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Abstract 

The central role of t!ie invariant charge in applications of the 
renormalization group to quantum chromodynainics is discussed. The 
general structure of the invariant charge is examined, and it is shown 
to be a non-singular function of q 2 for all finite non-zero q 2. At 
q 2 = 0 and q 2 = - », there is always a solution for which the invariant 
charge vanishes. The zero at q 2 = 0 is interpreted as a signal of quark 
and gluon confinement, and the zero at q 2 = - • shows that QCD is 
asymptotically free. Some applications of these general results are 
discussed. 
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1 INTRODUCTION 

The application of the renormalization group (RG) of quantum 

field theory *~3 to the problems of strong interaction dynamics has 

attracted considerable attention in recent years. The discovery that 

the non- abelian gauge theory of coloured quarks and gluons, or quantum 

chromodynamics (QCD), is asymptotically free, ** has led to an appealing 

simple picture for the underlying structure of hadron dynamics. Hadrons 

consist of quark-antiquark pairs, or quark triplets, bound together by 

the exchange of Classless gluons. Asyraptotic freedom means that the 

characteristic quark-gluon coupling becomes small at large momenta or 

short distances, and thus, as the energy or momentum transfer becomes 

asymptotic, perturbation theory for QCD becomes increasingly reliable. 

Conversely, at low energies or long distances, the coupling constant is 

thought to diverge, leading to a breakdown of perturbation theory, and 

the possibility of permanent quark and gluon confinement. 

In a recent letter, 5 a different account of confinement has been 

proposed. It was shown that the general structure of the invariant charge 

for QCD with massless gluons admits a solution for which gluons on their 

mass shell decouple from physical amplitudes. Thus, confinement is seen 

to be a consequence of the absence of an interaction between free gluons 

and ordinary matter, rather than of an indefinitely increasing interaction 

strength that makes it energetically impossible to separate the individ

ual constituents. In this paper we develop the ideas presented in 

Ref.S, and make a detailed study of the structure of the RG invariant 

charge that governs the strength of the interaction at both long and short 
4 

distances in QCD. 
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In Sec.II we define the invariant charge. The renomalization 

group imposes certain constraints on the series representation of the 

invariart charge that is obtained from straightforward perturbation 

theory. These constraints are sufficient to allow the resummation of 

the potentially divergent perturbation series, and we discuss two 

possibilities that are equivalent to any finite order of approximation. 

The first approach utilizes the fact that the perturbation expansion 

for the differential RG (Callan-Symanzik 5) function 8(g) converges as 

the renormalized coupling constant g becomes snail, while in the second 

approach we find that the requirement of nanifest RG invariance in any 

finite order of approximation leads naturally to the resummation of the 

perturbation series for the invariant charge as a series in the invariant 

charge itself. The result in each case is a non-linear functional 

relation for the invariant charge. 

The general properties of the invariant charge defined in this 

way are considered in Sec.III. In the first place, the role of the mass 

scale in a massless theory is discussed, and it is shown that the 

phenomenon of dimensional transmutation 7 enables us to write the equation 

for the invariant charge in a way that does not depend explicitly on the 

renormalized coupling g. We then show that the invariant charge is a 

finite, non-singular function for all finite non-zero momenta q 2. At 

q 2 = 0 and q 2 = - •» , however, the invariant charge must be either zero 

or infinite, and it is always possible to find a solution that is both 

confining and asymptotically free. The form of this solution is illustrat 

ed by the explicit solution of the two-loop approximation in QCD without 

quarks. Finite mass quark contributions are then shown not to affect 

the general results. 
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The mechanism of confinement is discussed in Sec.IV. The 

possibility of a confining solution hinges on the presence of nassless 

loops in the perturbation expansion for the vacuus polarization tensor. 

In Sec.V we show that although the general structure of the invariant 

charge in QED is similar to that of QCD, the absence of coupled massless 

fields in QED means that the invariant charge is finite on the photon 

mass shell, and QED is not confined. 

In the final section we briefly look at asymptotic freedom from 

the point of view that we have developed based on the central role of 

the invariant charge. The principal result is that since the invariant 

charge is defined for all q 2, the extension cf asymptotic freedom to 

timelike momenta is straightforward, and we discuss the consequences 

for e e" annihilation to hadrons. 

II THE INVARIANT CHARGE 

In the first instance we shall consider the theory consisting of 

massless colour gauge vector gluons, defined by the Lagrangian 

£. = - h [aV - aY • s^bc^c -12 * g a u g e f i x i n g a n d * n o s t (2.1) 
terms. 

The massive quark contribution to the full Lagrangian of QCD is not 

essential for our main argument, and its effect will be considered at a 

later stage. 

