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It is demonstrated, within the framework of large-matrix 

diagonalization methods, that spurious centre-of-mass effects can 

introduce uncertainties of the order of hundreds of keV into 

calculations of effective interactions. 



Most microscopic calculations of the nuclear effective 

interaction have ignored the problem of spurious states associated 

with motion of the centre of mass (cm.) of the nucleus. However, 

there have been indications, both qualitative and quantitative, that 

the problem is of some significance. It was suggested quite early 

by Bertsch that an important vertex renormalization effect found in 

low-order perturbation-theory calculations might be due to the 

influence of spurious states. ' Although this suggestion was tested 

and found to be incorrect in low order, the same strong renormalization, 

which persisted when infinite partial summations of selected terms in 

all orders of perturbation theory were carried out ^, was found to 

disappear *hen -all J T * l"0 states of the nuclear core were excluded 

from the high-order calculation. This observation is suggestive of 

cm. effects even though not all l"0 states of the core are spurious 

and even though there is no simple correspondence between the spurious 

states of the core and those of the nucleus with valence nucleons 

beyond the ire. More recently, a powerful multiple-scattering 

41 
technique hLi been developed for effective-interaction calculations, ' 

and explicit computation of some cm. effects indicated that they are 

quantitatively significant. ' The purpose of this note is to present 

additional evidence, within the framework of large-matrix 

diagonalization Methods, which confirms the quantitative importance of 

cm. notion in Microscopic effective-interaction calculations. 

The case on which alioost all large-matrix diagonalization 

here, is the effective interaction for J^T = 0*1 states of 0, 

treated as two particles in the (sd) shell outside a closed 0 core 



and taking into account the effect of all three-particle, one-hole 

(3plh) states of 2fiw excitation in a harnonic-oscillator basis. 

Using some appropriate set of reaction-matrix elements to represent 

the bare nucleon-nucleon interaction, the hamiltonian matrix is 

constructed in the basis of three (sd) states and 210 2fiw 3plh 

states. This matrix is diagonalized, and the three eigenvalues E. 

selected whose associated eigenvectors f. have the largest overlap 

2 
with the (sd) subspace. (These are generally the three lowest 

eigenvalues, as was indeed the case in the present calculations.) 

The projections of the eigenvectors f. onto the (sd) space are 

denoted |̂ .>, and are generally not mutually orthogonal. With the 

aid of the bilinear set |<J».>, \ty.>» where <^>. |^->Bfiii by construction, 

the effective haniltonian# = H|('j>E.<ili| is constructed. This 

2 
non-hermitian operator, operating purely in the (sd) space, has 

eigenvalues E. and eigenvectors |^->, and is related to the desired 

effective interaction r by# =H *Vf where H is the unperturbed 

harmonic-oscillator hamiltonian. Analogous procedures may be used to 

compute the effective interaction for dc/?* si/2 am* ^3/2 s t a t e s °^ 

0 under the influence of 2plh configurations, and the effective 

interaction for the 0 0 states of 0 under the influence of lplh 

configurations. The pure two-body part of the 0 effective 

interaction is then given by V* ' * V.„ + '.. - 2\-j* in an obvious 

notation. The results of such computations, using Kuo reaction-matrix 

elements and an oscillator spacing-flu * 14 MeV, are presented here. 

It is well known that an arbitrary antisymmetrized product of 

harmonic-oscillator single-particle Mates may be written as a sum of 



products of intrinsic wavefunctions (functions oniy of the relative 

coordinates of the nuclebns) and harmonic-oscillator cm. 

wavefunctions. * Since excitations of the cm. are irrelevant in the 

description of the internal properties of a given nucleus, only one 

state of motion of the cm. is of interest (and the ground state is 

generally chosen). Thus, a general harmonic-oscillator many-fermion 

wave function will contain spurious components, associated with cm, 

excitations, and these'should be eliminated. However, in order to 

construct exactly-factorized wavefunctions,allowing the selection 

9) 
of a single, well-defined state of cm. motion, it is necessary ' 

to use a.!I oscillator states of unperturbed excitation energy rrfuu, 

for some given n. In the present case, in addition to all 3plh 

states of 2fiui excitation, it would be necessary to include all 2p0h 

and 4p2h states of the same excitation. Since this is not done, the 

3p2h states cannot be factor!zed, and the spurious cm. components 

cannot be eliminated exactly. (The same is true for the calculations 

based on the multiple-scattering method]. 

