) a useful sum rule can be derived,«gain

using the fact that |i> is an eigenstate of the unperturbed system. To

simplify the notation we assume now T « 0 and let |i> • 0 the ground

state, with p. - I and e - 0 . Then

8irJ

3 (he) nV

Si,3

3(he) nV

ƒ o E |<f|?|0>|2 6(of. - a) do

(af - a.) |<f|p|0>|

3 (he) nV f
- <0|HP*|fxf|?|0>}

3(he) nV
o |[P**,H] . O>

where in the last step the closure relation is used, and [Pï'jl denotes the

commutator of P and H. This sum rule is developed in analogy to the sun

rules used in neutron scattering theory, and gives the absorption due to all

lattice dynamical processes.

The matrix element of the dipole moment operator between the initial ground

state and the final state <f|p|0> can be zero because of symmetry of the

solid. The dipole moment is an odd operator, thus if the initial and the final

state have the same parity, even or odd, the matrix element is zero, and no

infrared absorption is allowed. This is the case for single-libron excitations

and some one-phonon excitations in solid ordered hydrogen in the Pa3 structure

(Fig. 1.4). Transitions that are infrared active are the J-O+2 and J»l-»-3
30)excitations in the hep phase, the T optical phonons in the ordered P*3

structure, and combined phonon-libron processes. In the case of first order

infrared absorption (one phonon absorption), the mode essentially corresponds

• - N
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to wave vector fc*sO , due to conservation of momentum in the absorption pro-

cess. This requires the change of momentum of the lattice to be equal to that

of the photon. The photon wave vector is in the order of lo" times the £

vector of a lattice wave at the Brillouin Zone Boundary, and thus phonons

excited in the absorption process have k=0.

Broadband far infrared absorption experiments are usually very difficult

due to the lack of high power tunable sources in this frequency region. Speci-

fic experimental problems in far infrared spectroscopy and the apparatus are

treated in Chapter II.
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CHAPTER II

Experiment.

In this thesis,properties of solid molecular hydrogen and deuterium are

studied by means of absorption of electromagnetic radiation in the far infrared

frequency region (a « 2 - 500 cm ) . These studies are made as a function of

ortho-para concentration, molar volume and temperature of the samples. In this

chapter a description is given of the experimental system and the computational

techniques that were developed and used in order to carry out these experiments.

In part II.A a general survey of the Nichelson interferometer (and its modifi-

cations) with the computer control is given. Section II.B contains a description

of the He cooled infrared detector, and part II.C is devoted to the high

pressure cell. In the last section, II.D, we give a short review of Fourier

transform spectroscopy and the way in which we do our data handling.

II.A. The Michelaon Interferometer.

If a monochromatic beam is incident on a prisra, the radiation passes the slit

for only one position of the prism or for one single angle 6 (Fig.II.la). When

the monochromatic radiation is incident on a grating, the radiation can pass

through the exit slit for a number of different positions of the grating.

(Fig.II.Ib). This is clear if we consider the grating equation

d(sin i - sin r ) • mX m m 0, •1, +2,

where d is the grating constant, and i and r are the angle of incidence and

the angle of reflection, respectively. It is possible to satisfy the equation

at fixed d, i and A for a number of combination* of m and r. Therefore

a prism is the most ideal instrument to divide a non-monochromatic beam up into

its components. Unfortunately there are no materials known that are useful for

LA Jill
Hgure II. 1. The ÏK^naitj of the outeoming radiation aa a flotation of t'
position of a) a prism, b) a grating and as a function of t-ie path diffe
rence x between two beam a).
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prisms in the very far infrared region. By using a grating in combination

with filters to filter out the unwanted orders it is possible to imitate the

prism situation.

Splitting a monochromatic beam into two beams with path length difference

x, (Fig II.I.C.) and subsequently recombining then, gives an outconing inten-

sity tts a function of x as I(x) - JS(a ){) + cos2iro x}. This offers the

possibility of Fourier transform spectroscopy , and the interferometer is

based on this principle. Comparative studies between grating monochronators

and interferometers for broadband studies in the far infrared region have been

carried out and decide favorably for the interferometer, due to the so called

multiplex and throughput advantages.

We will shortly describe the Michelson interferometer, which is the type of

interferometer that is used to perform the present experiments. (Fig.II.2)

The radiation source S is a water cooled high pressure mercury arc lamp

(Philips UPK 125) having a dimpled fused quarts envelope. The output of this

lamp is roughly equal to that of a black body with a temperature between 1000 K

and 5000 K. As an order of magnitude estimate for the power, one gets at a

frequency o 20 cm" in a bandwidth of I cm , an output from a black body

source at T - 1000 K of about IO~6 W/cm . Only about I °/oo of this would fall

on the detector due to filtering spectroscopie techniques and a limited usable

aperture.

The radiation is directed in a parallel beam by the off-axis paraboloid

mirror M., and falls on a dielectric beamsplitter BS. The two beams interfere

after reflection from fixed mirror M, and the movable mirror M,, and the path

length difference x can be varied by mirror M.. The outgoing beam is condensed

by mirrors M^and M into a lightpipe. The chopper modulates the radiation for

detection purposes. The radiation is transported by lightpipe optics and

through windows to the transmission cell, which in our case is a high pressure

cell (Section II.C). Fig II.3 gives an overview of the cryostat and dewar

system. After passing the sample the radiation is filtered by a low temperature

filter to remove unwanted radiation including room temperature radiation, which

would warm up the detector. The detected radiation is phase sensitively ampli-

fied (a photocell at the chopper provides the reference frequency). This sig-

nal is integrated for a period controlled by a digital clock and is converted to

digital form for storage in the computer.

The intensity as a function of optical path length difference x is called

the interferogram: «
K x ) - J/B(O) { 1 • cos 2*ox}dt. (II.A.l)

#-,
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is the power spectrum from the source and filtering system, and in all

practical cases the frequency is cut off with a filter at some maximum

frequency o . The spectrum from source and sample is recovered from the

interferogran by performing a Fourier transformation (see section II.D):
00

B(o) - /{I(x) - ^|22.}cos 21T0X dx. (II.A.2)
0

In practice it is not possible to reach infinite path length difference, and

x is limited to a certain x .The resolving power is then = 1/x . Calcula-
max max

tion of the spectrum is most easily implimented by a digital computer.

The control of the interferometer is also done with a small laboratory

computer, in our case a PDP-11, with 16 K memory (Fig II.2). The continuous

drive motor of the commercial Beekman RIIC FS720 interferometer is replaced

by a stepping notor to make the instrument better suited to computer control.

The PDP-11 computer has a general purpose interface, consisting of ADC's,

DAC's, counters, dock,etc., which allow a great deal of flexibility to be

built into the software. A special feature is the fast (4 iisec) 16-bit hard-

ware cosine generator. In addition to the usual signal enhancement capabili-

ties of averaging, the on-line computer offers other unusual advantages. In

Fourier spectroscopy non-statistical noise pulses can add substantially to

the noise in the spectrum. In order to minimize this,our run program incorpo-

rates the following feature. At the beginning of each run the standard de-

viation of the signal at x • 0 is determined. Thereafter, each interferofcrara

point is measured twice and compared to the standard deviation.If the diffe-

rence exceeds three standard deviations the data at that specific mirror

position are rejected and «measured before moving the mirror to the next

point. In this way the spectral quality is enhan^d with an increase of a few

percent in measuring time.

The mirror displacement is measured with a moire fringe system, which is

standard in the RIIC FS720. The moiré fringes are produced by two transmission

replica gratings with a grating constant of 4 urn. Light from a 6V projection

lamp is collimated by a small lens,passes through the two gratings, and is

focussed on a pair of photocells. One grating is fixed to the frase, one to

the movable mirror. When the movable mirror is translated, the smaller, grating

passes the larger one and the difference signal from the two photocells is

sinusoidally modulated with a period corresponding to 4 pm-mirror displacement.

Amplification electronics transform every zero crossing of the signal into a

pulse, which is fed into a computer controlled counter. This enables us to



-24-

count one pulse for every 2 pm mirror displacement, or 4 pm change in optical

path length difference. Since the interferogram must be sampled at optical path

length intervals Ax * l/2a , where o is the maximum frequency in the
MX nBX w *

spectrum, the interferometer is limited to frequencies 0<I250 cm .

Interferograms, spectra and transmission and absorption curves are dis-

played on a Tektronix 4010, an alphanumeric visual display scope, which is

also equipped to make hard copies. All data are stored on a 2.5 Mbyte car-

tridge disk.

II.A.I. The polarizing Interferometer.

An interferometer as it is usually used with a dielectric beam splitter,

is not optimized for both the very low frequency region and broad band

spectroscopy, because the efficiency of the beam splitter is oscillating with

frequency and goes to zero at zero frequency. The efficiency which is deter-

mined by multiple reflections in the dielectric film is shown in Fig. II.4.

One can overcome these problems with the use of a polarizing wire grid

beam splitter. This is schematically indicated in Fig.II.5.
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Figure U.S.

Effect of a uire grid on an

unpolarised electromagnetic

radiation bean.

The component of the electric field parallel to the conducting wires induces

a current and is reflected; the component perpendicular to the wires is

transititted. These statements are true as long as the wavelength of the

electromagnetic radiation is large with respect to the wire spacing. Results

of Auton are given in Fig.II.6.

Figure II. 6.
The tranamisaion of electro-
magnetic radiation through a
wire grid with wire spaaing d,
against the wave length of
the radiation. The grid is
a good polarizer for
wave length A > 2d.

100
T.%

50
r

These characteristics make such a polarizer very useful as a beam splitter

from essentially zero frequency up to a certain cut off frequency determined

by the wire spacing d. In Fig.II.7. the Michelson interferometer with the

modifications is sketched. The modification is fourfold:

a) The dielectric beam splitter is replaced by a polarising grid (PBS),

b) The two flat mirrors are replaced by rooftop mirrors to rotate the

polarization vector.of the radiation by 90°, which prevents the radiation

from returning to the source. A rooftop mirror consists of two flat

,. -i"«.,;^jioa
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'BS

Figure II.7.

Diagram of the Miahelson

interferometer with pola-

rizing beamsplitter.

mirrors perpendicular to each other. If the intersecting line of the

rooftop makes an angle of 45 with the wires of the beam splitter the

rotation of 90° is achieved.

c) An analyzer (also a wire grid) is placed in position A. (Fig.II.7.)

d) The chopper is also replaced by a wire grid polarizer (PC). This modi-

fication has the advantage of removing the constant intensity back-

ground. We will show this by describing mathematically the operation

of the interferometer as shown in Fig.II.7.

Say a monochromatic beam is coming from the source S:

E « a coswt.

(II.A.3)

After the rotating polarizing chopper with frequency w we have

Ê - ~ cosuit (n sinu t + £ cos w t)
/2 c c

where n is a unit vector perpendicular to the plane of the drawing, and i is

parallel to it. At the beam splitter the intensity is divided up according

to polarization direction, and the component n is reflected to mirror M.,

while the t-component transmits to M~. One has at M. :

f a » .

and at M

Sln u t'

cos to t cos u t
At the mirrors the polarization is changed, t* n and n •*• i; the path lengths
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give phases 6, and 6_. We have a combined beam going towards the analyzer A:

— n cos(wt + 6.) cosw t + — i cos(tot
/2 ' c /2

ó„) sinw t.2 c (II.A.4)

The wires of polarizing wire grid A have to make an angle of 45 with the

plane. The operation of A can be described with P, - (n + t)//2 and the

radiation after A is

E.P,- Y cos(ut + 6.) cosu t + j cos(ut + 6,) sin u t (II.A.5)

The intensity reaching the detector is the square of the field, averaged over

a time scale which is large with respect to 1/co, and short with respect to

l/w (td = 300 rad/sec)
C I- (tl/

2 2 2 2 2 2
- (a M ) cos (wt + 6,).cos u t + (a /4) cos (ut + 6,).sin to t

1 C I C

+ (a /2) cos(ut + 6.).cos(ut + 6„).siruo t.cosu t (II.A.6)

The time average of the first two terms gives a constant, a /8. The third term

can be rewritten in

(a2/8) sin2w t {cos(2wt
.

cos(6 - Ó )

and this gives after time averaging

(a /8) sin2h> t.cosö (6 -6, -62) (II.A.7)

Phase sensitive detection at a frequency 2u gives the interferogram

I(x) *v> cos6 • cos2nox, which oscillates about the true zero level. In the

situation of the dielectric beam splitter the signal has a large average value

as is clear from Eq.II.A.1. The fluctuating part is usually a small fraction

of the average value and fluctuations in the intensity coming from the source

can greatly distort the spectrum. With the polarizing beam splitter we have

the enormous advantage of suppressing this kind of noise.

The technical realisation of polarizers for the low frequency region

(a • 0 - 50 cm ) has been performed mostly by F.Verspa&udonk. The wire grid

polarizers are made from iron wire with a diameter of SO microns and a sepa-

ration of 100 microns. The corner reflectors were made in the workshop. The

top angle of the mirrors is adjustable, and one of the mirrors is fully ad-

justable to be able to align the interferometer. The performance is very

good as expected in the frequency region a • 3 - 55 cm . For a single run

with moderate resolution (A3 - 0.4 cm ) and 1 second integration time at each

interferogram point we find that the power spectrum has a signal to noise
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ratio of one at a - 3 cm . This has to be compared with a spectrum obtained

with a dielectric beam splitter with a thickness of 50 microns (which can also

be used up to = 50 cm ) . In the latter situation the total signal is about a

factor of four lower, and the signal to noise ratio of one is reached at 5.5

cm . The low frequency advantage of the wire grid beam splitter is signifi-

cant.

1*.

II.B The Infrared Detector.

One distinguishes two kinds of detectors for far infrared (FIR) radiation:

thermal detectors and photo detectors. The first kind uses the heating by

the radiation, and measures the absorbed power. The principle of the second

kind is based upon quantum photoelectric effects and measures the number

of quanta with energy higher than a certain threshold value .

We use a semiconductor bolometer. The semiconductor material is silicon,
n\

doubly doped with phosphor and boron. The size of the bolometer is typical-
3

ly 5x5x0.2 mm . The bolometer has a strongly temperature dependent resistance,

which is typically given by

AeQ/T (II.B.I)

with Q = 4. The sensitivity of the bolometer is determined by the responsivi-

ty r,defined as the voltage change AV per absorbed radiation power Q,

r » AV/Q. This responsively is proportional to the temperature coefficient

O -"(l/R) (dR/dT)

8)

(II.B.2)

Q/T2,of the bolometer . From Eqs. (II.B.I) and (II.13.2) we see that a

and conclude that it is advantageous to operate at the lowest possible

temperature. The heat capacity of the bolometer also goes down with tempera-

ture, resulting in a larger temperature change for a fixed absorbed radiation

power and time constant. This is a second advantage of lowering the operation

temperature. The temperature at which the bolometer works optimally is deter-

mined by the doping. Bolometers with the right doping to work at T = 0.3*K

were developed by I.F.Silvers. The technique of making these bolometers has
9)

been described by P.C.Hopman '.

To cool the detector to T - 0.3 K a small sorption pumped He cooling

system was developed as it is shown in Fig.II.8. The whole system is enclosed

in vacuum can C and is a self contained unit, which can be used with different

sample cryostats.

i X
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'it •-

Figure II. 8. The He cooling system.
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The apparatus operates as follows:

Before an experimental cool down almost all the He is stored at an under-

pressure in a room temperature lecture bottle, A (dot to scale). To start a

run the outer dewar B is filled with liquid He , with exchange gas in the

vacuum can C. When valve 0 is opened , all the He gas is adsorbed in the

sorption pump £, which contains zeolite SA. Valve D is then closed and the

exchange gas is removed from can C. The inner He condensor bath is filled

from the outer bath through valve G, which can be operated from the top of the

cryostat. After pumping this condensor bath down to «2.5 K through pumpline H,

we electrically heat the sorption pump E. At 30-40 K the zeolite desorbs

almost all of the He gas, which condenses at K, and drips into the small

He reservoir L. This process takes 5 to 8 minutes. We then switch off the

heater current and pump E starts absorbing again. The pump is connected to

the 4.2 K outer bath by a balanced heat loss M to cool it. In about ten minutes

the He3 bath is cooled down to 0.3 K. With a few liters He3 gas (N.T.I».) the

temperature can be maintained at 0.3 K for 10 to 15 hours. For longer runs

pump E can be reheated and the process repeated. At the conclusion of the run

the only shutdown-step required is the opening of the valve D to the lecture

bottle, in order to avoid excessive pressure developing in the small volume
3 4

of the He , and opening of valve G to the outer He bath, to avoid pressure

developing in the condensor bath.

To control the operation and to get the system going it is necessary to

monitor the temperature at different points. An Allen-Bradly carbon resistance

is mounted on the adsorption pump (R « lOOfi at T - 300 K) and on the He con-

densor bath (R = 47 fl at T • 300 K); on the He bath a Speer resistance is

mounted, which has a resistance of about 470ft at room temperature. The then»-

meters are partly calibrated against He vapour pressure, partly against a

Ge resistance thermometer, which was calibrated to T » 0.27 K at the

Kamerlingh Onnes Laboratorium in Leiden.

The sorption pump contains «25 grams zeolite, type 5A (aluminum calcium

silicate). Adsorption isotherms as given in the literature show that the total

amount10'11* of adsorbed He 3 gas at 4.2 K is about V - 5 1 N.T.P. Setting as

a goal an operation time of the He bath of about 12 hours, an amount of
3 3 32 1 N.T.P. He , or 3.5 cm liquid He is needed in our cryostat. This implies

that the sorption pump never gets saturated and maintains a constant pumping

speed, or a constant temperature of the He bath and the bolometer. Experience

has proven that a careful carrying out of the starting procedure gives an
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undisturbed running time of 10-15 hours.

The first experiments with this cooling machine consisted in tests of the
12)

bolometer . The resistance of the bolometer at low tenperatures (0.3<T<!) can

be described t>y R « Ae Q / T TB with A - 398 fl/K, B - -3.44 and Q -1.73. The

zero frequency responsivity r(0) » 7 10 V/W, the time constant T • 3 msec and

the r.m.s. noise power V . » 1.5 10 V Hz . An important quantity that is

often quoted to indicate the quality of bolometers is the socalled NEP(noise

equivalent power). This is the radiative power that can be detected with a

signal to noise ratio of one. For our bolometer

NEP = 2 10"13 W Hz"*

indicating that it is a very good bolometer.

II.C. The High Pressure Cell.

The requirement to do infrared transmission experiments on condensed gas

samples *t high pressures imposes several conditions on a far infrared pressure

cell. The cell which we developed is shown in Fig.II.9. The main body G is

machined from beryllium-copper Berylco-25, and has a length of 140 mm. Beryllium-

copper is used because it is not embrittled by hydrogen, and it can be easily

machined before the heat treatment to harden the material. After it is roughly

made, the cell and the sealing pieces are hardened to increase the strength of

the material in order to be able to withstand higher pressures and remain in

the elastic limit. Hardening is achieved by heat treatment of the beryllium-

copper to about 315 C for about three hours. This process was carried out in

a convection oven to attain a more uniform temperature distribution during

heating and cooling. When the heating or cooling procedure is done too fast,

strains are induced in the material, which can give rise to breaks and cracks

at relatively low pressures. Before and after the heat treatment of the cell,

the hardness of the material was measured. After hardening the beryllium-copper

could be used up to 7 to 8 kbar in the elastic limit.

The cell is made of the following components as shown in Fig,II.9. The far

infrared radiation passes through the lightpipe A and a conical sapphire win-

dow F into the sample space J with a length of 80 mi and a diameter of 9 ma.

After passing through the pressurised sample, the radiation leaves the cell

through a sapphire window L in the direction of the bolometer detector. The

gas is introduced into the cell through capillary B, while the capillary and

the cell are heated via heating wires D and M to a temperature between the

melting and boiling point of the condensable gas. After the gas has been
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A Hgure 1I.9.
High preaavaee infrared abaorntion

** oell. See text for explanation.

M

condensed in the liquid state the high pressure valve on top of the cryostat

is closed and the sample is cooled into the solid state. A compressor

(up to 10 bar) is used to get the gas more rapidly through the capillary;

the whole procedure takes 5 to 10 minutes since no effort is spent to try to

grow good crystals. The sample thickness has to be adjusted to optimize the

signal to noise ratio in the desired frequency region. In most cases we did

not require samples of 80 mm length, but rather 3-10 tan. In this case the

following procedure is used. The solid sample is pressurized with helium,

where we always take care that the temperature of the sample stays below the

diffusion limit . Since at every pressure the melting temperature of lie

is far below that of H_ and D. the assumption that helium does not diffuse

into the hydrogen seems warranted. The melting pressure at 4.2 K can be
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calculated from the known isochores of helium. These isochores are calculated

by Spain and Segall ' fro» measurements of isotherms, specific heat, and pres-

sure, vol«sae and temperature data along the melting line. They expect that the

error in the pressure fall AP along the isochore from the melting tempera-

ture to zero temperature varies from about 5% below 3 kbar up to 10X at 20 kbar.

Since OP is always smaller than I0Z of the resulting pressure at 0 K, this

introduces an error of O.SZ to U in the pressure. This is comparable with the

error in the determination of the melting pressure.

We have chosen a conical window seal as has been used by Stromberg and

Schock . Rather than the more comnonly used window design consisting of an

equidiaensional cylinder held in place by a threaded retaining plug. Although

this configuration has proven to be reliable at higher pressures, the expe-

rience is that they often leak below about 300 bar . Conical windows do not

Lave this disadvantage, and they also give a higher optical throughput.

Figure 11.10 The seal of

the sapphire windows in the

high pressure absorption

oell.

B«Cu
Cu-ring
Indfum
B«Cu

SoppMr«{
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The synthetic sapphires are seated into a matched conical opening in a hardened

beryllium-copper plug E, held in place by nut C. To cover possible remaining

unevennesses on the surface, this is electroplated with a thin ( 0.01 mm)

layer of silver. The pressure seal along the conical surface between the

window and the plug itt accomplished with a thin indium layer. The seal along

the plug has been accomplished with a combined copper-indium Bridgeram seal.

This is shown more clearly in Fig.II.10. This sealing, and the whole cell has

provi» to be very reliable on temperature and pressure cycling up to 6 kbar.

To monitor the pressure four resistance strain gauges H are cemented on

the pressure cell in a Wheatstone bridge configuration. This bridge consists

of two strain gauges attached in the direction of lowest mechanical expansion,

the other two being placed in the direction of the largest expansion. The first

two are used to compensate the bridge for temperature changes. The bridge was

calibrated at three different temperatures (42 K, 77 K and 295 K) against a

calibrated resistance strain gauge pressure cell. This was done to determine

pressures at different temperatures by extrapolation, but the method did not

work uuccesfully. Especially at very low temperatures the «train gauges have

a larg.e shift of their zero-point with temperature. The far infrared cell

also showed a hysteresis of about 150 bars. Due to these difficulties we did

not use the bridge as an absolute measure of the pressure. It is however very

useful to observe pressure variations in the sample space, which enables us

to accurately determine whether the supply capillary is frozen; the strain

gauges no longer respond to pressure changes in this case, and the melting

pressure of helium is then also known.

The pressure generation system to achieve high pressures in the helium gas

is shown in Fig.II.II. Oil pressures up to 4 kbar are generated by an air

driven oil pump. Oil pressure is measured by a Bourdon gauge manometer.

The oil-He separator consists of a cylinder in which a floating piston divides

the space in two separate compartments. The piston is moved through the

cylinder by applying oil pressure. Moving the piston up increases the pressure

on the confined helium gas, which is initially supplied from a cylinder at a

pressure of about 200 bar. The purity of the gas is about 99.99Z pure helium.

Oil contaminants are removed by a liquid nitrogen cooled trap. The gas pres-

sure is determined with a calibrated strain gauge pressure cell. This latter

cell was calibrated against a manganin cell (at the van der Waals laboratorium

of the U.v.A.) which is regularly calibrated against a dead weight free pis-

ton gauge. The calibration accuracy is ;* 2 bar. Our measuring accuracy was

+, 4 bar due to small hysteresis in the strain gauge cell.
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Figure II. 11. High pressure generation system. Dashed lines indicate
oil capillaries, solid line» gas capillaries.

II.P. Fourier Transfor» Spectroscopy and Data Reduction.

In this section we will discuss the technique of recovering the power

spectrum from the measured interferogram with the Fourier Transformation.

Although there are several excellent reviews on this subject, we will treat

it here in some detail, because it is an important, aspect in understanding

the possibilities and difficulties of Fourier Transform Spectroscopy, and

because we have expended some effort in developing the necessary computer

programs.

II.D.I. Principle of the Method.

When two monochromatic beams of intensity I. and I, with phase difference 6
• <jv I e>

interfere, the resulting beam ' has intensity I • Ij • 1^ • I. , with
Zint " 2/ IiI2 co*6 * In cn' interferometer I, - I2 and the phase is given

by 2ixo - 2*x/X , where x is the optical path difference (twice the physical

path difference), X is the wave length and a the wave number of the radiation,

so that one gets
It(x) - 21, (I • co»2nxa) (II.D.l)
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This function is called the interferogram. For a non-nonochromatic source,

eacli frequency contributes to I (x) with its own phase and x-dependence.