The coupling constant g is multiplicatively renormalized. Thus, 

under a change of normalization point from q 2 * -y? to q 2 » - u 2, 
4 1 z 

we have 
g\ - Zg(V2,Pl)gJ . (2.2) 



In a general covari:nt gauge, the renormalization constant is Z * ^3*1" » 

where 1- and Z1 are the gluon propagator and three-gluon vertex renormaliz-

ation constants respectively. In a ghost-free gauge, such as the axial 

gauge, however, Z simplifies to Z - Z_. g g •* 
The transformations (2.2) satisfy the group properties 

ZgtVj.Vj) = ^g(vitv2) Z ( U J . U J ) , 
(2.3) 

so that we have a one parameter multiplicative renonaalization group. The 

basic invariant of this group can be formed by defining a function 

D(q2»P2„12) in terms of Z by 

D(q2 = -w2,!!2.^) = Zg(p.lO, (2.4) 

normalized according to 

D(q2 = V , V 2 , g 2 ) = 1 . (2.5) 

The quantity 

g d
2(q 2) - g 2D(q 2,v 2,g 2) (2.6) 

is then independent of the renormalization point u, and will be referred 

to as the invariant charge. From the construction of g2., it is clear 

that for any jj, g?(q2 s -ji2) • g2> so the invariant charge at any q 2 is 

just the coupling renormalized at that q2. He wish to find the most 

general form of g? that is consistent with these renormalization group 

properties. 

In perturbation theory, the renormalized coupling g is given in 

terms of the bare coupling g by 

g 2 - Z g(M)g o, * (2.7) 
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where A is the ultraviolet cut off. The renoraalization constant is 

a power series in g and log (A 2/u 2). The constraints of the RG mean 

that this perturbation series is not completely arbitrary. In particular, 

for arbitrary renoraalization points u and y, 

Z g(w,y) = Zg(u.A) Z^fiT.A) (2.8) 

must >e independent of A. To order g 9, this Deans that the perturbation 

series 5or Z (u,A) wist be of the fom 

Z g(u,A) = 1 • 8 0g 2s • Bjg^s • 3 2g ss - ! SB 0B 1g 6s 2 (2.9) 

• B 3g 8s - Ji(g2 • 2B 08 2)g 8s 2 • V s A ^ g 8 * 3 - 0(g 1 0), 

where s = log (A 2/u 2), and the constants 8., i = 0,1, ... are determined by 

the particular renorm&lizable field theory in question. The important 

feature of Equation (2.9) is that the coefficients of all terms in s for 

n > 1 are completely determined by the coefficients 6- of the terns linear 

in s. It is this characteristic feature of the RG that allows the formal 

resunuaation of the perturbation series that is central to the present work, 

and indeed to all applications of the RG. 

From Equations (2.3 - 2.9) it is straightforward to show that the 

perturbation series for the function D(q 2,u 2,g 2) of Equation (2.6) has 

the form 

D _ 1(q 2,v 2,g 2) = 1 • B 0g 2t • ftjg"! • B 2g 6t - ^ B ^ t 2 (2.10) 

• e 38 8t - *i(B2 • 2B 0B 2) g at 2* V3f£s l g9t3* 0(g 1 0), 

where t = log (-q 2/p 2). If the renorsialized coupling g is not too large, 

this series for the invariant charge would be expected to converge for 
4 

small t. However, the invariant charge is to be defined for all q , and 
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it is clear that the series (2.10) will not converge as t-» - •». But if 

we invert Equation (2.6), and rewrite Equation (2.10) as a series in g 2 

and t for D~ !(v 2,q 2,g 2) (which is obtained froa Equation (2.10) by the 

replacements g2-*gj and t-> -t), it can be seen that if g 2 ~ t~l, the 

series for D _ 1(u 2,q 2,gi) is uniformly convergent *$ t •» •. This is 

important for the validity of the resusaution procedures we now consider. 

The standard summation of the series (2.10) nakes use of the RG 

to define a function B(g) as follows.6 Since the invariant charge (2.6) 

is independent of u, we have 

» d£ *d<«2> " '»k * *&& g 2Cq 2) = 0, (2.11) 

B(g) = V-j{ * - M 3 - »l«5 - B287 - B389 - 0(g"), (2.12) 

where we have used Equations (2.7) and (2.9) to obtain the perturbation 

expansion for 8(g). The RG constraints ensure that 0 is a function of g 

alone. Now, since the invariant charge is the coupling constant 

renormalized at an arbitrary q2, we can write 

£ g d ( q 2 ) - *(g d(q 2)). ( 2' 1 3 ) 

where t = log (-q2/u2). In an asymptotically free theory, g d(q 2) -*• o 

as t + ", so the perturbation series for B(g.) converges more rapidly as 

t increases. Integrating Equation (2.13) will, therefore, give an express

ion for g d(q 2) at large q2in terras of a convergent perturbation expansion. 

The formal solution to Equation (2.13) is 
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For example, using 8(g) to 0(g 5), we obtain 

K - V v - I 1 l o« <#«*> * I1 lo* (I°* ft i ) . (2.i5) 
g 2 g 2 ° e o d B o * o * p l S 2 

The general solution can clearly be written in the form 

g ^ q 2 ) - g 2 [1 • g 2 ( SQ log ( -q 2 / y 2 ) - (3 i /6 0 ) log ( g 2 / g 2 ) 

• T (gj) - f ( g 2 ) } ] _ 1 

(2.16) 

where the function f (g 2) is determined by the higher orders in 6. 

Expanding the denominator of Equation (2.16) to the appropriate order in 

g 2, we recover the series (2.10), which checks that the general form sums 

the basic perturbation series. 