The degree of spuriosity of the 3plh basis functions can be 

checked quite easily by evaluating the expectation value of a simple 

cm. operator, such as the oscillator hamiltonian 

p2 i 2 2 
H = •*-? + T mAu) R , where m is the nuclear mass, A the number 
cm, 2mA 2 

of nucleons in the nucleus and P and R the cm. momentum and coordinate 

respectively. A fully-factor!zed eigenvector of H m has eigenvalues 

(N + ~) "fiio, M * 0,1,2,..., and any deviation of the expectation value 

from these values indicates the presence of mixtures of cm. components. 

In the present case the 210-dimensional matrix of H in 
cm, 

the 2fiu) 3plh basis was diagonalized and the eigenvectors arranged in 
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ascending order of the associated eigenvalues. There are 74 

eigenvectors belonging to the eigenvalue 5 " ^ (to a precision of 

seven significant figures), and these are all the exactly non-spurious 

basis states which can be constructed within this limited subspace. 

The remaining u 6 states have varying degrees of spuriosity, which 

•y-tfw. Since the total excitation energy considered is 2fiut only 

cm. states with N*0, 1 or 2 can occur. Those with N-0 are not 

spurious. Writing a general eigenvector as * * +a<fr.*.,+B<&2*2» where 

wavefunctions of energy (N+_-) "Aw, the corresponding eigenvalue is 

E * c| tiu + ct2--|fi(u + B2' |--Ku))/(1 + a2*- B2) from which it is 

easily deduced that the spuriosity S = — 2 L 1 — _ satisfies 

j , 1 +a *B 
Ec.m." ?*"* < S< Ec.m.~ ?'BM. For example, 15 of the H 

— . — — — — •• •- • * — r • cm. 

eigenstates (in the truncated 3plh basis) have E > 2Ku. For 

E * 2ftw, the above inequalities are *25 <. S £• 5, so all these 

states are more than 25%, and maybe more than 50%, spurious. 

•63 < S < 1.26, that is, the state is between 63% and 100% spurious. 

The simplest prescription to eliminate spurious cm. effects 

from the computation of the effective hamiltonian would be to carry 

out the large-matrix diagbnalization procedure in a 77-dimensional 

basis containing only purely non-spurious states, the 3 {sd) states 

and the 74 zero-spuriosity 3plh states. This drastic <iethod, which 

discards all contaminated states regardless of how little they may 

be spurious, is equivalent to the Gloeckner-Lawson method10^ of 
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adding XH to the shell-model hamiltonian before diagonalization, 

where X is a very large number. Very strong and clearly-justified 

criticism of this method has already been published ' - i t is 

clearly not tenable. The problem is that K , being hermitian, 

has nutually orthogonal eigenvectors in the 3plh subspace, so given 

one purely non-spurioup eigenstate 6 * and any partly spurious 
t t 

eigenstate 6 # + <**.,*.., the intrinsic wavefunction 4 i s orthogonal 

to the intrinsic wavefunction 4 . Thus, discarding the partly -

spurious eigenstate, particularly i f the spuriosity i s not large, i s 

an unjustified truncation of the space of intrinsic states. 

Unfortunately, this argument cannot be used to determine whether the 

intrinsic parts of two partly-spurious wavefunctions are independentk 

so there i s no simple criterion for the truncation of the spurious 

states. 

In an attempt to detect the effect of spurious components, 

the effective hamiltonian was computed several times, with a 

steadily-expanding 3plh space, growing from 74 to 210 basis functions 

in accordance with increasing E (see table 1). The resulting /v 

changed smoothly with increasing basis size, with the major part of 

the change occurring by the time the basis included 113 states 

(and the spuriosity was roughly 10%) > but with no indication of any 

sudden modification associated with the inclusion of "really" 

spurious states. Once again, no criterion could be found for 

truncation. 