The result is
<o

I (x) * 2 /B(0) (I • cos 2irxO) do (II.D.2)
O

where B(o) is the power or spectral density of the radiation. Eq.(II.D.2) can

be rewritten as
I (x) - 2 /B(o)do + 2 /B(O) cos2irxa.da « I (x) • I(x) (II.D.3)

o o c

to show explicitly that the interferogram consists of a constant and an

x-dcpendent part. Both I(x) and I (x) arc called the interferogram in the

literatu

defined

literature. To obtain simpler relations the even spectrum B (a) is often

Be(a)

8 0 t l w t - •»
I(x) - 2 /B(O) COS2ÏÏXO da • ft (a) cos2irxo do (II.D.4)

0 -o» c

This is the basic relation in Fourier spectroscopy: the x-dependent part in

Eq. (II.D.3) is the Fourier cosine transform of the even power spectrum. The

spectrum is recovered from the interferograa from the inverse transform

cos2nxo dx (II.0.5)

The real or 'true' spectrum is twice the even spectrum for positive frequen-

cies» A sore general way to write these integrals can be obtained by realizing

that for an even function b(t) one has

Jb(t) cos2wzt dt - J /b(t)el2ir*t dt

Then Eq. (II.D.5) becomes

B to) -7iOO«"i2ilx0 dx (II.0.6)

II.D.2 Resolution and Apodization.

In general the interferogram is limited to a finite range of the path

difference x for which the interferograj* is measured, say -L < x < L.

Therefore the resolution is United.This can be expressed in two ways,

a) The lowest frequency in the spectrum that has to be retrieved from the

interferogram has to have at least one full period over the full inter-

ferogram from -L < x < L. This means that the frequency o. of the first

component that can bedistinguished from zero frequency has to fulfill
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the relation 2o L • I • a. • «p

b) The resolution can be found by considering the Fourier transform of the

finite interferogram of a monochromatic line at frequency 0 .

Suppose B (a) - 6(0 - a ) . Then I(x)

•L
B(a) - fcos2iro x COS2TTOX dx 4 B„(o) •, o t

—I*

2 cos2?ro X. However:

- a )o (II.D.7)

The most elegant method to find B(o) uses the convolution of f(x) and g(x),

defined as ^

h(x) - f(x) • g(x) 5 ƒ f (y) p,(x -y) dy (II.D.8)
-oo

then U(0) - F(0).G(o) (II.D.9)

or F.T(f g) - F.T(f> * F.T(g) f (II.D.IO)

and F.T(f • K) - F.T(f) F.T(g) (II.D.I I)

Xiiis relation will be used to give more insight in Eq.(II.D.7). First define

the rectangular function

f>L(x) - I, -L < x < L

J, lx] - L (II.D.12)

0, |x| > L

Then Eq.(II.D.7) can be written

B(o) - JO, (x) cos2vo x cos2irox dx • F.T(D, (x) cos2iro x)
_ ' L O u O

• F.T(D (x))» F.T(COS2TOQX)

• F.T(0L(x)) • 6(0 - Oo) (II.D.I3)

2L SkgZiS. # 6(0 - 0ft)£aua 0

2L
21TL0

2L

For a real spectrum B (o) we find of course

B(o) - Bt(o) * 2L sinc(2La) (II.D.I4)

The sine function is shown in Fig.11.12. This function is called the scanning

function or the instrumental line shape function (ILS). The width of this

function is approximately «-. The limit of resolution may thus be taken to be

{0 « -FT, and is inversely proportional to the icaximutn optical path difference

attained in recording the interferogram. Because sinc(2Lo) has large and slowly

decaying sidclobes (Fig.II.12) it is often not considered a convenient ILS;

t : P.T(f) denotes the Fourier transform of the function f.
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Hgur» II. 12. Plot of aine x = ̂ — for x > 0 to ahcu tfte larga

aidtlobea. The fmotion ia symetric rowtd x = 0.

it can be modified by a process called apodization (from the Greek word irous

meaning foot, to apodization stands for no feet or sidelobes). This is

achieved by multiplying the interferogram by an apodizing function A(x),

defined for |x| < L, and A(x) - A(-x). A(x) then replaces DL(x), so the in-

strumental function ILS becomes some function A(o), the Fourier transform
— 18}

of A(x). This A(o) can be given a convenient shape by a suitable choice

of A(x). This procedure is. advantageous when the spectrum under study contains

lines with a width less than the resolution limit 6a. If, on the other hand

the ILS is very narrow compared to the lines in the spectrum, these will be

reproduced without appreciable distortion in both the apodized and unapodized

case. Since apodizing was not used for the spectra that are described in this

thesis, we will not discuss this subject further. As a last remark we note

that apodizing increases the resolution limit ' óo and has to be appliedvery carefully in case of phase errors2)
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II.D.3. Phase Errors and Phase Correction. t%\

2 /B(o) COS2TT0;C do it is assumed that all
o

0. In a real instrument (or experiment),

In the basic relation I(x)

cosine components have zero phase at x

frequency dependent phase shifts can occur, due to dispersion in the bean

splitter or to inaccurate determination of the point of zero path length

difference. In that case we have
+0»

I*(x) - 2 J»(o) cos{2nox + *(o)} do (II.D.I5)
o

The interferogram is no longer symmetric around x • 0 and its Fourier trans-

form is not the desired spectrum B(o)

B (O) - /l*(x) COS2TOX dx * ll(o) (II.D.I6)

A special case of phase error occurs when the point of zero path difference

lias not been correctly determined, so that instead of I(x) the recorded

interferogram is
oo oo

I*(x) - I(x + 3) - 2 / B ( 0 ) cos{2iro(x «• S)> do - 2 /B(a) cos(2TOX+2TO6)do
o o

(II.0.17)
This clearly corresponds to a linear phase error: <p(a) « 2iro6.

If I (x) was known as a continuous function of all x (-L < x < + L) this error

could simply be corrected by replacing Ia(x) by I*(x -3) " I(x). The value of

0 is found from the fact that I*(x) has its maximum at x - 0 • 0. However,

in all practical cases the interferogram is sampled at discrete points

(next section) and I*(x - 6) i« in general not a recorded point. It is still

possible to recover th* phase error of the interferogram, as will be shown

presently. First we will show how serious the effect of an (undetected) phase

error can be on the calculated spectral line shape. We closely follow an

example given by Bell , where the effect on the computed spectrum due to an

error in the location of the origin is studied, when a single-sided interfero-

gram is used.

Assume a source i» emitting radiation with a Lorentzian line shape

Ae
(o -

(II.D.18)

where o is the peak frequency, A/c the peak intensity, and 2e is the full

width at half maximum (FUHM). The true symmetric interferogram for this
2 19)Lorentzian profile ' is given by

C0S2TO.X (II.D.I9)
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The interferogram I (x) is a damped cosine, in contrast to the (undamped)

cosine for a monochromatic source. Now suppose that this correct interfero&rara

IL(x) is transformed back to obtain the spectrum, but in the transformation

an incorrect origin is used. Then one would compute a spectrum B5(O) given by
°°B £ ( O ) - 4itA ƒ e

 EXnl

with

assumed path difference.
DP

B£(O) - 4irA e 2 n e 8 Je"2irext

t**'

x - x • 6, the displacement of the origin, x is the true, x the
t in t m

xt - 6) t t

On using trigonometric identities Eq.(II.D.21) can be broken up into a sum of

simple integrals, and integrating gives

e^eiJ{cos2TOoB + ° e sin2naoB> (II.D.22)

where &L(.a) is the Lorentzian line shape as given in Eq.(II.0.18).

Figure II.IS.

Appearance of a Lorentzian line
when en error has been made in
the location of the oriqin;

curve A, Bo = 0; curve B, Bo = 4.'
O t. OS

and curve C. Bo = 4.o 4

In Fig.II.13 the computed spectrum for various values of go is plotted. One

should consider that for any experiment the wave number a is less than the
o

maximum wave number o in the spectrum. The interferogram is usually
- = ~ — (next section).This means that 0< |* < —— or——recorded in steps Ax

I «MX . i IMJt

Bo j M X < ̂  , and Boo will surely be smaller than j , so that go • -s is a

magnitude that can be encountered in experiments. With these errors in locating

the origin of the interferogram, one can grossly distort the computed spectrum.

The wavenumber of the peak intensity is shifted, the width is increased, and



-41-

the spectrum can have negative values. The phase error in missing the origin,

or other phase errors, due to misalignment, cannot be ignored. We present ways

to overcome various phase errors. We can take two-sided interferograms and

eliminate the phase error from the computed spectrum; or we can measure the phase

error and correct the computed spectrum or the asymmetric interferogram.

A) Two-sided Interferograms.

In this section we will show that if a two-sided interferogram is used in

computing any spectrum, the origin does not have to be located. It is only

necessary to have the origin near the center of the reccrded interferogram for

scans from -L to +L.

The spectrum for a two-sided interferogram is given by
•foo .

B(o) - Jl(x) e"27riOx da (II.D.23)
—CO

If one missed the origin by a distance B» then the computed spectrum will be

BC«J)- ƒ!*(*) e"
2fflOx da (II.D.24)

where I (x) - I(x + g).

Since I (x) is no longer a symmetric function, the computed spectrum B (a)

will have real and imaginary complex components

where

and

i' (a)

B(a)

-arctan

B B(0) e + i* ( a ) (II.D.25)

(II.D.26)

(II.D.27)
C C

We can find the actual spectrum B(a) from the square root of the cum of the

squares of the real and imaginary parts of the spectrum B (a) computed from

the asymmetric interferogram, and the results are independent of @. To obtain

the spectrum B(o) it is necessary to measure I(x) for both positive and

negative x, and to compute both its sine and cosine transforms. There are a

few drawbacks to this procedure:

(i) It takes about twice as long to measure a two-sided interferogram.

(ii) It requires a larger computer memory.

(iii) The mechanical mirror movement is twice as long.

(iv) The process of obtaining the absolute value by the square root of the

sum of two squares is nonlinear, and changes the signal-to-noise ratio,
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?*
as the noise in the interferogram then always makes a positieve

contribution to the spectrum .

The advantage is that one doesn't need to bother about the phase errors,

and can do the transformation of the two-sided interferogram right away.

B) One-sided Interferograms.

When one determines the instrumental phase error, the correction procedure

is elegant and removes all disadvantages of the double sided interferogram.

In this section we will discuss how one can use one-sided interferograms and

correct the spectrum for the phase error in general situations. We will re-

strict ourselves to the so called convolution method, the correction of the

interferogram prior to the Fourier transformation. As the convolution method
20)

21)
is to be preferred over the multiplicative method ,

used in the present work and will be described.

Let us recall the asymmetric interferogram formula
00

I(x) - 2 JTB(CJ) COS{2TTOX + i|/(cr)} da

which may be written as

this method has been

(II.D.28)

dx (II.D.29)
-co

Since I(x) is real, fl(a) • B(-a) and tfii,a) » -<)(-a).

We assume that the phase error i(i(a) is a slowly varying function of a,

so sin>p(a) and cosi^(a) do not vary rapidly. The phase can therefore be

derived from an interferogram that covers only a small path length difference

(mirror displacement). As the central portion of the interferopram has a good

signal-to noise ratio, the phase introduces little extra noise.

We define f(o) • <
+00

F(x) - V.T (f(o)} - ƒ f (a) e
Z i r i a x da

Using the equations B (a) - B(a) e"1***" - B(a) f(a)

I C ( X ) - 7 B C ( O ) e"
27riax da - 7 B ( O ) Ha) e~2iriox da

100 /B(o) e"2iriax da

we find with the convolution theorem

I(x) - Ic(x) # F(x)

The symmetric interferogram is the convolution of the measured, asymmetric

interferogram and a phase function F(x), which is the Fourier transform

of e1^ . The real spectrum B(a) can be computed as a one-sided cosine

transform of the symmetrical interferogram.

(II

(II

(II

(II

.D.

.D.

.D.

.D.

.30)

31)

32)

33)

•i

•3
j
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II.D.4. Sampling of the Interferogram.

As the Fourier transform is to be calculated with a digital computer,

the interferogram has to be sampled at discrete points. This does not affect

the spectrum obtained, provided that the sampling interval is properly chosen.

The sampled interferogram Ig(x) can be related mathematically to the

continuous interferogram I(x) by the shah function which is defined as

S(x)
n"-°°

<S(x - n)

where the n are integers. Useful relations are

S(ax)

22)
S(x + m)

(II.D.34)

S(x) and
i—r S(x - •-) and also
a a

F.T {S(ax)} - i S(f)

Realizing that the interferogram is sampled at equidistant points

x » 0, Ax, 2Ax, 3Ax, , we write

Is(x) S( -5- ) I(x)

(II.D.34)

(II.D.36)

The spectrum is found from Ic(x) via the convrlution theorem (Eqs.II.D.8-II.D.11).

B(a) - F.T {I(x)> and AxS(aAx) - F.T {S( j - )} therefore

F.T (Is(x)} - F.T {I(x)} • F.T (S( fj )}

# S( ^ 1with Aa» T—
Ax

(II.D.37)

(II.D.38)

In Fig.II.14 we show the effect of the shah function in multiplication and

convolution.

Multipli-
cation Sampling

.1 ll.
ConvolutionVL

Figure 11.14 The effect of the Shah-function in multiplication

and convolution.
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/\l/W\!\ ! . / \

II. IS Illustrating the replication of the apectrm
arising fvom the sampling of the interferoyram* The last line is
used to show that the sampling interval in the interferogram
must be kx =

It is clear from Fig.II.15 that in order to avoid overlap we must assure that

ha > 2o which makes Ax < M'lo • This is a basic sampling theorem i.e.
• max » max '

that we must sample at a rate equal to the reciprocal of twice the highest

frequency present in the record in order to avoid overlapping (often called

aliasing - see iiell for a nice example). A practical consequence is that the

spectrum must have a maximum frequency ahove which the power is zero. This is

achieved by using low pass cut off filters. To save measuring time we always use

Ax - l/2a
max

Having assured that it is possible to derive the true spectrum from a sampled

interferogram it will be sufficient to write the basic equations in sums

instead of using integrals. The form suitable for numerical calculation from a

two-sided interferogram, sampled at equidistant points is
N/2-1

B(o) - t KjAx) exp(-2iriajAx) (II.D.39)
j—N/2

where i»/-l, and we recall that AxN/2 » L, the maximum optical path length dif-
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ference. Remember that the signal reaching the detector has a large average

value. This average value has to be subtracted before computing the transform,

in which only the oscillating part I(jAx) of the signal is used. The average

value will only give a large zero frequency component in the calculated spectrum.

Normally we have a set of wave numbers, say {a,} , for which we wish to calcu-

late {B(a,)} from Eq.(II.D.39). In real time analysis one can follow the buil-

ding up of the spectrum during the run. This is done by taking individual val-

ues I(jAx) and calculating its contribution I(jAx) exp(-2iria. jAx) to each of

the B(a,). This is a fairly new approach and not used in our work.

In the conventional method, used in the present calculations, the Fourier

transformations are done off-line, by holding 0, fixed and computing the sum as

given in Eq.(II.D.39) for each a. . ( Note: The fast Fourier transform -FFT-

algorithm complicates this simple picture, but the essential characteristic

does not change.)

For a one-sided interferogram ( double sided will not be discussed again

here, since it was never used in the present measurements ) we assume I(jAx)

to be cymmetric, or to be symmetrized by the procedure given in the previous

section ( the convolution method ), and then the cosine transform is used for

N/2 points
N/2-1

B(a) - Z I(jAx) cos(2TOjAx) (II.D.40)
j-o

Equation (II.D.39) or (II.I).40) enable us to determine the spectrum at any

frequency o. Due to the restricted resolution a limited number of frequencies

a. is sufficient to determine the spectrum. This number is fixed by the sam-

pling theorem: the spectrum calculated from the truncated (finite) interfero-

gram is fully determined by points spaced at 6a « -j as L is the 'bandwidth'

of its Fourier transform. In other words the spectrum may be divided into

spectral elements of width 6a, each being specified by one B(o) value.

In a spectrum extending from 0 to

2(N/2)Axa

there are N„ •=•°max/6a 2LO

max
N<1/2ömax)Omax

max B " m a x " max
N/2 independent spectral elements. This rela-

tion gives a law of conservation of information. When the interferogram has

N/2 independent points, its Fourier 'transform also has N/2 independent points.

The two-sided interferogram with N points really has N/2 superfluous points

of information. In the previous equations a simplification is now possible.

We can replace o by k6o (k - 0,1, ...N/2) and f,a Ax -(a /(N/2)) l/Za « 1/N.
max max

8*-V
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reducing Eq.(II.D.40) to
S/2-1

B(kóa) - £ I(jAx) cos2W^ k - 0, N/2 (II.U.41)

^m 23}

Before the application of the FFT-technique developed by Cooley and Tukey
in 1965 the calculation of Eq.(II.U.41) required large amounts of computer-

2)time . The number of multiplications, calculation of cosines etc. is pro-
2

portional to N ; the FFT-technique reduces the number to NlogN. This technique

however needs a relatively large amount of computer memory to take advantage

of its speed, and it has a limited flexibility since it calculates the full

spectrum at fixed spacings 6a, where it is hardly possible to select a certain

band in frequency, the number of sampled points wist be 2 n. If the full

spectrum is needed, the technique is preferable due to its speed and is also

used in the present work. The algorithm has been sufficiently described in
2 22)

the literature ' and will not be presented here. In Appendix A flow charts

of our programs are given.
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CIIAPTER III

Theory of Infrared Absorption.

In this chapter we consider the theory of absorption of far infrared electro-

magnetic radiation by solid hydrogen . 'In the present experiments we rceasure

the transmission T(o) - S(o)/S (o) - e"
a^a' , where S (a) is the power at

frequency O • v/c incident on a sample of thickness d and absorption coeffi-

cient a. For a powder sample, the absorption -«efficient is related to the

microscopic properties or the solid by

o(a> - (2ir)3/(3hcV)Z |<f|5|o >|2 o 6(0 •

where P is the dipole moment, V the volume of the crystal, <0| and <f| are

- of) (III.I)

and O, respectively.the initial and final crystal states with energies o

We consider only the low temperature limit so that the initial state is

the ground state and the probability that it is initially occupied is unity.

Although by symmetry neither ortho nor para molecules have a dipole moment,

the electric fields due to the electric quadrupole (EQ) moments of the J - 1

molecules interact with the polarizabilities of the surrounding molecules to

induce the crystal dipole moment P. The induced dipoles arise primarily through

the interaction with the isotropic part of the polarizability. Additional con-

tributions arise from the interaction with the anisotropic part of the pola-

rizability of the J - 1 molecules.

An earlier treatment by Schnepp of infrared absorption in molecular
4)crystals by the EQ induced mechanism was later adapted for hydrogen , in the

approximation that the molecules were rigidly constrained to their orientatio-

nal ground state. In this work, we generalize the treatment of Schnepp to allow

for the possibility that the final state may involve one or more of the low-

lying oricntational excitations(librons). We find that there is a significant

absorption due to the creation of a phonon together with a libron and that

there arc also weak two-libron no-phonon ami two-libron one-phonon processes.

To check our work, we have calculated the one-phonon, no-libron absorption

coefficient which we compare to Schnepp's result. We also calculate the effect

of the large zero-point motion of the molecules and changes in the lattice

parameter on the infrared absorption.
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III.A. The Dipole Moment Operator.

A convenient expression for the quadrupole induced dipole moment has been
given recently by Karris, iterlinsky and Hardy who write

£ £ C(123;«,v) ( - l )m Y7V (B.)

S C(ll2;m,n) Y5+n(fij)Y^+v * 4

(III.2b)
where the prime on the lattice sum means that i i> j,SJ. and ft., define the

orientation of molecule i and the vector joining i to j with respect to axes

fixed in the crystal; R.. is the distance between molecules i and j, C(abc;m,n)

and Y, are respectively Clensch-Gordan coefficients and spherical harmonics,

both in the notation of Rose . eQ is the electric quadrupole moment of a

hydrogen molecule, a is the isotropic polarizability and < the anisotropy of

the polarizability, defined by 3tca - a. - a,. Values of the various constants

used in this paper for solid H_ and 0, are given in Table I. The superscript

m • 0, +1 labels a vector component in a spherical representation. We will

refer to P and P respectively as the scalar and tensor parts of the dipole

moment vector.

Table I. Valuta of aonotmto for R„ end 0o at aero pressure and concentration x=l.

Symbol

B

Ro

Q

ro

r

<
K

O

ói

K

Units

cm"1

X
ea

cm"1

cm"1

%

H2

59.34

3.762

0.48S3

0.683

0.58

50.2

0.24

2.959

0.805

0.128

"2

29.91

3.587

0.4770

0.821

0.72

76.94

0.22

2.959

0.749

0.128

Equation

15

4

2a

36

36

30

31

31

2a

2b

Kef.

17

18

19

20

10,11,12

13

13

21

21
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Equations (III.2) may be combined in a straightforward way to yield a for-

raila for the total dipole moment P • ? +
1 * *•

and K » - (2/5)J then the total dipole moment is

If we define K « 1, K. - 0,o I

C(I23;n,v) (III.3)

III.B. The One-Phonon, So-Libron Process.

We begin by deriving an expression for the transition dipole moment of the

one-phonon, no-libron process in the absence of anisotropy of the polariza-

bility (*« 0). The results for the absorption coefficient are essentially

equivalent to those of Schnepp , appropriately modified for the case of

ordered J - 1 molecules. If the small effect of the EQQ interaction upon

the phonon dynamical matrix is ignored, then Schnepp has shown that the aniso-

tropy of the polarizability does not effect the dipole moment of the T C mode.

Thus the result which we obtain for the T phonons represents the total ab-

sorption for the T C process and part of that for the T process. The contribu-

tion of P to the T absorption coefficient will be given below.

The vector R.. in Eq.(III.3) may be written as ft.. - U?. + u.., where

<R..> - R?. and |K?.| - R is the average nearest neighbor separation. Then

F can be expanded as a power series in u.. and the first non-vanishing term is

* i

Tile operators

xj v,p J

J 'P (II1.4)
(ft ) may bo transformed to sublattice coordinate systems and

7)then expanded in libron operators . Since we are only interested in the no-

libron i>rocess here, we keep only the constant term which we write .~«

- 2/5 O xi (III.5)

where Q specifies the direction of the z-axis of sublattice a on which molecule

i is located, x. is zero if i is a J • 0 molecule and one if it is a J • 1

molecule, and o is the order parameter defined as

a - [(5TT) 1/(NX)] E (III.6)

where u. is measured with respect to the sublattice coordinate system and the

average is over the orientational states of the crystal.
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The snail displacement u.. nay be written in terms of phonon operators as

«?. - CO-I & < (K)eiK l + h.c.

(111.7)

where e (Ï) is the polarisation vector for the a* suMattice for a phonon

of wave vector it and node index T and u* is the phonon frequency. Substitu-

ting Eqs.(111.6) and (III.7) into (III.4) we find that the sum over i can be

decomposed into a sum over unit cells i(a) and a sum over sublattices a.

The sun over unit cells involves only

(111.8)x.e

and Eq.(III.A) nay be written as

- -[42/5(21 IT)*]*] S C(123;n,v) C(134;p,io+v)
(III.9)

where (a, 3) is summed over values for which a < 8 and the coefficients

arc defined by

M

SM Ps)1 I (5J..)
1J

(III.10)

Values of S' , with the sun over j(3) restricted to nearest neighbors of i, are

given in Table II. For comparison, values of the sun for all neighbors are also

given in parentheses, and the effect of further neighbors is seen to be quite

small.

Table II. The aoaffioiento S as defined'in Eq.(III.lO).

(a. P.). "oft

(1,2)

(1.3)

(1,4)

(2,3)

(2,4)

(3.4)

a.
b.

3/2*

-13/8

-13/8

-13/8

-13/8

3/2

(1.436)"

(-1.658)

(-1.658)

(-1.658)

(-1.658)

(1.436)

Xsarest naitfiboro onlj.
All neighbors

0 a

-(125/32)*

(125/32)*

(125/32)*

-(125/32)*

0

(-1

(1

(1

(-1

(0)b

.957)

.957)

.957)

.957)

(0)

s*4S

-(35/8)**

(35/128)

(35/128)

(35/128)

(35/128)

-(35/8)*

(-2.1 oor

(0.489)

(0.489)

(0.489)

(0.489)

(-2.100)
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8)
eUsing the polarisation vectors tTT given by Walmsley and Pople and values

M ^ t
of S . from Table II, we find that the total transition iroments for the T

up - u
nodes and the scalar contribution to tlie T nodes are of the form

P,(T> - 1',<T) iT[a* (0) + aT(0)]

where i is a unit vector and

P (T) - (!04ae(>ax/5R4) < N K / 2 M R V . )

S O O T

(III. I la)

(III.lib)

)*We see that J> (T) depends on T only through the factor (u ) J so that the fac-
- S T

tor «i 1' (T) , which appears in the expression for the absorption coefficient,

is independent of T. If Eq.(III.lib) is substituted into F.q.(III.l). the

coefficient of the 6-function is
T /1*t\ (n/Mc2) (52aeQ/5R^)2 x2o2 (N/V) cm'2 (III.12)

which is exactly 4/25 of Schnepp's result (for classically oriented molecules

whan 0 - x • I), the reduction factor for the square of the EQ moment when it

arises from a charge distribution described by the Y™ spherical harnonics,

rather than from a classical dumbbell charge distribution. (See E<;.111.5)

III.C. A SUM Rule for Infrared Absorption.

We will now use Eq.CIII.l) and Eq.(III.3) for the dipole moment to derive

a sun rule for the total integrated absorption coefficient I,

I - /a(o)do (2*)3/(3hcV) Z\ < f|?|0 (of -

- |(2ïï)3/3(hc)2v| < 0| |P*,K|. P|0

where 11 is the total Haiti ltonian

H — — i?«

(III.13a)

(111.13b)

(III.14)

Here k is suswed over all molecules and m lables a spherical component. Since

the isotropic intermolecular potential $ contains no differential operators

and does not depend on the orientation of the molecules, its commutator with

? vanishes.

The cosMutator which involves the translational kinetic energy can be

evaluated by differentiating by parts and using the fact that functions of the

type Y./R such as occur in Eq.(111.3) are solutions of Laplace's equation.

After SOBW algebra we obtain
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(v»pn)]o>

" ̂ - 0 n < 0 | [BJ(J+l)+HEQQ,P"
n]pn | (III.15)

If we restrict our attention to transitions within the J • 0 and J « I

manifolds of states, then the rotational kinetic energy tern can be dropped.