To clarify the meaning of Equation (2.16) we can derive this 

general form in a different way by making use of the special properties 

of the ghost-free gauge. In that case, as we have mentioned, Z is just 

the gluon renormalization constant, and D(q 2,p 2,g 2) is the transverse gluon 

propagator function. In the unrenormalized theory, we write the 

dimensionless dressed transverse vector propagator d(q 2,A 2,g 2) in terms of 

the sum over one-particle-irreducible (1PI) vacuum polarization Green's 

functions g 2n (q 2,A 2,g?), as 

d(q 2,A 2,gJ) - Cl - g 2H (q 2,A 2,g 2)] _ 1 . (2.17) 

Multiplicative renormalization implies that the renormalized propagator 

function is 

D(q 2,U 2,g 2) • Z 3 (u,A) d (q 2,A 2,g2), (2.18) 

where g 2 is the renormalized coupling (2.7). 
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From Equations (2.17), (2.18) and the normalization condition 

(2 .5) , we obtain 

ZiUu.A) = d~»(V.A 2.«J) » 1 - g|n (-u 2 .A 2 ,g |) . (2.19) 

Multiplying by Z3 gives 

Z 3 (j,,A) = 1 • g*n (-u2,A2,gJ), (2.20) 

which, combined with Equations (2.17) and (2.18), leads to 

D" 1 (q2,U2,g2) = 1 - g 2 Cn(q2,A2,gJ) - H (-U2,A2,gJ)] . (2.21) 

Multiplicative renornalization of D implies that IT is renormalized by 

subtraction at q 2 = -p2, as is well known. Mow D is independent of A, 

so the difference K(q2) - JI(-w2) oust be independent of A. Since It is 

dimensioiiless, it is a function of A2/q2, and the only possible form 

would appear to be constant x log (-.\2/q2) . For any polynomial in 

A 2/q 2, or terms involving log" (-A/q2) with n>l, the difference 

TI(q2) - n(-u2) is A-dependent. Furthermore, Equation (2.7) shows that 

the unrenormalized coupling g Q is an implicit function of A, so H 

cannot involve g explicitly. 

There is, therefore, a problem with the incorporation of higher 

orders in the vacuum polarization tensor when this is considered as a 

function of unrenormalized quantities alone. This difficulty is avoided 

in the derivation of Equation (2.10) by writing the renormalization 

constant in terms of the renormalized coupling, but the above considerat

ions show that when Z3 (u,A) is rewritten as a function of g 2 andAVq 2, 

higher orders can enter only through a function of g 2 and A that is 

independent of A. From Equations (2.6), (2 7), and (2.18), we find 
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gj (q2) » 8jd(q2,.\2.g|), (2.22) 

so the invariant charge itself is the required function. Thus the 

unrenormalized vacuum polarization can always be written in the for* 

n(q2,A2,g|) = B0log (-A2/q2) - f (g^q 2) ) . (2.23) 

Consequently 

D - 1(q 2,v 2,g 2) - 1 • g 2 [SO log(-q2/u2)* f (g2) - f(g2)3, (2.24) 

in agreement with the result (2.16). 

The advantage of this derivation of the general form of the 

invariant charge is that it shows that the perturbation expansion in terms 

of the unrenornalized coupling, or indeed, in terns of any particular 

renormalized coupling, must have a natural siunraation in terns of the 

invariant charge. Since a finite order perturbation expansion in terms 

of one renormalized coupling corresponds to an infinite series in the 

coupling renormalized at any other point, » change of renormalization 

point amounts to summing the full perturbation series in a different way. 

The RG then expresses the fact that these different summations are 

equivalent by giving a relation between the different orders of perturbation 

theory. It is this relationship that is exploited to rewrite the original 

series as a series in the invariant charge. For the rewritten series, the 

RG invariance of the theory is manifest order by order. For example, 

since 

Z3(ii,i0 - D"l {-v2,v2,l2) , (2.25) 

it is easy to show that the group transformation law 

D'W.v 2,* 2) = Z3(S,u) Q'Htf.V2**) (2.26) 
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is exactly satisfied by Equation (2.24) for any function f(g*). The RG 

invariance of the invariant charge (2.6) is then manifest, and 

*J(q2) - I*Cl • g 2 {B0lojt(-q2/w2) • f (g|) - f (g2)) 1 " l (2-27) 

is exactly invariant under the substitutions v. * V2, gi -* gj, where 

(ui.gi) and (i»2»t2) *re related by Equation (2.2). 

Expanding Equation (2.27) as a power series in g 2 and comparing 

with the basic divergent series (2.10) determines the function f. 

For example, 

f(g2) - - f 1 log (g 2) • ( * \ f?) g 2 *h ( ifilfi*. - * ? - 5l)f* 
• *o 2 6<> *ft

2 *J •• 
(2.28) 

reproduces Equation (2.10) exactly to order g 8. Notice that this function 

is not identical to that obtained by integrating the 0(g s) expansion of 

the function (2.12). The 8 function obtained by differentiating Equation 

(2.27) is 

B(g) - -6 08 3Cl • g" f* (82) 3 _ 1 . (2.29) 

where f'(x) = df/dx. This differs from Equation (2.12) in higher orders, 

so the two methods of summing the basic series are not completely equivalent. 