Finally, a deliberate effort was made to change the cm. 

structure of A by repeating the whole calculation with a modified 

harailtonian. Instead of H * I p./2m + •=• I G.,, the effective 

hamiltonian/v was computed from 11 - P / 2 m A >
 wi t n p t n e c*a-

momentum. This has no effect on intrinsic-wavefunction matrix elements, 

but does modify the coupling between different cm. components. 

3 
It also shifts the overall eigenvalue spectrum by roughly j-tfw. 

The change in/t as a result of this modification was then investigated 

as a function of the size (and spuriosity) of the 3plh subspace, with 

the results shown, in part, in table I. There was, of course, no 

difference between the two calculations when only the 74 non-spurious 

3plh states were included. Upon expanding the 3plh space, there 

was an immediate change in the diagonal matrix elements of % , with 

very little change in the off-diagonal elements. The change in the 

diagonal matrix elements quickly stabilized, the pattern remaining 

essentially unchanged while the 3plh basis size was increased from 113 

to 202 states. However, there was a dramatic change when the last 

eight states (spuriosity above 50%) were included - the differences 

between diagonal matrix elements of /* in the two calculations 

changed sharply, while the differences in non-diagonal elements 

grew suddenly from a few keV to as much as a few hundred keV. 

It would appear that the bulk of the effect of spurious cm. motion 

is carried by the last few high-spuriosity states. 



Nevertheless, one cannot conclude that the elimination of 

eight states from the 3plH basis removes the uncertainty introduced 

by c,m. motion. There remains a difference of close to an MeV 

between the diagonal effective-hamiltonian matrix elements computed 

with and without the c m . kinetic energy, and although the latter 

nay be preferable on general grounds, the effect of the remaining 

spuriosity still leaves an uncertainty in the result of the order 

of hundreds of keV. 

It is of some interest to consider the results obtained for 

the two-body effective interaction v in these computations. 

These may be taken together with the experimentally-measured total 

binding energy of 0 and single-particle energies in 0 to predict 

18 the spectrun of 0. Results of several such calculations, differing 

in the treatment of cm . motion, are displayed in table 2. The results 

involve the complete 210-dimensional 2 "ficii 3plh subspace except for 

the case labelled "74", where only the purely non-spurious states 

were used. This is equivalent to a Gloeckner-Lawson ' calculation. 

The symbol H refers to the hamiltonian Yp./2m +— T G.. , while T 
* i £•t• ii c « m * 

2 1 * H*J 

is the c m . kinetic energy P /2mA. Where < T C > appears, the 

calculations were performed with H, but each eigenvalue was reduced 

"by the expectation value of T in the corresponding eigenstate 

before/t was calculated. Finally, "linked" means that the numbers 

were corrected to exclude contributions from unlinked terms ' in 

the perturbation expansion of ft arising from the truncation of the 

Hilbert space. These numbers confirm that different treatments of the 

c m . motion give rise to variations of hundreds of keV in the 

effective interaction. (However, the resulting (sd) wavefunctions 
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are essentially identical in all cases, except when only the 74 

2 
non-spurious 3plh states are used, when the overlap of the (sd) 

eigenf unctions with those of the other calculations falls to 

about 95%. 

In the calculations performed with the multiple-scattering 

technique, which are equivalent to appropriate large-matrix 

diagonalization calculations, it was found that cm. corrections 

to the effective interaction are of great importance. These 

corrections were introduced in two ways - by excluding from the 

calculation Spin states containing spurious lplh states of the 0 

121 
core, and by placing the cm. in a harmonic oscillator well by 

1 2 2 
adding to the hamiltonian a term •=• mjW R . The latter procedure 

does not eliminate spurious states, but does increase their energy 

and also makes the exact eigenstates of the hamiitonian factorize 

precisely into intrinsic and discrete cm. parts. (This last 

feature eliminates an additional source of divergent perturbation 

expansions. As pointed out to one of the authors by Prof. R. E. 