The term involving Hcnn is substantially smaller than the first term inhip}

E<|.(III.15) because the libron frequencies are much smaller than an optical

phonon frequency. Hence we only evaluate the first term in E<|.{III.I5).

To do this we need vj_' Pm , where k refers to the coordinate of the k-th

molecule, and the gradient operates only on the functions Y. (&..)/&•• in

Eq.(III.3) which depend on the relative positions of molecules j and k. Using

C(314;n+v,-p) n + v "M
(III. 16)

we obtain

V. P m

k
(-1)"

jL.nv.
(-1)" K.

C(llL;m,n) C(123;n,v) C(31A;n+v,-ji)
(III.17)

U-,1* .

When this is substituted into the first tern in Eq.(IH.I5), we find
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I - 224[(2«)6 /3(hcrv] (5eQ)'i(KZ/2M) X Z t Z
i»j>k )j,ro L,n,v Ljnjv'

K K , C(IIL;m,n) C(l IL^m n1) C(123;n,v) C(123;n'v')

C<314;n+v,-„) C(3T4;n'+v',V)
1 '*Mï '—ti

(III.18)

a W R .
 5

 H.
 5 >

Ir 1 K 1 IC 1 t\

where the prime on the first sum means that i i> k and j j* k, the average <..>

ia over tin» vibratioml ground state of the crystal and <0|....|0> is an average

over tiie oricntational ground state.

The main difficulty in evaluating this expression is in keeping track of

the various orientational matrix elements. This problem is most easily handled

by writing the terms in square brackets in Eq.(III.IÖ) in terms of libron ope-

rators. However, first it is necessary to transform the orientation dependent

operators to sublattice coordinate systems. Following Coll and liar*is we

write

where we adopt the convention that molecules i,j and k are on sublattices a,3

and Y respectively, D * is a rotation matrix , Y are Iiuler angles defining

the coordinate system of sublattice a, the O.(L), L - 0,2 are operators rela-

ted to the orientational coordinates of the molecule in its equilibrium coor-
(LJ (4n)~*dinate system and the required values of A.(.LJ are AJ[0

to\ I MO
and A2T " (3/201T)1.

The operators 0'. (L) may be written in terms of libron operators C. ., ,
J J »•"'

which create a localized M • + 1 libron on site j, as

-(9/20n)*,*

(III.20)

In the remainder of this section we consider the pure system for which

x • x. • 1. Then we can write
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-(20/3}

- A ! 2 ) A J L )

>2 D<2> ( X y)

(III.21}

Using Eq.(III.21) to evaluate the matrix elements in Eq.(III.18), we find

types of contribution to I:

(a) No-libron terms, involving only the constant part of Eq.(III.21)>

Here there is no further restriction on the values of i and j.

(b) One-libron terms vith the libron created on site j which means that i

must equal j in order to have a matrix element back to the ground state.

(c) One-libron terms with librons on sites i • j and k. Then the sums over

i and j are again uncorrelated.

(d) Two libron terms with librcns on site i » j and k.

Thus we write

I • I + I. + I + I. (III.22)

a b c a

corresponding to these four kinds of processes. Further details of the calcu-

lation of each of these contributions are described in Appendix B, where

expressions for I , etc. are obtained in terms of geometrical factors and

ground state averages of lattice sums. In the rigid lattice approximation,
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the lattice sums are straight-forward and numerical results for this case are

given in the first two columns of Table III, where the unit of integrated ab-

sorption I(TC) is that of the TC plionon in the rigid lattice, neglecting the

anisotropy of the polarizability K. For < f 0 the rigid lattice result for

the no-libron process is

(III.23)
la I ( Tu )

This rigid lattice value represents the integrated intensity of the T and T

one-phonon, no-libron processes. To see this, we expand the dipole moment to

first order in the small displacement operators u. which are proportional to

one-phonon creation operators.

Pm « (Pm) + Z Z uV(vV) (III.24)
O I 1 O

1 ]i

where (•••) refers to a quantity evaluated in the rigid lattice. The gra-

dient of P is given by

vV" - z z v" uV (vVp
m)

k .• k i l o

(III.25)

since the gradient operates only on u.. Inserting Eq.(III.25) into the first

term in Eq.(III.15) leads to the desired result.

In Eq.(III.12) we showed that the integrated T intensity is equal to the

value that I in Eq.(III.23) would have if the square bracket were replaced

by a factor of 1. By inference the integrated T intensity is obtained by re-

placing the square bracket by a factor (1 + 10K/13) . This is the quantum

mechanical analogue of Schnepp's result of (1 + 25</13) .

III.D. Ground State Vibrational Averages.

The large zero-point motion of H, molecules in the soli» eads to important

«normalizations of the EQ induced absorption» This renormalization is mani-

fested in the difference between the evaluation of lattice sums such as

Z Y'(S'2.)/R. as a ground state average or as evaluated at the rigid lattice

values of R. and Q.. The specific form of the lattice sums that occur in
l l r

the sun rule is given by 'the functions

I

(a,3;Y) 9) Z Z C(44J;N,M - N)
i,j N

) Y1, ' ($2.. ) / RT, RT,
4 ik ik ik

(III.26)

where the prime on the sumnation means i t k and j / k, and
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Z C(44J;N,M - N)
N

d ) (ni.27)

wliich are discussed in detail in Appendix B.

In the calculations which follow, it is useful to distinguish between

averages which involve two and three molecule integrations, thus we define

x C(44J;K,M-N) Jk^ik1^111-28*
where the double prime in E>j. (III.26) means that i |< k, j !> k, and i ** j -

Then one can write

M f1 "I

f*,(«>B;Y) * FJ(«»P;Y) + 6 3 GJ(8;Y) (IH.29)

All lattice sums were restricted to nearest neighbors of molecule k. In

the rigid lattice approximation, the inclusion of further neighbors terms was

found to be unimportant for I . Since further neighbors terms are not signifi-

cantly renormalized by zero-point motion, it seemed reasonable to ignore them

completely. The renormalization of a function corresponds to evaluating the

many body integral <O|¥|o> where J0> represents the phonon ground state. If

Y depends only on two particle coordinate then such an integral can be reduced

to /c,(r.,) ¥ (r. ) dr. where C.(r. ) is the pair distribution function.

The renormalization involving two molecules was performed with the following

pair distribution function

C2(?.k) (2*A)~ 3 / 2 f2(rik) exp { -A/2 Ij (III.30)

where R.. is the equilibrium value of r...

The Jastrow function f, constrains the motion of the molecules to avoid each

other's hard core
9)

f2(r) exp

and is taken in the fora

-2K |(f)12 - (f)6|) (111.31)

where 0 is the Lennard-Jones hard core radius. The values used for A, K and o

are given in table I.

The values of A were obtained from neutron scattering data * ' for
2 2

<u > using A « 3/(2<u >). Since the probability distribution is nearly spheri-

cal"' we have taken A to be isotropic. If short-range correlations are neglec-
2

ted by taking f • 1, the molecules can move much closer together, and this

results in a much larger renormalization. To show this we present results for

renormalization, both with and without Jastrow functions in Table IV and V.
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f*'

Renormalization

Factor

<g°>/g°(RL)*

<g2>/g2<RL>

<g°>/g°(RL)

With

H2

2.00

1.86

1.57

Jas.b

D2

1.61

1.54

1.39

No Jas.C

H2

3.37

3.07

2.48

2

1

1

D2 ;

.00

.91

.71

a. Rit = Rigid Lattice

b. Averages with Jastrow functions as given in Eq.(III.31)

c. Averages with f = 1 in Eq.(III. 30)

For a more extended discussion on renormalization see Ref.5. The two molecule

functions G.((5;Y) may also be written as

' I C(44J;00) A n . . )/R!° (III.32a)

5 gJ ( j )

j
(III.32b)

In a coordinate system with its z-axis along <R". > , gj(J) ̂  6M n because

the motion is, at least approximately, axially symmetric about the pair axis.

Thus it is only necessary to evaluate a single renormalization integral for

each value of J, and these are given in Table IV.

The renormalization involving three molecules was performed with the

following three molecule distribution function

(III.33)

where R.. and R.. are the equilibrium values of r.. and r.^.

The sum over i and j in Eq.(III,28) can be rewritten as a sum over pairs (itj),

which correspond to a particular shape of the triangle (i,j,k), and a sum over

differently shaped triangles. That is we can write

(ct,B;Y)
where

Z Z
t P

(III.34)

If
I
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-:-ncrr;cilCz3bio>: of the funaUanJ f', defi*:-:' '.r. ("'.'?) ai,' CTl.'-i)

J

0

?

A

A

0

2

4

<

0

2

4

*

0

2

A

A

N

0

0

0

A

0

0

0

A

0

0

0

4

0

0

0

A

t"

(7)*rh./Ro

(2)Jr./uo

1

(1 . 0, 1)

(0, 1, 1)

2

(1 , 1, 0)

( -1 , 1, 0)

3

(1 , 0, 1)

(0, 1, -1)

4

(1 , 1, 0)

(-1 , - 1 , 0)

Rigid

Lattice

-.096

.030

.197

-.170

. 125

.285

. 304

-.035

-.096

.030

.197

-.170

.333

.190

.151

-.210

Uilli J:iiUri.ub

1?2

- .068

.035

.I6f>

-.US

.090

.226

.24 2

-.C?9

-.OBI

.017

. 157

- .111

.197

.115

.097

- .136

D2

-.079

.033

. I 7 Ï S

- .182

.113

.257

.275

- .03?

- .092

.022

. 179

- .134

.?.4/.

.J4i

.117

-.104

No Jasi.ro-,.

"?.

-.064

.042

.184

•-.?23

.11?

. 259

.279

-.034

-.098

.019

.184

. . . »

.223

.132

. n i

-.ISA

D2

-AW)

-f5 37

. 192

- . 2 0 3

.119

.272

.?92

-.034

-.099

.072

.190

-.140

.?:.3

.147

.122

-.170

, ,'nsd in Kq. (TIT. .'-'•). ij'-.tes the shape of the tr'annle. v. and r. dztev-

mins the. orientation of the triangle in tne crjstal frai>u. .-lot*aula < is loca-

ted at the ofi'jin.

ii) Avuragaa dith JastroJ functions ao aiven in En. (111.311.
a) Avorajeii uith /' = 1 in £/. (111.33).
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t- l « * i k > o - < v g
 / R o (III-35>

has values 1,2,3 and 4 and different values of p correspond to different ways

that a triangle of a given shape can be placed in the lattice, holding the
M

position of molecule k fixed» Since the fT transform like spherical tensors

under rotations, the sum over p can be done with rotation matrices, and thus

the «normalization integrals need only be performed for one particular value

of p for each value of t. This is shown more explicitly in Appendix C. There

we also discuss the computer programs, that were used to calculate the inte-

grals and the sum rule. Results for the «normalized values of f,(p,t) are

given in Table V, both with and without Jastrow functions, for H. and D. for

the values of J and N which are required to evaluate the integrated absorption

when the anisotropy < is zero. Many more functions are required when ie j* 0.

However, since the effect of anisotropy on the integrated absorption is small

we have not calculated all of the «normalizations explicitly, but have esti-

mated the effect on the total absorption from the «normalization for tc » 0

as is discussed below.

The effect of zero-point motion on the integrated absoption coefficients

is shown in the last eight columns of Table III where results are presented

for H- and D., for «normalizations with and without Jastrow functions and

for < - 0 and K - 0.128. Renormalized values of I , I, and I for < - 0.128

are obtained by multiplying the rigid lattice value by the ratio of «norma-

lized to rigid lattice values for K • 0. No attempt was made to «normalize

the two-libron term I, which is, in any case, quite small. Both the no-libronand one-libron absorptions are enhanced by zero-point motion, the former by

30-505! and the latter by about a factor of two. The main contribution to this

enhancement comes from the two molecule functions GT(£,Y) as can be seen from

the results in Tables IV and V.

III.E. Density Dependence of the Integrated Absorption.

Up until now we have been considering the zero-pressure solid. It is inte-

resting and illuminating to study the effect of a density change. This can be

directly inferred from Eq.(III.12) (for the transverse phonon line) or fro»

Eq.(III.18) for every term in the sum rule. The explicit density dependence of
13/3the absorption is (p/p ) , and due to this the absorption increases almost

an order of magnitude with an easily accessible pressure of S kbar. However,

we cannot use this relation directly. We have seen in the former section



-62-

that the zero-point motion of the molecules has a considerable effect on the

dipole aowent. At higher densities the zero-point notion of Che molecules will

become more and more restricted, resulting in a less drastic «normalization.

The average mean square deviation, <u*> , of the molecules from their equili-

brium positions has been calculated by Goldman for H, and D. at several

molar volumes, and is given in Table VI and VII, column 4. These values can

be used to calculate the with A of the gaussian pair distribution function

(Eq.(III.3O)) by the relation A - 3/2<u2> . In Table VI and VII, and also

later, we not only give the calculated values that have been used to study

the density dependence, but also the zero-pressure results that were obtained
2

with values of <u > from neutron scattering (see former section). Now exactly
the same calculations for the «normalization* (motional averages) of the

two-body terms gjj (Eq.(III.32b)) and the three-body terms f" (Eq.(III.34)) can

be performed. The results are given in Table VI and VIII for D,, and in Tables

VII and IX for H_, where we again compare with the formerly acquired zero-

pressure results.

Fair distribution functions using the Jastrow formalism only exist for zero-

pressure in H. and D_. As a result we could only use uncorrelatcd gaussian

pair distribution functions. We emphasize that this is not correct but serves

to display the effect of the motion and the trends with increasing density;

the renormalization factors would be smaller when short-range correlations

are included. To show the density dependence of the renormalization we have

plotted in Fig III.l the renormalization factors of the two-body terms <g°>,

<g°> and <g?> in D,. It is clear that the rigid lattice result (indicated

with a square in Fig.III.1) is not realized even at a molar volume of 10 cc,

when no short-range correlations are included.



- 6 3 -

Table VI. Renormalization factors in deuterium of the two-body functions
g. in Eq.(III.32) for several densities, with valves of <u > as calculated
by Goldman*3).

Volume R p/p <u > AR

(cc/mole) (X) 8 > L )

20
18
17
16
14
12
10

3.60
3.483

3.418

3.349
3.204
3.043
2.864

1.0

I.Ill

1.176

1.25

1.429
1.667
2.000

0.2692

0.2230

0.2008

0.1800

0.1429

0.1103

0.0831

72.2
81.6
87.3

93.5
107.8
125.9
148.1

1.78
1.65
1.59
1.53
1.44
1.36
1.29

2.01
1.82
1.74
1.67
1.55
1.44
1.36

1.91

2.11
1.91
1.81
1.73
1.60
1.48
1.39

2.0019.55 3.581 1.0 0.2500 76.94 1.71

a) Last row gives the result from Section III.D, with <u"> derived from
neutron scattering data.

2.0

i

F
A

C
l

ri
O

N
I0

R
M

A
L

IS
A

1

UJ
at

RL
1 1 1 1 1 1 1 1 1 1 1

10 15 20
MOLAR VOLUME (cc)

Figure III. 1. The renormalisation factors of the two-body term as a function
of molar volume in D„. The square indicates the non-renormalized or rigid
lattice result.
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Table VII: Renormalization factors in hydrogen of the two-body functions g,
' 2

in Eq. (III. 32} for several densities, with values of <u > as
calculated by Goldman.

Volume

(cc/mole)

22.73

22

21

20

19

18

17

16

14

12

10

R o
(X)
3.765
3.724

3.667
3.6079
3.5468
3.4834
3.4177

3.3493
3.2035
3.0430
2.8636

22.64a> 3.760

P/Po

1.000
1.033
1.082
1.137
1.196
1.263
1.337
1.421
1.624
1.894
2.273

1.000

(X2)
0.4404

0.4148

0.3820

0.3502

0.3201

0.2913

0.2642

0.2386

0.1918

0.1498

0.1140

0.4225

48.3

50.2

52.8

55.8

58.9

62.5

66.3

70.5

80.3

92.7

107.9

2.59

2.48

2.35

2.22

2.11

2.00

1.90

1.82

1.66

1.54

1.44

3.27

3.07

2.85

2.64

2.47

2.31

2.17

2.05

1.8S

1.68

1.55

g > L )

3.62

3.37

3.10

2.85

2.65

2.46

2.30

2.16

1.93

1.74

1.59

50.2 2.48 3.07 3.37

2
u >

2
a) Laat row gives the result from Section III.D, where <u > is derived from

neutron scattering experiments.



Table VII: Benovmalization in deuterium of the 3-body terms f', defined in Eqs. (III.28) and (III. 34), with
2 13)

values of <u > as calculated by Goldman .

J

0
2
4
4

0
2
4
4

0
2
4
4

0
2
4
4

N

0
0
0
4

0
0
0
4

0
0
0
4

0
0
0
4

V 2 / R
o

r./2/R
J o

/ 1 f% 1 \
(1,0,1)
(0,1,1)

2
/ 1 1 A\(1,1,0)
(1,1,0)

(1 ,0 ,1)
(o , i ,T)

»
4

/1 i n\(1 ,1 ,0)
(T.T.o)

<fj[>
AR2-72.2

- .078
.038
.192

- .206

.118

.271

.291
- .035

- .099
.022
.190

- .139

.249

.145

.121
- .168

< f j > C

AR2-76.94

- .080
.038
.193

-.204

.119

.273

.293
- .035

- .099
.022
.190

- .140

.254

.147

.122
- .170

< £ J >

AR2-8I.6o

-.081
.037
.193

- .202

.120

.274

.294
- .035

- .099
.023
.191

- .142

.257

.149

.123
-.172

AR2-87.3o

- .083
.037
.194

- .200

.120

.275

.295
- .035

- .099
.023
.192

-.144

.261

.152

.125
-.174

AR2-93.5o

-.084
.036
.194

- .198

.121

.276

.296
- .035

- .100
.024
.192

- .145

.265

.154

.126
-.176

<fj>

AR2-107.8o

- .086
.035
.195

-.194

.122

.278

.298
- .035

- .100
.024
.193

- .148

.273

.158

.129
-.180

<fj>

AR2-125.9o

- .088
.034
.196

-.191

.123

.280

.300
- .035

- .100
.025
.194

-.151

.281

.162

. 132
-.184

J

AR2-148.1o

-.090
.034
.196

-.187

.123

.281

.301
-.035

-.100
.026
.195

-.154

.288

.166

.135
- .188

fJ(RUb

- .096
.030
.197

- .170

.125

.285

.305
-.035

-.096
.030
.197

-.170

.333

.190

.151
-.210

i

a) See Table V.

b) RL indicates rigid lattice values of f\.
2

a) This column gives the result from Section III.4,where <u > derived from neutron scattering data Mas used.

Note: The values of AIT are given, and can be related with the density of deuterium by using Table VI.

<*.



Table IX: Renormalization in hydrogen of the 3-body terms fi, defined in Eqs. (III. 28) and (III. 24), with
o 2 3 )

values of <u > as oaloulated by Goldman

r./2/Ro

1

J N

0 0
2 0
4 0 ^ l » u » 1 '

4 4 (0,1,1)

0 0

4 0
4 4 (1,1,0)
0 0
2 0
4 0
4 4 ,T)

B-48.3 B-50.2 B-52.8 B-55.8 B-58.9 B-62.5 B-66.3 B-70.5 B-80.3

-.063
.042
.182

-.255

.111

.257

.277
-.034

-.097
.019
.183

-.125

0 0 .220
2 0 * .130
4 0 (l'l_'°> .U0
4 4 (T,l,0) -.152

-.065
.042
.184

-.223

.112

.258

.279
-.034

-.098
.019
.184

-.127

- .067
.041
.185

- .220

.113

.261

.281
- .034

.223 .227

.131 .133

.111 .112
-.153 -.156

.070

.041

.187

.217

.114

.263

.283

.034

.072

.040

.188

.215

.115

.265

.285

.034

.231

.136

.114
-.158

-.074
.039
.189

- . 212

.116

.267

.287
- .034

-.098 -.098 -.099 -.099
.020 .020 .020 .021
.185 .186 .187 .188

-.129 -.131 -.132 -.134

.235 .239

.138 .140

.115 .117
-.160 -.162

-.076
.039
.190

-.210

.117

.269

.289
-.034

-.099
.021
.189

-.136

.244

.142

.118
-.165

-.078
.038
.191

-.207

.118

.270

.291
-.034

.248

.144

.120
-.167

.081

.037

.193

.203

.119

.273

.294

.035

-.099 -.099
.022 .023
.189 .191

-.138 -.142

.256

.149

.123
- .171

J

B-92.7

-.084
.036
.194

- . 198

.121

.276

.296
-.035

J

B-107.9

-.086
.035
.195

-.194

.122

.278

.298
- .035

-.100 -.100
.024 .024
.192 .193

- .145 - .148

.265 .273

.153 .158

.126 .129
- .176 - . 180

a) See Table V.

b) RL indicates rigid lattice values of f\.

Note: The values of B = AR ave given, and aan be related with the density by using Table VII.

.096

.030

.197

.170

.125

.285

.305

.035

.096

.030

.197

.170

.333

.190

.151
-.210

±
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Table X and XI; Integrated absorption in Deuterium (Table X) and Hydrogen
(Table XI) with anis o tropic polarizability for several densities. Renormali-
zation has been performed with unoorrelated gausaian pair distribution func-

2 13)
tions without short range correlations, using values of <u > from Goldman .
The unit of integrated absorption is the integrated intensity a. of the T

-2 -2
-2 -2

m
-2 -2

optical phonon, which has the value 12.7 cm for D„ and lb 2 cm for H„
13/3at p/p = 1. The density dependence of a. « (p/p ) "* is also indicated.

Table X.

Molar
Volume

20.0

19.87

18

17

16

14

12

10

Deuterium

<

RL
72.2

81.6

87.3

93.5

107.8

I2S.9

148.1

I9.55a) 76.94

Table XI.

22.73

22.73

22

21

20

19

18

17

16

14

12

10

22.64*)

2

3

3

3

3

2

2

2

3

Hydrogen

RL

48.3

50.2

52.8

55.8

58.9

62.5

66.3

70.5

80.3

92.7

107.9

50.2

2,

6,

5.

5.

5.

4.

4.

4.

3.

3.

3.

2.

5.

\

.21

.82

.49

.34

.20

.98

.81

.67

.65

.21

,40

,98

52

09

74

42

15

91

53

22

99

98

I.+Ib c

1.19

2.81

2.49

2.34

2.23

2.02

1.84

1.71

2.64

1.19

5.23

4.82

4.39

3.99

3.67

3.36

3.11

2.89

2.53

2.24

2.00

4.82

Total
sumrule

3.40

6.63

5.98

5.68

5.43

5.00

4.65

4.38

6.29

3.40

11.63

10.80

9.91

9.08

8.41

7.78

7.26

6.80

6.06

5.46

4.99

10.80

P/Po

1.0

1.0

1.111

1.176

1.250

1.429

1.667

2.000

1.0

1.0

1.0

1.033

1.182

1.137

1.196

1.263

1.337

1.421

1.624

1.894

2.273

1.0

at(cm~
2)

12.7

12.7

20.1

25.6

33.4

59.7

1)6.3

256

12.7

15.2

15.2

17.5

21.4

26.5

33.0

41.8

53.5

69.7

124.3

242.0

533.5

15.2

Jtotal

43.2

34.2

120.2

145.4

181.4

298.5

541

1121

79.9

51.7

176.8

188.9

212

241

278

325

388.5

474
753
1321

2662

164

(cm'2)

a) Valxteo as calculated with <u > from neutron scattering data.
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In table X and XI the integrated absorptions are given, calculated with

the factors from Tables VI to IX for D.and H,, respectively. The anisotropy

of the polarizability has been accounted for as indicated in the former sec-

tion. More insight is given in Fig III.2. There we plot the density depen-

dence of the total integrated absorption (the full sumrule). The dashed curve

represents the rigid lattice (RL) result for both H. and D. (about 207. diffe-
13/3rence at the sane relative density) with a (p/p ) density dependence.

The solid curve gives the renormalized results with uncorrelated gaussians,

while the dotted line is drawn as a guide for the eye and represents a

(p/p ) behaviour for H„ starting from the same value at p/p « I.o J. o

1.0 1.1 1 2 1 3 Ü 1 5 16 17
Relative Density p/p.

Figure III. 2: Tne far infrared integrated absorption intensity for H„ and D„t
calculated from the sum rule, as a function of density. See text for expla-

nation.
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The squares at p/PQ • 1 represent the zero-pressure results, renormalized with

short range correlations (Table III), and the crosses give the rigid lattice

values for D. and '' . It is clearly seen that the renormalized results ap-

proach the rigid lattice value at higher densities. It is difficult to make an

accurate estimate of the effect of short range correlations on the renormali-

zation factor. We expect that the error is not too serious as short range

correlations become less important as the r.m.s. deviations of the molecules

decrease. The true value is bounded between the gaussian averages and the

rigid lattice averages. At the highest experimentally accessible densities in

T>2 (=13cc/mole), the error band is about 3OJ5 of the RL value. A comparison

between theory and experiment should be possible and in given in Chapter V.

III.F. The Two-Libron. No-Phonon Process.

The neglect of the commutator with H-^in Eq. (Hi. 15) is not very impor-

tant for processes involving phonons because, on the average, the phonon

energies are much more important than those of the librons. However the neglect

of HgQ. has allowed us to overlook a process which may be quite interesting,

namely the two-libron, no-phonon process which has been implicitly shifted

down to Creqency o • 0.