They always agree to the order in which we are working, but differ in the 

higher orders of the basic expansion (2.10). We should pe.haps also point 

out that neither method sums the series (2.10) exactly to any higher order 

than that specifically put into the approximation for f. These techniques 

use the RG to replace a series of potentially divergent terms by a series 

that is potentially convergent -*they resura a particular perturbation 

approximation, and go beyond naive perturbation theory only in a very 

limited sense. 
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III GEKERAl PROPERTIES OF THE INVARIANT CHARGE 

A. Mass scales and dimensional transcutation. 

In any particular normalization, gj is a non-constant function of 

q 2/u 2 and g 2, but it has been explicitly constructed to be irdependent of 

the mass scale set by the renormaliration point s». However, g2. (q 2) is 

measurable, and its q 2 dependence would apparently detersine a mass scale. 

Ke must clarify the origin of this cass scale in a strictly massless 

theory. 

It has been suggested that the scale of the q 2 dependence is an 
7-10 

intrinsic RG invariant mass independent <.' a, perhaps generated spontaneously. 

Such an RG invariant mass N would be a function of both wand g, of the form 

M(u,g) * »«F(g). (3.1) 

Independence of w means that M(>,g) satisfies the equation 

u J M M(u,g) = C u ^ • B(t) |g 3M(y,g) « 0 • (3.2) 

The general solution of Equation (3.2) is 

..g) » » exp [- J ^ ] , M(u,g) » v exp [- f 57^- ] , (3.3) 

where g is an arbitrary integration constant. By taking the limit 

g > g , we see that M(v,g) * v , the renormalization point for g . Since 

g is arbitrary, it follows that M(y,g) is a completely arbitrary mass 

parameter. If we choose sone g , Equation (3.3) detemines a mass M(n,g) 

• p , such that g « g. (q2 « - u 2 ) , and u is independent of any other 

renormalization point w. A priori,u is unknown and can be determined 

from experiment. However, if we choose a different starting point g . 
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we would define an unknown mass u*> such that g' = g. (q2 = -u* 2), and 

li* would be determined from the same experiment that determined u . Since 

g.(q2) is not constant, and g' t g , it follows that u* + v , and hence the 

experimentally determined mass scale depends on the initial choice of g . 

Therefore the experimental measurement of g,(q2) does not determine a 

unique mass scale. 

In the Lagrangian (2.1) there is only one free parameter that is 

to be determined by experiment. Conventionally, this is the renormulized 

coupling g - we choose a renormalization point and measure the value of 

the coupling at this point. This completely.determines the theory. 

Equation (3.3) offers an alternative possibility. Ke can choose a value 

for the renormalized coupling g, and measure the mass q 2 = -y2 at which 

the invariant charge gj(q2) has this value. This is the phenomenon of 

dimensional transmutation.7 We can choose to determine the theory either 

by a dimensionless coupling or by a mass parameter. In each case we choose 

one parameter ar.d measure another. Since our initial choice of a coupling 

or a renormalization point is arbitrary, the corresponding measured quantity 

is not unique. For each choice there is a unique experimental result, but 

the numerical value of this result depends on the initial choice. 

Dimensional transmutation allows us to eliminate the explicit 

dependence on g from the invariant charge. Equation (2.27) can be written 

as 

g'd

2 (q2) - g"2 • 0 O log (-q2/u2) • f (g|) - f (g2) . (3.4) 

The dependence on g is just an additive constant, so if we define 

log(-qW) * log (-<2/v2) • [g-2- f(g2)] / 6 (3.5) 
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we have 

M = v exp [-(l-g2f(g2) )/23 0g 2] , (3.6) 

and 

S d ( q 2 ) = [ B o logf-q2/"2) + f (gd ) ] _ 1 • ( 3 7 ) 

Using the B function (2.29), it can be seer, that Equation (3.6)is 
of the form (3.3), and thus is i. solution of Equation (3.2). However, M 
is just a renormalization mass, and not a unique RG invariant mass scale. 
If we set q 2 = _M2 in Equation (3.7), we find 

«H f ( gM 3 = l ' ( 3- 8 ) 

wnere g , = gj (q2 = -M 2) is the coupling renormalized at M. Equation 
(3.8) is an eigenvalue equation for ĝ « But using g^ determined in this 
way, rather than some other g, is a matter of arbitrary choice. If we 
choose g M ,experiment determines the mass parameter M directly. If, 
however, we make the equr.lly legitimate choice g = 1 (or any number in 
the range of g,), then we fit the measured g d(q 2) with Equation (3.4), 
and measure v f M. The physically measured invariant charge is thus seen 
to be independent of any renormalization mass. It is not that there is 
no mass scale in the massless theory, but rather that the physics is 
independent of the mass scale, which can have any value we choose. 

B. Singularity Structure. 
Because of the comparative simplicity of Equation (3.7), we use 

the renormalized coupling ĝ , of Equation (3.8), and write 

g2U 2) = [B„log(-q2/M2) - (Bi/BJ log (g2) + f (g2)] "» f (3.9) 
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where f (g*) is a polynomial. For finite q 2, the denominator of Equation 

(3.9) diverges as g 2 •* <•, whatever the form of f. Consequently, g 2 

must be finite for all finite, non-zero q 2. If g?(q 2) vanishes for some 

finite q 2, renormalizing at this point gives g = o, and Equation (2.27) 

then shows that g vanishes for all q 2. This is the trivial free-field d 
solution that we do not consider further. Thus, the general form of the 

invariant charge shows it to be a finite, non-vanishing function of q 2 

for 0<|q2|<». Low order perturbation theory indicates a pole in the 

invariant charge 1 1 for small -q2 (the Landau pole). Our general RG 

invariant resummation of the perturbation series shows that this 

singularity does not exist. 