Peierls, the perturbation series for a continuum edge diverges when 

based on a discrete state.) The two methods produce very similar 

results, but with discrepancies of the order of 100 keV. This 

reinforces the conclusion that uncertainties associated with the 

cm, motion can amount to hundreds of keV. 
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An interesting sidelight of the calculations is that cm. 

corrections appear to have the property of raising the energy of 

the first excited 0 state of 0, as is particularly noticeable 

in the linked effective interaction with the cm, kinetic energy 

excluded. The resulting first excited 0 state is close in 

energy to the experimental second excited 0 state, which is 

consistent with the accepted identification of the experimental 

first excited 0 with a deformed 4p2h intruder state, which cannot 

2 
be reproduced in the (sd) space. 

It is clear that precise, reliable calculations of the 

effective interaction must take into account correctly the cm. 

degrees of freedom. In the framework of many-body perturbation 

theory, the hamiltonian should be modified by adding the cm. term 

1 2 2 

•=• mAui R , to avoid spurious divergences, and spurious intermediate 

states should be explicitly removed. The use of reaction matrices 

complicates the problem, because the infinite partial summation 

involved does not allow the explicit removal of cm. excited states 

and produces a "bare" two-body interaction, for use in the perturbation 

expansion, which is not purely relative, but depends on the cm. 

notion of the interacting pair. The situation differs from that of 

symmetries such as wavefunction antisymmetry or angular momentum 

conservation. For these, the reaction matrix perserves the symmetry, 

so as long as the initial state has the required symmetry, so do 

all contributing intermediate states - the symmetry-conserving 

interaction automatically projects out the component of correct 

symmetry. For the cm. motion, the reaction matrix violates the 

symmetry, and so spurious states must be explicitly removed. 
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This has not been done in calculations to date, which must 

therefore be regarded as uncertain to the extent of hundreds 

of keV, at least, in the light of the evidence presented above. 
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TABLE 1 

Dependence of t y p i c a l e f f e c t i v e - h a n i l t o n i a n matrix elements for the 0 1 s t a t e s of o on 

the s ine and s p u r i o s i t y of the 2 1S« 3plh subspace. The numbers are the change ( i n MeV) of the 

matrix element on adding to the 3plh Subspace the s t a t e s i n d i c a t e d , except for A, which g i v e s the 

d i f ference between matrix elements computed with H - j H u and with H - P2/2mA. 

0.00 

-0.03 

0.05 

-0.02 

0.00 

0.01 

0.01 

0.00 

-0.18 

-0.20 

-0.33 

3plh s t a t e s 

added 

74 

16 

16 

19 

27 

24 

19 

; 
3 

2 

3 

c m . 

c u t - o f f 

21.00 

21.83 

22.56 

23 .33 

24 .98 

26.44 

28 .00 

28.60 

34.18 

36.74 

38.58 

approx. 

s p u r i o s i t y (%) 

0 

2 

6 

10 

17 

25 

33 

39 

56 

77 

90 

diagonal 

element 

- 57 .00 

- 1.53 

- 0 .97 

- 0 .85 

- 0 .24 

- 0 .06 

- 0 .12 

- 0 .10 

- 0 .11 

- 0 .07 

- 0 .25 

d S / 2 " d 5 / 2 

A 

o.oo 
-0 .20 

- 0 . 4 4 

-0 .65 

- 0 . 6 4 

-0 .60 

-0 .71 

-0 .71 

-0 .66 

-0 .61 

- 0 . 3 9 

o f f -d ia{ 

element 

- 3.20 

0.16 

0.40 

- 0 .46 

- 0 .03 

0 .03 

0.02 

- 0 .05 

0 .13 

- 0 .03 

0.12 



TABLE 2 

Energies (in HeV) of 0 0* states fro« two-body effective interaction, with various 

treatments of cm. motion, as described in the text. 

II 

-2.596 

0.677 

H - T 
c m . 

-2 .962 

0.765 

H - <T > c m . 

-3 .189 

0 .564 

H (74) 

-S.S72 

-2 .512 

l inked 

H 

-2 .808 

0 .567 

l inked 

II - T 
C . » . 

-3 .402 

1.113 

{ 

e n p t . 

- 3 .900 

-0 .269 

1.429 

10.471 10.527 