To estimate the size of this effect we approximate !)_„. by a mean field

Hamiltonian of the Ising type

? Ci,m Ci,m (III.36)

and we consider only the part of the dipole moment which creates or destroys

two-librons which we write as

'" " 12^.0^7(811/35)• V> Z X. C(112;m,n)
i,j n,v ii.li'= ±1

(C £,nC j,nl+Ci.-PCj,-i'l) (III.37)

where we have used Eqs. (III.2b), (III.19) and (III.20), and we again adopt the

the convention that molecules i and j are on sublattices a and 8 , respecti-

vely. Using Eqs. (III.36) and (III.37) it is a straightforward but tedious

matter to evaluate the integrated two-libron no-phonon absorption.

ft
5.
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We find that

I2-[(2i.)3/3(hc)2v] <0|[HEQQ,P2],P2|f

'[(27r)J/3(hc)Zv](ET/hc) (567/25) -V2

{
A,B J , J \ L

W(nj221)X(llj;22J';33L)

C(33L;0,0) £ C(22J; -J<\M')C(22J' ;-1I, H)C(JJ'L;-A,-B)

(4ir/2L+l) * (III.35)

.6)Th* sums of C-, W-, and X-coefficients and spherical harmonics were perfor-
med by computer, yielding

I 2 - 333i[roEL/(hc)2] (KTS/R^)2 (111.36)

2 2 5where r • 6e Q /25R is the EQQ coupling constant. From Ref.14 we have
o o _,

E. = I6F which gives I . = 0.2 cm . The width of the two-libron spectrum is
-I 16)

expected to be about 14 cm which implies an average absorption coef-

ficient of about 0.014 cm" . For a 10 cm thick sample, which is the thickest

sample possible in the present apparatus the transmission would be about 87Z,

and thus a measurement of this absorption should be possible.

In this chapter we have considered the theory of absorption of far infrared

electromagnetic radiation by solid hydrogen. We have seen that absorption is

possible not only by creating a phonon, but also due to simultaneous phonon-

libron processes. A sum rule was developed and the total integrated intensity

was calculated. He have also considered the influence of the zero-point motion

and the density on the absorption strength. The results are compared with the

experimental spectra in Chapter V, Finally we considered two-libron absorption

which turns out to be relatively weak because it is due to the anisotropy in the

polarizability. Measurements of this process have not yet been preformed.
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CHAPTER IV.

Phonons.

Hydrogen crystallizes in the hexagonal closed packed (hep) lattice in the

bulk form. The spherical J • 0 species, p-H. and o-D_, remain in this struc-

ture to the lowest temperatures at zero pressure. For higher temperatures in

the pure J » 1 solids the molecules rotate freely, and are spherically sym-

metric on a time average. However, these pure J * 1 solids undergo an orien-

tational order-disorder phase transition, accompanied with a structural phase

transition from hep to face centered cubic (fee). The ordering results in the

Pa3 structure with four molecules per unit cell (Chapter I, Fig. 1.4), and

the centers of the molecules sit on a fee Bravais lattice. Since the effects

of the anisotropic interactions and of the orientational ordering on the lat-

tice vibrations are rather small, one can classify the phonons by their wave

vector in an extended fee Brillouin zone, and then fold them back into the

smaller Brillouin zone corresponding to the Pa3 structure. It is then seen

that the six transverse and three longitudinal acoustic phonons, from the

X--points on the fee zone boundary, fold into the center of the zone in the

Pa3 structure. When these nine phenons are classified according to their sym-

metry labels of the group of the k • 0 wave vector for Pa3, it is found that

the three longitudinal phonons and three of the transverse phonons have the

symmetry T required to be infrared active . We will refer to these optical
** 1 t t

phonons as T and T optical phonons. The T , being transverse, lie lowest
in energy.

2)An earlier experiment revealed three peaks in the absorption, of which
the lowest two (in frequency) were assigned to the optical phonons2,3) with

the unexplained absorption being attributed to either a multiphonon transi-

tion or a possible structural deviation from Pa3 . A further difficulty

arose in accounting for the total integrated absorption intensity of the

spectrum as well as the identification of a broad monotonically increasing
3)background absorption. Klump et al. performed a quantum crystal calculation

based on the fee structure. They assigned the two infrared active T phonons

to the lower frequency peaks in the experimental spectrum and ignored the

high frequency feature.

Subsequently the structure of t*"d (J » 1) hydrogens was positively identi-

fied as Pa3 , however the identification of the peaks in the far infrared
7 8}spectrum remained ambiguous. We have shown ' that the assignment of

f*.
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Klump et al. was correct, and that the third peak is due to the combined

effect of structure in the T one-phonon infrared response arising from strong

cubic anharmonicity, and a direct process in which a libron and a phonon are

created simultaneously. We have also calculated the integrated absorption of

this latter effect, and studied the influence of the zero-point motion. The

absorption strength and the line shapes will be the subject of the next chap-

ter. In this chapter we will mainly concentrate on the Tfc phonon, which has a

very sharp absorption feature. A typical absorption spectrum for a 1 cm thick

crystal is shown in Fig.IV.1. We discuss measurements of the frequency of the

T^ phonon as a function of ortho-para concentration at zero-pressure, and as

a function of density and isotopic mass.

The frequency of the phonons at zero external pressure depends on the frac-

tion of J • I molecules, because the molar volume varies due to the additional

forces between the ordered quadrupoles * * . This in turn changes the iso-

tropic force constants which appear directly in the phonon dynamical matrix.

There is also a shift in the phonon frequencies due to the direct contribution
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Figure IV. 1: Typical absorption curve for a D9 sample. Resolution 1.2 cm-1
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of the EQQ interaction to the dynamical matrix at the equilibrium volume .

This effect can be calculated rather accurately and is found to be small.

Since the internal energy, and consequently the pressure due to the ordered

quadrupoles seem to be fairly well understood ' , one can use measurements

of the concentration dependence of the phonon frequencies, together with

known values of the compressibility of the solid to extract mode Griineisen

constants for the optical phonons. These values can be compared with values

obtained from density dependent measurements of the phonon frequencies at

constant x. Discrepancies are discussed.

The hydrogens are molecular solids in which, to a good approximation, the

interaction between the molecules in the solid can be written as a sum of

pair interactions. The pair interaction consists of two parts, an isotropic

and an anisotropic part (See Chapter I):

H H. + H .
iso anis

A popular form for the isotropic potential is that of Lennard-Jones (LJ) ;

one gets reasonable results for the zero pressure solid with L-J parameters

taken from gas phase measurements. It has recently been shown, however, that

this potential is too hard in the core and gives poor results for the phonons

and the isotherms at intermediate pressures .It was realized by Goldman ,

and by Etters et al. ', and later also by Silvera and Goldman16*, that a

potential combined from a long range attractive part and an exponential

repulsive part gives a much better representation. With a semi-empirical po-

tential fitted to the solid, they were able to accurately represent the 4.2 K

isotherm and other solid and gas phase properties.

Since H. and D_ have the same electronic configuration, we expect the iso-

tropic potential to be almost identical. The difference in the molecular mass

results in a different zero point motion of the molecules in the solid, and

thus a different molar volume at zero pressure. For classical solids at equal

molar volume we would expect the phonon frequencies to differ by a factor of

the square root of the mass ratio: OL, /WJ. » /2. The dependence of the phonon

frequencies on the molar volume has been measured for both H. and D„. This

can provide an important test for quantum crystal calculations of the phonon

frequencies and for the form of the isotropic part of the intermolecular po-

tential.
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IV.A. Phonon Frequencieg at Zero Pressure.

IV.A.I.Experiment.

Samples of enriched J » I species were prepared by selective adsorption on

AljO. at 20 K . Analysis of the mole fraction x of J - 1 molecules was made

before or after a run on D-, and before and after a run on H_, by measuring

the rotational Raman spectra of the samples in the gaseous state. In addition,

the value of x could be checked from the critical temperature T at which the

ordering and the phonon absorption lines disappeared (Chapter I,VI). Samples

of lengths 2 to 10 mm were condensed in a variable path length zero pressure
18)sample cell .We will not describe this cell here, since the principle is

equivalent to that of the high pressure cell (Chapter II) and this cell is

almost identical to the one described by Silvera . The samples were grown

quite rapidly (within a few minutes) and we had no knowledge of whether they

were single crystals or polycrystalline, although the latter is suspected,
19)since it is rather difficult to grow hydrogen single crystals . The amount

of condensed gas was determined by measuring the change of pressure in the

known volume of a glass bulb in which the gas samples were prepared, before

and after condensation. For thin samples the pressure change is relatively

small, and this leads to an uncertainty in the thickness of up to 1535 for

d : 2 mm.

The cryostat was operated between 0.9 and 25 K. The temperature was measured

with a carbon resistance thermometer in the first experiments, later with a

calibrated germanium resistance thermometer; the temperature was stabilized by

a Thor 3010 temperature controller. It has been shown that the ordering tran-

sition is accompanied by a volume change * . Since this will also influence

the phonon frequencies when the temperature comes close to the transition

temperature, the sample was held at the lowest possible temperature during the

phonon frequency measurements as a function of concentration. Measurements of

the order parameter indicate that the ordering is distorted only very close to

the transition temperature (Chapter VI). The He bath is pumped with a large

vapor booster pump to about 0.9 K, which allows us to reach rather low concen-

trations, and we expect to be very close to the zero temperature value for the

phonon frequency.

Because of the rapid ortho-para conversion in solid H. (1,9%/hr)^, measu-

rements on H 2 were generally made at constant temperature to monitor the con-

centration dependence of the spectral features, while the time is passing by.
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In contrast, the conversion rate in solid D. is very slow (0.064Z/hr) so

that the concentration of a D, sample would only change by iZ in a day's run.

Deuterium samples with different values of x were prepared by mixing measured

quantities of enriched J » I 0. with normal D_.

IV.A.2. Theoretical Considerations.

The relationship between the phonon frequency and the concentration x of

J » 1 molecules will depend upon the dependence of the intermolecular inter-

action potential on x, and the equilibrium molar volume at a given concentra-

tion. If we assume that the isotropic part of the intermolecular potential is

identical for ortho and para molecules, then the concentration dependsnee of

the phonon frequencies may be decomposed approximately into two separate

contributions:

(a) The direct effect of the EQQ contribution on the dynamical matrix

for a given volume.

(b) The indirect effect of the EQQ pressure which modifies the equilibrium

volume and hence shifts the phonon frequencies according to

(02/0,) - (V,/V2)
Y (IV.I)

where y is the Gruneisen constant of the phonon.

Since both effects (a) and (b) depend on the average value of pairwise EQQ

interactions we expect the concentration dependence to be quadratic, and hence

we write

IJL.
a d(xr

av.2)

where ovnn is the quadrupolar contribution to a. ovnn is easily evaluated with
EQQ 1) EQQ

the help of the results of Ualmsley and Pople for the contribution of the

EQQ interaction to the dynamical matrix. The T phonon corresponds to their

modes 7, 8 and 9 and we note that their lattice constant a is R /2 and that
o o

for the case of solid hydrogen one should write

.19 (2/5)eQx(Oo)• (IV.3)

for their quadrupole moment 9 where a is the order parameter, which we can

take equal to one at the lowest temperatures. Then, ignoring a small off-

diagonal matrix element, the T u phonon frequency w is given by

- o (IV.4)
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where u is the frequency in the limit F 0, and

o o

-1 -JTaking T - 0.58 cm and m - 62.5 cm we find for x

(1V.5)

for H_. For D, we have T 0.72 cm-I 57.5 cm-I
°EQQ/O

and °EQQ/0

-5.6x10-3

-4.5x10-3

The concentration dependence of the molar volume can be calculated using

an expression for the quadrupolar pressure from Harris et al.
22Ï

measured value of the compressibility n . Then

ID

where

V(x)

EQQ
5 2̂ (7.37 + 64 T/B)

and the

(IV.6)

(IV.7)

where N. is Avogadro's number and B is the rotational constant. Combining

Eqs. (IV.6) and (IV.7) we have

ra,
(IV.8)

1

- nP,
EQQ

(x - 1)

where P • 40 bars for H, and 64 bars for D_.

(IV.9)

Then the Gruneisen constant

Y - fdo/d(x)2 • (95ro/3i*)2R2) 1/ortP,
L O O J I

EQQ
(IV.10)

IV.A.3. Results.

The results for the concentration dependence of the T phonon frequency

in H, and D, are shown in Fig. IV.2. The H, data consists of three separate

runs on different samples, all of which agree rather well. When the concen-

tration was measured at the beginning and the end, the concentration was fit-

ted to the conversion rate equation — • -kx , and the obtained rate con-
9 20)stant k of l.9!C/hr is in good agreement with previously reported values * .

This gives us confidence that the concentration is known accurately during

the whole run. In our case the sample is in the ordered state for

some fraction of the time, while most measurements of the conversion rate

are performed in the disordered state. The ordering does not seem to have a

large effect on the rate constant at zero pressure (see also Chapter VI for

a discussion on this). In these long runs care was always taken when «trans-

ferring helium to keep the temperature below 5 K so that the sample would not

melt or anneal.
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Figure IV. 2: Concentration dependtnee of the phonon T* mode frequency a in
(a) H2 and (b) Dg. We plot a against x2 to show the quadratic dependence.
The re$ulta of Hardy et al. are to be found in Reference 2.
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|. The data in Fig. IV.2 are plotted against x and are seen to fall on reaso-

f nably good straight lines. The slopes obtained by least squares fits are
2 —1 —1

;. da/ d(x) » 3.05 cm for H. and 1.91 cm for D,. Substituting these results

'•' into Eq.(IV.lO) and using the calculated values of the quadrupolar pressure

k Pun* as given in Eq.(IV,9) we obtain Y(HO) " 2.94 and Y(l),) • 2.09. Here we

Xi used values of the compressibility n from low pressure isochore measurements

* by A.Driessen et al. in this laboratory ' . The value for Y in H^ appears

; somewhat too large, and in fact is in contradiction to measurements that we

have made on the frequency of the T phonon as a function of molar volume

(next section).From high pressure experiments up to 5 kbar we were able to ex-

tract mode Gruneisen constants of x/H,) " 1.95 + 0.03 andyM(D.,) « 1.87 • 0.03.

A possible course of uncertainty in the zero pressure determination of y i*

the us* of the calculated value of PF00« For D, this can be eliminated by using

the neutron diffraction results of Yarnell et al. who measured a volume

change V • 0.32 + 0.02 cc/mol between ordered p-D. and o-D.. With the com-

pressibility from Ref.22 this indicates a quadrupolar pressure pFf)0 * 57+3 bar.

Using this value in Eq. (IV. 10) we get y(0-) " 2'^ *n worse agreement with

our direct measurements of v. Use of the compressibility value given by
24)Anderson and Swenson does not remove the discrepancy. We believe that the

difficulty may lie in the assumption that the isotropic part of the pair po-

tential is the same for ortho and para species. Were this not the case, then

there would be an additional contribution to Eq.(IV.2). This change in the

isotropic potential would arise from the centripetal distortion of the mole-

cule in the J - 1 state . Klein and Koehler calculated the shift in pho-

non frequencies in hep ortho and para species using the potential of Knaap and
25)Beenakker , but only found a small effect. However the effect is clearly

more important in H» than in D,. A similar discrepancy in the zero pressure
27)

values of y has been found for hep H, and I), as studied by Raman scattering .

We believe these results nr.y point to a dependence in the isotropic potential

on the rotational state J and this dependence deserves further theoretical and

experimental study.

During the long runs in H. we also determined the integrated absorption

coefficient of the T -phonon peak as a function of concentration at low tempe-

rature. The results are shown in Fig.IV.3 plotted versus x . Although there is

a fair amount of scatter, due mainly to difficulty in determining the base line,

the data are consistent with a quadratic dependence in agreement with the

result derived in Chapter III (Eq. III.12).

?•*
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Figure IV. 3: Concentration depen-

dence of the integrated intensity

fada of the transverse phonon T

for ff„. The error bars shown are

representative. The main source of

error is the determination of the

background. A least squares fit

on log fada against log x gives

a slope of 2.08 + 0.1t so the

quadratic behaviour is clear.

IV.B. Phonon Frequencies as a Function of Density.

We have measured the T phonon frequency in solid H_ and D, as a function

of molar volume. Samples of high J " 1 concentration H» and D. were compres-

sed with helium to pressures up to 6000 bar at the (helium) melting line. The

equipment is described in Chapter II. The density could be determined using
28)the measured and calculated isochores of helium from Spain and Segal1 in

conjunction with the 4.2 K isotherm of H.and D, of Silvera et al. . The
12) it

isotherms of Silvera et al. are determined for the J • 0 species of H, and
D-. The samples we used in our measurements contained a relatively large

amount of J • I molecules, giving rise to different molar volumes at the same

pressure. This is due to the fact that the quadrupolar contribution to the

free energy provides a negative contribution to the pressure, as has been

described before. We have corrected for the effect of the J • 1 molecules to

be able to use the J • 0 isotherms. The pressure difference between a J • I

and a J • 0 sample H, is calculated by Harris et al. , and we have taken a

quadratic concentration dependence. We have plotted the quadrupolar pressure

as a function of density in Fig.IV.4. Using the J - 0 isotherms without
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these pressure corrections would result in a difference up to 0.05 cc/mol in

the determination of the molar volume. At every pressure we have been able

to observe below a certain temperature an absorption spectrum similar to that

at zero pressure, as shown in Fig.IV.1. This proves that the Pa3 phase is also

the low temperature phase at higher densities for high concentration J « 1

crystals. The fact that the line width of the T absorption peak stays relati-

vely narrow, indicates that inhomogeneous strains in the sample are rather

small.

I

1.1 1.2 1.3 1.4 1.5 1.6 1.7
RELATIVE DENSITY p/po

Figure IV.4: Pressure difference betioeen J = 0 and J = J species at equal

molar volumt due to quadrupolar attraction of the J = 1 molecules.
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Figure IV. 6: Line shape of the T phonon mode absorption peak in D„ at

high pressure. The crosses represent the measured points^ with resolution

Ac = 0.S4 am ; the solid line indicates a fitted Lorentzian line shape

with a FWHM of 1.2 am" , and a peak frequency of 93,2 cm .
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A typical absorption curve has been given in Fig IV.5. for D. at 2.3 kbar,

measured with a resolution of 0.S4 cm . Due to the sharpness of the line the

phonon frequencies could be rather accurately determined with an error of

about 0.5 cm . The error bar in the molar volume is a result of the error

bars in the determination of the (helium) melting pressure (Chapter II.C), the
28)helium isochores of Spain and Segall , the quadrupolar pressure correction
12)and the isotherms of Silvera et al. .

The following procedure is used to pressurize the solid samples. The pres-

mixe cell (Chapter II.C) is regulated at a certain temperature. A thermal gra-

dient of approximately 1 K is established over the cell and the helium pres-

sure is increased step by step. During this process the gas pressure at room

temperature and the resistance strain gauges on the cell are monitored. If the

pressure is increased, the gas or fluid in the system almost instantaneously

reaches this higher pressure. However, when part of the helium solidifies

after a pressure increasing step, the gas pressure shows a decrease as a func-

tion of time, indicating that solidification is taking place. After some time

the pressure reaches an equilibrium value. This process is repeated until the

gas pressure remains constant directly after a pressure increasing step. The

helium is then completely solid and the solid hydrogen sample compressed to the

the same pressure. The pressure range in which the solidification takes place

is typically 30 bars at the melting line. The melting pressure is determined

from averaging the pressure at which the helium starts to solidify and the

pressure where the helium is completely solid. Due to difficulties in keeping

a proper thermal gradient over the 14 cm long pressure cell, and occasionally

plugs in the high pressure capillary, the error in the melting pressure ranges

from 10 to 40 bars, where we have included the calibration error of the pres-

sure measuring cell (+ 4 bar). The error in the isochoric pressure fall Ap in

the cell from the melting temperature of helium to essentially zero tempera-

ture varies from about 5% below 3 kbar up to 10% at 20 kbar . Since Ap is
M

always smaller than 10% of the resulting pressure at 0 K, this introduces an

error of 0.5% to 1% in the pressure. The error bars in the molar volume of the
hydrogens arise from two causes : first, the error in the pressure as indicated

12 22)above, and secondly the error in the isotherms from Silvera et al. ' . The
uncertainty in the isotherms is given in terms of AV/V. At molar volumes cor-

responding to pressures below 2000 bars the uncertainty is 0.3%, whereas at

higher pressures the error bar in AV/V is 0.5%. The reproducibility of the

experiment is within the experimental errors. Although it is difficult to

I
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exactly reproduce the same pressure, close approaches gave phonon frequencies

within 0.5 cm of the earlier values, corresponding to a volume difference

of 0.05 cc. Finally we mention that, apart from the pressure correction, no

attempt has been made to correct the phonon frequencies for differences in the

ortho-para concentration of the samples. This direct effect of the anisotro-

pic interactions is very small, as has been discussed in Section IV.A.

The resulting phonon frequencies for the T mode as a function of molar

volume, with the error bars, are shown in Table I and Fig.IV.6. In this figure

a plot of In <i) versus In V is given, where V is the molar volume and u
tthe frequency of the T transverse optical phonon mode.

For both H.and D. the plot shows a linear dependence, and the experimental

results can be fitted with a single mode Gruneisen constant Y. The solid lines

represent least square fits. The slope of the line gives Y(n,) * 1.87 + 0.03

and Y(H2) - 1.95 + 0.03.

IV.B. 1. Discussion.

From the fits for H„ and D. the ratio OL. (V)/(I>D (V) can be obtained. We

.85 v~0<08. The frequencyfind that this can be expressed as

ratio is larger than /2 ranging from 3% at V - 20 cc/mol to 6.5Z at

13 cc/mol (Table II). A ratio of /2 for the phonon frequencies at the same

molar volume can be expected on the basic of a harmonic oscillator model, due

to the mass ratio of 2 between H, and D,. However, H, and D, are quantum crys-

tals and the phonon frequencies reflect a quantum mechanical average of the

quantity W V (V is the intermolecular potential), or the force constants,

which average can be different for H, and D2, since the zero-point motions

are different. In Table II we also give the isotope ratio for the Debye

temperatures and for the calculated phonon frequencies (dashed lines in

Fig.IV.6). The Debye temperature for H, is found from measurement of Ahlers

and Krause and Swenson whose values agree rather well:

6D (T • 0 K, V - 19.95 cc/mol, H2) « 167+2 K. The Debye temperature of D2 at

zero pressure has been determined by several experimenters, and a summary has
31)been given by Roberts et al. , with the conclusion that

6D(0 K, 19.95 cc/mol, D2> - 110+4 K. The quotient 6(H2)/ 6(D2) - 1.52 + 0.08

is given in Table II. At V - 13 cc/mol we have to rely on high temperature

Debye temperatures as calculated by extrapolation of isochore measurements by
22)

Driessen et al. , giving 6(H2)/e(D,) (13 cc) - 1.50 with a poorly known

error bar (due to the extrapolation).

29)
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U'

10 12
MOLAR VOLUME [cc]
14 16 16 20

4.0

22 24

2.3 25 2.6 2.7 2.8 2.9
LN (MOLAR VOLUME)

3.0 3.1

Figure IV.6: In u^ versus In V for the phonon frequencies in solid H. and 0,
in the ordered state* The solid lines represent least squares fits to the
data. The dashed lines are aalaulateJ by Goldman . The arrow indicates the
harmonia isotope ratio of /2.



Table IV.I; Phonon frequencies of the
pressures. The concentration of J = 1
quadrupole pressure.
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2*f mode in solid Ho and Do at different
molecules is given to determine the

melt helium
(bar)

2 0

90

115

310

854

871

1600

2445

2536

4360

5170

5614

5776

5 0

188

309

533

707

1020

1640

2010

2285

3285

3335

4520

5985

29

103

136

324

846

891

1584

2333

2484

4041

4872

5306

5473

55

284

366

588

755

1065

1657

2017

2278

3215

3268

4369

5732

V'

£ 3

+ 22

£ 10

£ 13

£ 35

£ 20

£ 62

£ 60

£ 35

+ 50

£ 50

£ 67

£ 65

£ 3

+ 23

£ 13

£ 15

£ 40

£ 15

£ 23

£ 25

£ 25

£ 35

+ 30

£ 35

+ 45

V(cc/mol)

22

22

21

20

18

18

17

16

15

14,

14.

13,

13,

19.

18.

18.

17.

17.

16.

15.

15.

15.

14.

14.

13.

12.

.80 £

.08 £

.81 £

.60 £

.60 £

.55 £

.05 £

.02 £

.85 £

.52 £

,01 £

.77 £

.69 £

,62 £

,73 £

30 £

65 £

24 £

62 £

73 £

31 £

04 £

25 £

21 £

53 £

89 +

0

0

0

0

0

0

0

0

0,

0,

0.

0,

0,

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

.09

.25

.12

.10

.14

.09

.14

.10

.07

.06

.06

.06

,06

,06

,14

08

07

13

06

06

07

06

06

06

06

05

Frequency

61

65

67

76

94

95

109

123

122

146

162,

167

170,

57,

60,

64.

68.

74.

78.

86.

92.

93.

104.

105.

114.

123.

.8

.7

.5

.8

.3

.0

.0

.5

.7

.4

.5

.3

,5

8

3

3

4

0

0

0

0

0

5

£ 0

£ 0

£ 0

£ 0

£ 0

£ 0

£ 0

£ 0

£ 0,

£ 0,

£ 0.

£ 0,

£ 0,

£ 0.

£ 0.

£ 0.

£ 0.

£ 0.

£ 0.

£ 0.

£ 0.

£ 0.

£ 0.

£ 0.

£ 0.

+ 0.

.2

.5

.3

.5

.5

.5

.5

.5

.5

.5

,5

.5

,5

,3

,4

4

5

5

5

5

5

5

5

5

5

5

ln Vt

3

3

3

3

2

2

2

2

2

2,

2.

2,

2,

2,

2.

2.

2.

2.

2.

2.

2.

2.

2.

2.

2.

2.