In massless QCD, or indeed in any theory with coupled massless 

fields (such as massless QED, or QCD with massless gluons and massive 

quarks), the log (-q2/M2) terra is exact for all q 2. Thus the denominator 

of Equation (3.9) diverges at q 2 = 0 and q 2 = - • unless this term is 

cancelled by f (g2,). Since f (g|) is finite for finite g\, it follows 

that g? cannot be finite for q 2 = 0 or q 2 = - ». It must either vanish 

or diverge at these points; which possibility obtains depends on the 

function f. We have chosen ?(gj) to be a polynomial given by perturbation 

theory, and we expect f (0) = 0. However, depending on whether or not 

the perturbation series sums to give some simpler form for i, f(gj > ") 

can take on any value, finite or infinite. The behaviour of g? at q 2* 0,» 

car. then be classified according to the value of 5 (*), and the signs of 

the constants 3 and &\. For QCD with a sufficiently small number of 

quark flavours, both B and 6i are positive, n * 1 2 a n d the following 

possibilities arise: * 
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(i) 7 («•) - 0 or finite. As q2-* O.g2. must go to zero from below, so 

that g 2 is negative for small q 2. As q2-* -°°, g2. may vanish as 1/8 log 

(-q 2/M 2), or it may diverge as (-q2)' o l'. 

(ii) F («>) = - ~. As q2-* 0, g 2 again must vanish from below. As 

q2-»- -co> g2. may vanish as 1/& log (-q 2/M 2), or it may diverge at a rate 

determined by the rate of divergence of F. 

(iii) 7 (») = +oo. As q2-*0, g2. may vanish from below as before, but in 

this case there is also the possibility that gj(0) diverges at a rate 

determined by the divergence of F. At q 2 = -<•, however, g 2 cannot 

diverge in this case, and it must vanish from above as 1/6 log(-q 2/M 2) . 

Thus, in several cases there are two possible solutions, and 

even if f is known exactly, Equation (3.9) does not uniquely select just 

one solution. In every case there is a solution for which the invariant 

charge vanishes at both q 2 = 0 and q 2 = - •». Since some physical 

criterion is necessary to select one solution, we suggest that g, ("»)-0 

because this gives asymptotic freedom, and also that g,(Oj = 0 because, 

as we farther discuss in Sec.IV, this signals confinement. 

Choosing the solution g.(0) = 0 implies the existence of certain 

singularities in gj(q 2). Since the derivative 

1 2 V d «»2> " «d» ("d5 = " Vd C * - ^ I >o> 4 + *d f ' t t d 5 3 » 1 ( 3 ' 1 0 ) 

is negative for small g2., the log (g?) term in Equation (3.9) means that 

the invariant charge is in fact complex for small q 2. In the asymptotic

ally free case, the derivative is again negative as q2->- -», but g2. is 

real and positive, and the limit is approached from above. Thus there 

is a branch point on the negative real q 2 axis. We also notice that g2. 
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must have turning points for 0<-q2<». The derivative (3.10) can vanish 

only if g 2 = o or if t"*(gj) diverges. Since f (g2.) is a finite polynomial 

for finite g2., it does not seem likely that its derivative will diverge 

for finite g 2 and thus B(g.) does not have any zeros for 0< -q2 •. For 

complex g2,, however, the real and imaginary parts of 6(g,) can vanish 

for different q 2. Equation (3.10) is singular for 

(Pi/e0) &\ - t\ F (&\) = i • C3.li) 

The solution of this equation determines the branch point of g2. for 

negative q2, and if g 2 vanishes at both q 2 = 0 and q 2 = - •, this also 

gives the maximum value of g 2. 

The remaining singularities of g^(q2) consist of the logarithmic 

branch point at q 2 = 0, and in the presence of massive quarks, g 2 will 

show the normal thresholds for timelike q2. 

This structure can be illustrated by a specific example. We 

consider the two-loop approximation to QCO without quarks, which amounts 

to setting f = 0. This is case (i) above, and gj(0) » 0 is uniquely 

indicated. In this case 1 1 » 1 2 

Bo 3 16ir* , 

(3.12) 

Bl T C 16*' ] , 

where C2(G) is the value of the quadratic Casimir operator for the gluon 

representation of the colour gauge group. For colour SU(3), C2(G) - 3, 

and Equation (3.9) is readily so Wed for g2.. We plot g2./4n as a function 

of -q2/M2 for q2< 0 in Figure la, and for great«r clarity in the timelike 

http://C3.li
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region, we plot as a function of |q|/M for q 2> 0 in Figure lb. 

As expected, g 2 is complex for all timetable q 2, and for small 

spacelike q 2. According to Equation (3.11), the branch point occurs 

for 

g 2 = S0/Bi = 83*2/51 (3.13) 

This value of g2. is obtained for 

-q 2/M 2 = exp(Bi/8 0
2) [ l+log(3o/S!)] * 25.35 . (3.14) 

For spacelike q 2 greater than this value, there a e two solutions for real 

gj. The asymptotically free solution, for which g2. <8 /Bi , has a cusp 

in the real part at the branch point that is shown in Figure la. For the 

alternative solution, g2. diverges as (-q2/M2) ' / * for large -q^/M2. 