.127

.095

.082

.025

.923

.920

.836

.774

.763

.676

.640

.622

.617

.977

,930

,907

871

847

811

756

729

711

657

654

505

S56

ln u

4

4

4

4

4

4

4

4

4

4,

5,

5

5,

4,

4,

4.

4.

4.

4.

4.

4.

4.

4.

4.

4.

4.

.124

.174

.215

.337

.552

.554

.694

.812

.804

.987

.092

.118

.138

.052

.099

,167

,231

308

361

459

522

533

641

654

736

816

concen-
tration

X

0

0

0

0

0

0

0

0

0,

0,

0,

0,

0,

0,

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

.85

.72

.71

.67

.70

.93

.90

.64

.85

.80

.75

.85

.90

.95

.93

,92

,94

92

94

94

95

96

95

95

96

96

a) P is the preaaure at zero temperature, calculated from P , by accounting
for the i8oahoric pressure drop in the helium and the quadrupolar pressure
in the hydrogen or deuterium.
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There is one measurement of &. in deuterium at non-zero pressure, namely at
32)p x 275 bar, determined with neutron scattering . This corresponds to

V - 18.6 cn/mol. The corresponding(L for H is again derived from Swenson

and Ahlers29), and we find 6D(0,18.6,H2) / 9D(O,18.6,l>2) - 193/126 - 1.53.

All isotope ratios are consistently higher than the harmonic ratio. Also in
3 4 33)

hep He and He Slusher and Surko find a phonon frequency ratio larger than

the square root of the mass ratio. They have done Raman scattering experiments

on the optical phonon in He and He and found w,Ad, » 1.175 + 0.005, which

is 23J higher than the harmonic ratio 1.155. Corresponding measurements in H_
34)and D. by Berkhout give a ratio of 1.41 + 0.03.

One might explain these isotope results by the larger zero-point motion of

H- causing a molecule to experience larger values of the second derivative of

the effective potential at short range. This would cause as effective increase
in the force constants for H, relative to D. in agreement with the experimen-
tal trend.
Table lit Isotope ratios of Ho and Do at three densities for several quanti-

ties. We give always Value (H.) / Valve (Dn). See also text for explanation.

Quantity V • 20 cc/mole V - 18.6 cc/mole V - 13 cc/nole

T -phonon frequency
(experiment)

T -phonon frequency
u (calculated,Ref.36)

E -phonon frequency
8 (Ref.34)

Debye-temperature at T«0
(Ref.29-32)

Debye-temperature at T^O
(Ref.22)

/2

1

1

1

1

I

.455

.51

.395

.51

.50

.414

1

1

1

1

1

1

.464

.50

.401

.53

.50

.414

1.506

1.45

1.43

1.50

1.414

There are several calculations of the phonon frequencies in solid H.and D 2 at

zero pressure in the fee phase, and the results are given in Table m .

We also give there the nearest neighbor distance and the molar voluaes at

which the calculations were done, and compare them with the experimental re-

sults. The longitudinal mode T is included to be able to discriminate better

between the different calculational results.
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Tdble III: Zero pressure photon frequencies in the fee phase of solid Ho and

D„. We also give the lattice parameter and molar volume at which the calcu-

lations were done, and the frequency ratio of the too phonon modes.

cc>

Expa)

3.762

22.68

62.55

80

1.279

2^HSKS

3.756

22.56

66

96

1.455

3.757

22.58

63.8

87

1.364

MB35>

3.742

22.31

79.2

11S.4

1.457

SCI

3.765

22.73

78.9

115

1.458

Goldman

SCl+Cubic

3.765

22.73

57.4

80.6

1.404

36)

w.
b)

SCP eff

3.765 3.765

22.73 22.73

62.9 78.8

88.4 115.5

1.405 1.46

«<<>

3.587

19.65

57.55

74.5

1.295

3.593

19.75

60

87

1.450

3.592

19.74

53.1

73.4

1.382

3.523

18.62

70.5

103.2

1.464

3.60

19.87

62.7

92

1.467

3.60

19.87

52.4

72

1.374

3.60

19.87

54.5

74.9

1.374

a) Our measurements and from Ref.2t extrapolated to x = 1.

b) u ._ is the square root of the second moment of the dbsorption3 as

explained in the text,

e) C = <d?luVufT*;

2)
Hardy et al. (HSKS) calculated harmonic frequencies from a Lennard-Jones

(6-12) potential with parameters fitted to zero pressure compressibility data

in the solid. Klump et al. (KSN) and also Nertens and Biem (MB) used the

Lennard-Jones (6-12) potential that was well known from gas phase data, but

performed a ground state averaging with short range correlations. The calcu-
36)T.ation of the phonon frequencies by Goldman were done in three ways, as is

37i
described by Goldman, Horton and Klein . SCI indicates the self consistent

phonon frequencies; this calculation is improved by taking the cubic or

three-phonon term into account (SCI + Cubic). The last calculation,indicated

by SCP in Table III, incorporates additional corrections to the self-energy .
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From Table III we see that the last calculation by Goldman gives the best re-

sult. His calculations were done with the potential that was recently proposed

by Silvera and Goldman , which is a semi-empirical potential fitted to solid

deuterium. In Table III we also give the ratio w(T )/b)(Tt), which should be

equal to 1.455 for the harmonic approximation as applied by Walmsley and

Fople . The experiment gives a ratic considerably smaller, indicating anharmoni-

cities. This low ratio of the peak frequencies is best approximated by the self

consistent phonon corrections, of which the three-phonon term is the most im-

portant. No short-range correlations were taken into account. This approxima-

tion has proven to give good results for the phonon dispersion relations in

solid neon and high density helium .

The calculation of the T phonon mode frequencies as a function of molar
U ogx

volume has only be performed by Goldman within the self consistent phonon

approximation including cubic and higher order anharmonic corrections and

using the Silvera-Goldman potential . The results are indicated in Fig IV.6

by the dotted lines. From Fig IV.6 we infer again that the absolute values

are rather good for both H, and D„, but the density dependence of the calcu-

lated results is low, especially for H, (Table IV). The ratio

n - UL, (V)/o)D (V) is again higher than the harmonic ratio /2 (Table II).

Contrary to the experimental results, the calculated ratio approaches the har-

monic one at increasing density, indicating that in the calculations H. and D.

approach the harmonic behavior.

In Section IV.A.2 the direct effect of the quadrupolar interaction between

J * 1 molecules on the phonon frequencies was calculated using a rigid lattice

model by Walmsley and Pople .The relative contribution to the dynamical

matrix turned out to be small and negative, meaning that at equal molar volume

the phonon frequencies in a J « I solid are expected to be smaller than in the

J • 0 solid. From Eq.(IV.5) it is found that the relative contribution will

decrease with the increasing density.

Table TV: Low density Grüneisen constants for the transverse T -phonon mods

at % i lid dK s 0

Exp.

Calc.

in solid f.?2 and D,

H2

1.95 +

1.83

0.03 1

1

D2

.87 •

.88

0. 03
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The quadrupolar constant P increases like 1/R , but the phonon frequency w

increases with 1/ R 3 Y = 1/R6 , resulting in oBnn/a = (c^^/a) JV/V ) 5 / 3 .

For H„ at 13.5 cc/mole we find /a s -2.4 10
 J or = -0.4 cm"

for Do ar. 13.5 cc/mole EQQ = -0.3 cm"l. The direct EQQ contribution has

a negligible influence on the calculated isotope ratio n. However, the cal-

culation of the EQQ contribution to the dynamical matrix by using a static

lattice model is approximate. The large zero-point motion undoubtedly causes

a «normalization of the second derivate of the electric quadrupoie inter-

action. We expect this effect to be small according to the renorinaliz.ition

factors that Harris gives for Yn/r . The only direct calculation in this
m 35)

direction has been performed by Mertens and Biem at zero pressure, who

incorporated the EQQ interaction in their calculation of the phonon frequen-

cies. Their result is that the EQO interaction increases the frequencies in

the J « 1 solid by about 3 cm . The difficulty with their calculation is

that they used a different lattice parameter and a different short range

correlation function for the J « 0 and J » 1 species, making it impossible

to compare their value with the constant volume one. Corrections for the dif-

ference in the lattice parameter brings the frequency difference between

ortho and para species down to about + 1 cm , but this still does not allow

comparison.

There is one more consideration we want to mention in order to come to a

proper interpretation of the experimental results. In Fig, IV.6 the frequen-

cies of the sharp absorption line of the T phonon are plotted for H. and !).,

and the isotope ratio was derived from those results. The hydrogens are
39)

rather anharmonic crystals however, and it can be shown that in anharmonic

crystals the cubic term in the potential expansion causes the sharp harmonic

phonon resonance to have a width T and a shift A. Calculations by Goldman on

the one-phonon spectral function (the line shape - see Chapter V) indicate

that the T phonon has a broad high frequency wing as schematically depicted

in Fig IV.7, representing about 20% of the total integrated intensity at zero

pressure. The T phonon lineshape deviates even more from a sharp resonance
7) u

peak '(See also Chapter V). The first moment or center of mass of the absorp-

tion defined as Juxt (w)dio/ /ct(iü)du) , does not coincide with the frequency of

the peak. So the question is, did we compare the proper quantities when we

showed the isotope ratio n to be larger than the harmonic /2, and even in-

creasing with density? It would lead us too far astray to present the anhar-

monic phonon theory, which contains a solution to this problem and only
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u.
u.
Ui
oo

o

o.

m
<

Tj-phonon line shape

50 100 150
FREQUENCY fcm-'J

200

IV. ?: Sóhematia representation of the calculated one-phonon absorption

line shape as calculated by Goldman . The high frequency wing contains

about 20% of the integrated absorption intensity.

the results will be cited. The second moment, not the first moment of the ab-

sorption, is the most important quantity. The second moment

2
ueff

ƒ ct(ü>) (o du
o

ƒ 0t((i>) dlü
0

can be proven to be equal to the true ground state average of the force-

constants : u «f • < ̂ W * / K » where V is the intermolecular potential.

To study the isotope effect on the ground state average of the force constants

we have to use the u £f, and consider u ) e f f f H2^ weff^ D2^ " R which ratio is

equal to /2 in the harmonic approximation. In the harmonic approximation

namely we have u . • ̂  -. since the phonon spectral function is a Dirac delta

function.
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It is not possible to infer the second moment of the absorption from our

measurements, since the high frequency wing of the T phonon inseparably over-

laps the absorption due to the longitudinal phonon, the phonon + libron proces

and multi-phonon excitations.The frequency difference between the peak fre-

quency (0 and the effective frequency u .. is more or less equal to the

cubic shift and relatively equal in H„ and D.. As a check we have evaluated

the second moment of the transverse and longitudinal phonons in H_ from the

line shapes as calculated by Goldman. The result is given in the last column

of Table III, where we see that the SCI frequencies are reproduced and the

harmonic ratio of T /T is obtained. The sharp peak therefore is believed to

give a good representation for the frequency and the isotope ratio n should

be very close to the true ratio R.

IV.C Summary and Conclusion.

The transverse phonon frequency has been measured in both hydrogen and

deuterium as a function of ortho-para concentration (at constant pressure)

and as a function of density. The experimental results were compared with

calculations using self-consistent phonon theory and the theory for the qua-

drupolar pressure in the ordered state. We have seen that the experimental

results are reasonably well described, but there remain some small deviations

which can be critical testing points. From the large concentration dependence

of the phonon frequency (also in the disordered phase) we suggested that

there might be a difference in isotropic potential between the ortho and para

species. The calculations of the phonon frequency as a function of density

give a Gruneisen constant lower than the experiment. In analyzing these tes-

ting points we can distinguish two subjects:

a) Is the potential correct?

b) Are the dynamics complete i.e. is the perturbation theory carried out

far enough, and are the proper wave functions used in the theory?

We will make a few remarks about both questions.

The most recently proposed potential for Ho and Do is the one from Silvera
16)

and Goldman . As has been said before, this is a semi-empirical isotropic po-

tential fitted to solid state properties of D_. They incorporated the effects

of three-body forces the Axilrod-Teller-Muto interaction in an average way

by adding a Cg/r term in the pair potential which gives the same static

energy as the true triple-dipole energy. This potential describes isotropic

properties of the solid hydrogens rather well; in addition molecular beam
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scattering results are properly represented. However, phonons and sound velo-

cities are orientation dependent properties, and therefore the anisotropic

terms in the potential have tc be included for a complete description.

In the calculation of the dynamics the short range correlations were not

taken into account, and this is undoubledly a shortcoming. The molecules ex-

hibit large average deviations from their equilibrium positions but they

avoid each others hard core. The pair distribution function cannot be a

Gaussian -centered around the equilibrium position, but it will be cut off

steeply. Treatment of the dynamics with short range correlations requires the

evaluation of certain many-body integrals. These can be performed by approxi-
40)

mate techniques (cluster expansion ) which introduce inaccuracies. An im-

provement is certainly possible, for example, by performing Monte Carlo
41)calculations .
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CHAPTER V.

Phonon Absorption Strengths and Line Shapes.

In the introduction to the previous chapter we discussed the salient fea-

tures in the far infrared absorption spectrum of solid H„ and D in the orde-

red state :

a) Three absorption peaks were observed instead of the expected two.

b) The total integrated intensity of the spectrum as well as the identi-

fication of a broad monotonically increasing background absorption

could not be explained within the usual harmonic approximation.

The sharp lower frequency absorption peak, assigned to the T phonon was dis-

cussed in the previous chapter. In the present chapter we will study the

higher frequency features, the integrated absorption intensity at zero pres-
2)

sure , and the behavior at elevated pressures. The theory for the integrated

intensity was developed in Chapter III, and will be extensively used. To ex-

plain the infrared intensity one needs to know not only the area under the

peak, but also the line shapes. The phonon line shape functions were calcu-

lated in a self-consistent phonon approximation with anharmonic corrections
A 5)

by X'.V.Goldman * . We have cooperated closely with him in a more extensive

study of the density dependence of the line shapes.

2)
V.A: Zero Pressure Results .

The far infrared absorption spectrum of almost pure J • I H- and D„ in the
] s Li.

ordered state was first measured by Hardy et ali'at zero pressure. We decided

to extend those measurements for the following reasons:

1) We wanted to investigate the concentration dependence of the spectrum

(Chapter IV.A).

2) We were interested in the temperature dependence of the absorption in

order to extract an order parameter (Chapter VI).

3) We wanted to understand the peak structure and the total integrated

absorption.

Therefore measurements were done on thicker samples (= 10 mm) to study the
2 6}

broad absorption to higher frequencies * . These results are shown in

Figs.V.l(a) and V.2(a). Also an accurate determination of the background was

made to isolate the absorption due to quadrupolar induced dynamical processes.

The absorption coefficient a(o") is given by a(o") * - 1/d In S(v)/So(v), where

d is the sample thickness, and S(v) and SQ(\>) are the power spectrum with
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a sample in the beam, and the background spectrum, respectively. As a first

suggestion for taking a background spectrum one could warm the sample above

the orientational ordering temperature T (See Chapter I). For T > T the
7) c

structure can be either hep or fee neither of which have infrared allowed

first order spectra. However, this procedure gives an incorrect background

because the quadrupoles on the disordered J • 1 molecules can (and do) induce

non-negligible absorption , due to the simultaneous excitation of a phonon and
9)a 'para-libron' (molecular reorientation in the disordered state ). One

should then use the empty cell spectrum as a background. This gives a monoto-

nically increasing absorption of unknown source. This unknown 'absorption'

also fails to observe Beer's law I » I e"*01 , as was already discussed by

Hardy et al . We finally came upon the idea of using J • 0 samples to deter-

mine the background spectrum, in which the electric quadrupole induced dipole

mechanism (Chapter III) is ineffective. The J » 0 molecules are completely

spherical and cannot cause any one-phonon absorption. A J » 0 background spec-

trum (10 mm thick sample) is shown in Fig.V.1(a) for D.» and Fig.V.2(a) for

H-, and we note that there is again an 'absorption' increasing with frequency.

We suspect that this 'absorption' results from imperfections in the crystal

which scatter light out of the acceptance angle of the detector, as suggested

by Hardy et al. . We see that the J « 0 species provides a reasonable base-

line for the J • I species spectrum with a slight problem of crossing at high-

er frequencies in D,. Problems like the crossing in Fig.V.I(a) can be attribu-

ted to a variation in the samples other than ortho-para concentration, i.e.

sample thickness, uniformity, density of imperfections etc. Comparison of thin

samples often seemed to give less problems. The difference absorption spectrum

is shown in Figs.V.l(c) and V.2(c); this is attributed to dynamical processes.

Some inaccuracy probably exists due to using different crystals for the back-

ground but we believe that this technique provides a substantial improvement

in the establishment of the background.

The-one-phonon infrared absorption intensity in the Pa3 structure was first

calculated by Schnepp . We have generalized and extended his approach, which

also allows us to consider processes involving librons. This has been presen-

ted in Chapter III^ The absorption crossection for simultaneously creation of

a phonon and a libron is about as large as that for either one of the T pho-

nons, and thus it cannot be ignored. The two optically active phonons T c

and T u have equal integrated absorption intensity in the limit of isotropic

polarizability a.Due to the non-negligible anisotropy in the polarizability
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of the hydrogens the intensity of the longitudinal phonon T is about 20Z

higher; the T* is not influencedl0»6).

The coefficients for absorption at frequency o by a phonon of type X« T
1 u

or T may be written as ot,(0) - A(X) S.(CT) where A(>) are the mode-integra-

ted absorption coefficients, as calculated in Chapter III, and Si(c) is a

line shape function. In the case of pure phonons this S.(a) is related to the

Fourier transform of the displacement-displacement correlation function

r-s

Sx(a) 8co rx(o)/ [<o2 - o 2 - 4cr2 r 2 (a)] (V.i)

where a. are the self-consistent phonon basis frequencies and

4nox [A. (a) - il\ (a)] is the complex self-energy. A. (a) and!, (a) are the

shift and width function, respectively. The line shape functions were cal-

culated in a self-consistent phonon approximation with anharmonic correc-
3)tions . Cubic and higher-order contributions beyond the standard three-

phonon term were included in the phonon self energies in order to satisfy

the compressibility sum rule . The results of this calculation are that the

T phonon has a sharp peak, with about I5Ü of its spectral weight in a broad
u 1

high frequency wing. The T phonon is more strongly affected by anharmonicity,

exhibiting the asymmetric line-shape indicated by the solid line in Fig.V.I(b)

and V.2(b). Here we have slightly shifted the theoretical frequency of the

T phonons to agree with experiment (See Table V in Chapter IV) to facilitate

comparison of the phonon line-shapes, which also have been broadened to the

experimental width.

It is clear from the figures that the anharmonically distorted T line-

shape cannot, by itself, account for the third peak in the spectrum, but we

still have to add the phonon-libron process absorption. In this process a

phonon and a libron of equal and opposite momenta are created to satisfy

momentum conservation together with the essentially zero momentum of the pho-

non. Since the libron bandwidth is much smaller than that of the phonons, the

spectrum for this combination band is essentially a phonon density of states

shifted upward in energy by the average libron energy (= 10 cm" ), and weig-

ted by a smoo h energy depandent matrix element. This matrix element

sents the coup .ing of the two modes corresponding to the factor [\ - e

causing the absorption to be more intense at the high frequency end of the

spectrum. The function actually used was £ I - j (2vo R /vc)J where

j (x) " sin x / x, v is the sound velocity, c the speed of light, o the fre-

quency in cm , and R the nearest neighbor distance in cm.

— i k* R 1
ij|
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12)
The total line shape is based on the phonon density of states of Klunp et al.

13)
and the libron density of states of Berlinsky and Coll , and is shown in

Fig.V.l(b) and V.2(b) by the dot-dash curve. The peak arises mainly from a bump

in the phonon density of states. This contribution to the spectrum appears to

account for the third feature in the experimental spectrum.

In spite of the fact that the one-phonon and phonon-1ibron processes seem

to explain the structure in the spectrum, there is still a substantial amount

of unexplained absorption- especially at the high frequency sidt, even when

the J « 0 'background1 spectrum is subtracted out. To evaluate these contri-

butions we have developed the sum rule as derived in Chapter III for the ab-
2)

sorption due to all lattice dynamical processes . Since the zero-point motion

in the hydrogens is large, one expects significant two (and more) phonon pro-

cesses. These are taken into account by calculating the absorption in the

sum rule by averaging the dipole moment over the vibrationül and orientational

ground state of the crystal (Chapter III, Section E). It turned out that the

sum rule can be broken up into two parts (we ignore here the two-1ibron term

I, in Eq.(III.22) since it is very small compared to the other terms - see

also Table III in Chapter III). Both terms include multi-phonon (MP) absorp-

tion: The no-libron term A ^ (I in Eq.(III.22)) and the one-libron term

A..(I. + I in Eq.(III.22)). Each of these terms have their own renormaliza-

tion factor, resulting in about a doubling of the total integrated intensity.

We expect most of the multi-phonon absorption to be two-phonon or two-phonon

plus one-libron. Hence we represent this absorption by

V (ANL " <A1L "
P2 (a " V h c ) (V'2)

where E, is the average libron energy (E = 12 cm
L Li

-1 at zero pressure), p, (a)

is the normalized two-phonon density of states obtained by convolving the
12) IP t 1

one-phonon density of states ' with itself, and Ail » A(T ) + A(T ). Tiiis
ML U U

means that we have attributed the difference between the total integrated in-

tensity as calculated by averaging the dipole moment over the phonon ground

state and as calculated in the rigid lattice approximation to two-phonon pro-

cesses. The function Oypfo) is shown by the dotted curve in Figs.V.I(b)

and V.2(b).

The sum of the theoretical spectra (Fig.V.l(b) and 2(b)) is compared to the

difference of the experimental spectra (Fig.V.I(a) and 2(a)) in Fig.V.I(c) and

V.2(c). The agreement in overall intensity is good and the three peaks are

identified as arising from the two one-libron transitions and from the peak in

the Iibron-p1.us-pb.onon feature. The weight in the multi-phonon tail appears to
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be slightly overestimated. This could either be an indication that three and

more phonon processes should also have been included in the line shape, or it

could result from an incorrect subtraction of the background absorption.

Measurements on J • 1 H, were done before it was realized that the higher fre-

quency was also important and unfortunately they were not extended to frequen-

cies higher than 130 cm . Since a more exhaustive study was carried out for D^

and since most of the interesting features do show up we did not extend the H.

measurements. We note from Fig.V.2(c) that the T phonon seems to have more

weight in the wing than is expected from the calculated line shape, indicating

that the theory is not able to account for the large anharmonicity. We also

want to remark that, due to uncertainties in the measurements and in the va-

rious theoretical contributions, our studies cannot provide detailed informa-

tion concerning the phonon density of states, in particular its high frequency

tail. There exists some discrepancy in the literature about the shape of the
14)high frequency side of the one-phonon density of states. W.Schott performed

incoherent neutron scattering experiments on solid H„ and he finds a phonon

density of states as indicated by the solid line in Fig.V.3. The salient fea-

tures are the bump at the high frequency side and the absence of a high fre-

quency tail. A rather sharp cut off density of states was also calculated by

Mertens arid Biem , and by Klump et al. ^ (dotted line in Fig.V.3). The line

shape calculations of Goldman4.2),

by Stein et al. and also by Bickermann et al. on the J

and incoherent neutron scattering experiments

-> 0 conversion

process accompanied with a phonon point to a long tail of the phonon density

of states (dashed line in Fig.V.3). The latter work does not have a bump.
18) 19)

Also calculations of Berlinsky on the conversion as a function of density

indicate evidence for a long tail together with a bump. Summing up, we con-

clude that the phonon density of states probably has a tail and might have a
12)

bump. The phonon density of states calculated by Klump et al. , that was

used by us, does have a bump at the high frequency side. This is the source

of the third peak in the theoretical absorption spectrum. If there were no

bump in the phonon density of states, then an alternative explanation would

be that the T phonon is much more anharmonically distorted than calculated,

exhibiting a double peak structure.

In this situation it might be decisive to perform high pressure experiments

on the line shape. Since the rms displacement and the phonon broadening are

expected to decrease, the T phonon might be expected to sharpen up, and the

third feature would only continue to show up if it really is a result of the
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ra phonon-libron combination process and the bump in the one-phonon density of

states.

10

1'
6

I ,

10 20 30 «0 50 60 70 80 90
FREQUENCY (cm"')

too no

Figure V.3. The one-phonon density of states of hydrogen at zero pressure.

The dotted line represents theoretical results as given in Ref.12 and IS.

The solid and dashed lines are inferred from different neutron scattering

experiments as presented in Fef.14 (solid line) and in Hef.17 (dashed line).

V.B. Pressure Dependence of Phonon Line Shapes.

19)
The conversion rate in solid hydrogen of 2 - 6Z /hr is a factor which

makes it difficult to carefully study features in the absorption spectrum at

constant high J « I concentration. The rate of conversion increases with

density , and since it takes some time to get a pressurized sample, we de-

cided to do the measurements of the absorption line shapes as a function of

density in deuterium. The rate of conversion in deuterium is about a factor

of 30 lower than in hydrogen at zero pressure, and probably even more at ele-

vated pressures , resulting in only about 1J5 change in concentration per

day. Because of the problem with the monotonically increasing background, as

discussed in the former section we also studied the absorption spectrum of

the J " 0 D , solid at increased density. The difference absorption is
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T\ /
compared with the calculated integrated intensity due to elementary excitations

in the J * 1 species as treated in Chapter III. The experiments were performed

with the high pressure cell and with helium as pressure transmitter, which is

discussed in Chapter II.C, and the density determination is presented in

Chapter IV, Section B. The sample thicknesses tor both J » 0 and J * 1 species

were about 10 ram at zero pressure. An important parameter in the absolute de-

termination of the intensity is the sample thickness d as a function of the

density p. One of tht. experimental problems is that we do not know whether the

solid deuterium sample will break away from the cell walls or it remains at-

tached to the walls when it is cooled down at zero pressure from the melting

point to 4 K. When liquid helium is introduced under pressure, in the case

that the sample sticks to the walls, it might experience an uniaxial stress

due to the helium 'piston'. Then the sample thickness is inversely proportio-

nal to the density, d « (p/pQ) . In the situation that the liquid helium sur-

rounds the sample, the sample undergoes a hydrostatic compression, and the
-1/3density dependence of the thickness is (p/p_) . Several experiments have

indicated that it is not easy to get hydrogen and deuterium samples loose from
21 22)the walls ' .We suspect that most likely the sample cracks substantially

during cooling and the helium penetrates in these cracks. To avoid possible

problems we will use when possible in the analysis the parameter

-In S(a)/S_(a) instead of the absorption coefficient a(a).a(0)d

V.B.1. Experimental Results.

0 D. sample are shown in Fig.V.A for threeThe background spectra on a J

different -solar volumes, V « 19.95, 16.3 and 14. We have plotted ad against

the frequency a. The main features are:

(i) A linearly increasing absorption (or scattering out of the beam),

(ii) ad is more or less constant with density, possibly with a slight

decrease with p.

(iii) At 0 = 180 cm there is a strong absorption feature due to the

J «= 0 -• 2 rotational transition,

(iv) There is a strong (saturated) phonon sideband to the J • 0 -• 2

transition. This phonon sideband shifts with the density to higher

frequencies as would be expected.

For the moment we are only interested in the raonotonically increasing back-

ground which we will fit with a straight line at each density, namely

ad - 0.0088 a.
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J * O o2

V* U cc/mol*

J«0 O2

Vs 16.3 cc/mol*

J«0 D2

V« 19.95 cc/molt
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Figure V.4. The far infrared absorption of solid J = 0 D at three different
densities, showing the increasing baokground, the sharp J = 0 •* 2 rotational
transition and its phonon sideband (see text).
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ad

ad

ad

ad

V*19.6 cc/mol*
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Figure V. 5. The few infrared absorption of solid J = 1 D. at several densities
showing the sharp T peak and the too peaks u>„ and w as discussed in the
text.
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Figure 7.6. The far infrared absorption of solid J = 1 D9 at several densities
tshoving the sharp T peak and the Wo peaks ai. and u as discussed in the

text.
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In Fig.V.5 and V.6 the absorption spectra at several densities for J » 1

(x » 0.96) are shown.The raw data are given, the dashed line is an indication

for the J - 0 background. Again we find problems with crossing at the high

frequency side. The sharp peak is the T -phonon absorption line. This line

broadens a bit with increasing density but not very much. The frequency of the

T -phonon as a function of density agrees with the results given in Chapter IV,

indicating that the pressurizing technique and the measures_nt are reprodu-

cible. The experimental frequencies of the second (w.) and the third (ui.) peak

are given in Table I.

Table I. Results of the measurement on one J = 1 D. sample at several densi-

ties. We give the molar volume, the frequencies of the second and third peak

(see Fig.V.5) and ths logarithm of these quantities. The last tuo columns give

the integrated intensity I(ad) in cm , where the thickness is included as an

unknown parameter, and I(a) in arn , where the thickness has been taken as

fxq

d - and I(ad) = I(a)/d. I(u) is used in Fig. V.8.

In V lmo2 lnw3 I (ad) I (a)

(cc)

19.63

18.25

16.54

15.94

15.17

14.09

13.00

(cm"1)

74.0

86.5

103.8

110.2

122.4

139.0

161.5

(cm"1)

84.5

98.0

117.5

124.6

139.0

156.5

181.5

2.977

2.904

2.806

2.769

2.719

2.645

2.565

4.304

4.460

4.642

4.702

4.807

4.934

5.085

4.437

4.585

4.766

4.825

4.934

5.053

5.201

(cm )

50

42

70

66

92

117

117

i '9

+ 10

+ 20

i '2

i 14

+ 8

+ 7

(cm"2)

64

58

106

103

151

209

225

They are the average result of a few spectra at each density. We also give the
23)

integrated area, determined by Simpsons rule , which is accurate enough in

the present situation. The integrated areas were determined at each density

with a few different J » 1 absorption spectra, also sometimes changing the

linear background slightly within the differences of the J » 0 absorption spec-

tra. The error bar is a reflection of the resulting difference. The results

for the frequencies to. and w, are plotted in Fig.V.7, and for the integrated

intensities in Fig.V.8.
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V.B.2. Discussion.

From Figs.V.5 and V.6 we see that the high pressure absorption spectrum

has the same overall features as the zero pressure spectrum, indicating that

no change from the Pa, structure occurs with increasing density (it also has

a background which increases with frequency). The relative multi-phonon con-

tribution to the total absorption seems to decrease, pointing to a decrease
2}

of the zero-point motion . This is in agreement with the theory presented

in Chapter III. The density dependence of the frequencies of the second peak,

T'S

Molar Volume (cc)
14 16 18 20

2.5 2.6 27 2.8 2.9 3.0

Figure V. 7.

The frequencies of the second

and third peak in the absorp-

tion spectrum of J = 1 D^ as

a flotation of molar Volumes.

The solid lines represent

least square fits, which give

Grüneisen constants as given

in the text.
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Figure V. 8. The integrated intensity of the quadrupolar induced absorption in

solid J = 1 D- as function of the density. The solid line represents the theo-

ry with ground state averaging as presented in Chapter III, the dashed line

gives the rigid lattice expectation. The square indicates the result at zero

pressure, with ground state averaging including a Jastrow function (Chap.III.E).

The open circles represent the experimental results, as given in Table I.
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supposedly due to the T phonon, and the third peak can be described reasonably

well with a constant Griineisen parameter, as can be concluded from Fig.V.7.

The results are yCw,) = 1-88 + 0.02 and Y(U>3> = 1.85 + 0.03. These Griineisen

parameters are rather similar. At the end of Section V.A we suggested that

high pressure measurements might be decisive in explaining the line shape,

because the T one-phonon response would possibly sharpen up due to the de-

creasing zero-point motion with increasing density. Our experiments indicate

that this is not the case but show that the second peak, which is ascribed to

the T phonon, stays rather broad. Therefore we calculated the one-phonon ab-
u . . 5) .

sorption line shapes as a function of density using a self-consistent phonon
basis with an approximation for the phonon self-energy which includes three-

3)phonon processes as a leading term , just as was done and described for the
zero pressure solid in Section V.A. The EQQ interaction affects the modes in

question by less than one percent and was therefore neglected. The Silvera-
24)

Goldman isotropic potential was used. The results are shown in Fig.V.9.

The calculations show the T phonon to be perfectly sharp, in spite of cubic

anharmonicity. The T line shape also has a small broad high frequency wing

as discussed in Chapter IV (Fig.IV.7) and Section V.A, but this is too weak to

appear in Fig.V.9. The longitudinal phonons are relatively broad and change

character with increasing density. Although it is difficult to tell how spe-

cific these shapes are to the actual theoretical approximations which were

used, it is clear that the phonon width remains broad even at 10 cc/mole where

one expects anharmonic effects to wane. At 14 cc/mole the line shape shows two

peaks of similar strength. This ambiguity makes it impossible to assign a fre-

quency to the longitudinal phonon, and therefore we are not able to extract a

Grüneisen mode constant in the usual sense.

We have chosen V « 14 cc/mole as the molar volume to perform an analysis

similar to the one we performed at zero pressure. We will compose a theoreti-

cal line shape from the different contributions to the absorption, namely the

one-phonon, the one-phonon plus one-libron and the multi-phonon terms, where

we will also use the absorption strengths as calculated in Chapter III from

the sum rule. The one-phonon line shapes at 14 cc/mole for both the transverse

and the longitudinal phonons have already been shown in Fig.V.9. For the one-

phonon plus one-libron process we have used the libron density of states13)

scaled in frequency by (V /V)5/3 as is to be expected for quadrupolar determi-

ned energies. The phonon density of states at J4 cc/mole was calculated by
4)Goldman , and has a shape identical to the zero-pressure density of states



-111-

3

1-
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z
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V=12 cc/mole

V=U cc/mole

V= 15 cc/mole
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V=17 cc/mole
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FREQUENCY (crrH)
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Figure V.9. Calculated one-phonon absorption line shapes in J = 1 D for
S) t

several densities . The sharp T peak has been broadened for clarity. The.
broad line represents the T mode.
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r«i
12}

of Klump et al. '(dotted line in Fig.V.3) but scaled in frequency. The raulti-

phonon contribution is obtained from the self-convolution of the one-phonon

density of states as described in Section V.A. The intensities of the succes-

sive contributions can be obtained from Chapter III, Table X. Here the sum

rule was evaluated with uncorrelated Gaussian pair distribution functions

without short range correlations. The result at 14 cc/mole for the total in-
-2 -2

tegrated intensity I « 5.00 a. » 298.5 cm , where a * 59.7 cm is the in-
t

tegrated intensity of the T mode. This can be decomposed in the no-libron
contribution I and the one-libron contribution I. + I . Further we assume

a be

that these contributions contain a one-phonon and a two-phonon part, where the

one-phonon part has the strength as is calculated in the rigid lattice approx-

imation. The difference between the renormalized and the rigid lattice result

is then ascribed to two-phonon processes (Eq.V.2). So finally we have

I -
u

59.7 +

+ A(TA) + A(2P) + A(1P + IL) + A(2P + IL)

72.2 + 46 71 49.6 cm
-2

The total line shape is shown in Fig. V.1Q. In Fig.V.11 the experimental line

shape at V • 14.1 cc/mole is given for comparison, where the background is now

subtracted. There is a considerable uncertainty in the absolute absorption due

to the uncertainty in the sample thickness. The similarity of the line shapes

of the theoretical and experimental curves is remarkable and convincing.

The frequency differences of the peaks are partly due to the density diffe-

rence. The absorption peak at - 120 cm , between the transverse and longitu-

dinal phonon peaks, which is due to the phonon-libron process and the lower

frequency bump in the one-phonon density of states is of interest. This is

even more pronounced in the calculated line shape at V - 10 cc/mole, which

is depicted in Fig.V.12. This peak is also clearly seen in the experimental

spectra in Fig.V.5 and V.6. From the line shape agreement we feel that there

is evidence for a bump at the high frequency side in the phonori density of

states at higher solid densities. A complete calculation of the libron-phonon

as well as the multi-phonon processes and the wave vector dependent matrix

elements will be necessary to see whether this conclusion holds for a less

simple approximation of the line shapes.

The measured integrated intensities, which are shown in Fig.V.8 agree

within the large error due to the subtraction of the background with the

calculated intensities in the rigid lattice approximation (dotted line). The

solid line represents the renormalized integrated intensities evaluated with

uncorrelated Gaussian distribution functions without short range correlations.
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the raw result presented in Fig. V. 6.
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Figure V. 12. Total integrated absorption line shape in J = 1 D^ at V =

V = 10 ac/mole as composed from the different contributions as explained

in the text. The dashed line represents the one-phonon plus one-libron

contributions. The one-phonon contribution is shown in Fig.V.9.

This is known to give results which are too high. The short range correlations

considerably lower the absorption, as is seen by using the Jastrow function

at zero pressure (square in Fig.V.8). From the experimental results we would

conclude that the rigid lattice approximation in the calculation of the in-

tensities is better than the renormalized approximation without short-range

correlations. We hope that this result will stimulate theoretical studies of

the density dependence of the short-range correlations.

V.C. Conclusions.

In this Chapter we have studied the line shape of the far infrared absorp-

tion spectrum of solid ordered H, and D_. The line shapes are explained by

combining several processes: one and multi-phonon, phonon plus libron. The

absorption strengths were compared with the theory from Chapter III and

reasonable agreement is found. Due to the intermingling of the different pro-

cesses it is not fully possible to study the phonon plus libron and the inte-

resting line shape of the longitudinal phonon separately. This' X - point

longitudinal phonon of the fee Brillouin zone is not se^n in helium by neutron

scattering even at high densities . We are able to see it in the hydrogens
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directly in the infrared absorption, but the librons make the picture rather

complicated.

Finally we note that static (or bulk) properties such as the lattice ener-

gy, the P-V relation and the bulk moduli of H. and D. calculated with the

quasi-harmonic approximation agree within 10% with Monte-Carlo calculations

at pressures higher than about 4 kbar ' . This indicates the the anharmo-

nicity does not influence these properties drastically, and implies that

these static quantities do not depend very much on phonon interactions and

phonon decay. Therefore self-consistent phonon theory without cubic correc-

ticns should adequately describe these properties also. On the other hand,

our measurements indicate that dynamical quantities such as phonons and their

lineshapes are scrongly modified by anharmonicity even at 6 kbars. These

experimental results prove that even at high pressures anhai'monic corrections

of which the cubic term describing one phonon decaying into two is the most

important, have to be included in the self-consistent theory.

t'S
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CHAPTER VI.

The Orientational Ordering Transition.

In this chapter we will discuss the measurements of the orientational orde-

ring transition of H. and D_, as a function of density and ortho-para concen-

tration.

VI.A. Introduction.

As is discussed in Chapter I, H. and D_ crystals with a sufficiently high

concentration of J«l molecules undergo a phase transition in which the crystal

structure changes from disordered hep to orientationally ordered fcc(Pa3). In

the hep structure the molecules are orientationally disordered, while in the

ordered state they only 'librate' about equilibrium orientations. In the Pa3

structure the molecules sit at fee lattice sites with the axes of the M. » 0

molecular orbitals oriented along one of the (111) body diagonals. For each

of the four simple cubic lattices comprising the fee lattice, the axes of the

molecular orbitals are parallel (Fig.VI.l). In the molecular field approxima-

tion , including all neighbor interactions, the ground state M » 0 is sepa-
2 2 5

rated from the degenerate MT - + 1 levels by 21.2I\ where T - (6/25)e Q /R

Figure VI. 1. The PaS space

group of orientationally

ordered H and D„. The four

sublattiaes of the fee crystal

are numbered; molecular

orientations along the four

body diagonals are indicated

by the axes of the dumbbells.
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is the electric quadrupole (EQ) coupling parameter. In this arrangement the

M « t I levels correspond to molecular orbitals oriented at 90° to the plane
j —

of the M » 0 orbital. However, the elementary reorientational excitations of
J

the solid are not these (local) molecular field states, but rather the librons;

i.e. spin-wave like collective excitations within the J • 1 manifold of states,
2)

analogues of spin-waves in an antiferromagnet .

The molecular ordering below the transition temperatures (T - 3 K for

pure J • 1) in these crystals is due to the intermolecular anisotropic orien-

tational interactions. These interactions are believed to be dominated by

electric quadrupole-quadrupole (EQQ) forces with smaller contributions due to

anisotropic van der Waals dispersion and valence forces .It has been shown

that to a good approximation the interaction can be represented by a pure
3 5)

quadrupolar one ' .

The energies and dispersion relations of the excitations in the low tempe-

rature phase (librons) have been extensively studied both theoretically *
7 8)and experimentally ' . The calculations all predict, on the basis of the

Pa3 structure and the EQQ intermolecular interaction, eight modes for tc • 0.
o\ +

It was realized by Hardy et al. that these k » 0 modes are Raman active,

and they were able to perform light scattering experiments on large clear

single crystals . Their work established that the low temperature phase was

the Pa3 structure, for which earlier infrared absorption measurements had

created some doubt.

In this chapter we will hardly encounter the orientational excitations, as

we are more interested in the phase transition itself, in particular the

transition temperature as a function of density and concentration. In Fig.VI.2

the phase diagram is depicted for H. and D2 at zero pressure. Experimentally

it was first suggested by Clouter and Gush'2) o n the basis of infrared spectra

that the low temperature phase was cubic. Later Schuch, Mills and Depatie

performed an X-ray study in which the hcp-fcc transition of the molecular cen-

ters was observed. In this study they essentially established the phase dia-

gram as shown in Fig.VI.2, where they noted the hysteresis of the transition

temperature T . They also observed that in cycling the samples through the tran-

sition temperature many times an fee disordered phase would be stabilized over

the hexagonal (hep) disordered phase, the sample always going into the fee

ordered (Pa3) phase below T . By raising the temperature to the molecular

diffusion region (~ 10 - 14 K) the sample would return to the original hep

disordered phase. Further measurements by Meyer et al. » 'of (3P/3T)V and

t *
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Figure VI. 2: Phase diagram of solid Hg and D^ at zero pressure. The

hysteresis in the phase transition is shown. T £ and Tj, are the measured

transition temperatures when crossing the phase change by increasing or

decreasing the temperature, respectively. Below the critical concentration,

x - 0.56, no cooperative ordering in the Pa3 structure is seen.

with NMR *I7'have been revealing of the order parameter < I - 3/2 J^ >T and

the concentration dependence around the socalled critical concentration x ;

below a critical concentration of J • 1 molecules no ordering was seen.

Recently Sullivan et al. 'have studied the concentration dependence of the

order parameter in H. by NMR techniques to temperatures of 50 mK. Rather than

the disappearance of ordering at a critical J - I concentration, x = 0.56,

for sufficiently low temperatures they found a rather abrupt change in the

order parameter at x - 0.56. A new type of order evidently exists at lower

concentrations and temperatures. This result has been explained in terms of
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a quadrupolar spin glass type of ordering . Very recently Gates et al.

have shown by X-ray analysis that this spin glass phase is probably not a

cubic phase.

The zero pressure phase line being very well studied, it is of interest

to extend this to higher pressures, where there is relatively little knowled-

ge. The A- anomaly in the specific heat has been determined by Ahlers and
21)Orttung ' at molar volumes from 15-23 cc/mole in a very careful study of H,.

They studied however a very limited concentration regime. Dickson and Meyer

have studied the phase transition in H. up to 5.5 kbar with NMR. Not only do

they work in a United concentration regime 0.68 < x < 0.73, but their con-

centration also has large errors due to incorrect assumptions about the con-
23)~ On D_ nothing has been done, experimentally at elevated pres-

22)

version rate

sures.

The first theoretical treatments of the orientational ordering were based
1 24)

on molecular field models ' . They do account for some of the general quali-

tative features characterising the ordered phases but they do not describe the

observed concentration dependence. The molecular field result for T at x - 1

and zero pressure disagrees with the experimental results by a factor of ap-

proximately two and offers no explanation for the critical concentration x .

Almost identical results are obtained by more elaborate non-linear wave treat-
I 25) 26)

ments ' . The Bethe-Peierls approximation suggest critical concentrations

of x - 0.17 but there is no first order transition found, only a gradual

transition to the ordered state at temperatures almost identical to the mole-

cular field values. Recently, Sullivan used the Kirkwood technique of restric-
ted traces

used with

27) to describe the ordering transition. This technique has been

success in the theoretical study of co-operative ordering in
28)

solid binary solution . His result is given in Fig. VI.3, and it seems that

a such better agreement with experiment is reached. It is however very diffi-

cult to understand from his approximations that this approach should be an

improvement compared to the Bethe-Peierls approach, since he also takes an

average influence of nearest neighbors into account. The critical concentra-

tion that follows from the theory is also in the region where the approxima-

tion becomes totally invalid.

Since the driving forces for the transition are the EQQ interactions be-

tween the molecules, it is expected that the transition temperature will

change as R~ , where R is the nearest neighbor distance. Possible deviations

from this behavior would indicate that different forces (like the valence
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f-s

Figure VI. 3. Phase diagram of solid #„.

Comparison of experiment (solid line,

see Fig.VI. 2) with the theory presented
27)

by Sullivan . See text for discussion.

Pa 3

Figure VI. 4. Schematic phase diagram of solid H or D„ to show how the phase

line can be crossed in an experiment. Arrow 1 represents an experiment at

aonstant concentration and with increasing temperature (as in D„). Arrow 2

represents an 'aging' experiment in which the sample is converting through

the phase transition at constant temperature (as is possible in H ).

Arrow 3 indicates any combination.
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forces, for example) are becoming significant. Dickson and Meyer ,

with the problems already mentioned, find that T (x,P)/T (x,P«0) is propor-

tional to R . The scatter in their data points however is appreciable. We

will present here measurements of T as a function of density at high J » 1

concentrations in D„. Most theories consider the pure J « 1 situation. The

orderparameter has also been measured in some situations. For H we have mea-

sured the transition temperature as a function of concentration for several

densities.

VLB. Experimental Considerations.

The experiments were performed in the high pressure system described in

Chapter II.C. Samples of high purity o-H and p-D. were condensed and pressu-

rized. Concentration dependent measurements are facilitated by the conversion

to J * 0. Tn H this conversion happens at a rate constant of 0.02 - 0.06 h ,
23)

depending on density , and a concentration region of 0.45 < x < 0.90 is

measured over a period of one to two days. In solid D the conversion rate is

much slower (k - 0.00063 h ) and therefore measurements in D„ can be done at

essentially constant concentration x. This difference in conversion rate leads

immediately to a different experimental approach to a study of the phase

transition in H. and D„. In both H- and D, the phase line is approached

from below T . In D. the temperature is gradually raised (represented by the

vertical arrow 1 in the phase diagram Fig.VI.4, whereas in H_ the transition

is brought about by letting the sample convert at constant temperature (this

is represented by the horizontal arrow 2 in Fig.VI.4). The phase transition

is observed by monitoring the integrated intensity of the sharp absorption

feature in the spectrum (due to the transverse phonon in the Pa3 phase as is

described in Chapter IV). In D„,the disappearance of this absorption is very

well defined in temperature, i.e. at a certain temperature there is a discon-

tinuity in the integrated intensity /adu. Since the order parameter a is pro-

portional to the square root of the integrated intensity (Equation III.12),

this discontinuity indicates a first order transition. In H„ the situation is

more difficult, because there the absorption peak is slowly decreasing with

concentration near the transition. A description of the T determination is
c

given below.
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VI.C. Deuterium; Concentration and Conversion.

To determine the ortho-para concentration, of the samples during the expe-

riment, we measured the infrared intensities of the J = 0 •* 2 and J = 1 •+ 3

rotational transition with Raman scattering in the gas before the measurement,

and also in the recovered gas after the measurement. This is fitted to the
. 29)

rate equation

dx/dt -kx2 - k'x(1 - x) + k"(1 - x ) 2 (VI.C.I)

The third term will be neglected at the high x concentration at which the ex-
30)

periments were done. Theory predicts"

lution is

k - k' in D-, and an approximate so-

x = x exp(-kt) - x (1 - kt) • x - x kt
o o o o

(VI.C.2)

For small values of kt the exponential can be expanded, and we find

x - x - -x kt (VI.C.3)

o o
29) -1

Berkhout et al. have determined k = 0.00063 h and in our longest run

t = 76 hours, so the approximation kt = 0.05 < < 1 is valid.

As additional checks for the concentration the transition temperature and

the phonon frequency were measured at zero pressure, before and after the run,

in which the sample had been at high pressure. The transverse phonon frequency

u(T ) as a function of concentration at zero pressure is described in Chapter

IV, Section A. For the transition temperature T as function of the concen-

tration at zero pressure, we used published results on (9P/3T) , NMR and X-ray

measurements, as summarized in Fig.VI.2. The different methods for the con-

centration determination gave the same results except once. Here, the concen-

tration was measured in the recovered gas by means of Raman scattering, and

the result came out 4% lower than could be expected from T and w(T ) measure-

ments in the solid state just before. Since other comparable runs gave no in-

dication that the conversion rate in D. would change drastically with density,

we expect the gas to have undergone catalytic conversion while it was taken

out of the pressure cell. The density during a given run is changed several

times, so no systematic study of the density dependence of the conversion rate

could be performed. It turns out however that,averaged over the whole run at

different densities,the conversion rate differs by not more than about 20%

from the zero pressure value k - 0.00063 + 0.00003 h as has been measured by
29)

Berkhout et al. . Therefore we can conclude that a fit with a constant con-

version rate will give accurate results on the concentration, since the
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longest run gave a concentration change from x, = 0.967 to xf = 0.920.

The samples are pressurized by helium as described in Chapter II.C and IV.B.

The density could be determined using the measured and extrapolated isochores

and isotherms of Silvera et al. . The isotherm at 4.2 K is determined for

the J = 0 species of H„ and D„. The samples used in our measurements were al-

most pure J = 1, giving rise to different molar volumes at the same pressure

due to the quadrupolar attraction of the J = 1 molecules. The quadrupolar

pressure correction as a function of density has been performed as described

in Chapter IV (See also Fig.IV.4). As mentioned there we assume a quadratic

concentration dependence of the quadrupolar pressure.

VI.D. Deuterium: Density Dependence of the Transition Temperature.

The transition temperature has been measured in 15 samples of high J = 1

concentration at different densities. The results are given in Table I and

Figs.VI.5 and VI.6. The values P„,,,, in column 3 of Table I are the
EQ4

ftf

1.2 13 1.4 1.5
RELATIVE DENSITY P/p

1.6

Figure VI.S. Normalized transition temperature in solid deuterium as a func-

tion of the density. The circles give the present experimental results. The

solid line represents a pure quadrupolar behavior.



Table I. Transition temperature at different densities of solid Deuterium. The molar volumes are obtained from

the J •= 0 isotherm and the quadrupolar pressure. The last two columns give the transition temperature relative

to the zero pressure transition temperature at the same concentration, and the parameter $ which is defined to

indisate possible density dependence of the renormalization constant £ (see text).

p

(bar)

0

0

185

299

510

675

970

1546

1887

2145

3060

3104

3433

4185

5515

Cone.