The fact that there is an additional branch point at spacelike q 2 

is not a real difficulty. It is always possible to choose a value of u 

such that the renormalized coupling constant is real and positive, so the 

usual difficulties encountered with negative or complex coupling constants 

such as a non-hermitian Hamiltonian, or a classical energy spectrum unbounded 

below, are not present, since these properties are necessarily independent 

of the renormalization point. 

The form of g 2 (q 2) plotted in Figure 1 is a unique prediction of 

the two-loop approximation to QCD. The mass scale M (or, equivalently, 

some renornalization mass p) is the only free parameter. Experiment will 

thus set the horizontal scale in Figure 1, but it cannot affect the vertical 

scale. In particular, for the asymptotically free solution, the maximum 

value of the renormalized coupling is given by Equation (3.13) as gT/4* ^ 

1.355, so the renormalized coupling is never very large, and the strong 

fine structure constant is, in fact, less than one for nearly all q 2. 
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This is very encouraging for the application of perturbation theory in 

QCD. Higher order corrections, and the inclusion of massive quarks will, 

of course, modify the detailed structure of g2., but the principal features 

are already present at the two loop level. 

C. Quark mass terms. 

The inclusion of massless quarks at the one or two loop level 

in QCD leads to a minor modification of the constants B and 0j, and the 

results of the previous section are essentially unchanged. Massive 

quarks, however, give riso to an explicit q 2/m 2 dependence. The general 

expression (2.27) becomes 

gj(q2) - g2tl • g 2<B 0 log(-q2/u2) • F!(q2/m2) - F^-u 2/* 2) 

• f(q2/m2,g2) - f (-u2/m2,g2)n "». (3.15) 

If the function f is a simple polynomial in g 2, the coefficients are now 

functions of q2/m2, and the g term does not cancel exactly as it did in 

the masslcss case. The general form of f is 

f(q2/m2,g2) - P' log(g2) • g 2F 2(q 2/m 2) • 0(g"), (3.16) 

where B' is a q2- independent constant. In the comparisonof Equation (3.15) 

with the original perturbation ex ansion, Equation (3.16) gives terms in 

g"1 from each of the first two terms. In general, the consequent ambiguity 

is resolved in higher orders by the requirement that all asymptotic 

logarithms of q 2/p 2 are summed. If, however, we require that the zero 

mass limit be smooth, the constant 8' is uniquely determined at the two-loop 

level. Using this criteria, and the fact that Fi(0j » F2f0i • 0 the 

behaviour of g2, at q 2 » 0 is seen to be unaffected by the presence of quark 
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mass terms since the log(-q2/u2) tern from the massless gluon loops 

dominates in this limit. Similarly, at large q 2, F (q2-»--») • 

log (-q2/m2), and F 2(q 2* «)« constant, so the asymptotic behaviour of 

the invariant charge is also essentially unaffected. 

IV CONFINEMENT 

We have shown that in massless QCD there is always a solution 

for which the invariant charge vanishes at q 2 = 0. We have interpreted 

this as a signal for confinement, and in this section we discuss this 

in more detail. In the one case for which an alternative solution 

at q 2 = 0 exists, gj(0) = «, and this is presumably also a signal for 
confinement. The rate of divergence of g 2 for small q 2 depends on the 

behaviour of the function f as gj* ". If f is a polynomial, the 

invariant charge will diverge as log log (-q2) or slower, which is nothing 

like the 1/q2 divergence obtained for the popular linear confining 

potential. Thus the interpretation of confinement in this case is by no 

means clear cut, and we concentrate on the implications of gj(0) - 0. 

The invariant charge vanishes because the 1PI vacuum polarization 

function n(q 2,u 2,g 2) diverges at q 2 = 0. This divergence is logarithmic, 

so it does not cancel the 1/q2 pole in the full gluon propagator. Thus 

the gluon does not acquire a mass, 1 0 and there is a genuine zero in the 

residue of the propagator pole at q 2 =» 0. The significance of this zero 

is seen in the fact that in the renormalized theory, the strength of the 

coupling of a gluon of momentum q is given by K J C I 1 ) • 'This is a direct 

consequence of the overall RC ^variance of the theory. If the external 

gluons are on the mass shell q 2 = 0, they couple with the strength gjCO), 

which is simply the residue of the pole in the gluon propagator. (Exactly 

the same situation occurs in QED, where the coupling strength of external 
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on-shell photons is governed by the value of the invariant charge at 

q 2 = 0, which is e 2 (0j = e 2 = 4*/137. J Sin'te g (0) = 0, external 

on-shell gluons decouple from all other particles. Thus free gluons 

cannot interact with other quarks or gluons, and bound gluons cannot be 

radiated as asymptotic free particle states. This is precisely a 

confining solution of the field theory. 