X

0.920

0.951

0.926

0.925

0.936

0.922

0.938

0.940

0.953

0.965

0.949

0.955

0.960

0.958

0.963

PEQQ
(bar)

53

57

63

67

78

80

95

111

128

136

158

160

167

184

217

P
tot
(bar)

53

57

248

366

588

755

1065

1657

2015

2281

3218

3264

3600

4369

5732

AP

(bar)

3

3

23

13

15

40

15

23

25

25

35

30

50

35

45

V

(cc/mole)

19.64

19.61

18.72

18.30

17.64

17.18

16.61

15.72

15.31

15.04

14.24

14.21

13.98

13.53

12.89

AV

(cc)

0.06

0.06

0.14

0.08

0.07

0.13

0.06

0.06

0.07

0.06

0.06

0.06

0.08

0.06

0.06

P/Po

1.016

1.017

1.066

1.090

1.131

1.161

1.201

1.269

1.303

1.326

1.401

1.404

1.427

1.474

1.548

Tc(x,PQ)

(K)

3.520

3.706

3.556

3.550

3.616

3.532

3.628

3.640

3.718

3.790

3.694

3.730

3.760

3.748

3.778

T

3.

3.

3.

4.

4.

4.

4.

5.

5.

5.

6.

6.

6.

7,
8,

c(x,p

(K)

57 +

71 +

80 +

00 +

30 +

60 +

88 +

32 +

82 +

88 +

,62 +

,66 +

,65 -

,32 +

.06 +

)

0,

0

0

0

0

0

0

0

0

0

0

0

6

0

0

.02

.02

.03

.07

.02

.02

.02

.02

.02

.05

.02

.02

.40

.02

.02

(P/Po

1.

1.

1.

1.

1.

1.

1.

1.

1.

1.

1.

1.

1.

1.

2,

}5/3

027

028

112

154

228

282

357

487

555

600

,754

760

,809

,909

,071

T
c

V
1

1

1

1

1

1

1

1

I

1

1

1

1

1

2

(x,p)

X,P-PO:

.014

.001

.069

.127

.189

.302

.245

.462

.565

.551

.792

.786

.769

.953

!.133

B
)

0.

0.

0.

0.

0.

1.

0.

0.

1.

0.

1.

1.

0.

1,

1,

J(p)
C(PO)

987

974

961 ,

977 B
968

016

991

983

006

969

,022

,015

,978

,023

.030
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quadrupolar pressure corrections, dependent both on density and concentration.

The error AF in the total pressure P in column 5 is composed of several

sources i.e.

a) The error in the determination of the melting pressure.

b) The error in the calibrated pressure cell (Chapter II).

c) The error in the pressure drop along the helium isochore (Chapter II.C).

d) The error in the quadrupolar pressure correction due to the uncertainty

in the concentration.

The uncertainty in the volume is determined by both the error in the pressure
31)and the uncertainty of the isotherm at 4.2 K of Driessen et al.

We are interested in the density dependence of the transition temperature

in the pure x » 1 solid to study the density dependence of the anisotropic

forces which drive the orientational ordering transition. Therefore we want

to isolate the density dependence of the transition temperature from the con-

centration dependence, which is necessary because the measurements were done

f**

Fit p=(0.88±0.(K) + (0.008*0.028) p/p

1.1 1.2 1.3
RELATIVE

1.4
DENSITY

1.5 1.6

Figure VI.6. The density dependence of the venormalization aonstant

derived from the relative transition temperatures in Dg. Although there is a

fair amount of scatter, the data provide evidence for an increase in the

renormalization aonstant, or a decrease of the effect of the zero-point

motion on the quadrupolar interaction.
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This assumption that the transition temperature has the same density dependence

as every concentration is reasonable at such high concentrations. The impli-

cation is that all the T (x,p) curves as a function of concentration extra-

polate to the same concentration x = 0.33 at T » 0. For the values of

T (x,p - p ) in column 9 of Table I we have used a fit T • 6.Ox - 2.0

(+ 0.03)K as has been given by Sullivan'

The last column 13 of Table I gives

27)

T (x,p)

/ (P/Po)
5/3

C(PO)

The (P/Po)
5/3

behavior, which is expected for pure quadrupolar forces, is di-

vided out to find possible deviations from this assumption of pure quadru-

polar interactions. The parameter S is given in Fig.VI.6. A small but signifi-

cant deviation from (p/p ) is seen. A least square fit gives

B - (0.088 + 0.028) p/p + (0.88 + 0.04)
— o —

which means that 8 has a non-vanishing slope.

Even for a pure EQQ interaction there is another consideration which effects

the density dependence of T . It is well known (Chapter III) that the quadru-
c 2 2 5

polar interaction F » (6/25) (e Q /R ) is renormalized by the large zero-point

motion of the quantum crystals H. and D_. At zero pressure this results in an

effective quadrtipolar coupling constant F ,, which is about 90S of the rigid
2 2 5

lattice value F » (6/25) (e Q /R ) , where R is the average nearest neighbor

distance. This is usually written as F -, S ?F , where £ = 0.94 at zero pres-

sure is the renormalization factor. The renormalization is expected to become

less important at higher densities since the molecules become more localized.

This will also contribute to the density dependence of the transition tempe-

rature. We find

"EQQ eff ro(P> C(P) (VI.D.l)

is expected to approach unity at high densities.
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This behavior is reflected in the increase of 6 - C(p)/ £(PO> with density

(Fig. VI.6). The fact that ?(p)/S(P0) < at P p probably indicates a

minor problem in the normalization with the zero pressure transition tempe-

rature. We conclude from our measurements of the transition temperature of

deuterium that the very small deviation from the pure quadrupolar behavior

of the transition temperature can easily be explained by a slight change in

renormalization or zero-point motion. Other anisotropic forces have no

detectable effect on the phase transition in deuterium even at 5.5 kbar.

VI.E. The Order Parameter in Solid Deuterium.

The degree of ordering of hydrogen molecules is dependent on the concen-

tration x of J • 1 molecules. Extensive studies of the effects of concentra-

tion and temperature on the ordering have also been performed by Meyer and

coworkers by NMR-techniqvesl6'17> and «P/3T) V measurements
14'15*. This

latter quantity is sensitive to changes in pressure due to the quadrupole

interaction as the alecules order. The change is particularly abrupt at the

transition, ap4 thus QP/3T).. measurements are well suited for studies of

the concentration dependence of the transition temperature. NMR, on the

other hand, measures the splitting of the Pake doublet which is proportional

to the quantity £. < 3 cos 8. - I > where 6. is the angle which the inter-

nuclear axis of the i — molecule makes with the external magnetic field .

For a powder sample, this measurement cannot" distinguish between uniform

long range order and the kind of random local order which might occur in a

spin glass. By contrast infrared measurements of the K » 0 optical phononti

are sensitive to an ordering for which the range is comparable to the wave

length of the radiation, which is typically 0.I ma. As was shown in Chapter

III the dipole moment for these one-phonon processes is directly proportio-

nal to the order parameter, and hence their integrated absorption is pro-

portional to the square of the order parameter.

At zero pressure measurements of the integrated absorption coefficient of

the T phonon at essentially constant concentration as a function of tempe-

rature in D, were taken at two different concentrations, x - 0.88 and

x » 0.97. The results for the square root of the integrated absorption, which

is proportional to the order parameter a, normalized to its low temperature

value, are shown in Fig. VI.7 together with the results of Meyer et al. .

Within the experimental error (again the baseline is the largest uncertainty)

our results for x - 0.88 and x - 0.97 are the same.
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Figure VI. 7. Temperature depen-

denee of the order parameter in

D„. We compare our results with

the data of Meyer et al.

(Ref.l7t Fig.4) and with the

theory of Hardy and Berlinsky

(Ftef.3S, Fig. 8).

10
REDUCED TEMPERATURE T/T-

17)
Our results differ from those of Meyer et «1. for the temperature de-

pendence of the Pake splitting, but correspond rather closely to their raea-

surenents of the so-called structural line width W. ,. From their measure-

nents of the Pake splitting, Meyer et al. ' find that o drops to about 0.92

as T approaches T . Our results show a going to about 0.77 just above the

transition. Both experiment» suggest, however, that the order-disorder tran-

sition is first order in D,'2* .33)Comparing our results to the theory of Hardy and Berlinsky " for x -

(the dashed curve in Fig.VI.7) we conclude that the temperature dependence

of o is much stronger than can be calculated from a simple theory for the

thermal excitations of librons.

VI.F. Hydrogen: Concentration and Conversion.

The conversion from ortho to para at low temperature in solid H, is at a

rate which makes it convenient for the experimentalist to do measurements at

one sample as a function of concentration. The conversion is given by the
2 -1 34)

equation dx/dt - -kx , where k - 0.0190 + 0.0003 h at zero pressure .
The density dependence of k is considerable in hydrogen, as has been measured

.35).by Ahlers 'and Pedroni et al. , and was treated theoretically by
36} 23)

Berlinsky . Occasionally we used the measurements of Pedroni et al.
determine the concentration, namely when the density changed a few times
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during a run. In all casts the concentration was measured in the room tempe-

rature gas before and after the measurement, by Raman scattering. Because of

the relative rapid conversion we did not check this by measuring the transi-

tion temperature and the phonon frequency at zero pressure as was done in

deuterium. The sample was mostly pressurized as soon as possible to start a

run at the highest possible concentration of J « 1 molecules. When a sample

was held for a long time at one density, the concentration was fitted with a

single rate constant after a relatively small correction for the period of

pressurizing and relieving the pressure in the beginning and at the end re-

spectively. As an example the time table for a run at about 5.5 kbar is

presented (Table II). The conversion rates in the beginning and at the end
23)are averages taken from Pedroni et al. . The concentrations x, and x, have

been aeasured by Raman scattering in the gas. From x. we calculate back x,,

and the conversion rate at 5.5 kbar is then calculated from x. and x. by the

relation kt " l/x. - 1/x.. The conversion rate is determined in this way at

four different densities» and also at zero pressure. The results are given

in Fig.VI.8 together with the data from Pedroni et al. and Ahlers .

(See also Table IV, section VI.H.) We see that there is an agreement in

Table II. Time table of a run, in which the sample was held at a pressure of

6.5 kbar during a long time. The conversion rates tre chosen, and the concen-

trations are calculated as described in the text. The '< = ? entry means that

this is the conversion rate at 5.S kbar whi.ih we wish to determine.

Tine
(h.min)

0.37

0.51

1.02

34.02

34.15

35.00

Event

Condensation of sample and con-
densing He on solid sample

Pressure starts increasing

Pressure about 2000 bar

Pressure about 5500 bar

Pressure starts decreasing

Pressure zero

Sample out and concentration
determination

Conversion
rake

(approximated)

k

k

k

k

k

- 0.02

- 0.04

- 0.04

?

- 0.04

- 0.02

Concen-
tration.

^ - 0.9750

x - 0.9634

x, - 0.9482
1

x - 0.4497

x - 0.4479

0.4450
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Figure VI.8. Conversion rate

in solid hydrogen as a fvena-

tion of density. Ue compare

our results (open circles,

error bars in Table IV) with

the results of Ahlers

(crosses) and of Pedroni et
23)at. (points with error bars).

The solid line is a guide for
23)the eye from Pedroni et al.

1.1 1.2 1.3 U 1.5 1.6 1.7
P'P0

tendency, but some of our results fall outside the error bars of Pedroni
23)

et al. . The fact that we neasure a fairly large difference in conversion

rate between p/po - 1.68 and p/pQ - 1.69 , namely k - 0.043 + 0.002 and

k • 0.036 + 0.003 respectively, indicates that there might be unknown uncer-

tainties in our results. As a notable difference we would remark that Pedroni
23)

et al. studied the conversion rate in the disordered hep phase, while in

our experiments the sample is in the ordered phase for a large part of the

time. This might influence the conversion rate since the phonon density of

states which enters in the final state of the process in the fee phase is dif-

ferent from the one in the hep phase. The real effect of this on our measure-

ments at different densities is difficult to estimate. Our results cannot be

compared with other results, because there seem to be no systematic measure-

ments of the conversion rate in the ordered state.

Calculations of the conversion rate have been performed by Berlinsky and

Hardy , for hydrogen at zero pressure. They get a value k » 0.0167 h ,

which is smaller than most of our measurements indicate. In the disordered
34)

phase the best value seems to be k » 0,0190 + 0.0003, in the ordered phase

we would infer from our measurements a larger rate constant
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k - 0.021 + 0.001 h at zero pressure. The difference is also indicated by

the difference in conversion rate at p/p • 1.68 and p/p » 1.69 . The sample
o o

at a density of p/p * I.69 has spent a much larger fraction of the time in

the ordered state than the sample with p/p • 1.68.

It is hoped that more calculation in the ordered state will be done, to-

gether with accurate measurements of the conversion rate in situ in the orde-

red state by means of Raman scattering by comparing the intensities of the

J » 1 + 3 and J • 0 + 2 rotational transitions as a function of time.
VI.G. The Order Parameter in Solid Hydrogen.

Measurements of the order parameter o - < Z.3cos 0. - 1 > J are perfor-

med in solid H. by observing the intensity of the T phonon absorption peak.

Because of the relatively rapid conversion in H_, the phase diagram shown in

Fig. VI.4 can be scanned in horizontal direction (arrow 2 in Fig.VI.4), or

oblique (arrow 3), but not vertically, because the conversion is not slow com-

pared to the time of a measurement. For H we find a much more gradual de-

crease of the absorption intensity of the T line than in D., in which the

measurement takes place at almost constant concentration. Results at zero

pressure and at 5 kbar are giwn in Table VI.Ill and in Figs.VI.9 and VI.10,

where we plot the order parameter against a reduced temperature. We have used

the peak height, and not the intensity, since the width of the line is deter-

mined by the resolution of the measurements. The resolution was rather low

to shorten the measuring time per interferogram.

Comparable results of the NMR line intensity are given by Amstutz et al.
38)

16)

Mills et al."u' report a temperature spread of 0.1 K over which the structu-

ral phase change takes place at lower ortho hydrogen concentrations, decrea-

sing to 0.02 K at the highest J * I concentrations. In only one situation they

let the sample convert through the transition without changing the temperature,

but they do not mention whether this makes a difference in the temperature

interval over which the transition takes place compared to the phase change

brought about by increasing the temperature. The phase transition looks con-

tinual, in contrast to that in deuterium. In Fig.VI.9, where the zero pressure

result is shown, we also give the phonon peak height against the concentra-

tion, which demonstrates, in fact, the quantity we measure. To plot this as a

function of temperature, we used the measured relation between the transition

temperature T and the concentration x of J » I molecules. The relative dif-

ference from the fixed temperature T at which the measurement is performed
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Table III. The order parameter in solid hydrogen against a reduced temperature

at a) zero pressure and b) 5.6 kbar.

i;
•£-••

Temp.T

2.370

2.370

2.370

2.370

2.370

2.370

2.370

2,370

2.370

2.370

2.370

Temp.T
00

4.385

4.540

4.620

4.680

4.740

4.74G

4.770

4.800

4.825

Relative
peak height

1.00

0.97

0.99

0.99

0.93

0.90

0.76

0.39

0.17

0.06

0

Relative
peak height

1.00

0.90

0.97

0.55

0.25

0.28

0.23

0.12

0

Cone.
X

0.911

0.907

0,904

0.900

0.896

0.893

0.890

0.886

0.883

0.879

0.875

Cone.
X

0.745

0.740

0.736

0.732

0.727

0.723

0.718

0.714
0.709

Corresp.T
(our data?

2.475

2.459

2.446

2.430

2.414

2.402

2.339

2.373

2.361

2.343

2.328

Corresp.T

4.895

4.840

4.796

4.752

4.697

4.653

4.598

4.554

4.499

, T - T

io2 V
xo

-4.4

-3.8

-3.2

-2.5

-1.9

-1.4

-0.8

-0.1

+0.4

+ 1.1

+ 1.8

-11.6

- 6.6

- 3.8

- 1.5

+ 0.9

+ 1.8

+ 3.6

+ 5.1

+ 6.8

Relative order
parameter

1.00

0.99

1.00

0.99

0.97

0.95

0.87

0.62

0.41

0.25

0

Relative order
parameter

1.00

0.95

0.98

0.74

0.50

0.53

0.48

0.35

0

is then used as the horizontal scale which gives the nicest plots to show the

order of the transition. In Fig.VI. 10 and Table IH.b the same analysis is

performed, with the difference that the temperature T of the measurement is not

fixed. The temperature interval over which the transition takes place has con-

siderably increased compared with the zero pressure result, namely from

AT(O kbar) = 0.045 K to AT(5.6 kbar) = 0.3 K. This might have two causes:

a) The transition has been measured at a lower concentration, which always

seems to broaden the transition ' .

b) Inhomogeneous strains in the sample.
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Figure VI.9. Phase change in solid hydrogen, measured in an 'aging' experiment
at zero pressure and constant temperature T =2.37 K. Plotted are the phonon
peak height against concentration as measured, and the derived order parameter
against reduced temperature as discussed in the text. The temperature interval
over which the transition takes place is LT - 0.045 K.
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Figure VI.10. Phase change

in solid hydrogen at a pres-

sure p = 5.6 kbar and around

a concentration of x - 0.72.

The temperature interval

over which the transition

takes place is T - 0.30 K.
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VI.H. The Phase Transition in Hydrogen.

The concentration dependence of the transition temperature in hydrogen has

been determined for several densities and the results are shown in Figs.VI.I],

VI.12 and VI.13. The pressures, densities, conversion rates and extrapolated

transition temperatures are given in Table IV. Our zero pressure results

agree rather well with other measurements of the phase transition.(See Fig.VI.2)

UJ

Of
UJ
O.
z
111

H 2

P/P,« 1.2S

A PHONON

o NO PHONON

o PHONON??

I I

0.6 0.7 0.8
CONCENTRATION X

0.9 1.0

Figure VI.11. Transition temperature against concentration in solid H at a
ó

pressure of « 900 bar. The results are obtained during 'aging', and therefore

we get all data points in time from left to right, each time cooling again

after the phase has changed to disordered. Disorder is indicated by a

square, order by a triangle. The solid line is a fit to the transition

points, the extrapolation to x = 1 is given in Table IV.
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Figure VI. 12. Transition temperature against concentration in solid //„ at two

nearly equal densities (pressure -5600 bar). The solid symbols represent mea-

surements at p/p = 1.68, the open symbols at p/p - 1.69. A triangle indica-

tes a measurement, where the T transverse phonon absorption peak is observed;

a square where this is not the case. The circles represent an intermediate

situation where an absorption peak is possibly seen with a signal to noise

ratio of one. The solid line is fitted to the observed transition points. The

shaded area gives the region where we expect the phase line to fall. This is

subject to some uncertainty because the absorption intensity is very small in

this low concentration regime. Extrapolation to x = 1 gives a transition tem-

perature T (p/p = 1.69, x = 1) = 7.56 as given in Table IV.
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CRITICAL TEMPERATURE

OF SOLID H2
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P/IM.01
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CONCENTRATION X

Figure VI. 13. Phase diagram of solid S„. The transition temperatures are gi-

ven as a function of concentration for several densities. The indicated points

are a very condensed version from many measurements as given for example in

Figs. VI.11 and VI.12. All indicated data points belo- : to the line where they

are closest to, except -the two triangles which have arrows to identify them.

A circle indicates a transition point, a triangle and a square give a data

point in the ordered and disordered state, respectively. The solid lines (fit-

ted to the circles) are extrapolated to lower concentration to show that they

converge more or less to the same concentration (also the linear part of the

P/Po = 1.01 result extrapolates to x * 0.32). The dotted line schematically

represents other measurements on the phase diagram at zero pressure (Fig. VI.2),

and the low concentration phase has been indicated by a question mark. One

run at p/p0 = 1.01 had large uncertainty in the concentration, which is indi-

cated with error bars in the two involved points.
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Table IV: The transition temperature in hydrogen as a function of density.

The molar volumes, extrapolated transition temperatures T , and conversion

rates k are given for five samples. The last columns give the analysis in

terms of a renormalized quadrupolar constant F

in the text.

= E,(p) V . as described
o

V
(cc)

AV
(cc)

P/Po

22.88 0.05 1.01

18.55 0.07 1.25

15.87 0.04 1.46

13.69 0.04 1.69

13.79 0.04 1.68

(p,x=l)

° (K)

2.85

4.27

5.73

7.56

k
(IT')

0.021 + 0.001

0.0375+ 0.001

0.070 + 0.004

0.036 + 0.003

0.043 + 0.002

5/3

1

1.45

1.88

2.40

C(PO)

1

1.03

1.07

1.10

In one run at zero pressure we had conversion problems during the condensation

or the recovery of the gas sample, which gave large error bars. The extra-

polated transition temperatures to x = 1 are plotted in Fig.VI.14 against p/p

5/ °where the solid line represents (p/p )
0

5/3
. The measured points indicate, just

5/3
like in deuterium, a stronger dependence than the direct quadrupolar (p/p )

This again might be due to a less important «normalization of the quadrupolar

constants T or the influence of different orientational dependent forces.

An analysis in terms of the pure quadrupolar interaction results in changes

of the renormalization of about 10%. We have used the relation

TC(P) ro(p) (P/Po)
5/3

F (p ). At zero pressure the renormaliza-

tion of the quadrupolar interaction decreases V by about 10%, or £(p ) = 0.90.

At a density p/p = 1.69 we find then C(p - 1.69) -(1.1) (0.90)- 0.99.

One of the most interesting features in the measured phase diagram is the

fact that at 5 kbar we find that the critical J - 1 concentration for orien-

tational ordering is lower than the zero pressure critical concentration,

x - 0.56. We have made two runs at almost identical density p/p » 1.69 and
c o
p/p = 1.68, and the results are given in Fig.VI.12. The open symbols give

the measured points for p/p - 1.69, the full symbols for p/p - 1.68. A
o o

triangle indicates an absorption spectrum where a phonon absorption peak was

found, a circle where a feature might be seen in the absorption spectrum with

a signal-to-noise ratio of about one, and a square indicates a spectrum

without a sign of a peak or feature at a frequency where there is a strong
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Tc(x=1,po)
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RELATIVE DENSITY P / Po

Figure VI.14. Normalised transition temperature in solid hydrogen as a func-

tion of the density. The circles give the present experimental results. The

solid line (p/p ) ' represents a pure quadrupolav behavior.

feature at the lowest temperatures. The results agree rather well, and in both

runs we could follow the phase transitions to J - 1 concentrations x - 0.45.

At these low concentrations, however, the absorption feature gets very weak,

especially compared to the background absorption (Chapter V ) , due to the de-

crease of the concentration. Since the integrated intensity at low tempera-

tures (compared to T ) is proportional to x (Chapter IV.A) only 20Z of the

peak intensity remains. This makes it difficult to find the transition tempe-

rature accurately. At the lowest concentration we could not get the sample

into the ordered state, probably due to hysteresis in the phase transition

(Figure VI.2) and a limited experimental temperature range (T > I.I K).

The obtained results are both remarkable and unexpected.
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VI.J. Discussion of the Phase Transition.

Consider a pure J • 1 crystal in the ordered state. The Hamiltonian can be

written as a sum of the kinetic energy, the isotropic potential and the

anisotropic interactions

H H. . + V. + V .Tem iso anis

The anisotropic interactions will effect the rotational and orientational pro-

perties of the molecules. The anisotropic potential in the solid can be writ-

ten as an expansion in spherical harmonics YT(ft), that is limited to L < 2,
Li

since matrix elements of spherical harmonics with L > 2 will vanish within

the J » 0, 1 manifold of states. The most general form of the anisotropic

potential is then

(I67T/5)1 BCR^) (Y° (ftj) + Y° (ft.)}

+ 4ir £ eT(R..) aT C(22J;u,-p ) 1 ($2.)

where ft., ft. specify the orientations of the molecular axes of molecules i

and j with respect to the vector R.. connecting the molecular centers, and

C(22J;y , -u) is a Clebsch-Gordan coefficient. B(R..) represents the poten-

tial involving the orientation of a single molecule. The coefficients e . a .

vanish for odd J with a » /5, a. » /7/2 and a, - /70. e (R..), e,(R..) and
O £ 4 O Ij £ Ij

e^(R..) arise in part from valence forces, anisotropic van der Waals or dis-

persion forces and EQQ interactions. A quantitative treatment of the aniso-

tropic interactions was given by Nakamura . He showed that e.(R..) is domi-

nated by the EQQ interactions. Neglecting the effects of other interactions

on this coefficient one has:
e/.<R-i) " 5/6 r (R./R..) where T

2 2

. A «121
25 R5

K)

The coefficients B, e (R..) and e,(R..) are much smaller as is indicated by
39} ^ ^ 40K ^

calculations and experiments 7 We will neglect the non-EQQ contributions

for the time being, and write the anisotropic EQQ interaction as

(V (VI. J.I)

where P(R) is the EQQ coupling constant and f(ft., fi.) is a function of order

unity of the orientations ft. and ft. of the interacting molecules. In order to

visualize the EQQ interaction we show in Fig.VI.15 the interaction of two
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linear quaarupoles compared to that of two dipoles. Note that whereas two di-

poles have highest and lowest energy when they are parallel or anti-parallel,

the EQQ interaction is minimized when the molecules are perpendicular to one

another and is maximized when they are in line with each other. Since it is

impossible to construct a close-packe lattice in which all pairs of mole-

cules are perpendicular, the lowest energy configuration of a lattice of

quadrupoles is not obvious. There is some kind of competition between short

range and long range order. In the low temperature Pa3 structure all pair con-

figurations are similar; however the low energy T-configuration is not rea-

lized in minimizing the EQQ lattice energy. From the competition between short

range and long range ordering we can understand that dilution with the non-EQ

bearing J - 0 molecules has a rather severe effect. Below a certain critical

concentration x of J • 1 molecules the long range ordered state in the Pa3

structure will no longer be the lowest energy state even at zero temperature,

since small clusters of J « I molecules will find lower energy configurations.

The critical concentration x can be made plausible in this way, although the

value x - 0.55 has no real theoretical support yet. To say a few more words

about the density dependence we write the Hamiltonian in Eq.(VI.J.l) as

H-nn - T(R) Z - 4 — f (ft-, ft.) (VI.J.2)

Here R is the nearest neighbor distance and P.. is defined by R.. » P.. R.