This account of confinement is non-perturbative. We have shown 

that whatever the form of the detailed perturbation expansion in QCD, 

RG invariance demands that we sum the perturbation series in a particular 

way. The resulting RG invariant charge is of such a form as to always 

admit a confining solution. Confinement is seen to be a consequence of 

the log (-q2/w2) term associated with the presence of aassless loops, 

whether or not there are also massive particles in the theory. However, 

ordinary QED is not confined because electrons have mass, and there are no 

self-coupled massless fields that could give rise to log(-q2/u2) terms for 

small q2in that theory. We discuss the differences between QED and QCD 

further in the next section. 

Given gluon confinement, quark confinement is automatic. This is a 

consequence of the infrared singularities associated with the mass-shell 

limit of the quark propagator and quark-gluon vertex functions. The general 

structure of these infrared singularities is well understood in QED. If 

the infrared divergences are regulated by a small cutoff mass X, the 

electron production cross section vanishes as X -*• 0. However, there is a 

corresponding divergence in the probability for the associated radiation of 

soft photons, and this divergence cancels the zero in the single electron 

production amplitude13. This cancellation of real and virtual photon 

amplitudes occurs to all orders in perturbation theory, so the resulting 



22 

physical electron production amplitude is finite. If gluons are not 
confined, there is good evidence that a similar cancellation of the 
infrared divergences occurs for QCD,1!*»15However, in the absence of soft 
gluon radiation, the amplitude zero for quark production must remain 
uncancelled, and thus quark confinement is a direct consequence of gluon 
confinement. 

Quark and gluon confinement means that all physical hadrons are bound 
states of quarks, or of quark-antiquark pairs. In general, such states 
need not be colour singlets. Present elementary particle spectroscopy, 
on the other hand, suggests that all known hadrons are colour singlets, 
and therefore indicates complete confinement of colour, as well as simple 
quark and gluon confinement. Cornwall and Tiktopoulos16 have argued that 
the exponentiation and factorization of the leading infrared logarithmic 
singularities occur for colour non-singlet bound states as well as for 
elementary particle states, so they conclude that there is complete colour 
confinement. The account we have given of quark confinement is rather 
different from theirs, and the question of complete colour confinement 
requires a more detailed investigation. However, the fact that gluons 
are confined will mean that for colour non-singlet (colour-charged) states, 
there is no analogue of the static electric field of ordinary charged 
states in QED. We might speculate that this observation forms the basis 
of a parallel with the Cornwall and Tiktopoulos argument, so that colour 
exchange reactions between bound states also have uncancelled infrared 
singularities that forbid the production of colour non-singlet states. 
The picture of colour confinement that emerges is then very similar to some 
bag models. 1 7 * 
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V THE INVARIANT CHARGE IN QED 

Quantum electrodynamics i s a renormalizable f ie ld theory, and the 

comments we have made concerning the general structure of the invariant 

charge in QCD apply also to QED. In QED with massive electrons, however, 

there are no closed loops of massless particles, and the log ( -q 2 /u 2 ) 

term does not appear. The invariant charge ej (q 2 ) has the general form 

e 2 (q 2 ) = ej [1 • e j { F^q 2 /m 2) - r x (-u 2/m 2) • f ( q 2 / m 2 , e 2 ) (5.1) 

- f(-M 2 /» 2 .eJ ) } ] " l , 

where e is the charge renormalized at q 2 • -u2, and m is the electron 
v 

mass. As q2-*- 0, the function F t (q 2/m 2) vanishes, and the invariant charge 

i s f in i te , e 2(0) = e 2 * 4u/137, the physical electron charge. Using the 

condition that the zero mass limit be smooth, the known one and two loop 

perturbation resul ts 1 8 for q 2 » m2give 

e 2 ( q 2 ) = e 2 [1 - j j f 2 {4 log (-q 2/m 2) • 9 log ( e 2 / e 2 ) 

• f (q 2 /m 2 , e 2 ) - f ( 0 , e 2 ) } ] ' , (5.2) 

where we have normalized on the photon mass shell. 

Apart from the fact that the charge is finite at the origin, the general 

properties of e?.(q2) are similar to those of gj(q2). For finite q 2, e^q 2) 

is finite, and the exact RG invariant form shows that the pole for q 2 » m 2 

suggested by perturbation theory, does not exist. Thus perturbation theory 

need not break down in this region. The original motivation for the RG of 
* 

Gell-Mann and Low1 was to solve the problems of the short distance behaviour 

of QED occasioned by this apparent singularity, and we have shown that RG 
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invariance naturally leads to a non-perturbative solution that does not 

have this singularity. 

The asymptotic behaviour of e 2 as q 2+ -- is again governed by the 

value of f (-- , - ) . The asymptotic invariant charge cannot be finite, and 

a solution for which e?(») = 0 is always possible. In fact, e^(«) can 

diverge only if f (-•», • ) * - » . Thus we have the possibility that QED is 

also asymptotically free, in the sense that the renomalized charge may be 

made as small as desired by renoxmalizing at u sufficiently large. Since 

e2. is an increasing function of q 2 for small q 2 , this would imply that the 

derivative de^/dq2 nas a zero for some q 2, but until something further is 

known about the explicit q 2 dependence of ?(q 2/m 2,e 2), we cannot say much 

•ore about the asymptotic stucture of the invariant charge. 

In QED, dimensional transmutation does not take the simple form it 

does in massless QCD. The dependence onuand e in Equation (5.1) is in 

the form of a constant added to Fi(q 2/m 2). Thus it cannot be absorbed into 

a simple change of scale. Although in principle it is still possible to 

describe the theory either in terms of the dimensionless renormalized 

charge or a dimensional renormalization point, the horizontal scale on the 

e 2 - q 2 plot similar to Figure 1 is fixed by the electron mass, and experiment 

determines the intercept on the vertical axis, which is the physical charge. 

For massless QED, on the other hand, there is no separate q 2/m 2 

dependence, and the situation is essentially identical to QCD. The on-shell 

normalization is impossible, and e2. must either vanish or diverge at both 

q 2 = 0 and q 2 • - ». The solution e5(0) = e 3 ^ * ° i s a l w a y s possible, 

and thus massless QED may be both confined and asymptotically free. 

4 
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VI ASYMPTOTIC FREEDOM 

Ne have seen that in addition to the possibility of a confining 

solution, the invariant charge of Equation (3.9) admits a solution for 

which gj(q2)+ 0 as q 2 •* -—, whatever the form of the function f. Such 

a solution would mean that QCD is asymptotically free. Although the 

considerations discussed here do not guarantee that nature chooses the 

asymptotically free solution, the possibility that the effective coupling 

constant decreases for large somen tin transfers or short distances is 

theoretically appealing. 

The point of view that we have advocated towards using the RG to 

resum the standard perturbation series has soae interesting consequences 

for applications of asymptotic freedom. In particular, the RG invaria.ce 

of the invariant charge implies that the gluon self-energy function (2.23) 

can be written as a series in the invariant charge itself. This resummation 

of the original series is valid for all q2, so the invariant charge (2.27) 

is defined for tinelike as well as spacelike q 2. The same resummation 

technique can be used to extend the applicability of asymptotic freedom 

from the deep Euclidean region to large tinelike momenta. 

For example, in e*e" annihilation into hadrons we are probing the 

timelike q 2 behaviour of the photon self-energy tensor K(q 2). Since the 

electromagnetic current is nomalized in QED, it is unchanged by 

renormalizations of QCD, and the photon self-energy is therefore an 

invariant of the RG of QCD. In standard perturbation theory, the hadronic 

contribution to n(q2) is given by a series in the renormalized coupling 

g and log (-q2/u2). The standard RG analysis19uses the fact that n(q2) is 

an RG invariant independent of u to renormalize at u 2* -q2. This eliminates 

http://invaria.ce
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all log (-q2/y2) terns, and replaces the coupling g with the effective 

running coupling g(q2) * gj(q2)- The effect of this particular choice 

of renorealization prescription is conpletely equivalent to the observation 

that since K(q2) is an RG invariant, it aust be able to be expanded in 

terns of the RG invariant charge, and thus on g and log(-q2/n2) 

only in those combinations given by g.(q2) • Thus we can sua the 

logarithm directly in the Banner of Equation (2.23). 

This latter point of view has the advantage that it is independent 

of any particular renoraalization prescription, and shows that the 

resuaaatlon necessary to elinitiate the logarithes is valid for all q2-

The standard result for the hadronic contribution to c(q2) is then 

H h(q 2) - I Q? CFi(q2/»f ) • « j y } F2(q2/«? ) • 0(g*)] . (6.1) 

where the sua is over the quarks of aass m. and charge cQ., and the 

functions Fl and F 2 are known froa the siailar calculation in QED. 

This result is valid for all q*, and therefore we do not have to continue 

to the tinelike physical region in terns of an effective 

coupling constant that is defined only for spacelike q2 . 20 

Of course, the invariant charge A is coop lex, so the iaaginery part 

of n.Cq2) will have contributions both froa the imaginary parts of F| 

and F, , and fron the imaginary part of g2,. For tinelike q2» n? we have 

FlCq 2/^ 2) • *tl*2t*i2)jLZl - lofCq'/Oj2)* i». (6.2) 

so, asyaptotically, 

- \ Q? Cl »*' g j ( q 2 ) - " 8d, ( q 2 ) 10f(q»Ar\)3 . (6.3) 
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For the two-loop approximation to g j (q x ) , we have as q 2 -*• + » 

Re g 2 (q 2 ) « Cl0g(q 2/M 2)] _ 1 . 
(6.4) 

In. g 2 (q 2 ) « [log(q 2 /M 2 )] " 2 . 

Therefore, the perturbation expansion for R(q2) improves as q 2 increases, 

and from Equations (6.3) and (6.4), asymptotic freedom gives the asymptotic 

limit R(q2) = EQ. as expected. It i s also interesting to notice that, 

at least in the two-loop calculation of gjltq2) plotted in Figure 1, the 

invariant charge i s comparatively small for all tiraelike q 2 . In particalar,the real 

part for q2> 0 is smaller than the corresponding quantity at the same 

absolute value of q 2 in the spacelike region. Depending on the scale 

factor M, therefore, we might expect asymptotic freedom to set in at lower 

energies in the timelike than in the spacelike region. 

s 
\ 

V 
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Figure Caption. 

Fig. 1. The two-locp approximation to the invariant charge g?(q 2) /4ir 

in massless QCD (a) as a function of -q 2/M 2 for spacelike 

q 2, and (b) as a function of |q{ /M for tinelike q 2. Notice 

the different scales in the two cases. 
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