Assuming the the orientations {ft.} of the molecules in the crystal are

not dependent of the density of the solid, the summation in Eq.(VI.J.2) is

independent of the nearest neighbor distance, and all density dependence is

contained in the factor T(R).

In statistical mechanics -H/kT is the parameter thatdetermines the proper-

ties of a system. In our case the phase transition from an ordered to a dis-

ordered state will take place at a certain critical value of - IL^/kT. From

Eq. (VI.J.2) we infer that - H ™ / k T is essentially equal to T(R)/kT and there-

fore the critical temperature T_ will scale like T(R)

or

T (R) « r(R) - —
c 25

Tc(p) - (P/P O)
5 / 3

(VI.J.3)

(VI.J.4)

Here p is the density in mole/cc at zero pressure and p the density at eleva-

ted pressure. The assumption that only EQQ interactions cause the phase tran-

sition and that the orientations of the molecules are density independent
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leads to a scaling of T with the 5/3 power of the density. This simple rela-
tion results in some kind of a general curve for T versus x, and an identi-
cal critical concentration x is expected at all densities. The experiments
in hydrogen indicate that this is not the case (Fig.VI.I3): The critical con-
centration x decreases with increasing density. This experimental result

c

suggests that anisotropic non-EQQ forces start to play a non-negligible role

in the phase transition.

Calculations from Raich et al. indicate that c ,€„ andAe,(» e, - 5/6F)

can show substantial change when the molar volume decreases from 22 to 14

cc/mole. He find however from their results that these anisotropic interac-

tions hardly change relative to the EQQ forces, which is a more important

point in the study of the critical concentration. However their zero pressure

values for e and e. are considerably lower (factor 3) than is indicated by
40)experiment , which makes it difficult to assess the calculations.

We conclude by saying that critical phenomena in general are difficult to

describe accurately, and the phase transition in hydrogen is no exception.

The competition of short and long range ordering is a phenomenon which only
41)

recently has received some attention. An approach by Marrenga seems pro-

mising, but it has not yet been applied to solid hydrogen. This could also

give some insight in the unknown behavior of the low temperature spin glass

phase at higher densities. It is hoped that more theoretical work will be

initiated by the described results. In the meantime it will be worth-wile

to investigate the phase transition in deuterium near the critical concentra-

tion at elevated pressures.

QUADRUPOLES

01 POLES

HIGH

Figure VI.IS: The high-

and low-energy configu-

rations fov linear

quadrupoles and for

dipoles.
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APPENOIX A.

Computer Programs.

In this appendix simplified flow charts arc given for some of the programs

used in the acquisition and evaluation of interferogran data and spectra.

The measurements arc made on-line with a PDP-11 computer. The program has'

an overlay structure» and is composed of one resident section which calls in

the overlays and has some common subroutines. The first overlay program con-

trolls the measurement! the second performs the transformation and the third

performs the calculation and plotting of the transmission and the absorption.

The interferogram data collection program INTAC1 is shown in A.I. The pro-

gram asks for the following input parameters:

1) N • number of points of full single-sided interferogram.

2) SIMNUM - number of points of small two-sided interferogram for

phase correction.

3) NUMAX - maximum frequency in spectrum.

4) CAIN - gain of far infrared bolometer signal amiifier.

5) ITHI - sample thickness.

6) TINT • integration time of computer controlled integrator.

7) Identification name or number of interferogram and spectrum to

store the data on disk.

The program ttwin reserves space on the disk under the given names according

to the number of points. The data are written on the disk in 64-word units

called records. The first record contains the initializing parameters as

given above* the remaining records contain the measured interferogran points.

The data acquisition overlay program begins with a search for the peak of the

sero path length difference position; a measurement of the standard deviation

of the noiae is then performed. After moving the mirror backwards for SINNUM

steps the measurement of all the interferogram points is started. Subroutine

METING is shown in Section A.2. As soon as this is performed and all the data

are written on the disk, the transformation overlay routine FFT1SC (Section A.3)

ia called in and after phase correction the power spectrum is calculated.

We make use of the fact that there is only real input, which enables us to

reduce the aasunt of storage space by a factor of two. This requires rearran-

ging of the data points in two arraya as has been described by Bell . This

is perfumed in the subroutine PPKEST. The calculated spectrum is also stored

on disk in 64-word records with the first record again containing the
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initializing parameters. The plot routine is conventional and needs no further

description.

reference:

I) R.J.Bell, Introductory Fourier Transform Spectroscopyt Academic Press,

N.Y. (1972).

A.I.Interferogram Data Collection Program INTAC1.

t%\

I S t a r t I

Co to FFTISCl • I Measurement, Transformation or Plotting! ••

M

Give initialising parameters
N, TINT, GAIN' etc.

±
Move mirror to interferogram maximum
and determine standard deviation

Co to plot
routine

Move mirror backwards for phase
correction

Initialize Tektronix 4010
storage display

Check number of measured points
for end

Not yet

Check buffer for
64-word record Yes ^

Not

full

Write 64-word
record to disk

Subroutine METING
gets a data point|

Initialise buffer
counter

Yes Transfer re-
maining data
to disk

Go to trans-
formation
overlay
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A.2 Subroutine «TING.

ISave registers etc.l

I Set FLAG - I for first «ample |

I Discharge of capacitance in integrator |

I Integrate signal over preset tine |

T ~
[Conversion to digital |

Store temporary
result (D

Check for overload of ADC

I Set FLAG • 0|-

Yes

Test FLAG

Compare difference two results
I and 2 with DEVIA

Diff

Give message
and start at
beginning

Diff. > DEVIA

< DEVIA

| Data point - CD * (SH

Initialise Moire'puls counter and
move mirror to next position.

It stops on interrupt

[Store result in buffer I

t
[Plot and print result I

t :r
IRestore registers |

T
Return to main routine |
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A.3 Phase Correction and Transformation Program FFTIIC.

(See also Chapter II.D)

Read first record of required interferogram from disk

Calculate number of records

1 Read all data points into memory

Find interferogram maximum

Do full FFT of SIMNUM points around maximum of Ia(n)

I Determine the phase 4>(o) « arctan Iw .B •(P)

| Re Bc(o)

I Calculate t(o) - exp (i4>(a>)

I Perform inverse FFT of exp (i*(o))

I Print the real phase function F(x) - F.T (f(o))

T n«m+s
1 Perform the convolution I(m) » £ I (n)F(m-n)

Scale the symnetrized interferogram to 16-bit integers

I Subtract average value

t
| Perform restoring of data points with FFREST

| Do FFT of K m )

I Store scale factors in first record

I Store whole spectrum on disk

f
| Return to main program
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APPENDIX B.

Evaluation of Contributions to the Phonon Infrared Sum Rule.

When Eq. (III.2I) is used to evaluate the orientational matrix elements in

Eq.(III,l8), four terms arise corresponding to I , I,, I , and I, in

Eq.(III.22). The first of these is the no-libron term given by

I a - (Aw4 / 189c2M>(56aeQ)2(N/V) Z jjm

a'B'Y J'n'v'

C(l23;n,v)C(l23;n\v')C(314;n + v,-u)C(314;n' + v

J, C(IU;m,n)C(l IJ1 ^ .

(v)D( Y )
( J I )

V
( J f ) fvll

0 " 0 l"v l
10

u'Vn l,0 ( B r"v',0 l u'Vn

£5 A < 2 )A ( J>fn ( 2 )^n ( J ) fB)-D(2)rfiïD(J)Rk(Y).i(ot) A 0 A 0 LDv,0(Y)Dm+n,0(B) Dv,0(B)Dm+n,(

*k(Y)i(<x)

where D„ , (Y) - D.,,00 etc. o,P,Y «re lumrned over the different sublattices,

while i, j, k are summed over molecules within a given sublattice. R. - . . .

is the distance between molecule k on sublattice Y and molecule i on sublat-

tice a, and N is the number of molecules. We define the functions

(B2)J /9) 2' Z C(44g;N,M - N)
i»j "

and the geometrical factors

T J (a.Y) - «ir E C(2Jf;N,M-M) K, A ( 2 > J W(U32If)

• l)(2£ (Y) (B3>

which depend only on the directions of the sublattice axes. The W (abedef)

coefficients are the Racah coefficients as given in Rose . After recoupling

some of the Clebsch-Gordan coefficients (See for example Eq.(6.4) in Rose)

we obtain

I - On/Me2) (l4«eQ/R5)2 (N/V) T.
a.B.Y f.f'.g

W(3434!g)W(3f3f' 1g)

Z
M,M'

c(ff'g;M,-M') TJ (B,Y) (B4)

The other terms I. , I and I. will have the same form.
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If wc define the geometrical factor

4irÜM Mt
S C(2J£;N,M-H) Kj[(2J + l)(2f • 1)]* W(IJ321f)

0 A 1 6J.2DM,0<Y>DM-N,M'(0t)-A 1 A 0 l6J,2~(3/2)6J,oJDM-N,O(Y)DN,M'

(B5)

where M' » +1 for one-libron process», and the lattice sum

V Z C(44J;N,M-N)

then

I. - (3ff/Mc2)(uSeQ/R5)2 Z Z W(343«lg)W(3f3fMg)
b ° a,Y ffg

E (-I)M C(ff'g;M,-M') E ir* *<<X,Y) Û ,' (a,y) G"'" M (O,Y) <B7)
MM' •»-*« M' »N 8

I is given by a similar expression except that the sublattice summation is

over a,6 and Y and the last three factors arc

»

M
I, again involves the restricted sumnation G. (a,y). The geometrical factor is

V

M',

Z C(22f;N,M-N)Kj [5(2f • I)]1 W(1J32lf)(A(2>)
N

and

I. - (31T/MC2) (l4oeQ/R5>2(N/V) Z Z W(343«lg) W(3f3f'lg)
d ° a Y ff'g

Z
M,M'

C(fflg;M,-M') vj *(O,Y) vJIM M (O,Y)

<B8>

(B9>

t) M.E.Rose, Elementary theory of Angular Momentum, (Wiley, London, 1957).
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APPENDIX C.

Renormalization and Three-Molecule Functions.

We will show here how the sum rule in Chapter III and Appendix B is cal-

culated and how the renormalizations are taken into account. A short des-

cription of the integration program is also given. We will do this only for

the terms we need in the sum rule with isotropic polarizability, as has been

discussed in Chapter III, since in that case the number of functions to be

renormalized is smaller. The geometrical parts in the terms of the sum rule

are written out in Appendix B, and will not be considered here, since they
N

can be easily evaluated on a computer. The distance dependent functions F^

and G, that have to be renormalized are identical in the case of anisotropic

polarizability and in the case of isotropic polarizability. In all lattice

summations we consider only nearest neighbors. In Fig.Cl we show a central

Figure Cl: Diagram of Pa3 structure. Shown is a central molecule on sublattiae

1 with its 12 nearest neighbors on the sublattiaes 2, 3 and 4. The primed

numbers are used in the text for symmetry arguments.
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molecule with its twelve nearest neighbors in the ordered fee structure of the

low temperature hydrogens. The numbers 1 to 4 indicate the four orientatio-

nally distinguishable sublattices.

The molecule functions G (3,y) were given in Chapter III, Eqs.(III.27) and

(III.32), and were written as

<4w R10/9) I' I C(44J;N, M - N) YJ (3.. )
O 4 JK

( )
2J + 1

N

Z C(44J; 0, 0) Y " (JJ )/R
j J jk j

10

fl.. )/R!?
JK JK

j

where j sums over the nearest neighbors. We adopt the convention that mole-

cules i, j and k are on sublattices a,£5 and y respectively. In the situation

of Fig.Cl we have chosen y to be the 1-sublattice. In a coordinate frame with

the z-axis along < R., > , we have gT(j)
 a <S„ n because the motion is, at

J K O J ft ,U

least in very good approximation, axially symmetric about the pair axis.

This means we only need to evaluate the renormalization factor for each

value of J, which can then be used for every two body term in the sum rule

with that J. The renormalization integrals were performed with the following

pair distribution function

f2 (r.k) e

r
jk " V

The integral

is written as

ƒ _ƒ ƒ C2 (r.k) C* (r.,) r
2
k drjk d(cos6) d*

and these have been numerically evaluated. The 9-integration was approximated

with the Gauss- formula; the r-integration with a Hermite integration

(See Abramovitz and Stegun,page 887 and 916, page 890 and 924, also page 891

for the ^-integration).

The three molecule functions are

" E C(44J;N,M - N)

i N
(Jl

We choose as the central molecule (k,Y) a molecule of sublattice 1, Fig.Cl.



-153-

The triangles are now indicated with:

We can distinguish four types of triangles according to the angle 6 at the

central molecule: 9 « 60°, 90°, 120° or 180°. From Fig.CI we find the follo-

wing correspondence:

Angle

60"

90c

120°

180°

(1

(!

(1

(1

• *

r

,0

,1

,0

,1

i

,0)

,D
,0)

( o
(-1

( o
(-1

• * •

r.
3

, 1.
> 1.
> 1,

. - ! •

1)

0)

-1)

0)

Sublattice
i j

4
2

4

2

3

2

3

2

The effect of the averaging of the function over the molecular motion de-

pends only on the shape of a triangle, not on its position in the lattice.

This means that we have to do the renormalization of each F. only for the
j

four differently shaped triangles, and we can find the total function by

symmetry arguments. We write, as in Chapter III,

where

<a,3jY> - Z Z f" (p,t),
t p J

-<K> I2I < R.1 i
.. >
ik o

1,
jk

/R2
o

has values 1, 2, 3 and 4 and sums over the triangle shapes. The different

values of p correspond to different ways that a triangle of a given shape

can be placed in the lattice, holding the position of molecule k fixed.

The renormalization is now done with the three body distribution function

C,(r.. , r..) as in Eq.(III.33), and the integrals are performed identi-

cally to the two-molecule case but the integral is now 6-dimensional instead

of 3-dimensional.

Finally we will discuss the symmetry properties of the F. and the f.

A) Fj - 0 for J odd, because C(A4J; 0, 0) - 0 for J odd.

B) Because Y,(ft. ) is an even function, inversion of molecule j with

respect to the origin does not change the function,

•o fj(3,4) 4) (3', 4')
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C) Since the fT transform like spherical tensors (Rose, page 77) under ro-

tations, the sum over p can be done with rotation matrices. For example,

all triangles f.(3,4) can be obtained by inversion of one or two of the«J
molecules and by rotation around the z-axis. Rotations around the z-axis

give a phase factor of e l , where i|> - n j (n » 0,1,2,3) and thus the

sum over N in F (3,4) gives F (3,4) * 0 for N odd. This is also true

for FJJ(2,2).
D) To reduce the number of independent triangles even further we consider

the fact that every triangle can be obtained from fj (3, 4) and fj (2, 2)

by either a rotation about the z-axis or a rotation about the y-axis over

^ or a combination of both. For example f (3,3") is obtained from
(2',2") by a rotation of 90 around the y-axis.

We conclude that we only need the D-matrices D (0,-*:,0) for J « 0,2,4 and
N

M and N even to be able to calculate all Fj(a,3;l) from two specific triang-

les.

Table of the required terms in the rotation matriees D„„(O,j,O).

See also Rose.

-S.0- •
D0,0 - -1/2

D2,0

3/8

/70/16
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Summary.

In this thesis, the results of far infrared absorption experiments on so-

lid molecular hydrogen and deuterium are presented. The solid molecular hydro-

gens are the simplest molecular solids, consisting of very light molecules

with weak intermolecular interactions. The molecular properties in the solid

hardly differ from those of the isolated or weakly interacting molecules in

the gas phase. Most of the properties of the isolated molecules are calculated

from 'first principles' quantum mechanical calculations and can directly be

used in the solid phase. Therefore hydrogen can be an ideal test case for

fundamental theories about the solid phase.

The light mass and the weak interaction give rise to large zero-point mo-

tion in which the molecule samples a relatively large region of the anharmo-

nic intermolecular interaction. Therefore it is impossible to describe hydro-

gen within the usual Born-von Karman harmonic approximation model, and large

anharmonicities have to be included. We have studied the broad phonon spectral

response in infrared absorption which is due to the anharmonicity. We have

found that the zero-point motion not only has a profound effect on the phonon

line shape but also on the total absorption intensity. The strength of multi-

phonon absorption turns out to be comparable in size to the one-phonon absorp-

tion in the zero pressure solid. To find the total integrated absorption, an

infrared sum-rule was developed, based on the quadrupole induced dipole mecha-

nism (Chapter III). The theory gives a reasonable description of the experi-

mental results at zero pressure.

If one compresses hydrogen or deuterium it is possible to obtain a fairly

large change in density with relatively low pressures of about 5 kbar. One

might expect that such an increase in density will cause the solid to behave

much more harmonically, leading to much sharper one-phonon absorption featu-

res and reduced multi-phonon absorption. The result of our experimental inves-

tigation is that this simple idea is not valid (Chapter V). The relative

multi-phonon contribution decreases, but the one-phonon spectral function for

the longitudinal phonons remains broad and structured, which can be explained

by rapid decay into two or more phonons. Also we find that the density depen-

dence of the integrated absorption intensity leads to the conclusion chat

short range radial correlations between molecules have to be included in the

evaluation of the sum rule. We have only been able to properly evaluate the

sum rule with a wave function including short range correlations for the

zero pressure solid.
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In Chapter IV we present measurements of the density dependence of the pho-

frequencies in H. and D„. These experiments show that calculations of the

phonon frequencies, using correlated Gaussian wave functions in the self-

consistent phonon approximation with anharmonic corrections give reasonable

values for the frequencies. These measurements provide a useful test for the

isotropic intermolecular potential used in these calculations. The measure-

ment of the phonon frequency as a function of concentration at zero pressure

might suggest a difference in isotropic potential between ortho and para spe-

cies. This conclusion is based on a calculation which says that the anisotro-

pic (mainly quadrupolar) part of the intermolecular potential hardly contri-

butes to the force constants.

Finally, in Chapter VI, we have studied the phase transition from the

orientationally ordered to the disordered state. Our results on the density

dependence (pressures up to 6 kbar) of the transition temperature show that

the quadrupolar interaction remains by far the most important of the aniso-

tropic forces in causing the transition. A remarkable and not understood re-

sult is the decrease of the critical J - 1 concentration for ordering to take

place as pressure is increased. This probably indicates that non-quadrupolar

anisotropic interactions influence the phase transition in the dilute system.
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Samenvatting

In dit proefschrift worden de resultaten van ver infrarood absorptie ex-

perimenten aan vast moleculair waterstof en deuterium gepresenteerd. Vast

waterstof en zijn isotopen zijn de eenvoudigste aoleculaire vaste stoffen,

bestaande uit zeer lichte moleculen met zwakke intermoleculaire wisselwerking.

De eigenschappen van de moleculen in de vaste stof verschillen nauwelijks

van die der geïsoleerde of zwak wisselwerkende moleculen in de gas fase. De

meeste eigenschappen van de geïsoleerde moleculen zijn berekend met 'first

principles'quantum mechanische berekeningen en deze eigenschappen kunnen

rechtstreeks gebruikt worden in de vaste fase. Waterstof kan zodoende een

ideale test vormen voor fundamentele theorien over de vaste stof.

De lichte massa en de zwakke wisselwerking geven aanleiding tot een forse

nulpunts beweging waarbij het molecuul een relatief groot gebied van de

(anharmonische) intermoleculaire wisselwerking voelt. Daarom is het onmoge-

lijk om waterstof te beschrijven binnen de gebruikelijke Born-von Karman

harmonische benadering, en aanzienlijke anharmoniciteiten moeten inbegrepen

worden. Wij hebben de brede spectrale respons van de fononen bestudeerd met

ver infrarood absorptie, welke veroorzaakt wordt door de anharmoniciteit, en

we hebben gevonden dat de nulpunts beweging niet alleen een ingrijpend effect

heeft op de fonon lijnvorm, maar ook op de totale absorptie intensiteit. De

sterkte van de multi- fonon absorptie blijkt vergelijkbaar met de een-fonon

absorptie in de vaste stof bij nuldruk. Om de totale absorptie sterkte te

bepalen is een somregel ontwikkeld die gebaseerd is op het quadrupool geïn-

duceerd dipool mechanisme.(Hoofdstuk III). De theorie geeft een redelijke be-

schrijving van de experimentele resultaten bij nuldruk.

Als men waterstof of deuterium samenperst is het mogelijk een behoorlijk

grote verandering in dichtheid te verkrijgen met relatief lage drukken van

ongeveer 5 kbar. Men zou verwachten ccn dergelijke ( > 50Z) toename van de

dichtheid een meer harmonisch gedrag van de vaste stof tot gevolg zal hebben.

Dit benaderen van een harmonisch gedrag zal dan naar voren komen in veel

scherpere een-fonon absorptie lijnen en een verminderde multi-fonon absorp-

tie. Het resultaat van ons experimenteel onderzoek is dat deze eenvoudige

voorstelling geen opgeld doet.(Hoofdstuk V ) . De relatieve multi-fonon bij-

drage neemt af met toenemende druk, maar de spectrale functie van het een-

fonon proces voor longitudinale fononen blijft breed en gestructureerd, wat

verklaard kan worden met een snel verval in twee of meer fononen. Bovendien
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blijkt dat de dichtheids afhankelijkheid van de geïntegreerde absorptie inten-

siteit ons leidt tot de conclusie dat korte afstands korrelaties tussen de

moleculen nee genomen moeten worden in de uitwerking van de somregel. Alleen

voor de nuldruk situatie zijn we in staat geweest de somregel naar behoren

uit te rekenen met een golffunctie die korte afstands korrelaties bevat.

In Hoofdstuk IV geven we de resultaten van metingen van de dichtheids-

afhankelijkheid van de fonon frequenties in H. en D,. Deze experimenten tonen

aan dat de berekeningen van de fonon frequenties, die gebruik maken van gecor-

releerde Gaussische golf functies in de zelfconsistente fonón benadering

net anharoonische correcties redelijke waarden geven voor de frequenties.

Deze metingen leveren ook een nuttige test voor de isotrope intermoleculaire

potentiaal welke in deze berekeningen gebruikt wordt. De bepaling van de

fonon frequentie als functie van de concentratie bij nuldruk suggereert een

verschil in isotrope potentiaal tussen de ortho en para soort. Deze conclusie

is gebaseerd op een berekening, die inhoudt dat het anisotrope (voornamelijk

quadrupolaire) deel van de intermoleculaire potentiaal nauwelijks bijdraagt

tot de krachtsconstantes.

Tenslotte hebben we de fase overgang bestudeerd naar de oriëntatie-ge-

ordende toestand. Onze resultaten met betrekking tot de dichtheids-

afhankelijkheid (drukken tot 6 kbar) van de overgangs temperatuur tonen aan

dat de quadrupool wisselwerking verreweg de belangrijkste van de anisotrope

wisselwerkingen blijft in het tot stand brengen van de fase overgang. Een

opmerkelijk en onbegrepen resultaat is het feit dat de kritische J « 1 con-

centratie, waar beneden geen ordening neer optreedt, afneemt als de druk toe-

neemt. Dit geeft waarschijnlijk aan dat anisotrope interacties, andere dan de

quadrupool wisselwerking, de fase overgang beïnvloeden in het verdunde

systeem.
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NAWOORD

Nu dan dit proefschrift voltooid is rest mij nog een ieder te bedanken

die heeft meegewerkt aan de tot stand koming ervan.

Allereerst gaan mijn gedachten van dank uit naar mijn ouders, die mij

altijd gestimuleerd hebben, gewezen hebben op de vele mooie en wonderlijke

verschijnselen die er in de schepping zijn en mij in staat gesteld hebben

een wetenschappelijke opleiding te volbrengen. Vervolgens wil ik mijn pro-

motor Prof. Ike Silvera bedanken voor het enthousiasme waarmee hij mijn

belangstelling gewekt heeft voor vast waterstof en voor de verfrissing die

er van de gesprekken met hem uitging. Zijn voortdurende interesse voor het

onderzoek en zijn kritische begeleiding bij alle aspecten en in elk stadium

hebben er borg voor gestaan dat ik het hier beschreven werk met plezier

heb kunnen verrichten en voltooien.

Belangrijk is ook de samenwerking geweest met Piet Hopman (die mij in het

begin wegwijs maakte), met Frank Verspaandonk en Jaap Caro (die elk hun

eigen waardevolle bijdrage leverden aan de opbouw van apparatuur en de metin-

gen), met Wouter Blanes (vanwege de electronica en de programmatuur) en, voor

de laatste metingen, ook met Luc van den Bergh. Zonder hun aanwezigheid en

inzet was dit experimentele werk niet afgekomen. Ook Maud Wijzenbeek wil ik

hier noemen en bedanken dat hij steeds bereid was de kuren van de computer

onder de loep te nemen. De gespekken met Alfred Driessen zijn van grote in-

vloed geweest bij het ontwerpen van de hoge druk cel en bijbehorende zaken.

Een groot deel van mijn theoretische vorming (voor zover aanwezig) heb ik

te danken aan de samenwerking met John Berlinsky en Victor Goldman, welke

samenwerking zo vruchtbaar was dat zij in vele delen van dit proefschrift

naar voren komt.

Dit onderzoek had uiteraard niet gedaan kunnen worden zonder de hulp van

de gehele technische staf van het Natuurkundig Laboratorium, van wie ik spe-

ciaal R. Scheltema wil noemen,die de volledige cryostaat gebouwd heeft welke

daarna jaren feilloos zijn dienst heeft verricht. Alle collegas en medewerkers

wil ik bedanken voor de goede tijd, die ik op het lab gehad heb en niet snel

zal vergeten.

Tenslotte wil ik Clara bedanken voor de morele steun bij teleurstellingen,

voor de voedsel voorziening tijdens langdurige metingen en voor de aandrang

mijn bezigheden in begrijpelijke taal uit te drukken. Bij het lezen van dit

proefschrift zal blijken in hoeverre dit gelukt is.








